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O p t i m a l C rowd ing Out i n a M o n e t a r i s t Mode l 

I. I n t r o d u c t i o n and Summary o f R e s u l t s 

I n a m o n e t a r i s t model p r i v a t e demands f o r f i a t money and f i a t bonds 

a r e d i s t i n c t . Money i s u s e d f o r s p e n d i n g , and bonds a r e u s e d f o r s a v i n g . 

I n c r e a s e d r e l i a n c e on bond i s s u e t o f i n a n c e government d e f i c i t s , t h e n , c rowds 

ou t p r i v a t e c a p i t a l h o l d i n g s as a f o rm o f s a v i n g s . I f t h e r e a r e d e c r e a s i n g 

r e t u r n s t o c a p i t a l , a r e d u c t i o n i n c a p i t a l h o l d i n g s c a u s e s t he r e a l r a t e o f 

i n t e r e s t t o r i s e . 

T h i s p a p e r examines t h i s c r o w d i n g ou t p r o c e s s i n a m o d i f i e d v e r s i o n 

o f " F i s c a l P o l i c y i n a M o n e t a r i s t M o d e l . " W h i l e t h e e a r l i e r p a p e r assumed 

c o n s t a n t r e t u r n s t o c a p i t a l i n p r o d u c t i o n , t h e p r e s e n t p a p e r assumes d e c r e a s ­

i n g r e t u r n s . T h i s m o d i f i c a t i o n y i e l d s some new i n s i g h t s i n t o t he macro and 

w e l f a r e e f f e c t s o f a l t e r n a t i v e p o l i c i e s to f i n a n c e g i v e n r e a l d e f i c i t s . I n 

b o t h p a p e r s such p o l i c i e s c o n s i s t o f t i m e p a t h s o f bonds and money w h i c h i m p l y 

c o n s t a n t i n t e r e s t and i n f l a t i o n r a t e s and a l l o w the r e s o u r c e s t h e government 

expends t o match t h e r e s o u r c e s i t a c q u i r e s . 

I n t h e e a r l i e r p a p e r i t i s found t h a t t h e macro and w e l f a r e e f f e c t s 

o f a l t e r n a t i v e p o l i c i e s depend on t h e s i g n o f t h e r e a l r a t e o f i n t e r e s t . W i t h 

a z e r o o r n e g a t i v e r a t e , g r e a t e r r e l i a n c e on bond f i n a n c i n g i s found t o reduce 

i n f l a t i o n and i n c r e a s e w e l f a r e . W i t h a p o s i t i v e r a t e , g r e a t e r r e l i a n c e on 

bond f i n a n c i n g i s found t o i n c r e a s e i n f l a t i o n , i n c r e a s e t h e w e l f a r e o f t h e 

c u r r e n t o l d and m i d d l e - a g e d , bu t d e c r e a s e t h e w e l f a r e o f t h e c u r r e n t young and 

a l l f u t u r e g e n e r a t i o n s . I t f o l l o w s t h a t a s l o n g a s t he r e a l r a t e o f r e t u r n on 

c a p i t a l i s n o n - p o s i t i v e , bonds s h o u l d be i s s u e d i n s u f f i c i e n t q u a n t i t y t o 

d r i v e ou t a l l c a p i t a l . I t a l s o f o l l o w s t h a t a money-bond f i n a n c i n g s t r a t e g y 

w h i c h p roduces t he minimum i n f l a t i o n r a t e f e a s i b l e u n d e r a g i v e n d e f i c i t 

p o l i c y canno t be P a r e t o domina ted by any o t h e r s t r a t e g y . 
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I n t he p r e s e n t p a p e r , i n c o n t r a s t , i t i s f ound t h a t t h e i n f l a t i o n a r y -

consequence f rom g r e a t e r r e l i a n c e on bond i s s u e depends on whe the r a d d i t i o n s 

t o t he number o f bonds s o l d i n c r e a s e o r d e c r e a s e r e a l government r e v e n u e s . I n 

even s h a r p e r c o n t r a s t , i t i s f ound t h a t t h e minimum i n f l a t i o n p o l i c y i s P a r e t o 

domina ted by o t h e r h i g h e r i n f l a t i o n p o l i c i e s . 

I f a d d i t i o n s t o bond s a l e s r a i s e r e a l government r e v e n u e s , t h e same 

r e a l d e f i c i t can be f i n a n c e d w i t h a l o w e r i n f l a t i o n t a x . When t h e r e a r e 

c o n s t a n t r e t u r n s t o c a p i t a l , i t f o l l o w s t h a t t h e e f f e c t o f a d d i t i o n a l bond 

s a l e s on r e a l r e v e n u e s t u r n s s o l e l y on t h e s i g n o f t h e r e a l r a t e o f i n t e r ­

e s t . They i n c r e a s e r e a l r e v e n u e s when t h e r a t e i s n e g a t i v e and d e c r e a s e r e a l 

r e v e n u e s when i t i s p o s i t i v e . W i t h d e c r e a s i n g r e t u r n s t o c a p i t a l , h o w e v e r , an 

