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0. I n t r o d u c t i o n 

The e q u i l i b r i u m of a t y p i c a l dynamic r a t i o n a l e x p e c t a ­

t i o n s model i s a covar iance s t a t i o n a r y (nx l ) v e c t o r s t o c h a s t i c 

process z ( t ) . This s t o c h a s t i c process determines the manner i n 

which random shocks t o the environment impinge over t ime on 

agents* d e c i s i o n s and u l t i m a t e l y upon market p r i c e s and q u a n t i ­

t i e s . " S u r p r i s e s , " or random shocks t o agents ' i n f o r m a t i o n sets 

prompt r e v i s i o n s i n t h e i r contingency p l a n s , thereby imping ing on 

e q u i l i b r i u m p r i c e s and q u a n t i t i e s . 

Every (nx l ) covar iance s t a t i o n a r y s t o c h a s t i c process 

z ( t ) can be represented i n the form o f a v e c t o r a u t o r e g r e s s i o n (of 

any f i n i t e o r d e r ) . Consequently, i t i s n a t u r a l t o represent t h e 

e q u i l i b r i u m o f a dynamic r a t i o n a l expectat ions model i n terms of 

i t s vector a u t o r e g r e s s i o n . A v e c t o r a u t o r e g r e s s i o n recovers a 

v e c t o r of innovat ions which y i e l d c h a r a c t e r i z a t i o n s of t h e vector 

s t o c h a s t i c process v i a the " innovat ion a c c o u n t i n g " techn iques 

invented by C h r i s t o p h e r Sims. 

In i n t e r p r e t i n g these i n n o v a t i o n a c c o u n t i n g s , i t i s 

u s e f u l t o understand the connect ions between the i n n o v a t i o n s 

recovered by v e c t o r a u t o r e g r e s s i o n s , on the one hand, and the 

random shocks t o p r i v a t e agents ' i n f o r m a t i o n s e t s , on the o t h e r 

hand. From the v iewpoint of i n t e r p r e t i n g v e c t o r a u t o r e g r e s s i o n s 

that are est imated without imposing r e s t r i c t i o n s from formal 

economic t h e o r i e s , i t would be d e s i r a b l e i f the i n n o v a t i o n s r e ­

covered by a v e c t o r a u t o r e g r e s s i o n c o u l d g e n e r a l l y be expected t o 

equal e i t h e r the random shocks t o agents ' i n f o r m a t i o n s e t s , o r 

e lse some simply i n t e r p r e t a b l e f u n c t i o n s of these random shocks . 
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This paper descr ibes two important c l a s s e s o f t h e o r e t i c a l models 

i n which no such s imple connections e x i s t . In these c o n t e x t s , 

(without e x p l i c i t l y imposing the r e s t r i c t i o n s i m p l i e d by the e c o ­

nomic t h e o r y ) , i t i s imposs ib le t o make c o r r e c t i n f e r e n c e s about 

the shocks imping ing on agents ' i n f o r m a t i o n s e t s . In a d d i t i o n t o 

d e s c r i b i n g these s i t u a t i o n s , we b r i e f l y i n d i c a t e i n each case how 

the economic theory can be used t o deduce c o r r e c t i n f e r e n c e s about 

the shocks impinging on agents ' i n f o r m a t i o n s e t s . 

Let z ( t ) be an (nx l ) v e c t o r , covar iance s t a t i o n a r y 

s t o c h a s t i c p r o c e s s . Imagine t h a t z ( t ) i s observed at d i s c r e t e 

po ints i n t ime separated by the sampling i n t e r v a l A. A v e c t o r  

autoregress ion i s def ined by the p r o j e c t i o n equation 

00 

(0.1) z ( t ) = I A* z ( t - A j ) + a ( t - A j ) t=0, +A, +2A, . . . 

where a ( t ) i s an (nxl ) v e c t o r of p o p u l a t i o n r e s i d u a l s from the 

r e g r e s s i o n w i t h E a ( t ) a ( t ) ^ = V, and where the A^'s are (nxn) ma-

t r i c e s t h a t , i n g e n e r a l , are un ique ly determined by the o r t h o ­

g o n a l i t y c o n d i t i o n s (or normal equat ions) 

(0.2) E z ( t - A j ) a ( t ) T = 0, j > 1. 

The A^'s i n genera l are "square summable," that i s , they s a t i s f y 
o 

00 

(0.3) I t r A A kf < + co. 
j = l 0 J 

Equations ( 0 . l ) - ( 0 . 3 ) imply two important p r o p e r t i e s of a ( t ) . 

F i r s t , (0.1) and (0.2) imply t h a t 

E a ( t ) a ( t - A j ) T = 0 j * 0, 
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so t h a t a ( t ) i s a v e c t o r whi te n o i s e . Second, ( O . l ) and (0.3) 

imply t h a t a ( t ) i s i n the c l o s e d l i n e a r space spanned by { z ( t ) , 

z ( t - A ) , z ( t - 2 A ) , . . . } . F u r t h e r , by s u c c e s s i v e l y e l i m i n a t i n g a l l 

lagged z ( t ) ' s from ( O . l ) , we o b t a i n the vector moving average  

r e p r e s e n t a t i o n 

(0.10 z ( t ) = I C* a ( t - A j ) 
J=0 J 

where the C^'s are nxn matr ices t h a t s a t i s f y 
J 

. . I I s=0 

j=0 J J I 0 s*0 

where A A = - I . The C A , s i n (O.h) s a t i s f y 

(0.5) I t r C A c f < + o . 
j=0 J J 

Equations (0.1+) and (0.5) imply that z ( t ) i s i n the c l o s e d l i n e a r 

space spanned by ( a ( t ) , a ( t - A ) , a ( t - 2 A ) , . . . ) . Thus, the c l o s e d 

l i n e a r space spanned by ( z ( t ) , z ( t - A ) , . . . ) equals the c l o s e d l i n e a r 

space spanned by ( a ( t ) , a ( t - A ) , . . . ) . In e f f e c t , a ( t ) i s a s t o c h a s ­

t i c process t h a t forms an orthogonal b a s i s f o r the s t o c h a s t i c 

process z ( t ) , and which i s c o n s t r u c t e d from z ( t ) v i a a "Gram-

Schmidt" p r o c e s s . The property of the v e c t o r whi te noise a ( t ) 

t h a t i t i s conta ined i n the l i n e a r space spanned by current and 

lagged z ( t ) ' s i s s a i d t o mean t h a t "a(t ) i s a fundamental whi te 

no i se f o r the z ( t ) p r o c e s s . " 

I t i s a moving average r e p r e s e n t a t i o n f o r z ( t ) i n terms 

of a fundamental whi te no i se which i s a u t o m a t i c a l l y recovered by 

v e c t o r autoregress ion. -^/ However, there are i n a d d i t i o n a v a r i e t y 

of other moving average r e p r e s e n t a t i o n s f o r z ( t ) o f the form 
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(0.6) z ( t ) = I C A a ( t - A j ) 
j=0 J 

where a ( t ) i s an (nx l ) v e c t o r white noise i n which the l i n e a r 

space spanned by ( a ( t ) , a ( t - A ) , . . . ) i s s t r i c t l y l a r g e r than the 

l i n e a r space spanned by current and lagged z ( t ) ' s . Current and 

lagged z ( t ) ' s f a i l t o be " f u l l y r e v e a l i n g " about the a ( t ) ' s i n 

such r e p r e s e n t a t i o n s . 

Representat ion (O.k) induces the f o l l o w i n g decomposit ion 

o f j - s t e p ahead p r e d i c t i o n e r r o r s 

E ( z ( t ) - E t _ j Z ( t ) ) ( z ( t ) - E t _ . z ( t ) ) T 

(0.7) J - l tp 
= I c, v c, • 

k=0 k k 

By s tudy ing v e r s i o n s ^ / o f decomposit ion (0.7), Sims has shown how 

the j - s t e p ahead p r e d i c t i o n e r r o r var iance can be decomposed i n t o 

p a r t s a t t r i b u t a b l e t o " i n n o v a t i o n s " i n p a r t i c u l a r components o f 

the v e c t o r z ( t ) . 

C h r i s t o p h e r Sims has descr ibed methods f o r e s t i m a t i n g 

vector autoregress ions and f o r o b t a i n i n g a l t e r n a t i v e fundamental 

moving average r e p r e s e n t a t i o n s . He has a l s o c reated a u s e f u l 

method known as " i n n o v a t i o n a c c o u n t i n g " t h a t i s based on decompo­

s i t i o n (0.7). In the hands of Sims and other s k i l l e d a n a l y s t s , 

these methods have been used s u c c e s s f u l l y t o detect i n t e r e s t i n g 

p a t t e r n s i n d a t a , and t o suggest p o s s i b l e i n t e r p r e t a t i o n s of them 

i n terms of the responses o f systems o f people t o s u r p r i s e e v e n t s . 

This paper focuses on the quest ion o f whether dynamic 

economic t h e o r i e s r e a d i l y appear i n the form of a fundamental 

moving average r e p r e s e n t a t i o n (0.4) , so that the v e c t o r white 
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noises a ( t ) recovered by v e c t o r autoregress ions are p o t e n t i a l l y 

i n t e r p r e t a b l e i n terms of the whi te noises imping ing on the i n f o r ­

mation sets of the agents imagined t o populate the economic 

model. This quest ion i s important because i t i n f l u e n c e s the ease 

w i t h which one can i n t e r p r e t the var iance decomposit ions (or 

i n n o v a t i o n accounts) and the response t o innovat ions a ( t ) t h a t are 

a s s o c i a t e d w i t h the fundamental moving average (0.4). 

This paper i s organized as f o l l o w s . S e c t i o n 1 d e s c r i b e s 

a c l a s s of d i s c r e t e - t i m e models whose e q u i l i b r i a can be r e p r e ­

sented i n the form 

( 0 - 8 ) z t = j 0 V t - j 

where i s an (nx l ) v e c t o r white n o i s e ; i s an (nxn) matr ix f o r 
CO 

T 
each n; and t r I D D < °°. Here e t represents a set of shocks 

0=0 J J 

t o agents ' i n f o r m a t i o n s e t s . We study how the ê . of r e p r e s e n t a ­

t i o n (0.8) are r e l a t e d t o the a ( t ) of the (Wold) r e p r e s e n t a t i o n 

(0.4), and how the D,'s of (0.8) are r e l a t e d t o the C A ' s of 

(0.4). We d e s c r i b e contexts i n which a ( t ) f a i l s t o match up w i t h 

e + and C A f a i l s t o match up w i t h D. because z ( t ) f a i l s t o be 

f u l l y r e v e a l i n g about w ( t ) . Such examples were encountered e a r ­

l i e r by Hansen and Sargent [1980], F u t i a [1981], and Townsend 

[1981]. The d i s c u s s i o n i n Sect ion 1 assumes t h a t the sampling 

i n t e r v a l A equals the sampling i n t e r v a l i n terms of which the 

economic model i s c o r r e c t l y s p e c i f i e d . 

