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The purpose of the present paper i s to o u t l i n e some procedures that 

are u s e f u l fo r s o l v i n g and es t ima t i ng c e r t a i n types o f r a t i o n a l expec ta t ions 

models. The models descr ibed below are r a t i o n a l expecta t ions models i n the 

sense tha t a l l agents ' expecta t ions o f fu tu re v a r i a b l e s are taken to be the 

c o n d i t i o n a l expecta t ions of these v a r i a b l e s on the agents ' cur rent in fo rmat ion 

s e t s . These models are a l s o h i e r a r c h i c a l i n the sense that the i n fo rma t ion 

tha t agents may use in making dec i s i ons i s not the same fo r a l l agents . 

I ns tead , the in format ion of one agent i s r e s t r i c t e d to be " s m a l l e r " than tha t 

o f the o the rs . To be more p r e c i s e , one agent (perhaps a c e n t r a l monetary 

au tho r i t y or a dominant f i rm) i s assumed t o be a S tacke lberg l e a d e r . The 

other agents are assumed to know from the outset the s t r a t e g i e s (sometimes 

c a l l e d d e c i s i o n ru l es ) of the leader f o r a l l t ime p e r i o d s . The l e a d e r , how­

eve r , does not take the s t r a t e g i e s of the other agents as g i v e n , but e x p l o i t s 

h i s knowledge of the other agents ' r e a c t i o n func t ions i n maximizing h i s own 

o b j e c t i v e . 

The p r i n c i p a l a p p l i c a t i o n of the techniques o u t l i n e d below i s i n 

s o l v i n g and es t ima t ing d i s c r e t e t ime S tacke lberg dynamic games of the l i n e a r -

quadra t i c Gaussian (LQG) v a r i e t y . These techniques are nonrecurs ive "open 

l oop " and are intended to complement r e c u r s i v e " c l osed l oop " or " feedback" 

procedures such as those descr ibed i n Kydland and Presco t t (1980) or Chow 

(1981). 

The paper i s presented i n the f o l l o w i n g o rder : Sec t ion 1 lays out a 

two-p layer LQG Stacke lberg game; Sec t i on 2 g ives some examples of o l i g o p o l y 

models that f i t i n t o the framework of Sec t i on 1; Sec t ion 3 presents the s o l u ­

t i o n procedure; extens ions and some es t ima t ion s t r a t e g i e s are d iscussed i n 

Sec t i on h. 
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1. Dynamic Game Models 

An important c l a s s of h i e r a r c h i c a l r a t i o n a l expecta t ions models are 

models desc r i b i ng S tacke lberg e q u i l i b r i a of dynamic games. In the present 

paper , I analyze a game wi th two i n f i n i t e l y l i v e d p l a y e r s , each hav ing a t ime -

i n v a r i a n t , t i m e - a d d i t i v e d iscounted quadra t i c o b j e c t i v e f u n c t i o n a l . A l l 

s t o c h a s t i c v a r i a b l e s enter i n t o the p l a y e r s ' ob j ec t i ve f u n c t i o n a l i n a l i n e a r 

f a s h i o n , and are assumed to be normal ly d i s t r i b u t e d . The two-p layer assump­

t i o n can be r e l a x e d , subject to computat ional c o n s t r a i n t s , but the other 

assumptions cannot . The purpose of the other assumptions i s to f a c i l i t a t e 

econometric a p p l i c a t i o n by a l l o w i n g l i n e a r l eas t squares p ro j ec t i ons to be 

used i n p lace of c o n d i t i o n a l means. In terms o f n o t a t i o n , l e t 

u. I t be a column vector of d e c i s i o n v a r i a b l e s of p laye r 1 (the 
S tacke lbe rg leader ) at time t ; 

u. be ana logous ly def ined fo r p laye r 2 (the f o l l o w e r ) ; 

be a column vec to r of uncon t ro l l ab l e f o r c i n g v a r i a b l e s i n f l u ­
enc ing p laye r l ' s payof f a t t ime t ; 

be analogously de f ined fo r p laye r 2 ; 

b be the d iscount f a c t o r common to both p l a y e r s , where 0 < b < 
1. 