i n c r e a s e i n bond i s s u e has b o t h a " q u a n t i t y " and a " p r i c e " e f f e c t : an i n ­

c r e a s e i n t he q u a n t i t y o f bonds a t t he i n i t i a l p r i c e l e s s a d e c r e a s e i n t h e 

p r i c e a t t he i n i t i a l q u a n t i t y . I n t he c u r r e n t p a p e r , t h e change i n r e a l 

government r e v e n u e s f r om an i n c r e a s e i n bond i s s u e a l w a y s becomes n e g a t i v e a t 

some c r i t i c a l , n e g a t i v e r e a l r a t e o f i n t e r e s t w h i c h i s r e a c h e d b e f o r e a l l 

c a p i t a l i s d r i v e n o u t . I f bond i s s u e i s be low t h i s c r i t i c a l l e v e l , an i n ­

c r e a s e d r e l i a n c e on bond f i n a n c i n g l o w e r s i n f l a t i o n . I f i t i s a t o r above 

t h i s c r i t i c a l l e v e l , howeve r , an i n c r e a s e d r e l i a n c e on bond f i n a n c i n g r a i s e s 

i n f l a t i o n . T h i s c r i t i c a l l e v e l o f bond i s s u e t h e n p e r m i t s t h e l o w e s t i n f l a ­

t i o n r a t e f o r t he g i v e n r e a l d e f i c i t p o l i c y . 

The minimum i n f l a t i o n p o l i c y i s not an o p t i m a l p o l i c y . I t r e s u l t s 

i n t oo low o f a r e a l r a t e o f r e t u r n on c a p i t a l . By i s s u i n g more bonds t h e 

government can e f f e c t a f a v o r a b l e t r a d e f o r a l l by r a i s i n g t he r e a l r a t e o f 

r e t u r n on c a p i t a l a t t he expense o f a l o w e r r e a l r a t e o f r e t u r n on money; t h a t 

i s , a t t he expense o f more i n f l a t i o n . 
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The model i s d e s c r i b e d i n t h e n e x t s e c t i o n . I n t h e f o l l o w i n g s e c ­

t i o n , t h e r e l a t i o n s h i p be tween t h e c r i t i c a l l e v e l o f bond i s s u e and i n f l a t i o n 

i s d e r i v e d , and t h e r e l a t i o n s h i p o f t h e c r i t i c a l l e v e l t o v a r i o u s p a r a m e t e r s 

i s exam ined . The w e l f a r e i m p l i c a t i o n s o f a l t e r n a t i v e p o l i c i e s a r e e x p l o r e d , 

and t h e p r i n c i p a l r e s u l t t h a t t he minimum i n f l a t i o n p o l i c y i s s u b o p t i m a l i s 

p r o v e d . The p a p e r c o n c l u d e s w i t h some b r i e f comments abou t t he r o l e o f t he 

i n f l a t i o n t a x i n t h e o p t i m a l t a x s t r u c t u r e . 

I I . B a s i c R e l a t i o n s h i p s 

The model i s e x a c t l y t h e same as i n " F i s c a l P o l i c y i n a M o n e t a r i s t 

M o d e l " e x c e p t f o r t h e a s s u m p t i o n abou t t h e s t o r a g e t e c h n o l o g y . In b o t h p a p e r s 

i t i s assumed t h a t i f k ( t ) u n i t s o f goods a r e s t o r e d a t t ime t , t he i n v e s t m e n t 

i s w o r t h z e r o a t t i m e t + 1 and X ( t ) k ( t ) a t t i m e t + 2 . In t h e e a r l i e r p a p e r 

i t i s assumed t h a t X i s i n d e p e n d e n t o f k , w h i l e i n t h e p r e s e n t p a p e r i t i s a s ­

sumed t h a t X ( t ) = A k ( t ) 6 " 1 where A > 0 . W i t h 6 = 1 we have c o n s t a n t r e t u r n s 

t o c a p i t a l a s assumed i n t h e p r e v i o u s p a p e r , w h i l e w i t h 6 < 1 we have d e c r e a s ­

i n g r e t u r n s t o c a p i t a l a s assumed i n t h i s p a p e r . In o r d e r t o p r e v e n t c a p i t a l 

f r om b e i n g d i v i d e d i n t o a r b i t r a r i l y s m a l l u n i t s t o g e n e r a t e a r b i t r a r i l y l a r g e 

r e t u r n s when 6 < 1 , i t a l s o i s assumed t h a t a minimum o f one p e r i o d o f l a b o r 

e a c h p e r i o d must be u s e d a s an i n p u t w i t h any amount o f c a p i t a l s t o r e d . 

S i n c e e x c e p t f o r t h e s p e c i f i c a t i o n o f X ( t ) t h e c u r r e n t model i s 

i d e n t i c a l t o t h e e a r l i e r o n e , t he d e f i n i t i o n s and r e l a t i o n s h i p s r e q u i r e d f o r 

a n a l y s i s s i m p l y w i l l be l i s t e d . Reade rs i n t e r e s t e d i n d e r i v a t i o n s and e x p l a n ­

a t i o n s can r e f e r t o t h e e a r l i e r p a p e r . 