Sect ion 1 d e s c r i b e s a c l a s s of continuous time model 

whose e q u i l i b r i a are represented i n the form 

(0.9) z + = / p ( T ) v ( t - T ) 
t 0 
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where w(t) i s a cont inuous t ime whi te no i se and p ( f ) i s an ( n x l ) 
00 

r T 
f u n c t i o n s a t i s f y i n g t r J p (x )p(x ) dt < + °°. In (0.9), w(t) r e p r e -

0 

sents shocks t o agents ' i n f o r m a t i o n s e t . I t i s supposed that 

economic d e c i s i o n s occur i n cont inuous time a c c o r d i n g t o (0.9) , 

but that the econometr ic ian only possesses data a t d i s c r e t e i n t e r ­

va ls of t i m e . S e c t i o n 2 s t u d i e s the r e l a t i o n s h i p between t h e w(t ) 

of (O.9) and the a ( t ) o f (0.4), and a l s o the r e l a t i o n s h i p between 

p(x) of (0.9) and the C A of (0.4). In g e n e r a l , these p a i r s of 

J 

o b j e c t s do not match up i n ways t h a t can be determined without the 

i m p o s i t i o n of r e s t r i c t i o n s from a dynamic economic t h e o r y . 

1. Unrevea l ing S t o c h a s t i c Processes 

We c o n s i d e r a c l a s s of d i s c r e t e t ime l i n e a r r a t i o n a l 

expectat ions models that can be represented as the s o l u t i o n of the 

f o l l o w i n g p a i r o f s t o c h a s t i c d i f f e r e n c e equat ions 

[1.1) H ( L ) y t = Ej. J d " 1 ) " 1 p x t 

H = K ( L ) e t 

where 

H(L) = H Q + H X L + . . . + 

iri2 (1.2) J (L ) = J n + J , L + . . . + J L 
u -1- mg 
CO 

K(L) = I K L J , K = I 
j=0 J 

e t ~ *t ~ ^ t l ^ - l ' ^ - 2 ' 



In (1.1), y t i s an n-]_ x 1 v e c t o r , w h i l e x̂ . i s an ng x 1 v e c t o r . 

In (1.2), J j and Hj are (n-^xn-^) m a t r i c e s , w h i l e Kj i s an (n2xn2) 

m a t r i x . In ( l . l ) , p i s an (n-jxng) m a t r i x . We assume t h a t t h e 

zeroes of det H(z) l i e outs ide the u n i t c i r c l e , that those of det 

J ( z ) l i e i n s i d e the u n i t c i r c l e , and t h a t those of det K(z) do not 

l i e i n s i d e the u n i t c i r c l e . 

A wide v a r i e t y of d i s c r e t e time l i n e a r r a t i o n a l e x p e c t a ­

t i o n s models are s p e c i a l cases o f ( l . l ) . For example, i n t e r r e ­

l a t e d f a c t o r demand vers ions o f Lucas -Prescot t e q u i l i b r i u m models 

are s p e c i a l cases w i t h J ( L - 1 ) = H ( L - 1 ) T and w i t h H ( L _ 1 ) T H(L) 

b e i n g the matr ix f a c t o r i z a t i o n of the Eu ler equation t h a t i s 

s o l v e d by the f i c t i t i o u s s o c i a l p lanner (see Hansen and Sargent 

[1981] and Eichenbaum [l98l] f o r some examples). K y d l a n d - P r e s c o t t 

e q u i l i b r i a w i t h feedback from market-wide v a r i a b l e s t o f o r c i n g 

v a r i a b l e s t h a t i n d i v i d u a l agents face p a r a m e t r i c a l l y form a c l a s s 

of examples w i t h H ( L - 1 ) T * J ( L - 1 ) (see Hansen and Sargent 

[1984]). Other examples w i t h H ( L _ 1 ) T * J ( L _ 1 ) a r i s e i n the c o n ­

t e x t of var ious dominant p l a y e r e q u i l i b r i a of l i n e a r q u a d r a t i c 

d i f f e r e n t i a l games (see Hansen, E p p l e , and Roberds [1984]). 

F i n a l l y , market e q u i l i b r i u m models of the Kennan [1982]-Sargent 

[1979] v a r i e t y , an example of which i s s t u d i e d below, s o l v e a 

v e r s i o n of ( l . l ) w i t h H ( L ~ 1 ) T * J ( L ) . Models of t h i s g e n e r a l 

c l a s s are s t u d i e d by Whiteman [1983]. 

Hansen and Sargent [1981] have d i s p l a y e d a convenient 

r e p r e s e n t a t i o n of the s o l u t i o n of models r e l a t e d but not i d e n t i c a l 

t o ( l . l ) . To adapt t h e i r r e s u l t s , f i r s t o b t a i n the p a r t i a l f r a c ­

t i o n s r e p r e s e n t a t i o n of J ( z - 1 ) - 1 . We have J ( z - 1 ) - 1 = det J ( z - 1 ) 

adj J ( z _ 1 ) . Let 



det J ( z _ 1 ) = A o d - X j z - 1 ) . . . ( 1 - X k z _ 1 ; 

where k = • n-̂  and | A ̂  | < 1 f o r j = 1 , k. The Â  's are 

the zeroes of det J(z~^~). Then we have 

(1.3) J ( z " 1 ) - 1 = I 

k M. 

j = l (1-X z 1 ) 
J 

where 

(1.4) M. = l i ra J ( z _ 1 ) _ 1 (1-X z 1 ) . 
J z+A J 

J 

S u b s t i t u t e (1.3) i n t o ( l . l ) t o o b t a i n 

k M 

(1.5) H(L) y = E I L p x t > 

k=l l - A . L -

j 
Hansen and Sargent [1980] e s t a b l i s h t h a t 

M LK(L)-A K(A ) 

( 1 ' 6 ) E t T T p i P \ = M j PC dH-^f 
J 

Define the operator M by 

(1.7) M(K(L)) = I M. p( \_{ i - ) . 
LK(L)-A K(A. ) 

' J _ 

Then, u s i n g (1.5), (1.6), and (1.7) we have the r e p r e ­

s e n t a t i o n of the s o l u t i o n 

(1.8) H(L) y t = M(K(L)) e t 

x t = K(L) e t 

T T 

A v e c t o r s t o c h a s t i c process (y , x , ) governed "by (1*8) 

g e n e r a l l y has a s i n g u l a r s p e c t r a l d e n s i t y at a l l f r e q u e n c i e s 



- 9 -

because iy^,x^) c o n s i s t s of n-̂  + ng v a r i a b l e s b e i n g d r i v e n by on ly 

whi te n o i s e s . Such a model i m p l i e s t h a t var ious of the f i r s t 

n-]_ equations of the f o l l o w i n g model , which i s e q u i v a l e n t t o (1.8), 

H(L) y t = M(K(L)) K ( L ) - 1 x t 

x t = K(L) e t 

w i l l f i t p e r f e c t l y ( i . e . , possess sample R 's of 1). To avo id 

t h i s i m p l i c a t i o n of no e r r o r s i n var ious of the equat ions of t h e 

model, w h i l e s t i l l r e t a i n i n g the model, one path t h a t has been 

suggested i s t o assume t h a t the econometr ic ian seeks t o est imate 

(1.8), but that he possesses data only on a subset of the v a r i ­

ab les i n (y^jX^.). (See Hansen and Sargent [1980].) One common 

procedure, but not the only one p o s s i b l e , i s the f o l l o w i n g one de­

s c r i b e d by Hansen and Sargent [1980]. Assume t h a t (1.8) h o l d s , 

but that the econometr ic ian only has data on a subset of o b s e r v a ­

t i o n s X2£ of x^.. Fur ther suppose t h a t the second equation o f 

( l . l ) can be p a r t i t i o n e d and r e s t r i c t e d as 

/ « i t \ / V L ) 

' " " " • ( . . ) ' ( • 
Then (1.8) assumes a s p e c i a l form which can be represented as 

W ^ L ) ) M(K2(L))\ / e l t 

0 K 2 ( L ) / \ £ 2 t / 

The i d e a i s t o imagine t h a t the econometr ic ian i s short of o b s e r ­

v a t i o n s on a s u f f i c i e n t number of s e r i e s , those forming x-^, t o 

make the (y^,x^_) process d e s c r i b e d by (1.10) have a n o n s i n g u l a r 
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s p e c t r a l d e n s i t y matr ix at a l l f r e q u e n c i e s . To accompl ish t h i s , 

i t w i l l g e n e r a l l y be s u f f i c i e n t i f the dimension of the v e c t o r o f 

T T 

v a r i a b l e s o f ( y ^ x ^ ) i s l e s s than o r equal t o the dimension 

T T 
o f ( ei-(-> e2t ^' * r ° r a r 6 u m e r v t below, we w i l l c o n s i d e r the case 

T T T T 
o f t e n encountered i n p r a c t i c e i n which ( y ^ j X ^ ) and ( e 2 t ' £ 2 t ^ 

have equal d imensions. Thus we assume t h a t x ^ i s an (n-^xl) 

v e c t o r , so t h a t i s an (n-^xl) v e c t o r of white noises.—^ 

Equation (1.10) i m p l i e s the moving average r e p r e s e n t a ­

t i o n f o r ( y ^ . x ^ ) 

/yt \ / t a r - W ^ L ) ) H ( L ) _ 1 M ( K 2 ( L ) ) \ /e. 

