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1. I n t r o d u c t i o n 

In 1956 M i l t o n Friedman [5] and P h i l l i p Cagan [2] fo rmula ted and ap ­

p l i e d the adap t i ve expec ta t i ons h y p o t h e s i s . S h o r t l y t h e r e a f t e r , John F . Muth 

[13] so l ved the f o l l o w i n g " i n v e r s e op t ima l pred ic tor "—^ problem: f o r what d i s ­

c r e t e - t i m e , u n i v a r i a t e s t o c h a s t i c process i s the d i s c r e t e - t i m e v e r s i o n o f the 

adap t i ve expec ta t i ons mechanism op t ima l i n the sense of d e l i v e r i n g l i n e a r l e a s t 

squares f o r e c a s t s ? Much l a t e r Sargent [20] so l ved the f o l l o w i n g extended i n v e r s e 

op t ima l p r e d i c t o r problem: i n the contex t of a d i s c r e t e - t i m e v e r s i o n o f Cagan 's 

model o f p o r t f o l i o b a l a n c e , f o r what b i v a r i a t e money c r e a t i o n , i n f l a t i o n s t o ­

c h a s t i c process does a d i s c r e t e - t i m e v e r s i o n o f adap t i ve expec ta t i ons d e l i v e r 

l i n e a r l e a s t squares f o r e c a s t s f o r i n f l a t i o n ? 

Th is paper so l ves the con t inuous- t ime v e r s i o n o f both o f these i nve rse 

op t ima l p r e d i c t o r problems. In the con tex t of a con t inuous - t ime v e r s i o n o f 

Cagan's p o r t f o l i o schedu le , we f i n d the con t i nuous - t ime , g e n e r a l i z e d s t o c h a s t i c 

process f o r the money supply and p r i c e l e v e l that makes the adap t i ve expec ta t i ons 

mechanism y i e l d l i n e a r l e a s t squares f o r e c a s t s f o r i n f l a t i o n . Th is problem i s o f 

i n t e r e s t , i f on ly because Cagan a c t u a l l y formulated h i s model i n cont inuous t ime , 

as have many o t h e r s , even though he e v e n t u a l l y ended up es t ima t i ng an a p p r o x i ­

mating d i s c r e t e - t i m e model . In o rder to determine the " o p t i m a l " d i s c r e t e - t i m e 

approx imat ing model , t h i s paper goes on to deduce the d i s c r e t e - t i m e process f o r 

p o i n t - i n - t i m e observa t ions on the money supply and the p r i c e l e v e l tha t i s 

i m p l i e d by that con t inuous- t ime model which makes adap t i ve expec ta t i ons r a t i o n a l 

i n cont inuous t ime . Th is permi ts us to determine a sense i n which the d i s c r e t e -

t ime adap t i ve expec ta t i ons scheme can be viewed as approx imat ing a model i n which 

agents are o p t i m a l l y forming adap t i ve expec ta t i ons i n cont inuous t ime . We are 

a l s o ab le to de r i ve an exact formula l i n k i n g the d i s c r e t e - t i m e adap t i ve expec ta ­

t i o n s decay parameter X to the con t inuous- t ime decay parameter 8. We compare 

t h i s formula to the approx imat ion X = exp( -S) used by Cagan. 
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The con t inuous- t ime s t o c h a s t i c process f o r i n f l a t i o n and money c r e a ­

t i o n which makes adap t i ve expec ta t i ons op t ima l f o r p r e d i c t i n g i n f l a t i o n i pso  

f ac to has the proper ty tha t money c r e a t i o n f a i l s to Granger cause [6] i n f l a t i o n 

i n cont inuous t ime . However, f o r d i s c r e t e - t i m e samples drawn from t h i s c o n ­

t i nuous - t ime p rocess , money c r e a t i o n does Granger cause i n f l a t i o n . Th i s i s an 

example of the e f f e c t s of aggregat ion over t ime i n i n t e r r u p t i n g Granger non-

c a u s a l i t y pa t t e rns tha t ho ld f o r cont inuous t ime, a phenomenon tha t Sims [22, 23] 

has s t u d i e d . The present model i s s imple enough tha t we are ab le to ana lyze t h i s 

e f f e c t q u i t e comp le te l y . 

I t i s our hope that the c a l c u l a t i o n s conta ined i n t h i s paper are 

i n t e r e s t i n g f o r t h e i r own sake, and a l s o because they i l l u s t r a t e a way of a n a l y z ­

i ng the e f f e c t s of aggregat ion over t ime tha t cou ld be a p p l i e d to a v a r i e t y o f 

l i n e a r r a t i o n a l expec ta t i ons models. 



- 3 -

2 . The Cont inuous-Time Inverse Opt imal P r e d i c t o r Problem 

2 / 
We beg in w i th Cagan's p o r t f o l i o balance schedule i n cont inuous t i m e -

CD m(t) - p ( t ) = aDp( t ) + a ( t ) , a < 0 

where p ( t ) i s the l oga r i t hm o f the p r i c e l e v e l , m(t) i s the logar i thm of the 

money supp l y , a ( t ) i s a random d is tu rbance to the p o r t f o l i o balance schedu le , and 

D = d /d t i s the t ime d e r i v a t i v e ope ra to r . We f i n d i t convenient to de f i ne the 

d e r i v a t i v e s 

u ( t ) = Dm(t) 

(2) x ( t ) = Dp(t) 

n ( t ) = D a ( t ) . 

D i f f e r e n t i a t i n g (1) and us ing the d e f i n i t i o n s (2) g i ves 

y ( t ) - x ( t ) = aDx( t ) + n ( t ) 

or 

(3) ( -p -D)x ( t ) = - p u ( t ) + pn( t ) 

where p = 1/2. 

We s h a l l p o s i t tha t u ( t ) and r|(t) are g e n e r a l i z e d s t o c h a s t i c p ro ­

c e s s e s , s p e c i f i e d i n such a way tha t Cagan's adap t i ve expec ta t i ons formula tu rns 

out to be imp l i ed by the hypo thes is o f r a t i o n a l e x p e c t a t i o n s . Now the r e a l i z ­

a b l e , t ime i n v a r i a n t s o l u t i o n o f the d i f f e r e n t i a l equat ion (2) f o r x ( t ) i s 

x ( t ) = - p E t ( I ^ ) y ( t ) + p E f c ( I ^ ) n ( t ) 

or 

(U) x ( t ) = - p E t / ™ e P u u ( t + u ) d u + p E t J ^ e P u n ( t + u ) d u 
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where E f c (») i s the l i n e a r l e a s t squares p r o j e c t i o n o f ( • ) , cond i t i oned on the 

i n fo rma t i on se t { u ( s ) , x ( s ) : s <_ t } . Our o b j e c t i v e i s to determine s t o c h a s t i c 

processes f o r u ( t ) and n.(t) , which i n con junc t i on w i th (4) imply the o p t i m a l i t y 

of Cagan's adap t i ve expec ta t i on mechanism.— That i s , we wish to f i n d s p e c i f i c a ­

t i o n s f o r u ( t ) and n ( t ) , which together w i th (4) imply tha t 

E t x ( t + x ) = B / ^ c o e ' S ( t " s ) x ( s ) d s , 6 > 0, x > 0. 