T ime i s d i s c r e t e and runs f rom t = 2 , . . . . N i n d i v i d u a l s a r e b o r n 

e a c h p e r i o d , and t h e y l i v e f o r 3 p e r i o d s . The c u r r e n t o l d h e {N(0)} consume 

t h e i r endowments a t t = 2 
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C^(0) = V/Jj(0) = p ( 2 ) B ( 0 ) / N + X ( 0 ) k ( 0 ) / N , where 

C ^ ( t ) i s t he r e a l c o n s u m p t i o n o f i n d i v i d u a l h i n g e n e r a t i o n t i n t h e i t n 

p e r i o d o f l i f e ; 

) i s t h e r e a l endowment o f i n d i v i d u a l h i n g e n e r a t i o n t i n t h e i 

p e r i o d o f l i f e ; 

B ( t ) i s t h e t o t a l number o f bonds i s s u e d a t t ime t w h i c h a r e h e l d by i n d i ­

v i d u a l s . One bond can be p u r c h a s e d a t a d o l l a r p r i c e o f v ( t ) . The 

bond pays n o t h i n g i f h e l d one p e r i o d and one d o l l a r i f h e l d two 

p e r i o d s . In any p e r i o d t h e bonds B ( t ) a r e h e l d i n e q u a l amounts by 

t h e N y o u n g , N b h ( t ) = B ( t ) ; 

K ( t ) i s t he t o t a l c a p i t a l s t o c k i n r e a l t e rms h e l d by t he young a t t i m e t , 

N k h ( t ) = K ( t ) ; 

p ( t ) i s t he amount o f goods w h i c h exchanges f o r one d o l l a r a t t ime t ; t h e 

i n v e r s e o f t h e p r i c e l e v e l ; and 

B (0 ) > 0 , K (0 ) > 0 a r e g i v e n . 

The c u r r e n t m i d d l e - a g e d h e {N ( l ) } consume t h e i r endowments a t t = 2 

and t = 3 

c £ ( l ) = w £ ( l ) = p ( 2 ) M ( l ) / N 

C ^ d ) = W^ ( l ) = p ( 3 ) B ( l ) / N + X ( l ) K ( l ) / N , where M ( t ) i s t he t o t a l 

s t o c k o f money h e l d by t h e young a t t i m e t , Nm^(t) = M ( t ) ; K ( l ) > 0 i s g i v e n ; 

and B ( l ) > 0 i s a p o l i c y p a r a m e t e r . 

The c u r r e n t young and a l l f u t u r e g e n e r a t i o n s h e {N( t ) } t > 2 m a x i ­

m ize 

l n C ^ ( t ) + g l n C J J U ) + Y l n C ^ ( t ) s u b j e c t t o 
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c j ( t ) < w j ( t ) - p ( t ) m h ( t ) - p ( t ) v ( t ) b h ( t ) - k h ( t ) 

c! j ( t ) < W* ( t ) + p ( t + l ) m h ( t ) 

C * ( t ) < W^( t ) + p ( t + 2 ) b h ( t ) + X ( t ) k h ( t ) , where 

< w j ( t ) , W*}(t) , W^( t )> = <y, 0 , 0>, w i t h y > 0 

and 3 > 0 , y > 0 a r e g i v e n . 

T h i s m a x i m i z a t i o n p r o b l e m g e n e r a t e s t h e f o l l o w i n g i n d i v i d u a l demands f o r 

c o n s u m p t i o n and a s s e t s i n a s t e a d y s t a t e : 

1 1+3+Y 

B y R x  

C 2 = 1+3+Y 

C 3 = 1+3+Y 

m d ( R l , R 2 ) = p ( t ) m h ( t ) = J ^ -

b d ( R 1 , R 2 ) E p ( t ) v ( t ) b h ( t ) = y ^ ^ r , v h e r e a e [ 0 , l ) i s a r b i t r a r y 

In t h e f o r m u l a s above t h e t ' s and h ' s have g e n e r a l l y been s u p p r e s s e d . 

The g r o s s r a t e s o f r e t u r n R-̂  and Rg a r e d e f i n e d by 

= ^ ~ T T T ^ a n d R o = - ^ r r r r r , w h i c h a r e i ndependen t o f t i m e i n a 1 p ( t ) 2 p ( t ) v ( t ) ' * 

s t a t i o n a r y e q u i l i b r i u m . S i n c e bonds and c a p i t a l a r e p e r f e c t s u b s t i t u t e s i n 

i n d i v i d u a l p o r t f o l i o s , b o t h w i l l be h e l d o n l y i f R 2 = X . I n d i v i d u a l s w i l l be 

i n d i f f e r e n t t o t h e p r o p o r t i o n s o f bonds and c a p i t a l i n t h e i r p o r t f o l i o s a t 

t h e s e r a t e s . 
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The i n f l a t i o n r a t e II, t h e n o m i n a l i n t e r e s t r a t e r , and t h e n e t r e a l 

r a t e o f r e t u r n on c a p i t a l p a r e a l l d e f i n e d o v e r two p e r i o d s i n te rms o f t h e 

two r a t e s R-̂  and R 2 : 

J L = p ( t + 2 ) _ „ _ _1 

R 
1 

1 R 2 
= v ( t ) o r r = — - - 1 , and I T ^ 2 

p = X ( t ) - 1 o r p = R 2 - 1 . 