(1.11) 

x a / V 0 K 2 ( L ) 

Equation ( l . l l ) i s a moving average t h a t expresses ( y f x 2 t ^ * n 

terms of current and lagged values of t h e white noises ( e i t » e 2 t ^ 

that are the i n n o v a t i o n s i n the i n f o r m a t i o n sets ( x ^ j X ^ ) of the 

agents i n the model. E q u i v a l e n t l y , ( £ i - ( : »
e 2 t ^ a r e "fundamental f o r 

x l t ' x 2 t ' " o n e step-ahead e r r o r s i n p r e d i c t i n g x ^ , x ^ from 

t h e i r own pasts be ing e x p r e s s i b l e as l i n e a r combinat ions o f ^it* 

e 2 t * 

Granted t h a t the l i n e a r space spanned by current and 

lagged ( e i t » e 2 t ^ e 1 u a - l s that spanned by current and lagged va lues 

of the agents ' i n f o r m a t i o n ( x - ^ j X ^ ) » t h e r e remains the quest ion 

of whether t h i s space equals that spanned by current and lagged 

values of the econometr i c ian ' s i n f o r m a t i o n ( y - t » x 2 t ^ ' F r o m ( l « H ) 

and as i s evident from the theory used t o c o n s t r u c t ( l . l l ) , the 

former space i s i n c l u d e d i n the l a t t e r . The quest ion i s whether 

they are e q u a l . This q u e s t i o n i s an important one from the v i e w -
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p o i n t of i n t e r p r e t i n g v e c t o r a u t o r e g r e s s i o n s because a v e c t o r 

a u t o r e g r e s s i o n by c o n s t r u c t i o n would recover a v e c t o r moving 

average f o r ( y ^ j X ^ ) t h a t i s d r i v e n by a v e c t o r white n o i s e a^ 

t h a t i s fundamental f o r (y.j. ,X/>j.), i . e . , one t h a t i s i n the l i n e a r 

space spanned by current and lagged values of ( y ^ x ^ ) * I f t h i s 

space i s s m a l l e r than the one spanned by current and lagged values 

of agents ' i n f o r m a t i o n ( e i - t » e 2 t ^ ' t h e n t n e ^ " ^ " S average r e p r e ­

s e n t a t i o n recovered by the v e c t o r a u t o r e g r e s s i o n w i l l i n genera l 

g ive a d i s t o r t e d impress ion of the response of the system t o 

s u r p r i s e s from a g e n t s ' v i e w p o i n t . 

The v e c t o r whi te noise ( £ i t » e 2 t ^ * s fundamental f o r 

^ t ' x 2 t ^ ^ a n < * ° n l y i f the zeroes of 

' H u r V K ^ z ) ) H ( z r W 2 ( z ) ) N 

det 

0 K 2 ( z ) 

= det H ( z ) _ 1 M ( K ( z ) ) • det Kg(z) 

do not l i e i n s i d e the u n i t c i r c l e . The zeroes of det K 2 ( z ) do not 

l i e i n s i d e the u n i t c i r c l e by assumption, and det H ( z ) - ^ = 

l /detH(z) i s a f u n c t i o n wi th a l l i t s poles o u t s i d e the u n i t c i r ­

c l e . T h e r e f o r e , the necessary and s u f f i c i e n t c o n d i t i o n t h a t 

( e l t » e 2 t ^ ^ e fundamental f o r ( y - f x 2 t ^ i s that 

(1.12) det M ( K 1 ( z ° ) ) = 0 => | z ° | > 1. 

o r , e q u i v a l e n t l y , u s i n g (1.7) , 

0,, / 0 k z u K . ( z u ) - A K ( A ) 
(1.12-) det I M p ( J J ) = 0 => 

j = l J z U - A , 
z ° | > 1. 
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In g e n e r a l , c o n d i t i o n (1.12) i s not s a t i s f i e d . For some 

s p e c i f i c a t i o n s of K-^(L) and J(L~"'-), which determines the M j , Aj 

v i a ( l . 3 ) - ( l . 4 ) , c o n d i t i o n (1.12) i s met, w h i l e f o r o t h e r s , i t i s 

not met. Hansen and Sargent [1980] encountered a c l a s s of e x ­

amples where (1.12) i s n ' t met. Furthermore, the c l a s s of cases 

f o r which (1.12) f a i l s t o be met i s not t h i n i n any n a t u r a l 

sense. Our c o n c l u s i o n i s t h a t f o r the c l a s s o f models d e f i n e d by 

( l . l ) - ( l . 2 ) , the moving average r e p r e s e n t a t i o n ( l . l l ) t h a t i s 

expressed i n terms of the whi te no i ses t h a t are fundamental f o r 

a g e n t s ' i n f o r m a t i o n sets i n genera l cannot be expected t o be 

fundamental f o r the e c o n o m e t r i c i a n ' s data set ( y ^ j X ^ ) * E q u i v a ­

l e n t l y , current and lagged values of ( y ^ x ^ ) f a i l t o be fu l ly -

r e v e a l i n g of current and lagged values o f ( e i t ' e 2 t ^ * 

For convenience, l e t us r e w r i t e (1.10) as 

(1.13) S(L) z + = R(L) e. 

where 

H(L) 0 \ MK^L)) M ( K 2 ( L ) ) 

S(L) =| J , R(L) =1 

0 1 / V 0 K 2 ( L ) 

The c o n d i t i o n t h a t e t be fundamental f o r z t i s then e x p r e s s i b l e as 

the c o n d i t i o n t h a t the zeroes of det R(z) not l i e i n s i d e the u n i t 

c i r c l e . I f t h i s c o n d i t i o n i s v i o l a t e d , then a Wold r e p r e s e n t a t i o n 

^ o r z t> which i s what i s recovered v i a vector a u t o r e g r e s s i o n , w i l l 
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be r e l a t e d t o r e p r e s e n t a t i o n (1.13) as f o l l o w s . I t i s p o s s i b l e t o 

show§/ t h a t there e x i s t s a m a t r i x po lynomia l G(L) s a t i s f y i n g 

G(L) G ( L ~ 1 ) T = I 

and such t h a t the matr ix 

R*(L) = R(L) G(L) 

has a c h a r a c t e r i s t i c po lynomia l det R*(z), none of whose zeroes 

l i e i n s i d e the u n i t c i r c l e . Let us d e f i n e 

e* = G ( L - 1 ) e . . 

Then a Wold r e p r e s e n t a t i o n corresponding t o (1.13) i s 

(1.14) S(L) z. = R*(L) e*. 

In g e n e r a l , R*(L) = R(L)G(L) i s q u i t e a compl icated t r a n s f o r m a t i o n 

o f R ( L ) . F u r t h e r , e* i s a compl icated f u n c t i o n of p a s t , p r e s e n t , 

and f u t u r e e ^ ' s , one t h a t has the e f f e c t of d i m i n i s h i n g the amount 

of i n f o r m a t i o n i n { , , . . . } r e l a t i v e t o t h a t c o n t a i n e d i n 

{ e t , e t _ 1 , . . . } . 

We now descr ibe a concrete h y p o t h e t i c a l numer ica l ex ­

ample, one i n which the econometr ic ian observes no x ' s , only y ' s , 

so that (1.10) takes the s p e c i a l form 

(1.15) H(L) y t = M ( C X ( L ) ) e l v 

The model i s one of the dynamics o f demand and s u p p l y , 

and i s s i m i l a r t o t h a t s t u d i e d by Sargent [1979] and Kennan 

[1982]. Suppose t h a t t h e r e are two types of agents , each of whom 
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so lves a q u a d r a t i c optimum problem. The f i r s t agent, the s u p ­

p l i e r , maximizes the o b j e c t i v e 

where p^ i s the p r i c e at t ime t , q^ i s the q u a n t i t y s u p p l i e d a t 

time t , s t i s a supply shock a t t ime t , 8 i s a d iscount f a c t o r 

between zero and one, and h g and g s are parameters of the cost 

f u n c t i o n . The term (( l-L)q^.) i s i n t r o d u c e d t o capture c o s t s i n 

a d j u s t i n g the output from p e r i o d t - 1 t o p e r i o d t . The s u p p l i e r 

views the p r i c e and the supply shock processes as i f they were 

u n c o n t r o l l a b l e . A l l v a r i a b l e s are t r e a t e d as d e v i a t i o n s from 

t h e i r p o p u l a t i o n means. The s t o c h a s t i c Euler equation f o r the 

s u p p l i e r ' s optimum i s g iven by 

(1.16) - E t { [ h s + g s ( l - L ) ( l - g L - 1 ) ] q t } + p t = s t . 

The second agent , the demander, maximizes the o b j e c t i v e 

where (L. i s a shock t o p r e f e r e n c e s , h^ and g^ are preference 

parameters, and G*(L) = 1 + ,8L + . 6 L 2 + .hi? + ,2L . The p r i c e 

term enters i n t o the demander's o b j e c t i v e because of an i m p l i c i t 

s u b s t i t u t i o n from the demander's budget c o n s t r a i n t . The term 

G*(L) i s introduced t o capture the n o t i o n that purchases o f q i n 

recent past t ime p e r i o d s g ive r i s e t o s e r v i c e s t o d a y . The d e ­

mander t r e a t s the p r i c e and demand shock processes as i f they were 

u n c o n t r o l l a b l e . The s t o c h a s t i c Eu ler equat ion f o r the demander's 

optimum problem i s g iven by 
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(1.17) -E t {h d +g d [G*(L )G*(3L- 1 ) ] } q t - p t = cL.. 

To complete model s p e c i f i c a t i o n , we s p e c i f y t h e s t o c h a s ­

t i c law of motion f o r the f o r c i n g p r o c e s s e s , i . e . , the demand and 

supply shocks. These shocks are assumed t o s a t i s f y 

(1.18) s t = B s ( L ) w s t  

d t " V L K t 

where B g ( z ) and B^(z) are s c a l a r polynomia ls w i t h zeroes that are 

outs ide the u n i t c i r c l e . The w g t and w d t processes are mutual ly 

u n c o r r e l a t e d white noises so t h a t w s t i s the i n n o v a t i o n i n the 

supply shock, s^., and w ^ i s the i n n o v a t i o n i n demand shock, d^. 

Economic agents are presumed t o observe current and past values of 

both shocks and hence a l s o the i n n o v a t i o n s i n both s h o c k s . 

Th i s model f i t s i n t o our genera l set up ( l . l ) as f o l ­

lows . Let 

K 2 ( L ) = 0 , = 0. 

IB (L) 0 
K.(L) = " 

1 0 B.(L) 
d 

Define a matr ix po lynomia l 

E(L) =! 