4 / 
To produce the d e s i r e d ( y ( t ) , n ( t ) ) process,— l e t (w . ( t ) ,Wg( t ) ) = 

T 

w(t) be a con t inuous- t ime white no ise vec to r w i th Ew(t) = 0, and 

E w ( t ) w ( t - s ) T = V 5 ( t - s ) 
where V i s a p o s i t i v e d e f i n i t e mat r i x and i s the D i r a c d e l t a g e n e r a l i z e d 

f u n c t i o n . Assume tha t u ( t ) , r\(t) are desc r i bed by the con t i nuous - t ime , g e n e r a l ­

i z e d s t o c h a s t i c processes—'' 

u ( t ) = ^ ( t ) + w 2 ( t ) , S > 0 

(5) 

n ( t ) = - o D w ^ t ) + k ^ U ) + k 2 w 2 ( t ) 

where k 1 and k p are a r b i t r a r y c o n s t a n t s . - ^ To i n v e s t i g a t e the i m p l i c a t i o n s o f 

(5) i n con junc t i on w i th (4 ) , we need a formula f o r e v a l u a t i n g the p r e d i c t i o n s o f 

the terms of the form E o J ^ e p u z ( t + a ) d u that appear i n (4 ) .— / Let a vec to r z ( t ) 

have the r e p r e s e n t a t i o n 

(6) z ( t ) = I 6 . (D)w.( t ) 
j = 1 J J 

where [ w ^ ( t ) , • . . , w p ( t ) ] i s a fundamental whi te no ise v e c t o r f o r z ( t ) , and $^(0) 

8 / 
a re r a t i o n a l po lynomia ls i n D.— Then i n the present context i t can be 
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9 / e s t a b l i s h e d tha t the f o l l o w i n g formula of Hansen and Sargent [10] a p p l i e s : -

^ D u C *1(D)-<!>1(-p) 
(7) E t / Q e P u z ( t + a ) d u = _> {-* ^ ) w j ( t ) . 

By us ing formula ( 7 ) , i t f o l l o w s from (4) that w i th the u ( t ) , n ( t ) p rocesses 

g iven by ( 5 ) , the x ( t ) process i s 

(8) x ( t ) = ( M ) W i ( t ) . 

Thus, w i th the (u ( t ) ,n . ( t ) ) processes ( 5 ) , we have tha t the j o i n t process f o r the 

v a r i a b l e s ( x ( t ) , u ( t ) ) can be represented a s — ^ 

(9) I 

\ V ( t ) , 

We proceed to v e r i f y tha t f o r the j o i n t ( x ,u ) process ( 9 ) , Cagan 's 

adap t i ve expec ta t i ons f o rmu la t i on i s r a t i o n a l . The f i r s t equa t ion o f (9) can be 

w r i t t e n 

x(t+x) = w^ t+x ) + 8 / J + T w 1 ( s ) d s + 8 / ^ c o w 1 ( s ) d s , x > 0 . 

Us ing E t w 1 ( s ) = 0 f o r s > 0 , and E ^ C s ) = w ^ s ) f o r s < 0 , g i v e s 

(10) E t x ( t + T ) = 8 r^ c o w 1 ( s )ds = I w ^ t ) , T > 0 . 

Next , n o t i c e tha t x ( t ) = ^ p w ^ t ) i m p l i e s tha t w^(t) = j j ^ g ^ t ) ' S u b s t i t u t i n g 

t h i s l a s t e q u a l i t y i n t o (10) g i ves 

(11) E t x ( t + x ) = o f g x ( t ) , T > 0 . 

S i n c e ^ x ^ ) = 8 / Q e ~ S u

x ( t - u ) d u , equat ion (11) e s t a b l i s h e s tha t the adap t i ve 

expec ta t i ons scheme f o r x ( t ) i s r a t i o n a l under the j o i n t (x ,u ) process g i ven by 

( 9 ) . 
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The second l i n e o f (9) can be w r i t t e n as 

t+x w ( s ) d s , x > 0 . 

Hence we have 

E t v ( t + T ) = 8 j ^ c o w 1 ( s ) d s = g w ^ t ) 

or 

(12) 

Equat ions (11) and (12) c h a r a c t e r i z e the G r a n g e r - c a u s a l i t y s t r u c t u r e of the 

system ( 9 ) . In the con t inuous- t ime system ( 9 ) , V f a i l s to Granger cause x , as 

(10) e s t a b l i s h e s . However, x does Granger cause y, as (12) e s t a b l i s h e s . Even 

s t r a n g e r , cu r ren t and lagged y ' s f a i l to he lp p r e d i c t y , once cu r ren t and lagged 

x ' s are taken i n t o accoun t . That these f ea tu res c h a r a c t e r i z e our system (9) i s 

not s u r p r i s i n g , s i n c e we cons t ruc ted (9) i n o rder to guarantee tha t Cagan 's 

adap t i ve expec ta t i on mechanism (11) i s c o n s i s t e n t w i th op t ima l f o r e c a s t i n g . In 

l i g h t of equa t ion (4 ) , i f Cagan's mechanism i s to be r a t i o n a l , there must be 

ex tens i ve feedback from x ( t ) to y ( t ) . 
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3 . E f f e c t s of Aggregat ion Over Time 

We use the d e f i n i t i o n s Dp(t) = x ( t ) , Dm(t) = y ( t ) and (9) to deduce the 

g e n e r a l i z e d s t o c h a s t i c process f o r p ( t ) , m( t ) : 

(13) 

D+6 

D 2 

6_ 
D 2 

,2 . 

L w 2 ( t ) 

The presence of D and D i n the denominator o f the "moving average" po lynomia ls 

on the r i g h t s i de of (13) i n d i c a t e s tha t ( p ( t ) , m ( t ) ) i s a nons ta t i ona ry p r o c e s s . 

We are i n t e r e s t e d i n deducing the i m p l i c a t i o n s of (13) f o r p o i n t - i n -

t ime sampled, d i s c r e t e - t i m e obse rva t i ons on ( p ( t ) , m ( t ) ) . We s h a l l assume tha t 

p o i n t - i n - t i r a e obse rva t i ons on ( p ( t ) ,m ( t ) ) are a v a i l a b l e at the i n t e g e r s t=0, 1, 

2 , . . . . I t t u rns out t ha t the second d i f f e r e n c e s o f ( p ( t ) , m ( t ) ) form a s t a t i o n ­

ary d i s c r e t e - t i m e process w i th a very s imp le r e p r e s e n t a t i o n . 

We c o n s i d e r now the d i s c r e t e - t i m e process tha t i s formed by t a k i n g 

second d i f f e r e n c e s o f p o i n t - i n - t i m e obse rva t i ons on ( p ( t ) ,m ( t ) ) at the i n t e g e r s . 