A s t a t i o n a r y e q u i l i b r i u m c o n s i s t s o f sequences o f p r i c e s p ( 2 ) * , 

p ( 3 ) * , . . . and v ( 2 ) * , v ( 3 ) * , s u c h t h a t : 

a . t he i n f l a t i o n r a t e II and t h e n o m i n a l i n t e r e s t r a t e r a r e c o n s t a n t 

o v e r t i m e , 

b. t h e a g g r e g a t e demands f o r money, b o n d s , and goods e q u a l t he r e s p e c ­

t i v e a g g r e g a t e s u p p l i e s : 

i . N m h ( t ) = M ( t ) , t = 2 , . . . 

i i . N b h ( t ) = B ( t ) , t = 2 , . . . 
/ \ A »S 

i i i . N C 3 ( t - 2 ) + N C g ( t - l ) + N C ^ C t ) + K ( t ) + G ( t ) = 

Ny + X ( t ) K ( t - 2 ) , t = 2 , and 

c . each i n d i v i d u a l max im i zes u t i l i t y s u b j e c t t o g i v e n endowments and 

p r i c e s p ( 2 ) * , p ( 3 ) * and v ( 2 ) * , v ( 3 ) * , 

I I I . A l t e r n a t i v e F e a s i b l e S t a t i o n a r y P o l i c i e s w i t h 6 < 1 

I n t h i s s e c t i o n we d e f i n e " f e a s i b l e s t a t i o n a r y p o l i c i e s , " show t h a t 

t h e y can be c h a r a c t e r i z e d by t h e g r o s s r a t e s o f r e t u r n , R-̂  and R ? , w h i c h t h e y 

i m p l y , and then examine how a l t e r n a t i v e p o l i c i e s a f f e c t macro v a r i a b l e s and 
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i n d i v i d u a l w e l f a r e . The a n a l y s i s assumes d e c r e a s i n g r e t u r n s t o s c a l e i n 

p r o d u c t i o n and p a r a l l e l s t h e a n a l y s i s f o r c o n s t a n t r e t u r n s t o s c a l e i n " F i s c a l 

P o l i c y i n a M o n e t a r i s t M o d e l . " 

By a " s t a t i o n a r y p o l i c y " we mean a sequence o f p o l i c y v a r i a b l e s 

< G ( t ) , M ( t ) , B ( t ) > t _ Q . . . s u c h t h a t G ( t ) = G f o r a l l t and t h e r e s u l t i n g 

g r o s s r a t e s o f r e t u r n R-^ ( t ) , R 2 ( t ) a r e c o n s t a n t f o r t > 2 . Under a s t a t i o n a r y 

p o l i c y , t he g o v e r n m e n t ' s budge t c o n s t r a i n t f o r t > h c a n be w r i t t e n : 

G = ( l - R 1 ) M d ( R 1 , R 2 ) + ( l - R 2 ) B d ( R 1 , R 2 ) , 

where M ^ R - p R g ) = N p ( t ) m ( t ) and B d ( R 1 , R 2 ) = N v p ( t ) b ( t ) a r e , r e s p e c t i v e l y , t h e 

a g g r e g a t e r e a l demands f o r money and b o n d s . S t a t i o n a r y p o l i c i e s a r e f e a s i b l e 

i f t h e y imp l y R-̂  and R 2 s u c h t h a t R 2 = X , R 2 > R-̂  > 0 , and t h e r a t e s s a t i s f y 

t h e g o v e r n m e n t ' s budge t c o n s t r a i n t . 

We w i l l choose t o i d e n t i f y a s t a t i o n a r y p o l i c y by a p a i r <R-^,a>. 

When 6 < 1, a c o n s t a n t R 2 can be a s s o c i a t e d w i t h a u n i q u e c o n s t a n t a e [ 0 , l ) , 

s i n c e 

R 2 = R 2 ( t ) = X ( t ) = A t l - a U ) ) ! ^ ) ] 6 - 1 . 

We t h e n have t h e f o l l o w i n g p r o p o s i t i o n , w h i c h i s p r o v e n i n t h e p r e v i o u s p a p e r : 

D e f i n e 

S(G) = { ( R ^ a ) | ( l - R 1 ) M d ( R 1 , R 2 ) + ( l - R 2 ) B d ( R 1 , R 2 ) = G , 

? d
 a N S 

R 2 = X > R 1 > 0 , B ( R 1 ? R 2 ) = - R - 2 , a e [0 , l ) , 

< M d ( R 1 , R 2 ) , B d ( R l 5 R 2 ) > > <0,0>}. 