' - (h +g ( l - L ) ( l - g L 1)) 1 
s s 

,-(h d+g dG*(L)G*(6L 1)) -1 
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Then polynomia l matr ices H(L) and J(L) t h a t are o n e - s i d e d i n 

nonnegative powers of L can be found such that 

J ( L _ 1 ) H(L) = E(L) 

and such that the zeroes of det J ( z ) l i e i n s i d e the u n i t c i r c l e , 

whi le the zeroes of det H(z) l i e outs ide the u n i t c i r c l e . (See 

Whiteman [1983], and Gohberg, Lancaster , and Rodman [1982] f o r 

proofs of the e x i s t e n c e of such a matr ix f a c t o r i z a t i o n , and f o r 

d e s c r i p t i o n of a lgor i thms f o r a c h i e v i n g the f a c t o r i z a t i o n . 

In t h i s model, i t i s p o s s i b l e f o r the demand and supply 

shocks t o generate an i n f o r m a t i o n set that i s s t r i c t l y l a r g e r than 

that generated by current and past q u a n t i t i e s and p r i c e s . So an 

econometr ic ian us ing i n n o v a t i o n accounts der ived from observat ions 

on q u a n t i t i e s and p r i c e s may not o b t a i n i n n o v a t i o n s that a r e 

l i n e a r combinations o f the contemporaneous i n n o v a t i o n s t o the 

demand and suply shocks. 

The e q u i l i b r i u m o f the model has r e p r e s e n t a t i o n 

(1.18) S(L) 

where S(L) = H(L) and R(L) = M ( C 1 ( L ) ) , and where S(z) i s a (2x2) 

f o u r t h - o r d e r matr ix po lynomia l i n L, w i th the zeroes of det S(z) 

o u t s i d e the u n i t c i r c l e . The zeroes of det R(z) can be on e i t h e r 

s ide of the u n i t c i r c l e i n t h i s example. Only when the zeroes o f 

det R(z) are not i n s i d e the u n i t c i r c l e can the one-step ahead 

f o r e c a s t e r r o r s from the v e c t o r a u t o r e g r e s s i o n of p r i c e s and 

q u a n t i t i e s be expressed as l i n e a r combinations of the contempora­

neous demand and supply shock i n n o v a t i o n s (w f , w H + ) J i / 
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In our numer ica l example, we chose the parameter s p e c i ­

f i c a t i o n 

B g ( L ) = (1+X 1 L)(1+X 2 L)(1+X 3 L) 

B d ( L ) = ( l + u 1 L ) ( l + u 2 L ) ( l + y 3 L ) . 

The parameters Aj and Uj f o r j = 1, 2, 3 were s e l e c t e d among the 

values ( . 2 , .h, . 6 , .8} . In our systemat ic search among v a r i o u s 

combinations of Â  's and U j ' s > w e found t h a t there always was at 

l e a s t one zero of det R(z) t h a t was i n s i d e the u n i t c i r c l e . For 

i n s t a n c e when 

( A r A 2 , A 3 ) = ( .6 , .h, .2) 

and 

( v i l f v2, u ) = ( .8 , . 6 , .k) 

det R(z) had a zero at - . 3 3 9 . 

For t h i s example, Table 1 d i s p l a y s both R(L) and R*(L) 

f o r a fundamental r e p r e s e n t a t i o n , as w e l l as S ( L ) . F igure 1 

graphs the moving average c o e f f i c i e n t s S(L) -"^ R*(L) f o r two a l t e r ­

n a t i v e o r t h o g o n a l i z a t i o n o r d e r s ^ / used t o normal ize R*(L). The 

" i n n o v a t i o n i n p r i c e " f o r the fundamental r e p r e s e n t a t i o n f o r 

(q^.,p t) t races out a moving average response t h a t mimics f a i r l y 

w e l l the responses of the (q^.,p^.) system t o a supply shock. This 

i s t r u e f o r e i t h e r o r t h o g o n a l i z a t i o n o r d e r . The response t o an 
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i n n o v a t i o n i n q u a n t i t y f a i l s t o resemble the response of the 

system t o a demand shock. 

In examples such as t h i s one, i n which some o f the 

zeroes of det R(z) l i e i n s i d e the u n i t c i r c l e , the i n n o v a t i o n s 

( w s t » w d t ^ c 3 - ™ 0 ^ be expressed as l i n e a r combinations of the i n n o ­

vat ions a-j. i n the v e c t o r a u t o r e g r e s s i o n . I f a l l of the zeroes o f 

det R(z) are o u t s i d e the u n i t c i r c l e , then Vj. = ( w

s f w d t ^ i s 

r e l a t e d t o a^ by an exact l i n e a r r e l a t i o n , w^ = Fa^ , a l though t o 

know the matr ix F, one needs t o know the parameters o f the agents ' 

Eu ler e q u a t i o n s , and the laws of motion of the supply and demand 

shocks. When the zeroes of det R(z) are a l l o u t s i d e the u n i t 

c i r c l e , t h e r e i s a t l e a s t some comfort i n the f a c t t h a t t h e r e 

e x i s t s some l i n e a r t r a n s f o r m a t i o n o f the a^'s that would recover 

the i n n o v a t i o n s t o the agents i n the model . 

Remedies i n D i s c r e t e Time 

The preceding d i f f i c u l t y can be circumvented i f a s u f f i ­

c i e n t l y r e s t r i c t i v e dynamic economic theory i s imposed d u r i n g 

e s t i m a t i o n . Hansen and Sargent [1980] descr ibe methods f o r e s t i ­

mating S(L) and R(L) subject t o e x t e n s i v e c r o s s - e q u a t i o n r e s t r i c ­

t i o n s of the r a t i o n a l expectat ions v a r i e t y . The approach i s t o 

use the method of maximum l i k e l i h o o d t o est imate f r e e parameters 

of preferences and c o n s t r a i n t s e t s , of which the parameters of 

S(L) and R(L) are i n t u r n f u n c t i o n s . These methods do not r e q u i r e 

t h a t the zeroes of det R(z) be r e s t r i c t e d , and i n p a r t i c u l a r are 

capable of r e c o v e r i n g good est imates o f R(z) even when some of the 

zeroes of det R(z) are i n s i d e the u n i t c i r c l e . 
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Given such an est imate of (S(L) , R ( L ) ) , i t would be 

p o s s i b l e t o recover c o n s i s t e n t est imates of the t^. t h a t are i n n o ­

v a t i o n s t o agents ' i n f o r m a t i o n sets by u s i n g the f o l l o w i n g p r o ­

cedure. Let R(L) be f a c t o r e d as R(L) = R-^L) Rp(L) where the 

zeroes of det R-^(z) l i e i n s i d e t h e u n i t c i r c l e , w h i l e those of det 

Rg(z) l i e outs ide the u n i t c i r c l e . Such a f a c t o r i z a t i o n e x i s t s by 

r e s u l t s d e s c r i b e d i n Gohberg, L a n c a s t e r , and Rodman [1982]. Then, 

u s i n g the above decomposit ion i n S ( L ) z t = R(L)e^., we can o b t a i n 

R 2 ( L ) e t = R ^ L ) - 1 S ( L ) z t , where R 1 ( L ) " 1 i s i n t e r p r e t e d as the 

" s t a b l e i n v e r s e " i n n o n p o s i t i v e powers of L. This equation e x ­

presses £.(. as a square summable sum of p a s t , p r e s e n t , and f u t u r e 

values Z.J.. By u s i n g t h i s e q u a t i o n , i t would be p o s s i b l e t o r e ­

cover est imates o f the i n n o v a t i o n s e t t o agents ' i n f o r m a t i o n s e t s 

from a time s e r i e s record on (z^.}. This equation once again makes 

the p o i n t t h a t f a i l s t o l i e i n the l i n e a r space spanned by 

current and lagged o n l y . 

2. Time Aggregat ion 

Consider a l i n e a r economic model that i s formulated i n 

continuous t i m e , and which can be represented as 

CO 

(2.1) z ( t ) = / p (x )w(t -x )dx 
0 

where z ( t ) i s an (nxl ) v e c t o r s t o c h a s t i c process , w(t) i s an (mxl) 

v e c t o r white noise w i t h Ew(t )w(t-s )^ = 5 ( t - s ) l , 6 i s the D i rac 

d e l t a g e n e r a l i z e d f u n c t i o n , and p(x) i s an (nxm) matr ix f u n c t i o n 

t h a t s a t i s f i e s / t r a c e p ( x ) p ( x ) T dx < + We l e t P(s) = 

00 0 
/ e ~ S T p ( x ) d x , i . e . , P(s) i s the Laplace t r a n s f o r m of p ( x ) . Some-
0 
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t imes we s h a l l f i n d i t convenient t o w r i t e (2.1) i n o p e r a t o r 

n o t a t i o n 

(2.2) z ( t ) = P(D)w(t) 

where D i s the d e r i v a t i v e o p e r a t o r . We s h a l l assume that the 

Laplace t r a n s f o r m P(s) has no zeroes i n the r i g h t h a l f of t h e 

complex p l a n e . This guarantees t h a t square i n t e g r a b l e f u n c t i o n a l s 

of ( z ( t - s ) , s > 0) and of (w(t—s), s > 0) span the same l i n e a r 

space, and i s equ iva lent t o s p e c i f y i n g that (2.1) i s a Wold r e p r e ­

s e n t a t i o n f o r (2 .1) . 

A v a r i e t y of continuous time s t o c h a s t i c l i n e a r r a t i o n a l 

expectat ions models have e q u i l i b r i a t h a t assume the form of the 

r e p r e s e n t a t i o n s (2.1) o r (2.2). Hansen and Sargent [l98l] prov ide 

some examples. In these examples, the continuous time whi te 

noises w(t) o f t e n have i n t e r p r e t a t i o n s as i n n o v a t i o n s i n the 

u n c o n t r o l l a b l e processes t h a t agents care about f o r e c a s t i n g , and 

which s t o c h a s t i c a l l y d r i v e the model. These i n c l u d e processes 

that are imagined t o be observable t o both the econometr ic ian and 

the p r i v a t e agent ( e . g . , var ious r e l a t i v e p r i c e s and q u a n t i t i e s ) 

and a l s o those which are observable t o p r i v a t e agents but are 

hidden from the econometr ic ian ( e . g . , random d is turbances t o 

t e c h n o l o g i e s , p r e f e r e n c e s , and maybe even p a r t i c u l a r f a c t o r s o f 

p r o d u c t i o n such as " e f f o r t " or c a p i t a l of s p e c i f i c k i n d s ) . The 

w(t) process i s economica l ly i n t e r p r e t a b l e as the continuous t ime 

i n n o v a t i o n t o p r i v a t e agents , because the f o r e c a s t e r r o r of the 

v a r i a b l e s i n the model over any h o r i z o n t + T which the p r i v a t e 

agents are assumed t o make at t can be expressed as a weighted sum 
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o f w ( s ) , t < s < t + x. Thus, t o p r i v a t e agents the w(t ) process 

represents "news" o r " s u r p r i s e s . " 

In r a t i o n a l expectat ions models, t y p i c a l l y t h e r e are 

extens ive r e s t r i c t i o n s across the rows of P(D). In g e n e r a l these 

r e s t r i c t i o n s leave open the p o s s i b i l i t y that the current and 

lagged values of the w(t) process span a l a r g e r l i n e a r space than 

do current and lagged values of the z ( t ) p r o c e s s . This outcome 

can p o s s i b l y occur even i f the dimension m of the w(t) process i s 

l e s s than or equal t o the dimension n of the z ( t ) p r o c e s s . This 

i s the continuous time v e r s i o n of the phenomenon t h a t we t r e a t e d 

f o r d i s c r e t e time i n the prev ious s e c t i o n . In the present s e c ­

t i o n , we ignore t h i s phenomenon, by assuming t h a t P(s) has no 

zeroes i n the r i g h t h a l f of the complex p l a n e . 