We f i r s t note tha t the l a g opera tor L can be represented as L = e ~ D . Then the 

f i r s t d i f f e r e n c e opera tor i s (1-L) = ( 1 - e ~ D ) , wh i l e the second d i f f e r e n c e ope ra -

2 -D 2 
t o r i s (1-L) r (1-e ) . App ly ing t h i s opera to r to (13) g i v e s 

(14) 

' (1-L) p ( t ) N 

v(1 -L)*m(t) , 

' (1-e ) (6+D) 

(1-e ) 

Now r e c a l l the f o l l o w i n g Lap lace t rans fo rm p a i r s : — ' 

. - s (t te [0 ,1 ] 

1 t > 1 

( 1 - e - D ) 2 

11/ 

w ^ t r 

vW 2(t), 

1-e 
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(15) 

t* - s ^ 2  

(1-e ) 

t t e [0 ,1 ] 

2 - t t e [1 ,2 ] 

0 t > 2. 

Us ing the Lap lace t rans forms (15) and (14) g i ves the d e s i r e d r e p r e s e n t a t i o n : 

( 1 - L ) 2 p ( t ) = jJ(8T+1)w 1(t-T)dT + / 2 ( 8 ( 2 - T ) - 1 ) w 1 ( t - T ) d T 

(16) 

(1 -L ) 2 ra ( t ) = j j 8 T W l ( t - T ) d T + J 2 8 ( 2 - T ) W l ( t - T ) d T 

1 2 + / Q W 2 ( t - T ) d T - J 1 W 2 ( t - T ) d T . 

To rep resen t t h ings compact ly , we de f i ne 

,2 . 

y ( t ) = 
o - L r p ( t ) 

.2 ( 1 - L ) T » ( t ) 

Then we can w r i t e (16) as 

(8T+1) 0 
(17) y ( t ) = r 

1? 

3T 

' 8 ( 2 - T ) - 1 

8 ( 2 - T ) 

1 

W ^ t - T ) 

W 2 ( t -T ) 
d T 

0 

-1 

W ^ t - T ) 

W 2 ( t -T ) 
dT. 

E v i d e n t l y , by v i r t u e o f the whi te no i se proper ty o f ( w , ( t ) , W - ( t ) ) , y ( t ) sampled 

a t the i n t e g e r s i s a f i r s t - o r d e r , b i v a r i a t e moving average process w i t h uncond i ­

t i o n a l mean E y ( t ) = 0 . The autocovar iogram o f the y ( t ) process i s r e a d i l y 

12/ 
computed f rom— 

r Q = E y ( t ) y ( t ) 
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r$x+i o~| / V 11 V 1 2 \ BT+1 S T 

B T 1 \ V 21 V 2 2 / 0 1 
d T 

and 

and 

Ji 
B ( 2 - T ) - 1 0 

8 ( 2 - T ) -1 

' V11 V12 

*v21 V22y 

8 ( 2 - T ) - 1 8(2-x) 

0 -1 

T 1 = E y ( t ) y ( t - 1 ) 

•Ji 
6(2-T) -1 0 

B ( 2 - T ) -1 

v11 v 1 2 ' 

v v 21 22/ 

3(T-1)+1 8(T-1) 

0 1 

r . 1 = Ey ( t ) y ( t+1 ) T = 

r . = r_. = o f o r j > 1. 

E v a l u a t i n g the above i n t e g r a l s , we ob ta i n 

dx 

2 V L L [ ^ B 2

+ 1 ] 

2 V 1 1 [ I 8 2 + ^ + 

(18) 

r i = 

v 1 1 ^ 2 - 1 1 

V11 | [ f 8+ l ] - v 1 2 [ ^B+1 ] 

v ^ | [ ^8 -1 ]+v 1 2 [ ^e -1 ] 

r 1 c 2 2 2 i 
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4 . P r e d i c t i n g I n f l a t i o n Us ing In fo rmat ion 
on Lagged I n f l a t i o n Only 

We f i r s t cons ide r the u n i v a r i a t e Wold r e p r e s e n t a t i o n f o r the 

2 2 (1 -L) p ( t ) p r o c e s s . From (18), (1 -L) p ( t ) i s a f i r s t - o r d e r moving average w i t h 

cova r i ance gene ra t i ng f u n c t i o n 

(19) g(z) = c ( 1 ) z ' 1 + o(0) + c (1 ) z 

where from (18) c(0) = 2v^^[^Q2+1] , c(1) = v ^ ^ - l ] . We seek the Wold moving 
p 

average r e p r e s e n t a t i o n f o r (1 -L) p ( t ) , which i s o f the form 

(20) ( 1 - L ) 2 p ( t ) = (1-X L ) e . , |X | < 1 
P P" P 

p 
w i th e ¥ a d i s c r e t e - t i m e wh i te no i se that i s fundamental f o r (1 -L) p ( t ) ; the pc 

2 
va r i ance o f the one-s tep-ahead p r e d i c t i o n e r r o r e . i s a . From a r o u t i n e 

pt ep 

a p p l i c a t i o n of the s p e c t r a l f a c t o r i z a t i o n t h e o r e m , — / we have the f o l l o w i n g 

2 
formulas fo r X^ and G

£ p> 

p 2 c m j U c ( 1 ) 2 

sub jec t to |X p| < 1 

2 c(0) 

Us ing the preced ing formulas f o r c(0) and c(1) we have 

(^6 2

+ 1) / ( ^ 2 + 1 ) 2 

( 2 2 ) X p = - I T " " - V , 2 2 - 1 

p ^ 3 - 1 M ^ - 1 T 

sub jec t to | X p | < 1. 

Now cons ide r the d i s c r e t e - t i m e i n f l a t i o n ra te X ( t ) which we de f i ne as 

X ( t ) = p ( t ) - p ( t -1) f o r t a t the i n t e g e r s . Rep resen ta t i on (20) can then be 
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w r i t t e n 

(23) ( 1 - L ) X ( t ) = 0 - X L ) e . . 
P Pt 

As shown by John F . Muth [13] , the op t ima l j - s t e p - a h e a d f o r e c a s t of X governed by 

process (23), g i ven cu r ren t and lagged va lues o f X a lone , i s the d i s c r e t e - t i m e 

v e r s i o n of Cagan's adap t i ve expec ta t i on schemes 

0 0 i 

(24) E X ( t + j ) | X ( t ) , X ( t - 1 ) , . . . = (1 -X ) T X L X ( t - i ) , j > 1. 

p i=0 p 

Now equat ion (24) i s p r e c i s e l y the d i s c r e t e - t i m e r e p r e s e n t a t i o n which 

Cagan used fo r approx imat ing the con t inuous - t ime adap t i ve expec ta t i ons scheme 

E f cx(t+T) = 8 j ^ e " 6 s x ( t - s ) d s , x > 0 . 

Cagan took X p to be r e l a t e d to 8 v i a the equa t ion 

(25) X p = e " 8 . 

For v a r i o u s va lues of 8, Table 1 r epo r t s the va lues o f X g i ven by 

formula (22) and Cagan 's formula (25 ) . Fo r 3 c l ose to z e r o , equat ion (25) 

p rov ides a c l o s e approx imat ion to ( 22 ) . However, f o r l a rge va lues of 3 , exp( -8) 

i s approx imate ly z e r o , wh i l e equa t ion (22) i m p l i e s a X p o f approx imate ly - . 2 5 . 