P r o p o s i t i o n 1 

I f 

(a ) ( R - ^ a ) e S(G) and 

(b) B(0 ) + M ( l ) > 0 , 
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t h e n an e q u i l i b r i u m i s g i v e n by t h e ( p ( t ) } , { v ( t ) } , ( M ( t ) } , and {B ( t ) } s o l u ­

t i o n s t o 

( i i ) v ( t ) = R 1

2 / R 2 , t > 2 

( i i i ) p ( t ) M ( t ) = M d ( R 1 , R 2 ) , t £ 2 

( i v ) v ( t ) p ( t ) B ( t ) = B d ( R l , R 2 ) , t > 2 

w i t h i n i t i a l c o n d i t i o n s 

B d ( R 1 , R 2 ) + M d ( R 1 , R 2 ) - G 
( V ) P ( 2 ) = B ( O ) + Mi) 

[ B ( 0 ) + M ( l ) ] [ B d ( R . , R . ) + ( l - R 1 ) M d ( R 1 , R . ) - G ] 
( v i ) B ( I ) = -d 1 L - 2 

R 1 [ B U ( R 1 , R 2 ) + M U ( R 1 , R 2 ) - G ] 

Note t h a t f o r f e a s i b l e s t a t i o n a r y p o l i c i e s , t h e i n i t i a l endowments 

B ( 0 ) and M ( l ) can be any p o s i t i v e q u a n t i t i e s . T o g e t h e r , t hey d e t e r m i n e t he 

i n i t i a l p r i c e l e v e l p ( 2 ) . The endowment B ( l ) , howeve r , must be t he u n i q u e 

q u a n t i t y w h i c h g u a r a n t e e s t h a t p | 2 j = R^ . 

I n o r d e r t o examine t he e f f e c t s o f a l t e r n a t i v e p o l i c i e s , we can 

s i m p l i f y n o t a t i o n and f o c u s on a s u b s e t o f e q u i l i b r i u m c o n d i t i o n s . F o r o u r 

s p e c i a l l o g - l i n e a r m o d e l , t h e a g g r e g a t e demand f u n c t i o n s f o r money and bonds 

NB v NY y 

t a k e v e r y s i m p l e f o r m s . L e t = ^+^+^ a n d z

2

 = 1+B+Y' ^ o t h p o s i t i v e c o n ­

s t a n t s . Then M d ( R - L , R 2 ) = Z± and B d ( R 1 , R 2 ) = a Z g . We can w r i t e S(G) and 

c o n d i t i o n (v) o f P r o p o s i t i o n 1 a s , 

(a) ( l - R 1 ) Z 1 + TR(cx) - G = 0 and 

Z , + ctZ„ - G 
( B ) P ( 2 ) = B ( 0 ) • M ( l ) ' 
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where T R ( a ) = [ l - X ( a ) ] a Z 2 i s t o t a l r e a l government r evenue f r o m bond f i n a n c i n g 

and X (a ) S A[ ( l - a ) Z 2 / N ] W e now can examine how t h e macro v a r i a b l e s ( i n i ­

t i a l p r i c e l e v e l , r a t e o f i n f l a t i o n , and r e a l i n t e r e s t r a t e ) change and how 

i n d i v i d u a l w e l f a r e changes when t h e i n d e x o f p o l i c y a c h a n g e s . Changes i n a 

t h e n can be r e l a t e d t o changes i n t he sequences M and B , u s i n g t h e o t h e r 

c o n d i t i o n s o f P r o p o s i t i o n 1 . 

From (b) we have 

^ f a ^ = B ( O ) + M ( l ) > ^ ' S O ^ a t i n c r e a s e d r e l i a n c e on bond f i n a n c ­

i n g a l w a y s r a i s e s t he i n i t i a l v a l u e o f money, o r a l t e r n a t i v e l y , a l w a y s l o w e r s 

t h e i n i t i a l p r i c e l e v e l . 

From t h e d e f i n i t i o n o f t h e g r o s s r a t e o f r e t u r n on c a p i t a l , we have 

. w % ( l - 6 ) A [ ( l - a ) Z . / N ] 6 - 1 . w 

dX(cO = 2 _ j l - 6 j x > Q f b r 0 < « < l a n d O < a < l . 
da 1 - a 1 - a = 

T h u s , when t h e r e a r e d e c r e a s i n g r e t u r n s t o s c a l e , an i n c r e a s e d r e l i a n c e on bond 

f i n a n c i n g c rowds ou t c a p i t a l and r a i s e s t h e r e a l r a t e o f i n t e r e s t . From (a) we 

have —— = - i — J ^ M f i l . T h u s , i f an i n c r e a s e i n a r a i s e s t o t a l r e a l r evenue f r o m 
da Z 1 da ' 

2 1 

bond f i n a n c i n g , R-̂  must r i s e . W i t h R^ = ^ + ^ , t h e r a t e o f i n f l a t i o n t h e n must 

f a l l . 