For t h i s continuous t ime s p e c i f i c a t i o n , t h e r e e x i s t s a 

d i s c r e t e time moving average r e p r e s e n t a t i o n 

(2.3) z t = C ( L ) a t 

where C(L) i s an i n f i n i t e o r d e r , (nxn) po lynomia l i n the l a g 

T 

operator L, where â . i s a v e c t o r whi te no i se w i t h Ea^a^ = W, and 

where a. = z. - E[z z . , . . . ] . The l a g operator C(L) and the 

w « "t 1 t —1 

p o s i t i v e s e m i - d e f i n i t e matr ix W s o l v e the f o l l o w i n g e q u a t i o n , 

subject t o the s ide c o n d i t i o n t h a t the zeroes of det C(z) do not 

l i e i n s i d e the u n i t c i r c l e : - ^ / 

440 

( 2 . M C ( e ~ i U ) W C ( e i U > ) T = I P( iu,)P(- iu>) T . 

j = _=o 

When z^ has a d i s c r e t e time a u t o r e g r e s s i v e r e p r e s e n t a ­

t i o n , the d i s c r e t e time i n n o v a t i o n s a .̂ are r e l a t e d t o the w(t ) 

process by the formula 
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= C(L)-1 P(D) w(t ) 

or 

(2.5) a. = V(L) P(D) w(t) = V(L) / p(x) w ( t - x ) d x 
% 0 

CO 
where we have d e f i n e d V(L) = C ( L ) - 1 = I V.L^, V Q = I. Here - V . 

1=0 J J 

i s the n x n matr ix o f c o e f f i c i e n t s on the j l a g i n the v e c t o r 

a u t o r e g r e s s i o n f o r z . I t f o l l o w s d i r e c t l y upon w r i t i n g out (2.5) 

t h a t 

(2.6) a. = / f ( x ) w ( t - x ) d x 
t 0 

wheri 

(2.7) f ( x ) = I V p ( x - j ) 

j=0 J 

I t a l s o f o l l o w s from (2.6) and the i d e n t i t y f o r i n t e g e r t , C(L) â . 

= P(D) w t , t h a t 

CO 

(2.8) p(x ) = I C, f ( x - j ) . 

j=0 J 

Equations (2.6) and (2.7) show how the d i s c r e t e t ime i n n o v a t i o n a+ 

i n genera l r e f l e c t s a l l past values of the cont inuous t ime i n n o v a ­

t i o n w ( t ) . 

Analyses of v e c t o r autoregress ions o f t e n proceed by 

summarizing the shape of C(L) i n var ious ways, and a t tempt ing t o 

i n t e r p r e t that shape. The i n n o v a t i o n account ing methods of Sims, 

based on decomposit ion (0.7), are good examples o f procedures t h a t 

summarize the shape of C ( L ) . From the v iewpoint of i n t e r p r e t i n g 

d i s c r e t e t ime v e c t o r a u t o r e g r e s s i o n s i n terms of the economic 

forces a c t i n g on i n d i v i d u a l agents , i t would be d e s i r a b l e i f the 
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d i s c r e t e time and continuous t ime moving average r e p r e s e n t a t i o n s 

were t o match up i n some s imple and i n t e r p r e t a b l e ways. In p a r ­

t i c u l a r , the f o l l o w i n g two d i s t i n c t but r e l a t e d f e a t u r e s would be 

d e s i r a b l e . F i r s t , i t would be d e s i r a b l e i f the d i s c r e t e t ime 

innovat ions â . c l o s e l y r e f l e c t e d the b e h a v i o r of w(s) near t . 

Probably the most d e s i r a b l e outcome would be i f a^ could be ex ­

pressed as 

1 
(2.9) a. = / f ( x ) w(t-x)dT 

t 0 

so that i n ( 2 . 6 ) , f ( x ) = 0 f o r x > 1. In t h a t case, a^ would be a 

weighted sum of the cont inuous t ime i n n o v a t i o n s over the u n i t 

f o r e c a s t i n t e r v a l . I t would be even more d e s i r a b l e i f (2.9) were 

t o hold w i t h f ( x ) = p ( x ) , f o r then a^ would equal the one s t e p 

ahead f o r e c a s t e r r o r from the continuous time system. Second, 

assuming a smooth p(x) f u n c t i o n , i t would be d e s i r a b l e i f t h e 

d i s c r e t e time moving average c o e f f i c i e n t s { C Q , C ^ , C 2 » . . • } resemble 

a sampled v e r s i o n of the continuous time moving average k e r n e l 

{p(x),x>0}. This i s d e s i r a b l e because the p a t t e r n of the C . ' s 

J 

would then f a i t h f u l l y r e f l e c t the response of the system t o i n n o ­

v a t i o n s i n continuous t i m e . We s h a l l c o n s i d e r each of these 

d e s i d e r a t a i n t u r n . 

We f i r s t study c o n d i t i o n s under which f ( x ) = 0 f o r x > 

1. Consider the decomposit ion 

a = z ( t ) - E [ z ( t ) w ( t - s ) , s > l ] 

+ E [ z ( t ) | w ( t - s ) , s > l ] - E [ z t | z t _ 1 , . . . ] 

1 
= / p (x )w(t -x )dx + / p (x )w(t -x )dx 

0 1 
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- E[J p ( x ) w ( t - x ) d x | z . , , . . . ] . 
1 t _ ± 

This l a s t e q u a l i t y i m p l i e s that i f (2.9) i s t o hold i t must be the 

case t h a t 

(2.10) E [ z ( t ) | w ( t - s ) , s > l ] = E [ z t | z t _ 1 , . . . ] , 

which i n t u r n i m p l i e s t h a t p(x) = f ( x ) f o r 0 < X < 1. The i n t e r ­

p r e t a t i o n o f requirement (2.10) i s t h a t the d i s c r e t e t ime and 

continuous time f o r e c a s t s o f z ( t ) over a u n i t t ime i n t e r v a l c o i n ­

c i d e . 

When c o n d i t i o n (2.9) i s met, the l i n k between P(D) and 

C(L) i s p a r t i c u l a r l y s i m p l e . Using f ( x ) = 0 f o r x > 1, equat ion 

(2.8) becomes 

(2.11) p(x ) = C f ( x - j ) f o r j < x < j + 1. 
J 

Equation (2.11) i m p l i e s that f o r the p a r t i c u l a r c l a s s of c o n t i n u ­

ous time processes f o r which f ( x ) = 0 f o r x > 1, the cont inuous 

t ime moving average c o e f f i c i e n t s are complete ly determined by the 

d i s c r e t e time moving average c o e f f i c i e n t s and the f u n c t i o n f ( x ) 

d e f i n e d on the u n i t i n t e r v a l . The a l i a s i n g problem i s manifested 

i n t h i s r e l a t i o n s h i p s i n c e f ( x ) cannot be i n f e r r e d from d i s c r e t e 

t ime data . In the absence of a d d i t i o n a l r e s t r i c t i o n s , a l l f u n c ­

t i o n s f ( x ) t h a t s a t i s f y 

1 T 
J f ( x ) f ( x ) dx = W 
0 

are o b s e r v a t i o n a l l y e q u i v a l e n t . R e l a t i o n (2.11) a l s o i m p l i e s that 

i n g e n e r a l , without some more r e s t r i c t i o n s on p ( x ) , c o n d i t i o n 

(2.9) does not p lace any r e s t r i c t i o n s on the d i s c r e t e time moving 

average c o e f f i c i e n t s . 



- 25 -

However, i n many ( i f not most) a p p l i c a t i o n s , i t i s u s u a l 

t o impose the a d d i t i o n a l requirement that the continuous time 

1 91 

moving average c o e f f i c i e n t s he a continuous f u n c t i o n o f f.—I 

This requirement together w i t h (2.11) then imposes a very s t r i n ­

gent r e s t r i c t i o n on the d i s c r e t e time moving average r e p r e s e n t a ­

t i o n . In p a r t i c u l a r , (2.11) then i m p l i e s that 

(2.12) C. f ( 0 ) = C J J f ( l ) 

where f ( x ) i s now a continuous f u n c t i o n on the u n i t i n t e r v a l . 

When w(t) and z ( t ) have the same dimension (m=n) and f ( 0 ) i s 

n o n s i n g u l a r , r e l a t i o n (2.12) i m p l i e s that 

C. = [ f ( l ) f ( 0 ) - 1 ] J 

and 

C(L) = [ l - f ( l ) f ( 0 ) - 1 L ] - 1 . 

Hence, i f (2.9) i s t o h o l d , the d i s c r e t e time process must have a 

f i r s t order a u t o r e g r e s s i v e r e p r e s e n t a t i o n . We have t h e r e f o r e 

e s t a b l i s h e d t h a t c o n d i t i o n (2.9) and the c o n t i n u i t y requirement on 

p(x) s u b s t a n t i a l l y r e s t r i c t not only the a d m i s s i b l e continuous 

time moving average c o e f f i c i e n t s but the a d m i s s i b l e d i s c r e t e t ime 

moving average c o e f f i c i e n t s as w e l l . 