Th is comparison i s o f i n t e r e s t i n the f o l l o w i n g con tex t . Suppose tha t 

our con t inuous- t ime model i s c o r r e c t , and tha t an a n a l y s t possesses d i s c r e t e -

t ime obse rva t i ons on p ( t ) , t be long ing to the i n t e g e r s . A procedure recommended 

by Ner love [15] and Ner love , G r e t h e r , and Carva lho [14] would be to determine the 

op t ima l p r e d i c t o r s f o r the u n i v a r i a t e p rocess f o r p ( t ) , and then a t t r i b u t e them 

to the p r i v a t e agents i n the model . Th i s procedure i s mot iva ted by an appeal to 

the r a t i o n a l expec ta t i ons h y p o t h e s i s , and i s termed the method o f " q u a s i r a t i o n a l 

e x p e c t a t i o n s " by Ner love , Gre the r , and Carva lho [14 ] . In an i n f i n i t e l y l a r g e 



Table 1 

s X P exp( -S) 

0 1.000000 1.000000 
.25 .778290 .778801 
.50 .603289 .606531 
.75 .463584 .472367 

1.00 .351000 .367879 
1.25 .259528 .286505 
1.50 .184661 .223130 
1.75 .122966 .173774 
2.00 .071797 .135335 
2.25 .029094 .105399 
2.50 - .006757 .082085 
2.75 - .037033 .063928 
3.00 - .062746 .049787 
3.25 - .084705 .038774 
3.50 - .103558 .030197 
3.75 - .119828 .023518 
4.00 -.133939 .018316 
4.25 - .146237 .014264 
4.50 - .157003 .011109 
4.75 - .166469 .008652 
5.00 - .174828 .006738 
5.25 - .182238 .005248 
5.50 - .188832 .004087 
5.75 - .194722 .003183 
6.00 - .200000 .002479 
6.25 - .204746 .001930 
6.50 - .209027 .001503 
6.75 - .212899 .001171 
7.00 - .216413 .000912 
7.25 - .219609 .000710 
7.50 - .222524 .000553 
7.75 - .225189 .000431 
8.00 - .227632 .000335 
8.25 - .229875 .000261 
8.50 - .231940 .000203 
8.75 - .233845 .000158 
9.00 - .235605 .000123 
9.25 - .237234 .000096 
9.50 - .238746 .000075 
9.75 - .240150 .000058 

10.00 - .241457 .000045 
+0O - .267949 0.000000 
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sample, the a n a l y s t cou ld recover the parameter X p g i ven by formula (21 ) , i f he 

fo l l owed Ne r l ove , G re the r , and C a r v a l h o ' s method. Us ing formula (22) o r Tab le 1, 

the a n a l y s t cou ld then i n f e r the va lue of 3. Tab le 1 p rov ides a f a i r l y complete 

c h a r a c t e r i z a t i o n of Cagan's approx imat ion (25) as a v e h i c l e f o r i n f e r r i n g 8 from 

X. 
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5 . P r e d i c t i n g I n f l a t i o n Us ing In fo rmat ion on Lagged 
I n f l a t i o n and Lagged Money C r e a t i o n 

We now tu rn to the b i v a r i a t e moving average o f the d i s c r e t e - t i m e p r o ­

cess f o r i n f l a t i o n and money c r e a t i o n . A Wold moving average r e p r e s e n t a t i o n f o r 

( ( 1 - L ) 2 p ( t ) , ( 1 - L ) 2 m ( t ) ) T = y ( t ) i s 

(26) y ( t ) = u f c + F u f c - 1 

T — — 

where u f c i s a (2x1) vec to r d i s c r e t e - t i m e whi te no ise w i th Eu^u. = V, where V i s a 

p o s i t i v e s e m i d e f i n i t e m a t r i x ; u f c = y ( t ) - E y ( t ) | y ( t - 1 ) , y ( t - 2 ) , . . . ; and the 

e igenva lues of F are l e s s than or equal to u n i t y i n abso lu te v a l u e . G iven TQ and 

r i from (18) , F and V are determined by s o l v i n g the f o l l o w i n g equat ions 

( I + F Z ) V ( I + F Z - 1 ) t = r ^ z " 1 + r Q + 

or 

(27) 

r 0 = V + F V F T 

r 1 = F V . 

The s p e c t r a l f a c t o r i z a t i o n theorem d i scussed by Rozanov [19] i m p l i e s t ha t these 

equat ions have a unique s o l u t i o n w i th the p r o p e r t i e s i n d i c a t e d above. In p r a c ­

t i c e , we have so lved the above equat ions f o r V and F by us ing an a l go r i t hm 

desc r ibed by Rozanov [19 ] . By f o l l o w i n g Rozanov 's s u g g e s t i o n s , Hansen and S a r ­

gent [9, Appendix 3] desc r i be e x p l i c i t c l osed - fo rm formulas f o r V and F as f u n c ­

t i o n s of the elements o f TQ and F ^ . 

L e t t i n g X f c = p ( t ) - p ( t - 1 ) , M f c = m(t) - m ( t - 1 ) , we can w r i t e (26) as 

(28) 
( 1 - L ) X t 

( 1 - D M t 

= u t • F u t _ r 

By c a r r y i n g out a s e r i e s o f c a l c u l a t i o n s p a r a l l e l i n g these o f Muth [13], i t i s 

s t r a i g h t f o r w a r d to v e r i f y tha t (28) admits the a l t e r n a t i v e r e p r e s e n t a t i o n 
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or 

(29) 

t+1 

L M t + 1 J 

t+1 

. t +1 . 

= (I+F)(I+FL) -1 
+ u 

= ( I + F ) y ( - F ) 1 

1=0 

L M t J 

t - i 

M. . . t - i . 

t + r 

+ u t + r 

From the f a c t tha t u i s fundamental f o r (X ,M) , i t can be r e a d i l y v e r i f i e d tha t 

the re ob ta ins the f o l l o w i n g b i v a r i a t e g e n e r a l i z a t i o n o f Cagan 's adap t i ve expec­

t a t i o n s scheme: 

X 

(30) 
t+j 

M 
l X t ' M t ' X t - 1 ' M t - V 

t+j 

= ( I + F ) y ( - F ) 1 

i=0 

t - i 

M. . . t - i . 

, 2 > 1 

The one-s tep-ahead p r e d i c t i o n e r r o r v e c t o r i s u^. + ^, which has covar iance ma t r i x 

V . 

Rep resen ta t i on (28) i s u s e f u l l y compared to the one cons t ruc ted by 

Sargent [20] . He p o s i t e d a d i s c r e t e - t i m e model of the i n f l a t i o n , money c r e a t i o n , 

p rocess which makes the d i s c r e t e - t i m e v e r s i o n o f adap t i ve expec ta t i ons r a t i o n a l 

when taken i n c o n j u n c t i o n w i th a d i s c r e t e - t i m e v e r s i o n of Cagan's p o r t f o l i o 

ba lance schedu le . S a r g e n t ' s model i s the d i s c r e t e - t i m e , b i v a r i a t e , f i r s t - o r d e r 

moving average 

"(1-L X. 