T o t a l r evenue f rom bond f i n a n c i n g has an i n t e r n a l maximum w i t h r e s p e c t 

t o a . C a l l t h e m a x i m i z i n g v a l u e a . We t h e n have 

dTR(a) 
da 

> 0 i f a < a 

= 0 i f a = a 

< 0 i f a > a 
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By d e t e r m i n i n g how t h e p a r a m e t e r s A , 6 , Z 2 , and N a f f e c t a , we can d e t e r m i n e how 

. dTR(a) , dE 
t h e y a f f e c t — - j - — a n d , c o n s e q u e n t l y , 

The f i r s t o r d e r c o n d i t i o n f o r a t o be a m a x i m i z e r o f TR(ct) i s 

. (1-xU»z2 - \ Mil - o. 

A t a we have d T R ^ < 0 . A l s o , l i m TR(o ) = 0 , l i r a TR(ct) 
da a+0 a+1 

a n d dTR(a) = ( 1 _ x ( 0 ) ) z 
d a l a = 0 2 

T h u s , i f X (0 ) < 1 , a e ( 0 , l ) . I f X ( 0 ) > 1 , a = 0 . 

L e t u s suppose X ( 0 ) .< 1 , w h i c h s t a t e s t h a t u n d e r z e r o bond i s s u e , t h e 

n e t r e a l r a t e o f r e t u r n on c a p i t a l i s n e g a t i v e . T h i s c o n d i t i o n i s r e q u i r e d f o r 

t h e i s s u e o f bonds t o r a i s e g o v e r n m e n t ' s r e a l revenue i n a s t a t i o n a r y e q u i l i b -

r i u m . We can w r i t e t he f i r s t - o r d e r c o n d i t i o n f o r a t o be an i n t e r n a l m a x i m i z e r 

a s 

a + ( l - a 6 ) x ( a ; y ) - 1 = 0 , where 

Y 5 <A, 6 , Z 2 , N > and 

X ( a ; y ) = A [ ( l - a ) Z 2 / N ] 6 - 1 . 

T h e n , we have 

A /V A 

da t v r N d a A . v r 3 X da 3 X i _ — - 6 X ( a ; Y ) ^ - - ( l - a 6 ) [ - ^ ^ - + ^-] =0 
l l 3 a l l 

f o r i = 1 , 3 , h 

o CX 

These e q u a t i o n s c a n be s o l v e d f o r -^2— t o y i e l d 
d Y i 
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do _ - ( l - a 6 ) 3 X i = 1 , 3 , U 
d y . a y . 

1 - 6 X ( a ; y ) + ( l -a6)3_X 

3 a 

A A 

da _ a X ( a ; y ) - ( l - a 6 ) 3 X 
d6 ~ 3 6 

1 - 6 X ( a ; y ) + ( l - a « ) 3 x 

3 a 

The d e n o m i n a t o r D o f e a c h o f t h e e x p r e s s i o n s above c a n be w r i t t e n 

D = 1 - 6X + ( l - a 6 ) ( l - X ) 

So D = ( i -)aD - - [ l - X + a ( l - 6 ) ] > 0 f o r 

0 < a < 1 , 0 < 6 < 1 , and 0 < X < 1 . —/ 

So t o d e t e r m i n e t h e s i g n s o f 4 — , we need e x p r e s s i o n s f o r r——. They a r e g i v e n 

i i 

a s f o l l o w s ; 

| | = [ ( 1 - £ ) Z 2 / H l * - 1 > 0 

| | = A K l - a J Z g / N l ^ l n f d - a J Z ^ N ] 
p -1 

W r i t i n g X = Ak , we have 

3 X 
36 

< 0 f o r k < 1 
0 f o r k = 1 

> 0 f o r k > 1 

A l s o , 

H _ = ( 6 - l ) A [ ( l - a ) Z 2 / N ] 6 " 2 ( ( l - a ) / N ) < 0 

—^Note X ( a ) < 1 i s n e c e s s a r y f o r a > 0 t o be a m a x i m i z e r . 
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| | = ( 6 - l ) A [ ( l - a ) Z 2 / N ] 6 - 2 [ - ( l - a ) Z 2 / N ] > 0 . 

T h u s , t he g r o s s r a t e o f r e t u r n on c a p i t a l i n c r e a s e s w i t h 

(a) an i n c r e a s e i n t h e s c a l e p a r a m e t e r A 

(b) an i n c r e a s e i n t h e e x p o n e n t i a l p a r a m e t e r 6 when k > 1 

( c ) a d e c r e a s e i n t h e e x p o n e n t i a l p a r a m e t e r 6 when k < 1 

(d) a d e c r e a s e i n t h e amount o f c a p i t a l i n v e s t e d measured by e i t h e r a r i s e 

i n Z 2 f o r c o n s t a n t N o r a f a l l i n N f o r a c o n s t a n t Z 2 » 

S u b s t i t u t i n g t he e x p r e s s i o n s f o r i n t o t h o s e f o r and u s i n g t h e 

c o n d i t i o n D > 0 , we have 

t<°>%>°.i <°»< 
^ > 0 f o r ( l - a ) Z _ / N < I, where E, > 1 and 
do 2 = 

§ < 0 f o r ( l - o ) Z 2 / N > K > 1. 