Thus, w i t h a cont inuous p ( f ) f u n c t i o n , i n g e n e r a l , 

r e l a t i o n (2.9) does not h o l d . I n s t e a d , â . g iven by (2.6) i s a 

f u n c t i o n of a l l cur rent and past w ( t ) r s , a f u n c t i o n whose c o m p l i ­

c a t i o n s can pose problems i n s e v e r a l i n t e r r e l a t e d ways f o r i n t e r ­

p r e t i n g a-j. i n terms of the cont inuous time no ises w(t) t h a t are 
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imagined t o impinge on agents i n the model. F i r s t , as i n the 

d i s c r e t e time case, the process w(t) need not be fundamental f o r 

z ( t ) i n continuous t i m e . Second, the matr ix f u n c t i o n f ( x ) i n (6) 

i s not u s u a l l y d i a g o n a l , so t h a t each component of â . i n genera l 

i s a f u n c t i o n of a l l of the components o f w ( t ) . This i s a v e r s i o n 

o f what Geweke has c h a r a c t e r i z e d as " c o n t a m i n a t i o n , " which occurs 

i n the context of the aggregat ion over t ime of s e v e r a l i n t e r ­

r e l a t e d d i s t r i b u t e d l a g s . I t i s a l s o r e l a t e d t o the wel l -known 

phenomenon t h a t aggregat ion over t ime g e n e r a l l y leads t o Granger-

c a u s a l i t y of d i s c r e t e sampled y t o x even though y f a i l s t o 

Granger-cause x i n cont inous t i m e . T h i r d , the matr ix f u n c t i o n 

f ( x ) i n (2.5) i n genera l i s nonzero f o r a l l values of T > 0, so 

t h a t a t i n genera l depends on values o f w ( t - x ) i n the remote p a s t . 

We now turn t o our second d e s i r a t e r a t u m , namely that the 

OO 

sequence { C J K _ Q resemble a sampled v e r s i o n o f the f u n c t i o n 

p ( x ) . For s tudy ing t h i s m a t t e r , we set m = n, because we are 

i n t e r e s t e d i n the c ircumstances under which {CA f a i l s t o r e f l e c t 

J 

p(x) even when the number of whi te noises n i n equals the 

number m i n w ( t ) . We can represent most of the i s s u e s here w i t h a 

u n i v a r i a t e example, and so set m = n = 1 i n most of our d i s c u s ­

s i o n . It i s a l s o convenient t o study the case i n which z t has a 

r a t i o n a l s p e c t r a l dens i ty i n continuous t i m e . Thus we assume t h a t 

(2.13) e ( D ) z t = i|>(D) w(t ) 

where z^ i s a s c a l a r s t o c h a s t i c p r o c e s s , and 6 ( s ) = (s-A^) ( S - A 2 ) 

. . . ( s - A r ) , ij>(s) = I|)Q + ^ s + . . . + i|> ! s r . We assume t h a t 

the r e a l p a r t s of A-,, A , which are the zeroes of 9 ( s ) , are 
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l e s s than z e r o , hut t h a t the r e a l p a r t s of the zeroes o f t ( s ) are 

u n r e s t r i c t e d . Only i f the r e a l p a r t s of the zeroes of <|>(s) are 

l e s s than zero do current and past values o f z ( t ) and w(t) span 

the same l i n e a r space. I f any zeroes of <Hs) exceed zero i n r e a l 

p a s t , then current and lagged w(t) span a l a r g e r space than do 

current and lagged z ( t ) . The above equat ion can be expressed as 

(2.1k) z t = P(D) w(t ) 

vhere P(D) = i|>(D)/8(D). A p a r t i a l f r a c t i o n r e p r e s e n t a t i o n of p(D) 

i s 

r 6 
(2.15) P(D) = I -5^-

where 

(2.16) 6. = l i m P(s) (s-X ). 

J 

We t h e r e f o r e have 

r A T 

(2.17) p(t) = I 5. e • 
j = l 3 

Thus, the weight ing f u n c t i o n p ( f ) i n the continuous time moving 

average r e p r e s e n t a t i o n i s a sum o f r e x p o n e n t i a l l y decaying f u n c ­

t i o n s . Our ob ject w i l l now be t o get an analogous express ion t o 

(2.17) f o r the d i s c r e t e t ime c o e f f i c i e n t s B^. 

I t i s known t h a t the d i s c r e t e time process z+ i m p l i e d by 

(2.13) i s an r^ order a u t o r e g r e s s i v e , ( r - l ) order moving average 

c(L) r _ 1 

p r o c e s s . Let t h i s be z. = \ a+ where c(L) = > c 4 L " , d(L) = 
r . d ( L ) j=0 J 

1 d^L^. To f i n d t h i s r e p r e s e n t a t i o n , we must use (2.k). Hansen 
J=0 J 



- 28 -

and Sargent [1981] show t h a t f o r the process ( 2 . 1 3 ) , the term on 

t h e l e f t s i d e o f (2.4) can be represented 

A 

CO ^ ^ Q *J Q 

I P(iw) P ( - iw) = I [ r J J = " ~ j = 1 ( l - e V i v ) ( l - e V i w ) ' 

where 

w = l i ra P(s) P ( - s ) (s-A ). 
J s+A, J 

J 

L e t t i n g z = e _ i w , t o f i n d the r e q u i r e d mixed moving average a u t o -

r e g r e s s i v e r e p r e s e n t a t i o n , we must s o l v e 

X 1 - 1 

(2.18) c ( z ) c ( 2 > = I [ _ 4 - + - J _ ] 

d ( z ) d ( z - 1 ) j = l ^ ^X-l 

subject t o the c o n d i t i o n t h a t the zeroes o f c ( z ) and d(z) a l l l i e 

o u t s i d e the u n i t c i r c l e . The term on the r i g h t s ide of (2.8) can 

be expressed as 

r r r .. r r r . 
I v H ( l - a . z ) n ( l - a z~ )+ I w o n ( l - a z) II ( l - a z )z 

(2 1Q) .1=1 J ^ j J k=l J j = l J J k = l J k*j J 

r r 
H ( l - a . z ) n ( l - a z ) 

j = l J k= l k 

X 1 I l where a^ = e J . Note that J ct j | < 1 by v i r t u e of the assumption 

t h a t r e ( A j ) < 0 . Thus, the denominator i s a l r e a d y f a c t o r e d as 

r e q u i r e d , so that 

r 

(2.20) d(z) = n ( l - a . z ) . 
J=l J 
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The numerator must be f a c t o r e d t o f i n d c ( z ) . Standard procedures 

t o f i n d the zeroes of s c a l a r polynomia ls can be used t o achieve 

t h i s f a c t o r i z a t i o n , as d e s c r i b e d by Hansen and Sargent [ ] . 

Thus we have that 

(2-2i> \ - $ K 5 C ( L > v 
Proceeding i n a s i m i l a r f a s h i o n as we d i d f o r the continuous time 

moving average r e p r e s e n t a t i o n , we can f i n d a p a r t i a l f r a c t i o n 

r e p r e s e n t a t i o n f o r C ( L ) , namely 

r Y. 

(2.22) C(L) = I j-jLj-

where 

(2.23) Y. = l i m C(z) ( l - a . z ) . 
J z+cf J 

A . 

R e c a l l i n g that = e J , equation (2.22) i m p l i e s t h a t 

r A . k 
(2.2l») C = I Y. e J . 

k j = l J 

C o l l e c t i n g and comparing the key r e s u l t s , we have t h a t 

r A T 

(2.17) P ( T ) = I 6 e J T e [ 0 , » ) . 
j = l 3 

r A k 
(2.21*) C = 1 Y, e k = 0, 1, 2, . . . . 

Equations (2.17) and (2.2l*) imply that C^ w i l l be ( p r o p o r t i o n a l 

t o ) a sampled v e r s i o n o f p ( t ) i f and only i f Y j / S j = Y^/^i f o r a l l 

j = 2 , r. I t can be shown d i r e c t l y by u s i n g (2.17) and 

[2.2k) i n (2.7) and (2.8) t h a t t h i s c o n d i t i o n w i l l not be met f o r 
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any r > 2. Thus, only i f z ( t ) i s a f i r s t - o r d e r a u t o r e g r e s s i v e 

process does C k t u r n out t o be a sampled v e r s i o n of p ( f ) . 

Table 2 presents a numer ica l example t h a t i l l u s t r a t e s 

the preceding i d e a s . For the u n i v a r i a t e process (D^+.6D^+.4D+.2) 

z ( t ) = w ( t ) , we have c a l c u l a t e d p ( x ) , f ( x ) , c ( L ) , d ( L ) , B(L) = 

c ( L ) / d ( L ) , X . , y. f o r j = 1, 2, 3. In t h i s example, we have t h a t 

J J 

Yj/Y^ * ^ j / ^ i ^ o r j ^ 2, so t h a t the shapes of the moving averages 

i n continuous and d i s c r e t e t i m e , p ( f ) and C^, r e s p e c t i v e l y , are 

d i f f e r e n t . We a l s o have t h a t f ( t ) * 0 f o r some T's g r e a t e r than 

1. In p a r t i c u l a r , n o t i c e t h a t f ( x ) i s l a r g e r i n abso lute value 

over most o f the i n t e r v a l [ l ,2 ] than i t i s over the i n t e r v a l 

[0,1]. The f a i l u r e of f ( x ) t o be concentrated on [0,1] and the 

f a i l u r e o f t o resemble a sampled v e r s i o n of p(x) are both 

consequences o f the f a c t t h a t t h i s i s a t h i r d order a u t o r e g r e s s i v e 

system i n continuous t i m e , r a t h e r than a f i r s t order one. 