(1-L)M t_ 

1 0 1 

,0 1, 
1t 

' 2 t ' 

-x 0 1 

k(1-X) - 1 / 

'1t-1 

' 2 t - 1 -

where ( e - j ^ e , * ) = £ t i s a d i s c r e t e - t i m e vec to r wh i te no i se w i th a r b i t r a r y 

T 

contemporaneous covar iance mat r i x Ee e = W; e i s fundamental f o r ( (1 -L )X , 

( 1 - L ) M t ) ; and |X | < 1. I t i s ev iden t from the f i r s t equa t ion o f (31) tha t Cagan 's 

d i s c r e t e - t i m e adap t i ve expec ta t i ons f o rmu la t i on f o r i n f l a t i o n i s r a t i o n a l , g i ven 

( 3 1 ) . ^ 

In form, (31) matches (28 ) . One of our t asks now i s to study the 

r e l a t i o n between the (2x2) mat r i x F i n (28) and the cor respond ing mat r i x 
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E = 
-X 0' 

(1-X) - 1 , 

i n ( 3 D . No t i ce tha t the e igenva lues o f the ma t r i x E are -1 and - X . I t can be 

proved—' ' that one o f the e igenva lues o f F i n (28) i s - 1 . A comparison between 

the va lue of -X g iven by equat ion (22) and the nonuni t e igenva lue of F i s one 

i n t e r e s t i n g measure o f the e f f e c t s o f t ime agg rega t i on . 

For v a r i o u s va lues o f V and 8 we have c a l c u l a t e d F and V. In a d d i t i o n , 

2 

we c a l c u l a t e d X p and a g p i n the u n i v a r i a t e Wold moving average r e p r e s e n t a t i o n f o r 

( 1 - L ) X t : 

( 1 - L ) X t = 0 - A p L ) £ p t , | X p | < 1 

2 2 where e i s a fundamental whi te no i se f o r (1 -L )X . and a = Ee i s the o n e - s t e p -P t ep p 

ahead p r e d i c t i o n e r r o r va r i ance f o r ( 1 - L ) X t . We a l s o c a l c u l a t e d the u n i v a r i a t e 

Wold moving average r e p r e s e n t a t i o n f o r (1-L)M 

(1-L)M. = (1-X L)e . t m mt 

2 2 where e . i s a fundamental whi te no ise f o r (1-L)M, and a = Ee i s the o n e - s t e p -mt t em ra 
16/ -

ahead p r e d i c t i o n e r r o r va r i ance fo r ( 1 - L ) M . . — R e c a l l tha t V 1 1 i s the d i s c r e t e -

t ime , one-s tep-ahead p r e d i c t i o n e r r o r va r i ance fo r p r e d i c t i n g X on the b a s i s o f 

lagged X ' s and lagged M ' s , wh i l e i s the d i s c r e t e - t i m e , one-s tep-ahead p r e d i c ­

t i o n e r r o r va r i ance i n p r e d i c t i n g M f c on the b a s i s of lagged X ' s and lagged M ' s . 

2 2 
The re fo re , ( o " e p - v

1 1 ) l a

e p

 i s 3 measure of the marg ina l a s s i s t a n c e of lagged M's i n 
2 2 p r e d i c t i n g x. , wh i l e (o"_m-V__) a__ i s a measure o f the marg ina l a s s i s t a n c e o f t- em d-d. em 

lagged X ' s i n p r e d i c t i n g M^.. These q u a n t i t i e s , which we c a l l "percentage g a i n s " 

i n Tab les 2 - 7 , are measures of the s t r e n g t h o f the Granger c a u s a l i t y tha t occur 

between the d i s c r e t e - t i m e X and M p r o c e s s e s . We r e c a l l tha t i n the con t i nuous -

t ime model ( 9 ) , which we are m a i n t a i n i n g , M(t) f a i l s t o Granger cause X ( t ) . How­

eve r , i n the d i s c r e t e - t i m e model , M .̂ w i l l i n genera l Granger cause X .̂ due to the 
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17/ 2 i 2 e f f e c t s of aggregat ion over t i m e . — The percentage ga in ^ a

£ p ~ ^ i ^ M a

e p ^ s a 

measure of the f a i l u r e of the d i s c r e t e - t i m e process to r e v e a l the Granger c a u s a l ­

i t y s t r u c t u r e o f the u n d e r l y i n g con t inuous- t ime model . 

— 2 2 

Tab les 2-4 repor t complete c h a r a c t e r i z a t i o n s o f V, F, a £ p , a £ m , X p , and 

X f f l f o r three va lues o f 8 , and fo r th ree s e t t i n g s f o r the " i n t e n s i t y " ma t r i x V. 

Tab les 5-7 g i ve l e s s complete c h a r a c t e r i z a t i o n s o f V and F f o r a l a rge number o f 

va lues of 8 . 

One ou ts tand ing c h a r a c t e r i s t i c tha t emerges from these t a b l e s i s tha t 

f o r s m a l l va lues o f 8, not on l y does exp( -8) approximate X p w e l l , but the ma t r i x 

F approximates the mat r i x 

r °) 
\ ( 1 - X ) - 1 / 

w e l l w i th X taken to be X p or e x p ( - 8 ) . F u r t h e r , f o r s m a l l 8 , money c r e a t i o n on l y 

very weakly Granger-causes i n f l a t i o n i n the d i s c r e t e - t i m e d a t a . 

On the o ther hand, fo r l a r g e va lues o f 8, exp(-B) f a i l s to approximate 

X w e l l , and F f a i l s to resemble the mat r i x 

r ')• 
\ ( 1 - X ) - 1 / 

In a d d i t i o n , f o r l a r g e S, s u b s t a n t i a l Granger c a u s a l i t y can extend from money 

c r e a t i o n to i n f l a t i o n i n d i s c r e t e t ime . 

For va lues o f X p i n the range es t imated by Cagan [2] and Sargent [20 ] , 

these r e s u l t s are moderately comfo r t i ng , s i n c e they suggest tha t agg rega t ion 

over t ime impar ts a t most a very s m a l l asymptot ic b i a s to Cagan 's es t ima to r o f 

18/ 

8 . — They a l s o are compat ib le w i th the weak ev idence i n d i s c r e t e t ime f o r 

Granger c a u s a l i t y ex tend ing from money c r e a t i o n to i n f l a t i o n . 

On the o ther hand, the t a b l e s a l s o i n d i c a t e tha t f o r h igh va lues of 8 

the e f f e c t s of aggrega t ion over t ime can be c o n s i d e r a b l e . In p a r t i c u l a r , wh i l e 



Table 2 

V = I, 8 = .05 

- .9512240 - .5079E-05X / 1.05084 .02840' 

F = ( I , V = 

.0487756 -1.00000 / \ .02840 1.00084, 

a e p = 1 - ° 5 0 8 U ; % ga in = 0 ; X p = .951224 

a £ m = 1.05084; % ga in = 4 .758; X m = .951224 

e igenva lues o f F: - 1 . 0 , - .951229 

V = I, 8 = 2.05 

.0139974 -.133791 \ / 4 . 7 6 2 4 3 2.73743 1 

1.0140000 - 1 . 1 3 3 7 9 0 / \ 2 . 7 3 7 4 3 2.71243, 

c T p = 4 .78290; % ga in = .428 ; X p = .0626363 

at- - 4 .78290; % ga in = 43 .289 ; X m = .0626363 

e igenva lues o f F: - 1 . 0 , - .119794 

V = I, 8 = 10.05 

1.83797 -1 .75125 \ / 60.9-31 ^ . 8 5 3 ' ' 