We can summar ize t h e s e r e s u l t s a s f o l l o w s : 

M ^ - > 0 f o r a e [ 0 , l ) 

da da 

da 

> 0 i f a < a 

= 0 i f a = a 

< 0 i f a > a 

where a = a ( A , 6 , Z 2 , N) and t h e d e r i v a t i v e s o f a w i t h r e s p e c t t o 

, , _ l / o 
each argument a r e g i v e n a b o v e . In a d d i t i o n , w i t h R q = ( l+II ; % the s i g n o f 

^ 1 
- t— i s t h e r e v e r s e o f t h e s i g n o f - — . And s i n c e t he n o m i n a l i n t e r e s t r a t e r i s 
da da 

e s s e n t i a l l y t h e sum o f t h e r e a l i n t e r e s t r a t e p and t h e r a t e o f i n f l a t i o n II, i t 

f o l l o w s t h a t 
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d r 
da 

> 0 f o r a > a ' 
= 0 f o r a = a * 
< 0 f o r a < a ' , where a ' < a . 

When a > a , b o t h t h e r e a l i n t e r e s t r a t e and t h e r a t e o f i n f l a t i o n i n c r e a s e a s a 
A 

i n c r e a s e s . When a < a , an i n c r e a s e i n a c a u s e s t he r e a l i n t e r e s t r a t e t o i n ­

c r e a s e and t h e r a t e o f i n f l a t i o n t o f a l l . A t some a ' , t h e two e f f e c t s e x a c t l y 

c a n c e l , and b e l o w a ' t h e r e d u c t i o n i n i n f l a t i o n e x c e e d s t h e i n c r e a s e i n t h e r e a l 

i n t e r e s t r a t e . 

U s i n g t h e r e l a t i o n s h i p s i n P r o p o s i t i o n 1 , changes i n p o l i c y i n d e x e d by 

a can be t r a n s l a t e d i n t o changes i n t h e s t o c k s o f money and bonds and i n t h e i r 
g r o w t h r a t e s o v e r t i m e . T h u s , = d P ^ 2 ^ < 0 , so t h a t an i n c r e a s e i n a ° ' da p ( 2 ) da 

a l w a y s i m p l i e s a d e c r e a s e i n t he i n i t i a l s t o c k o f money. The changes i n B ( l ) 

and B(2 ) w i t h r e s p e c t t o an i n c r e a s e i n a c a n be e i t h e r p o s i t i v e , z e r o , o r n e g a ­

t i v e , depend ing on i n i t i a l p a r a m e t e r v a l u e s . F i n a l l y , s i n c e t h e g r o w t h r a t e s o f 

money and bonds a r e e q u a l t o t h e r a t e o f i n f l a t i o n , we have 

d [g(M) ] = d [ g ( B ) ] = dn 
da da da 

< 0 f o r a < a 

= 0 f o r a = a , 

> 0 f o r a > a 

where g ( f ) = f ^ | ) - 1 and f = M o r B . 

The e f f e c t s o f a change i n a on i n d i v i d u a l w e l f a r e can be d e t e r m i n e d 

by compu t i ng t he changes i n c o n s u m p t i o n w h i c h r e s u l t f rom changes i n t h e i n i t i a l 

p r i c e l e v e l and i n t h e g r o s s r a t e s o f r e t u r n . T h u s , 

d C 3 ( 0 )

 = BiOl dp (2 ) = B{0l , Z 2 •> 
da N da N l B ( 0 ) + M ( l ) J 

d C 2 ( 1 ) _ Mill dp (2 ) _ Mill , Z 2 
da N da N ^ B ( 0 ) + M ( l ) J 
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d S ( l ) _ 1 d ( p ( 3 ) B ( l ) ) _ 1 * ( « i P ( 2 ) B ( l ) ) 
da N da N da 

= ? X Z 2 ^ 1 ^ T ^ > 0 f o r a , 6 e ( 0 , l ) , 

and f o r t > 2 

dC ( t ) 

dC ( t ) Z dR Z Z 
g _ _1 £ _ _1 _ £ r, p (• l-ao-i I 
da N da N 1 2 ^ 1 - a 1 1 

so t h a t 
d C 2 ( t ) 

do 

> 0 a < a 

= 0 a = a , and 

< 0 a > a 

d C , ( t ) Z dR Z Q 

3 _ _ 2 2 _ _ 2 (-1-6-ip n 

da ~ N da N * - l - a J 2 

F o r t > 2 we t h e n have 

da A da " da R da R c da 
C 2 °3 1 d 

G a t h e r i n g t h e r e s u l t s f rom t h i s s e c t i o n , we have t h e f o l l o w i n g two 

p r o p o s i t i o n s . 