The preceding r e s u l t s and the example g e n e r a l i z e r e a d i l y 

t o the case o f a v e c t o r s t o c h a s t i c process z^.. M a t r i x vers ions o f 

(2.17) and (2.24) h o l d , where the A . ' s are the zeroes of det 0(s) 

J 

and the 6 j ' s and Yj 's are (nxn) matr ices g iven by (2.16) and 

( 2 . 2 3 ) . 
L o c a l l y Unpred ic tab le Processes and L inear Quadrat ic Models 

The s t o c h a s t i c process z ( t ) i n Table 2 i s mean square 

d i f f e r e n t i a b l e , as evidenced by the fact that p(0) = 0 . A s t o ­

c h a s t i c process of the form (2.1) i s j t imes mean square d i f f e r ­

e n t i a b l e i f p(0) = p'(0) = p"(0) = . . . = p ( j - 1 ) ( 0 ) = 0 (see Hansen 

and Sargent [ ] f o r a p r o o f ) . Consequent ly , the process ( D ^ + 
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. 6 D 2 + .UD + . 2 ) z ( t ) = w(t) can be v e r i f i e d t o be t w i c e (but not 

t h r e e t imes) mean square d i f f e r e n t i a b l e . I t i s the smoothness and 

p r o x i m i t y t o zero near T = 0 of p ( f ) t h a t makes i t d i f f i c u l t f o r 

C. t o resemble a sampled v e r s i o n of p ( x ) , and that makes a ( t ) a 
J 1 

poor e s t i m a t o r o f / p ( t ) w ( t - T ) d T . 
0 

Sims [198H] has argued that there i s a c l a s s of economic 

v a r i a b l e s t h a t are best modeled as f a i l i n g t o be mean square 

d i f f e r e n t i a b l e . For these p r o c e s s e s , p(0) * 0. Processes of the 

form (2.1) i n which p(0) * 0 are s a i d t o be l o c a l l y u n p r e d i c t a b l e 

because i f p(0) # 0, then 

E (x(t+5)-E x ( t + 6 ) ) 2 

(2.25) l i m — i 5— = 1. 
6*0 E ( x ( t + 6 ) - x ( t ) ) 

Here Ê . i s the l i n e a r l e a s t squares p r o j e c t i o n o p e r a t o r , c o n d i ­

t i o n e d on { x ( t - s ) , s > 0}. Now c o n d i t i o n (2.25) can r e a d i l y be 

shown t o imply that 

E (x(t+6)-E x ( t + 5 ) ) 2 

(2.26) l i m - - ? = 1 
6*0 E ( x ( t + 6 ) - E x ( t + 6 ) I x ( t ) , x ( t - 6 ) , x ( t - 2 6 ) , . . . ) ) 

where E i s the l i n e a r l e a s t squares p r o j e c t i o n o p e r a t o r . In 

(2.26), E^x(t+6) i s the l i n e a r l e a s t squares p r o j e c t i o n of x(t+6) 

c o n d i t i o n e d on ( x ( t - s ) , s > 0 ) , w h i l e ( E x ( t + 6 ) | x ( t ) , x ( t - 6 ) , . . . ) i s 

the p r o j e c t i o n o f x(t+6) on the d i s c r e t e t ime sample x ( t ) , 

x ( t - 6 ) , . . . . C o n d i t i o n (2.26) holds f o r any l o c a l l y u n p r e d i c t a b l e 

p r o c e s s , and s t a t e s t h a t f o r s m a l l enough sampling i n t e r v a l 6, t h e 

6-ahead p r o j e c t i o n e r r o r from the continuous time process i s c l o s e 

i n the mean square e r r o r sense t o t h e 6-ahead p r o j e c t i o n e r r o r 
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from the 5-discrete time data. Thus, when p(0) * 0, for small 

enough 5, the innovation â . in the 6-counterpart to (2.21) is 
6 

arbitrarily close to / p(s)w(t-s)ds in the mean square sense. 
0 

Now suppose that z(t) is given by (2.1), with p(0) = 0, 

so that z(t) is mean square dif ferentiable. Following Sims 

[1980], suppose that the economist is interested in studying the 

expectational variable x*(t) given by 
CO 

(2.27) x*(t) = E[/ epSz(t+s)ds|(z(t-T),x>0)] 
0 

where p < 0. Hansen and Sargent [1981] have shown that 

(2.28) x*(t) = [~ P ( D ^p ( " p ) ]w(t) = G(D)w(t) = / g(s)w(t-s)ds. 

where P(s) = / e T ° p ( x ) d T is the Laplace transform of p(f). Now 
0 

i f G(s) is the Laplace transform of g(f), with support [O,00), the 

in i t ia l value theorem for Laplace transforms states that 

g(0) = lim s G(s). 
s+°° 

Using the init ia l value theorem together with (2.28), we find that 

;(o) = iim s [ - p ( s W - p ) ] = P ( _ p ) , o. 

(We know that P( -p) * 0 because P(s) i s assumed t o have no zeroes 

i n the r i g h t h a l f of the complex plane by t h e assumption t h a t p(s ) 

i s the k e r n e l a s s o c i a t e d w i t h a Wold r e p r e s e n t a t i o n f o r z ( t ) . ) 

T h e r e f o r e , even i f p(0) = 0, g(0) * 0, so t h a t the geometric 

e x p e c t a t i o n a l v a r i a b l e x*(t) f a i l s t o be mean square d i f f e r e n t i -
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able and t h e r e f o r e i s l o c a l l y u n p r e d i c t a b l e . For such e x p e c t a -

t i o n a l v a r i a b l e s , (2.26) h o l d s . T h e r e f o r e , f o r such v a r i a b l e s , 

f o r smal l enough sampling i n t e r v a l 5 , the d i s c r e t e t ime i n n o v a t i o n 
6 

a ( t ) corresponding t o (2.21) i s c l o s e t o / p ( s ) w ( t - s ) d s i n the 
0 

mean squared sense. 

These r e s u l t s imply that f o r a v a r i a b l e x*(t) and s u f f i ­

c i e n t l y smal l sampling i n t e r v a l 6, the s i t u a t i o n i s not as bad as 

i s depicted by the example i n Table 2. As Sims has po inted o u t , 

there are t h e o r i e s of consumption and asset p r i c i n g which imply 

that consumption or asset p r i c e s behave l i k e x*(t) and are gov­

erned by a v e r s i o n of ( 2 . 2 7 ) . For example, w i t h x*(t) b e i n g 

consumption and z ( t ) income, (2.27) i s a v e r s i o n of the permanent 

income t h e o r y . A l t e r n a t i v e l y , w i t h x*(t ) be ing a s tock p r i c e and 

z ( t ) being the d i v i d e n d p r o c e s s , (2.27) i s a s imple v e r s i o n of an 

a s s e t - p r i c i n g f o r m u l a . 

However, t h e r e i s a wide c l a s s of g e n e r a l i z e d adjustment 

cost models d iscussed by Hansen and Sargent [l98l] i n which o b ­

servab le v a r i a b l e s are such smoothed vers ions of x*(t) t h a t they 

are mean square c o n t i n u o u s . In adjustment cost models, d e c i s i o n s 

are dr iven by convo lut ions of x * ( t ) , not by x*(t) a l o n e . For 

example, the s t o c h a s t i c Eu ler equation f o r a t y p i c a l q u a d r a t i c 

adjustment cost problem i s 

(D-p)k(t ) 

where p > 0, 

or 

(D-p)k( t ) = x * ( t ) . 
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Here k ( t ) i s " c a p i t a l . " The s o l u t i o n f o r c a p i t a l i s then 

or 

k ( t ) = ^ - i — x « ( t ) 

k ( t ) . ( _ l _ r P ( D ) : P ( - p ) N ( t ) 

where z ( t ) = / p ( s ) w ( t - s ) . 
0 

Let 

k ( t ) = / h (x )w(t -T )dx 
0 

CO 

where H(s) = / e h(x)dx 
0 

m P ( s ) , P ( - p ) 
^s-p-^ s+p ; 

Using the i n i t i a l value theorem t o c a l c u l a t e h(0) we have 

h(0) = l i r a sH(s) = 0. 
s+°° 

Thus, k ( t ) i s mean square d i f f e r e n t i a b l e and so i s not l o c a l l y -

p r e d i c t a b l e . (The c o n v o l u t i o n i n t e g r a t i o n r e q u i r e d t o t r a n s f o r m 

x*(t ) t o k ( t ) "smooths" k ( t ) r e l a t i v e t o x * ( t ) . ) 

More g e n e r a l l y , the endogenous dynamics of adjustment 

cost models t y p i c a l l y leads t o mean square d i f f e r e n t i a b l e endoge­

nous v a r i a b l e s , p r o v i d e d t h a t the agent i s p o s i t e d t o be f a c i n g 

mean square d i f f e r e n t i a b l e f o r c i n g processes ( z ( t ) ) . This means 

t h a t f o r such models, the d i f f i c u l t i e s of i n t e r p r e t a t i o n t h a t a r e 

i l l u s t r a t e d i n Table 2 cannot be eluded by a p p e a l i n g t o an a p ­

prox imat ion based on the l i m i t ( 2 . 2 6 ) . 
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Table 2 

An Example 

*(D) = 1 

9(D) = .2 + .UD + . 6 D 2 + D 3 

Xj (zeroes o f 8 ( s ) ) : =.5h2k, =.0288 ^ . 6 0 6 6 

6. i n P a r t i a l F r a c t i o n Representat ion of i|;(D)/e(D) 1: 
J —— 

j _ Real (6 j ) Imaginary (6 j ) Rea l Imaginary 

1 1.5831 0 1.00 0 
2 -.7915 .6701 - . 5 0 .1*23 
3 -.7915 .6701 - . 5 0 -.1*23 

Zeroes of S p e c t r a l F a c t o r i z a t i o n of Numerator P o l y n o m i a l : 

Imaginary 
Rea l Part of Zero Part of Zero Modulus 

1 -.Okkl 0 .01*1* 
2 -.1+359 0 .1*36 

X. i n P a r t i a l F r a c t i o n Representat ion of C (L ) : 

Real 
v 6 -

!Xj) Imaginary (X^) Real Imaginary 

1 1.7981* 0 1.000 0 
2 -.3992 2.0310 -.222 1.129 
3 -.3992 -2.0310 -.222 -1.129 

D i s c r e t e Time Mixed Moving Average, Autoregress ive R e p r e s e n t a t i o n : 

d(L) = 1 - 2.1779L + 1.8722L2 - .5l*85L3 

c (L ) = 1 + .1*800L + .0192L 2 
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T_ f ( T ) P ( T ) D i s c r e t e Time MA 

0 0 0 1.000000 
.100 .001+900 .001+900 
.200 .019198 .019198 
.300 .01*2288 .01+2288 
.Uoo .073563 .073563 
.500 .1121*11* .1121+11* 
.600 .158231 .158231 
.TOO .2101*01* .2101*01* 
.800 .268321* .268321+ 
.900 .331386 .331386 

1.000 .398987 .398987 2.657971 
1.100 .1*57506 .1+70529 
1.200 .1^395 .5k5k21 
1.300 .510679 .623079 
1.1+00 .507397 .702926 
1.500 .1+85602 .781+396 
1.600 .1*1*6360 .866935 
1.700 .390751 .91+9999 
1.800 .319860 1.033059 
1.900 .231+786 1.115601 
2.000 .136629 1.197125 3.935901 
3.000 -.073263 1.860267 1+.11+1+677 
1+.000 .03251+2 2.02921+2 3.116763 
5.000 -.011+212 1.593759 1.188521 
6.000 .006197 .692895 -.972011+ 
7.000 -.002701 -.361072 -2.631591 
8.000 .001178 -1.2089!+!+ -3.259333 
9.000 -.000513 -I.576723 -2.705191* 