F = [ I , V = 

v2.83797 -2 .75125 / \ 54 .8881 50.8631. 

a e p = 6 5 ' 5 0 7 9 : * s a i n = 7 .014; X p = - .241708 

aera = 6 5 - 5 0 7 9 ; * S a i n = 22 .356 ; \ m = - .241708 

e igenva lues o f F: - 1 . 0 , .0867212 

file:///54.8881


Table 3 

/ 1 0 0 \ 
V = , S = .05 

\ 0 1/ 

- .507230E-04 , 

1.00005 

Cl = 10.5084; % ga in = 0; X = .951224 t-p p 

a 2 = 1.16661; % ga i n = 13.563; X = .853612 

e igenva lues o f F: - 1 . 0 , - .951274 

- .694458X / 46.7499 

- 1 . 6 9 4 4 6 0 / \ 26 .4999 

a e p = 4 7 - 8 2 9 ° : 1 5 ? a i n = 2 - 2 5 6 ; X p = .0626363 

alm = 28.7633; 51 ga i n = 40.028; X m = - .208744 
C.EII III 

e igenva lues o f F: - 1 . 0 , - .364891 

/10 0 \ 
V = I I , 8 = 10.05 

-5 .39143X /526 .424 

- 6 . 3 9 1 4 3 / \466 .174 

a2 = 655.079; % ga in = 19.640; X = - .241708 ep p 

a 2

m = 630.971; % ga in = 33-924; X m = - .265206 

e igenva lues of F: - 1 . 0 , - .316278 

file:///26.4999
file:///466.174


Table 4 

V = (1
 j , 8 = .05 

\ 0 1 0 /  

/ - .9512240 - .507996E-06X /1.0508400 .0258385 

J . T . f 

\ .0487755 -1.00000 / \ .0258385 10.0008000 

a e p = 1 ' ° 5084 ; $ ga i n = 0 ; X p = .951224 

a e m = 1 0 - 1 5 8 9 ' ' * 8 a i n = 1-556; X m = .984313 

e igenva lues o f F: - 1 . 0 , - .951225 

/1 0 \ 
V = I I , 8 = 2.05 

\0 10 /  

/ - . 0540333 - .0149769 \ A . 7 8 0 6 2 2 .75562 \ 

l.T.I 
\ .9459670 - 1 . 0 1 4 9 8 0 0 / \ 2 . 7 5 5 6 2 11.73060/ 

a e p = 4 - 7 8 2 9 ° 5 * S a i n = - O 1 * 8 ; x

p = -0626363 

a e m = 1 7 - 9 9 6 ° 5 * ga i n = 34.816; X m = .516757 

e igenva lues of F: - 1 . 0 , - .0690102 

V = ( ) , 8 = 10.05 
\ 0 10/  

( .466067 - .244613 \ / 6 4 . 8 4 4 0 5 8 . 8 1 9 0 \ 

, ? = 

1.466070 - 1 . 2 4 4 6 1 0 / \ 5 8 . 8 1 9 0 63 .7940 / 

a | p = 65 .5079; % ga in = 1.013; X p = - .241708 

a em = 8 6 - 7 9 7 ° 5 % ga in = 26.502; X m = - .0787326 

e igenva lues o f F: - 1 . 0 , .221454 

file:///58.8190


Table 

V=I 

s exp( -8) % ga in p 

.05 .951229 .000 

.15 .860708 .000 

.25 .778801 .000 

.35 .704688 .000 

.45 .637628 .001 

.55 .576950 .003 

.65 .522046 .005 

.75 .472367 .010 

.85 .427415 .017 

.95 .386741 .026 
1.00 .367879 .032 
2.00 .135335 .396 
3.00 .049787 1.216 
4.00 .018316 2.253 
5.00 .006738 3.297 
6.00 .002479 4.251 
7.00 .000912 5.090 
8.00 .000335 5.817 
9.00 .000123 6.445 

10.00 .000045 6.989 
11.00 .000017 7.462 
12.00 .000006 7.876 
13.00 .000002 8.240 
14.00 .000001 8.562 
15.00 .000000 8.850 
16.00 .000000 9.107 
17.00 .000000 9.339 
18.00 .000000 9.548 
19.00 .000000 9.738 
20.00 .000000 9.911 

e igenva lue 
ga i n m o f F 

4.758 .951224 - .951229 
12.957 .860587 - .860708 
19.662 .778290 - .778799 
25.133 .703413 - .704680 
29.581 .635156 - .637604 
33.181 .572824 - .576890 
36.073 .515811 - .521922 
38.375 .463584 - .472138 
40.186 .415673 - .427030 
41.585 .371661 - .386136 
42.153 .351000 - .367138 
43.475 .071797 - .127017 
38.864 - .062746 - .026334 
34.399 - .133939 .021749 
30.901 - .174828 .047553 
28.251 - .200000 .062746 
26.228 - .216413 .072361 
24.656 - .227632 .078800 
23.409 - .235605 .083308 
22.401 - .241457 .086582 
21.573 -.245871 .089031 
20.881 - .249278 .090909 
20.297 - .251959 .092380 
19.797 - .254106 .093554 
19.364 - .255850 .094504 
18.987 - .257287 .095285 
18.655 - .258483 .095933 
18.361 - .259490 .096478 
18.098 - .260345 .096940 
17.863 - .261077 .097335 



Tab le 6 

s exp(-S) % ga in p 

.05 .951229 .000 

.15 .860708 .000 

.25 .778801 .001 

.35 .704688 .003 

.45 .637628 .010 

.55 .576950 .023 

.65 .522046 .046 

.75 .472367 .083 

.85 .427415 .135 

.95 .386741 .205 
1.00 .367879 .248 
2.00 .135335 2.120 
3.00 .049787 5.169 
4.00 .018316 8.313 
5.00 .006738 11.104 
6.00 .002479 13.460 
7.00 .000912 15.421 
8.00 .000335 17.054 
9.00 .000123 18.426 

10.00 .000045 19.586 
11.00 .000017 20.578 
12.00 .000006 21.434 
13.00 .000002 22.179 
14.00 .000001 22.831 
15.00 .000000 23.408 
16.00 .000000 23.920 
17.00 .000000 24.379 
18.00 .000000 24.791 
19.00 .000000 25.164 
20.00 .000000 25.502 

0 0 

e igenva lue 
% g a i n m 

X P 
o f F 

13.563 .951224 - .951274 
30.723 .860587 - .861784 
39.841 .778290 - .783221 
44.530 .703413 - .715367 
46.743 .635156 - .657499 
47.568 .572824 - .608589 
47.620 .515811 - .567484 
47.253 .463584 - .533032 
46.673 .415673 - .504170 
45.996 .371661 - .479957 
45.644 .351000 - .469338 
40.205 .071797 - .367138 
37.661 - .062746 - .339408 
36.325 - .133939 - .328647 
35.519 - .174828 - .323453 
34.985 - .200000 - .320572 
34.606 - .216413 - .318813 
34.323 - .227632 - .317663 
34.105 - .235605 -.316871 
33.931 - .241457 - .316303 
33.790 - .245871 -.315881 
33.672 - .249278 - .315559 
33.573 - .251959 - .315309 
33.489 - .254106 - .315110 
33.416 - .255850 - .314949 
33.352 - .257287 - .314817 
33.296 - .258483 - .314708 
33.246 - .259490 - .314617 
33.202 - .260345 - .314539 
33.162 - .261077 - .314473 