P r o p o s i t i o n 2 . Suppose a < a . Then f o r a s m a l l i n c r e a s e i n a s u c h 

t h a t a + A a < a : 

( l ) t h e i n i t i a l p r i c e l e v e l , —,—r-, f a l l s , 
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( 2 ) t h e i n f l a t i o n r a t e , II, f a l l s , 

(3) t h e r e a l r a t e o f r e t u r n on bonds and c a p i t a l , IV, and X , r e s p e c t i v e l y , 

r i s e s , and 

(h) t h e w e l f a r e o f t h e o l d , m i d d l e - a g e d , young and a l l f u t u r e g e n e r a t i o n s 

r i s e s . 

P r o p o s i t i o n 3« Suppose a > a . Then f o r an i n c r e a s e i n a 

(1) t h e i n i t i a l p r i c e l e v e l , ' ^ a ^ s ' 

( 2 ) t h e i n f l a t i o n r a t e , II, r i s e s , 

(3) t h e r e a l r a t e o f r e t u r n on bonds and c a p i t a l , and X , r e s p e c t i v e l y , 

r i s e s , and 

(h) t h e w e l f a r e o f t he o l d and m i d d l e - a g e d i n c r e a s e s w h i l e t h e w e l f a r e o f 

t he young and f u t u r e g e n e r a t i o n s c a n change i n e i t h e r d i r e c t i o n . 

G i v e n t h e c o n t i n u i t y o f ~ w i t h r e s p e c t t o a and t h e f a c t t h a t 4̂1 ~ > 0 , t h e 
da da ' a = a 

n e x t p r o p o s i t i o n f o l l o w s . 

P r o p o s i t i o n h. W e l f a r e f o r a l l g e n e r a t i o n s can be r a i s e d by i n c r e a s i n g t h e 

i n f l a t i o n r a t e above t he m i n i m a l i n f l a t i o n r a t e . More p r e c i s e l y , f o r s u f f i -

c i e n t l y s m a l l A a > 0 , t he p o l i c y i n d e x e d by a + A a P a r e t o dom ina tes t h e p o l i c y 

i n d e x e d by a . 

Bond i s s u e g e n e r a t e s r e a l r e v e n u e s i n a s t e a d y s t a t e o n l y when < 

1. A t t he r e v e n u e - m a x i m i z i n g a we have R 2 < 1, bu t P r o p o s i t i o n h s u g g e s t s t h a t 

a s h o u l d be pushed above a . A q u e s t i o n i s w h e t h e r a s h o u l d be pushed so h i g h 

t h a t Rg > 1; t h a t i s , so t h a t bond i s s u e does no t g e n e r a t e r e a l r e v e n u e s . P r o ­

p o s i t i o n 5 s t a t e s t h a t can be t h e c a s e . 
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P r o p o s i t i o n 5« L e t a be such t h a t Rg = X = 1 , so t h a t R^ = 1 - — . Then a 

* * 1 

p o l i c y s h o u l d have a > a i f and o n l y i f R^ > a . 
* 

Note t h a t t he c o n d i t i o n R^ > a depends on p a r a m e t e r s o f t h e u t i l i t y f u n c t i o n , 

p a r a m e t e r s o f t he p r o d u c t i o n f u n c t i o n , i n i t i a l endowments, p o p u l a t i o n number , 

and t he l e v e l o f t he r e a l government d e f i c i t . S i n c e an i n c r e a s e i n a a l w a y s 

i n c r e a s e s t h e w e l f a r e o f t h e c u r r e n t o l d and m i d d l e - a g e d , t he c o n d i t i o n i s f ound 
dU * by s e t t i n g > 0 f o r t h e c u r r e n t young and a l l f u t u r e g e n e r a t i o n s a t a = a . 

I V . C o n c l u d i n g Remarks 

I n f l a t i o n i s a d i s t o r t i n g t a x . I f t he government has a v a i l a b l e n o n -

d i s t o r t i n g t a x e s , i t s h o u l d u s e t h o s e and no t u s e t h e i n f l a t i o n t a x a t a l l . I n 

f a c t , a rguments can be made f o r u s i n g a n e g a t i v e i n f l a t i o n t a x ^ i / 

In t h i s p a p e r i t i s assumed , however , t h a t t h e government has no n o n -

d i s t o r t i n g t a x e s a t i t s d i s p o s a l . The government has o n l y t h e i n f l a t i o n t a x and 

t h e t a x on bond i s s u e t o f i n a n c e o n g o i n g d e f i c i t s . I f i t m i n i m i z e s t h e i n f l a ­

t i o n t a x , i t max im i zes t h e revenue i t r a i s e s t h r o u g h bond i s s u e . When t h e r e a r e 

d e c r e a s i n g r e t u r n s t o c a p i t a l , t he maximum t a x f r om bond i s s u e o c c u r s a t an 

i n a d e q u a t e r e a l r a t e o f r e t u r n f r om s o c i e t y ' s p o i n t o f v i e w . The w e l f a r e o f a l l 

can be improved by o p t i n g f o r s l i g h t l y h i g h e r r a t e s o f i n f l a t i o n and r e a l r e ­

t u r n . 

_ i / S e e , f o r e x a m p l e , D r a z e n . 
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