10.000 .000221+ -1.368770 -1.233866 
11.000 -.000098 -.692635 .588609 
12.000 .00001+3 .188765 2.107332 
13.000 -.000019 .956663 2.8101+59 
14.000 .000008 1.350008 2.1+98675 
15.000 -.000001+ 1.252755 1.33671*1 
16.000 .000002 .725963 -.221+260 
17.000 -.000001 -.2031+03 -1.61971*9 
18.000 .000000 -.722582 -2.371*213 
19.000 -.000000 -1.1311+96 -2.26ll*52 
20.000 .000000 -1.12l*3!+5 -I.369232 
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Remedies i n Continuous Time Analyses 

The preceding problems of i n t e r p r e t a t i o n are r e s u l t s o f 

e s t i m a t i n g v e c t o r a u t o r e g r e s s i o n s w h i l e forego ing the i m p o s i t i o n 

of any e x p l i c i t economic theory i n e s t i m a t i o n . These problems can 

be completely overcome i f a s u f f i c i e n t l y r e s t r i c t i v e and r e l i a b l e 

dynamic economic theory i s a v a i l a b l e t o be imposed dur ing e s t i m a ­

t i o n . For example, Hansen and Sargent [1981,1982] have d e s c r i b e d 

how the f u n c t i o n p ( f ) can be i d e n t i f i e d and est imated from o b s e r ­

v a t i o n s on d i s c r e t e time data i n the context of a wide c l a s s of 

l i n e a r r a t i o n a l ex p ec ta t i ons models. The b a s i c idea i s t h a t t h e 

r i c h body of c r o s s - e q u a t i o n r e s t r i c t i o n s t h a t c h a r a c t e r i z e dynamic 

l i n e a r r a t i o n a l ex p ec ta t ions models can be used t o i d e n t i f y a 

unique continuous time model from d i s c r e t e time data . 

I f an est imate o f p ( f ) i s a v a i l a b l e , then by u s i n g on ly 

d i s c r e t e time data on {z^.}, i t i s even p o s s i b l e t o recover an 

est imate of the one-step ahead p r e d i c t i o n e r r o r t h a t agents are 

making i n continuous t i m e . This i s accomplished by t r e a t i n g the 

continuous time f o r e c a s t e r r o r as a hidden v a r i a b l e whose c o v a r i -

ances w i t h the d i s c r e t e time process {z^} are known. Thus, g iven 

est imates o f p ( f ) , l e t us d e f i n e the one-step ahead p r e d i c t i o n 

e r r o r from continuous time data as e* = /_ p ( f ) w ( t - f ) d x . Then 

i t i s s t r a i g h t f o r w a r d t o c a l c u l a t e the f o l l o w i n g second moments: 

CO 

^ V t - j 1 = / Q p ( i + j ) p ( T ) T d T = I C k + . W C £ , j > 0 

E[e*z T 
7 Jp( t )p (T + j ) T dT 

t t+j 

J > 0 

j < 0 
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nig 
We can est imate the p r o j e c t i o n £ D z . i n the p r o j e c t i o n 

J=-m 1

 J t _ J 

equat ion 

e* = I D z + u 

where u,. i s or thogonal t o z .̂_j f o r a l l j = -m-^ nig. The D j ' s 

can be computed from the normal equat ions 

E e t ztlk = D j E z t - j W k = V 

These c a l c u l a t i o n s could be of use i f one's aim were t r u l y t o 

e x t r a c t and t o i n t e r p r e t est imates of the f o r e c a s t e r r o r s made by 

agents . In continuous time vers ions of var ious models, such as 

those of Lucas [1973] o r Barro [1977]» agents ' f o r e c a s t i n g e r r o r s 

are an important source of impulses , so that i t i s of i n t e r e s t t o 

have t h i s method f o r c h a r a c t e r i z i n g t h e i r s t o c h a s t i c p r o p e r t i e s 

and e s t i m a t i n g them. 
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FOOTNOTES 

•i/This i s , a f t e r a l l , the c o n s t r u c t i o n used i n Wold's 

decomposit ion theorem. 

—^Representations of the moving average form (O.h) are 

not i n genera l u n i q u e , once one r e l a x e s the r e s t r i c t i o n i n ( O . l ) 

t h a t AQ = - I , which i n t u r n i m p l i e s t h a t CQ = I. I f t h i s r e ­

s t r i c t i o n i s r e l a x e d , then any r e p r e s e n t a t i o n generated by s l i p p ­

i n g a UU^ i n between and a ( t - A j ) i n (0.1*), where U i s a u n i t a r y 

m a t r i x (UU^=I), i s a l s o a fundamental moving average r e p r e s e n t a ­

t i o n . That i s , 

CO 

z ( t ) = I (C*U) ( U T a ( t - A j ) ) 
J=0 J 

i s a l s o a fundamental moving average r e p r e s e n t a t i o n , s i n c e a ( t ) 

spans the same l i n e a r space as a ( t ) . In terms of such a r e p r e s e n ­

t a t i o n , the decomposit ion of p r e d i c t i o n e r r o r covar iance becomes 

E ( z ( t ) - E . . z ( t ) ) ( z ( t ) - E . . z ( t ) ) T 

X--J T--J 

^ r 1 A T AT = I C " U V U C , 

k=0 J J 

which i s a l t e r e d by a l t e r n a t i v e choices of U. S ims' choice of 

o r t h o g o n a l i z a t i o n order amounts t o a cho ice o f U. 

-2/An e a r l i e r v e r s i o n o f t h i s paper cons idered f o u r 

c l asses of examples, the other two be ing n o n l i n e a r i t i e s and a g g r e ­

g a t i o n across agents . Due t o length c o n s t r a i n t s , we decided t o 

r e s t r i c t t h i s paper t o the two c l a s s e s o f examples s t u d i e d h e r e . 

A/Danny Quah has conveyed t o us the v iewpoint t h a t 

i m p l i c i t i n the d e s i r e t o match the {w} process o f the economic 
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model (8) w i t h t h e {a} process of the v e c t o r a u t o r e g r e s s i o n ( l ) 

must be a d e c i s i o n problem t h a t concerns the data a n a l y s t . For 

example, on the b a s i s of var iance decomposit ions based on ( 0 . 7 ) , 

the a n a l y s t might want t o p r e d i c t the consequences of " i n t e r v e n ­

t i o n s " i n the form of a l t e r a t i o n s i n var ious d iagona l elements o f 

the i n n o v a t i o n covar iance matr ix V, i n t e r p r e t i n g these a l t e r a ­

t i o n s , e . g . , as changes i n the p r e d i c t a b i l i t y by agents of v a r i o u s 

economic p r o c e s s , e . g . , the money supply . 

^ T h i s assumption i s made i n the i n t e r e s t s of p r o v i d i n g 

t h e best p o s s i b l e chance t h a t the process a ( t ) and w(t) d e s c r i b e d 

i n the i n t r o d u c t i o n match u p . I f i s a v e c t o r of dimension 

g r e a t e r than n-^, then i n genera l current and lagged values of 

( e l t » e 2 t ^ s P a n a l a r g e r l i n e a r space than do current and lagged 

va lues of ( y t , x 2 t ) . 

—^See Rozanov [ ] or Townsend [ ] . 

7/ 

— I t i s i n t e r e s t i n g t o note t h a t a l though t h i s system i s 

one i n which t h e r e are no s t r i c t l y e c o n o m e t r i c a l l y exogenous 

v a r i a b l e s , or even any v a r i a b l e s t h a t are not Granger-caused by 

any o t h e r s , i t s parameters are i n p r i n c i p l e i d e n t i f i a b l e . I d e n t i ­

f i c a t i o n i s achieved through the c r o s s - e q u a t i o n r e s t r i c t i o n s . 

Even when ( w

s t > w d t ^ l i e * n t J l e s P a c e spanned by the one-step ahead 

e r r o r s i n p r e d i c t i n g (q^.,p t ) from t h e i r own p a s t s , i t i s necessary 

t o know the s t r u c t u r a l parameters of the model i n order t o deduce 

the former from the l a t t e r i n n o v a t i o n s . 

1 / 

•2/See Sims [ ] f o r a treatment of o r t h o g o n a l i z a t i o n 

o r d e r s . D i f f e r e n t " o r t h o g o n a l i z a t i o n o r d e r s " i n the sense o f Sims 
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amount t o d i f f e r e n t t r i a n g u l a r choices of the or thogona l m a t r i x U 

m 

t h a t appears i n footnote 2. I f U i s chosen t o be upper t r i a n g u ­

l a r , then the f i r s t component of â . corresponds t o the f i r s t 

component of the new (bas i s ) fundamental noise U T a t . On the 

other hand, i f U i s chosen t o be lower t r i a n g u l a r , the l a s t 

component of â . gets t o go f i r s t i n the Gram-Schmidt process t h a t 

i s used t o c r e a t e U a^.. 

— ^ P r a c t i c a l methods f o r s o l v i n g t h i s equat ion f o r the 

case i n which P(s) i s r a t i o n a l are d iscussed by P h i l l i p s [ ] , 

C h r i s t i a n o [ ] , and Hansen and Sargent [ ] . 

-ii/.An a l t e r n a t i v e d e r i v a t i o n o f (2.7) uses o p e r a t i o n a l 

c a l c u l u s . S e t t i n g L = , express (2.5) as â . = V ( e - ^ ) P(D) w(t ) 

= f (D) w ( t ) . Here the f u n c t i o n f ( x ) i s the i n v e r s e F o u r i e r t r a n s ­

form of F ( i w ) , which i s def ined by 

F( iw) = C ( e - i w ) - 1 P ( i w ) . 

Equation (2.7) f o l l o w s from the above equation by the c o n v o l u t i o n 

property o f F o u r i e r t r a n s f o r m s . 

• i ^ F o r example, the f u n c t i o n p(x) w i l l be continuous 

whenever P(D) i s r a t i o n a l , a common s p e c i f i c a t i o n i n a p p l i e d 

work. The f u n c t i o n s p(x) and f ( x ) are only def ined up t o an 1? 

e q u i v a l e n c e . Consequently, we can only impose c o n t i n u i t y on one 

v e r s i o n of the continuous time moving average c o e f f i c i e n t s . 
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