Table 7 

e igenva lue 
3 exp(-B) % ga in p % ga in ra of F 

.05 .951229 - . 000 1.556 .951224 - .951225 

.15 .860708 .000 4.524 .860587 - .860599 

.25 .778801 .000 7.308 .778290 - .778341 

.35 .704688 .000 9.917 .703413 - .703540 

.45 .637628 .000 12.361 .635156 - .635403 

.55 .576950 .000 14.647 .572824 - .573236 

.65 .522046 .001 16.785 .515811 - .516434 

.75 .472367 .001 18.782 .463584 - .464461 

.85 .427415 .002 20.645 .415673 - .416843 

.95 .386741 .003 22.382 .371661 - .373162 
1.00 .367879 .003 23.205 .351000 - .352679 
2.00 .135335 .044 34.465 .071797 - .077935 
3.00 .049787 .145 38.882 - .062746 .052290 
4.00 .018316 .284 39.554 - .133939 .120272 
5.00 .006738 .433 38.302 - .174828 .158938 
6.00 .002479 .575 36.158 - .200000 .182582 
7.00 .000912 .704 33.687 - .216413 .197926 
8.00 .000335 .819 31.186 - .227632 .208380 
9.00 .000123 .920 28.804 - .235605 .215792 

10.00 .000045 1.009 26.607 - .241457 .221222 
11.00 .000017 1.087 24.614 - .245871 .225312 
12.00 .000006 1.157 22.825 - .249278 .228465 
13.00 .000002 1.218 21.226 - .251959 .230945 
14.00 .000001 1.272 19.800 - .254106 .232929 
15.00 .000000 1.321 18.529 - .255850 .234541 
16.00 .000000 1.365 17.394 - .257287 .235867 
17.00 .000000 1.405 16.378 - .258483 .236971 
18.00 .000000 1.441 15.467 - .259490 .237900 
19.00 .000000 1.474 14.648 - .260345 .238688 
20.00 .000000 1.504 13.910 - .261077 .239363 
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Cagan 's approx imat ion X = exp( -8) prevents X from assuming nega t i ve v a l u e s , 

nega t i ve X ' s can occur i n the app rop r i a te d i s c r e t e - t i m e model . 

F o r t u n a t e l y , there i s no need to count on the parameter 8 s t a y i n g i n 

the range i n which t ime aggrega t ion e f f e c t s are s m a l l . I t i s s t r a i g h t f o r w a r d t o 

implement procedures f o r es t ima t i ng the parameters of the con t inuous- t ime model, 

8 and V, g i ven records of d i s c r e t e - t i m e d a t a . Equat ion (28) i s a b i v a r i a t e 

moving average r e p r e s e n t a t i o n f o r { ( 1 - L ) X t , ( 1 - L ) M . }, which can be es t imated 

u s i n g e i t h e r t ime domain or f requency domain v e r s i o n s o f method of maximum 

19/ 
l i k e l i h o o d . — The l i k e l i h o o d f u n c t i o n would be maximized over the f r ee p a r a -

20/ 
meters , 8 and V, o f the con t inuous- t ime m o d e l . — 
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6. Conc lus ions 

We have produced a con t inuous - t ime model which so l ves the i nve rse 

op t ima l p r e d i c t o r problem fo r a con t inuous- t ime v e r s i o n of Cagan's model o f 

h y p e r i n f l a t i o n w i t h adap t i ve e x p e c t a t i o n s . We have gone on to deduce the r e ­

s t r i c t i o n s which t h i s con t inuous- t ime model p l aces on d i s c r e t e - t i m e d a t a . T h i s 

has permi t ted us to desc r i be exact formulas l i n k i n g the parameters o f the d i s ­

c r e t e - t i m e r e p r e s e n t a t i o n to the parameters of the con t inuous - t ime model . These 

formulas permi t us to eva lua te the q u a l i t y of the approx imat ions tha t Cagan and 

o thers have used i n l i n k i n g the d i s c r e t e - t i m e and con t inuous - t ime pa rame te r i za -

t i o n s . 

The computa t iona l techn iques used i n t h i s paper are u s e f u l f o r s t udy ­

i ng the e f f e c t s of aggrega t ion over t ime i n a v a r i e t y of dynamic models under 

r a t i o n a l e x p e c t a t i o n s . In subsequent r esea rch we p lan to use these t o o l s to 

s tudy the e f f e c t s of aggrega t ion over t ime i n s u b s t a n t i a l l y r i c h e r dynamic 

c o n t e x t s . 



Footnotes 

—^Linear i nve rse op t ima l c o n t r o l and l i n e a r i n v e r s e op t ima l p r e d i c t o r 
problems are ana lyzed i n d i s c r e t e t ime by Mosca and Zappa [12] . 

—''in t h i s paper we use the f o l l o w i n g o p e r a t i o n a l c a l c u l u s . Le t F ( t ) be 
a f u n c t i o n or g e n e r a l i z e d f u n c t i o n de f i ned on te(-co,+co). Le t f ( s ) be the Lap lace 
t rans fo rm o f F ( t ) , which we denote by f ( s ) F ( t ) . Le t D be the t ime d e r i v a t i v e 
ope ra to r , and l e t x ( t ) be a s t o c h a s t i c process or g e n e r a l i z e d s t o c h a s t i c p r o c e s s . 

Then we have f ( D ) x ( t ) = f° F ( x ) x ( t - x ) d x . In c o n j u n c t i o n w i th t h i s e q u a l i t y , we 

use the f o l l o w i n g Lap lace t rans fo rm p a i r s i n t h i s paper: 1/s •*-+• 1; 1/s •*-*• t ; 

1 
s - a 

1 
s - a 

- e a t , t < 0 

0 , t > 0 

e a t , t > 0 

0 , t < 0 

a > 0 ; 

, a < 0 ; 

e « - *5 ( t -a ) where 6 ( ' ) i s the D i r a c d e l t a g e n e r a l i z e d f u n c t i o n ; and e " a s / s 
u ( t - a ) where u ( t ) i s the Heav i s i de u n i t s tep f u n c t i o n , u ( t ) = 1, t >_ 0 , u ( t ) = 0 , 
t < 0 . For d e s c r i p t i o n s o f Lap lace t r ans fo rms , see C h u r c h i l l [3] or Doetsch [4 ] . 
Fo r a u s e f u l t reatment o f the o p e r a t i o n a l p r o p e r t i e s of d e l t a f unc t i ons and o ther 
g e n e r a l i z e d f u n c t i o n s , see P a p o u l i s [17] . 

—^This i s the con t inuous- t ime v e r s i o n of the i n v e r s e op t ima l p r e d i c t o r 
problem s t u d i e d by Sargent [20] . 

—^Kwakernaak and S ivan [11] and P a p o u l i s [16] c o n t a i n u s e f u l i n t r o d u c ­
t i o n s to the p r o p e r t i e s of con t i nuous - t ime whi te no i ses and con t i nuous - t ime 
s t o c h a s t i c p rocesses cons t ruc ted by i n t e g r a t i n g and d i f f e r e n t i a t i n g them. 
Arno ld [1] con ta ins an i n t r o d u c t i o n to the I to s t o c h a s t i c i n t e g r a l s which are 
used to de f ine and manipulate con t inuous- t ime whi te no i ses i n a mathemat ica l l y 
r i g o r o u s way. 

—^Notice tha t u ( t ) and n ( t ) c o n t a i n whi te no ise and d e r i v a t i v e s of 
wh i te no ise components, r e s p e c t i v e l y . Consequent ly , n e i t h e r of these p rocesses 
i s p h y s i c a l l y r e a l i z a b l e . Our defense fo r p o s i t i n g these i d e a l or g e n e r a l i z e d 
s t o c h a s t i c processes i s that they l ead to w e l l - d e f i n e d , p h y s i c a l l y r e a l i z a b l e 
s t o c h a s t i c p rocesses f o r the d i s c r e t e - t i m e obse rva t i ons on the money supp ly and 
p r i c e l e v e l . 

—^Using the o p e r a t i o n a l c a l c u l u s desc r ibed i n foo tno te 2 , we have 

^ ( t ) = 8 j "£w 1 ( t - s )ds 

which i s a Wiener process tha t has i n f i n i t e va r i ance a t t because i t i s viewed as 
s t a r t i n g up i n the i n f i n i t e p a s t . Two a l t e r n a t i v e dev i ces cou ld be used to 
assure that a l l the o b j e c t s manipulated have f i n i t e v a r i a n c e s f o r a l l f i n i t e t . 



The f i r s t would be to s t a r t up the system w i th f i x e d or random i n i t i a l c o n d i t i o n s 
(x ( tg ) , r ) ( tQ) ) f o r some f i n i t e t ime t g . The second would be to s t a r t the system 

up i n f i n i t e l y f a r i n the p a s t , but to approximate terms l i k e i x ( t ) by 

x ( t ) = S j ^ e - Y S x ( t - s ) d s 

f o r very s m a l l p o s i t i v e va lues of y. The r e s u l t s i n t h i s paper can be produced by 
S 8 

r e p l a c i n g ^ by , y > 0, and by t a k i n g the l i m i t as y •*• 0 . In t h i s way, the 
r e s u l t s i n t h i s paper cou ld a l l be ob ta ined wi thout r e s o r t i n g to man ipu la t i ons 

g 
i n v o l v i n g terms w i th i n f i n i t e v a r i a n c e s , such as ^ w ^ t ) . 

— W h i t t l e [24] desc r i bes the con t inuous- t ime v e r s i o n s o f the Wiener-
Kolmogorov l i n e a r l e a s t squares p r e d i c t i o n formulas used he re . 

8 / 
— Rozanov [19] uses the concept o f a fundamental whi te n o i s e . A whi te 

no i se p rocess ( w . ( t ) , . . . , w ( t ) ) i s s a i d to be fundamental f o r z ( t ) i f f o r x > 0 i r 
z( t+x) - E [ z ( t + t ) | z ( s ) , s < t ] can be expressed as an i n t e g r a l o f [ w ^ ( z ) , . . . , w p ( z ) ] 
over the i n t e r v a l t <_ z < t + T . 

—^Hansen and Sargent [10] de r i ved the formula under more r e s t r i c t i v e 
c o n d i t i o n s than apply h e r e . N e v e r t h e l e s s , i t can be v e r i f i e d d i r e c t l y us ing the 
con t inuous- t ime p r e d i c t i o n formulas g iven by W h i t t l e [24] tha t the formula i s 
c o r r e c t . 

—^Note tha t n e i t h e r the x ( t ) process nor the u ( t ) process i s p h y s i ­
c a l l y r e a l i z a b l e due to the presence of whi te no ise components i n each . 

— / S e e C h u r c h i l l [3] or Doetsch [4 ] . 
12/ 
— We are us ing the r u l e s f o r t a k i n g expected va lues o f products o f 

i n t e g r a l s of whi te no i ses tha t are desc r i bed by Kwakernaak and S ivan [11, pp. 97 -
99] . 

— ^ T h i s theorem i s d i scussed by Rozanov [19] i n g e n e r a l i t y . Sargent 
[20, pp. 265-268] p rov ides a n o n t e c h n i c a l d i s c u s s i o n o f f a c t o r i n g the cova r i ance 
gene ra t i ng f u n c t i o n of a f i r s t - o r d e r moving average p r o c e s s . 

14/ 
— Th is i s because the f i r s t d i f f e r e n c e of i n f l a t i o n i s a f i r s t - o r d e r 

moving average, and because the Wold moving average r e p r e s e n t a t i o n f o r (1 -L )X , 
( 1 - L ) M t i s t r i a n g u l a r , imp l y i ng tha t ( 1 - L ) M t f a i l s to Granger cause ( 1 - L ) X f c . See 

Sims [23]. 

— / F i r s t , note tha t 

( I + F Z ) V ( I + F Z " 1 ) t = r _ l Z

- 1 + r o Z + r l Z 

and tha t t he re fo re the zeroes of d e t ( r _ l z ~ 1 + r o z + r i z ) are comprised of the zeroes 

o f det( I+Fz) and the r e c i p r o c a l s of the zeroes of de t ( I +Fz ) . Next , note tha t the 
zeroes of det( I+Fz) are minus the r e c i p r o c a l s o f the e igenva lues o f F . By us ing 

formulas (18) i t can be proved that u n i t y i s a ze ro o f de t ( r^z~ + r 0 +T 1 z ) , which 
i m p l i e s tha t -1 i s an e igenva lue of F . 



— Each of these u n i v a r i a t e moving averages was c a l c u l a t e d by us ing 
the cova r i ances g i ven i n (18) together w i th formulas (21 ) . 

— In a more gene ra l con tex t , Sims [22, 23] has emphasized tha t y ' s 

f a i l i n g to Granger cause x i n cont inuous time does not imply tha t y f a i l s to 

Granger cause x i n d i s c r e t e t ime . 

18/ 
— See Sargent [20] f o r an argument tha t Cagan's procedure f o r e s t i ­

mating X i s s t a t i s t i c a l l y c o n s i s t e n t , p rov ided tha t expec ta t i ons are r a t i o n a l 
and tha t the money c r e a t i o n i n f l a t i o n p rocess i s g i ven by ( 3 0 . 

19 / 
— Such approx imat ions are d i scussed by Hannan [7 ] , Hansen and Sargent 

[8 ] , and Phadke and Kadem [18] . 
2 0 / 
— We note that w i thout a p r i o r i r e s t r i c t i o n s on V, Cagan's parameter a. 

i s not i d e n t i f i a b l e . I d e n t i f i c a t i o n cou ld presumably be ach ieved by employing 
the s t r a t e g y which Sargent [20] employed i n d i s c r e t e t ime, namely, the s t r a t e g y 
o f a p r i o r i r e s t r i c t i n g the covar iance mat r i x of the shocks to the p o r t f o l i o 
ba lance schedule and the money supply r u l e . 
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