P laye r one's ob jec t i ve i s g iven by: 

CO 

i = Ei I b t _ 1 (fituit-[A(L)uit]' !MifA(LKt' 
Xi—x 

- [ B ( L ) u 2 t J ' ± M 2 [ B ( L ) u 2 t l 

- [ A ( L ) u l t P M 3 [ B ( L ) u 2 t ] 

I t \ N l U l t - U 2 t \ N 2 U 2 t " U i t N 3 U 2t> 
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where A(L) and B(L) are matr ix polynomials i n the l a g operator L, of f i n i t e 

order and degree; M^, Mg, N-^, N2 and Ng are matr ices of the appropr ia te 

d imension, M-^, M 2 , HN, and N 2 are symmetr ic, E-̂  i s the expec ta t ions ope ra to r , 

c o n d i t i o n a l on in format ion a v a i l a b l e at t ime t = 1. P laye r two's ob j ec t i ve 

i s g iven by 

J 2 = ^ I b * " 1 { f ^ t u 2 t - [ C ( L ) u l t ] ' \ P ^ C C D u ^ ] 

- [ D ( L ) u 2 t ] 4 p 2 [ D ( L ) u 2 t ] 

- [ D ( L ) u 2 t ] ' P 3 ( C ( L ) u l t ] 

- u i t \ Q i u i t " u 2 t \ V ^ S t V i J 

where C(L) and D(L) are f i n i t e o rde r , f i n i t e degree matr ix polynomials i n the 

l a g operator L, P-^, P 2 , P^ , Q^, Qg, Q3 are matr ices of the appropr ia te dimen­

s i o n , P-p Pg , Q]_, Qg* are symmetric, and the de f i n i t eness cond i t i on 

D ( b 1 / 2 e - i u ) ) ' P 2 D ( b 1 / 2 e i a ) ) + % > 0 

i s s a t i s f i e d f o r w e [- ir, ir). An example of a s i m i l a r d e f i n i t e n e s s cond i t i on 

f o r the f i r s t p laye r i s g iven i n the Appendix. 

The u n c o n t r o l l a b l e f o r c i n g vec to r f^ = t f { t ^ 2 t ' ' * S a s s u m e ( ^ t o b e 

Gaussian and to have t i m e - i n v a r i a n t fundamental moving average rep resen ta t i on 

f t = F(L)v t + K 

where v t i s vector white n o i s e , and K i s constant . 

Each p laye r i_seeks to maximize h i s ob jec t i ve by choos ing a sequence 

o f s t r a t e g i e s {g..} ™,. Each s t ra tegy maps the p l a y e r ' s in fo rmat ion ( l ^ ) 
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i n t o a d e c i s i o n taken at t ime t , i . e . , u = g ( I . . ) . —' Because of the 
I t I 'D 1"C 

asymmetric nature of S tacke lberg e q u i l i b r i a I. * I. f o r any t ime t . For 

p laye r one (the leader) 

(1.1) = {Yj.,v. ^,...} U { i n i t i a l cond i t i ons f o r a l l s ta te va r iab les } 

wh i l e f o r p layer two (the fo l l ower ) 

(1.2) i 2 t = i l t u { g l t } t : r 

An e q u i l i b r i u m ( { g * t } » { g * t } ) occurs when {g* t} maximizes J x and {g^ } max i ­

mizes Jp, where {g-^} = {g* t} i n equat ion ( 1 . 2 ) . The s t r a t e g i e s { g l t } a re 

r e s t r i c t e d to be a f f i n e func t ions of the shocks {v }, and t o be of mean expo-

- 1 / 2 

n e n t i a l order l e s s than b . Note tha t p l aye r two 's in fo rmat ion does not 

i nc lude knowledge of p layer one's fu ture d e c i s i o n s , but ins tead knowledge o f 

p laye r one 's fu tu re s t r a t e g i e s . Note a l s o tha t the e q u i l i b r i u m s t r a t e g i e s 

must be opt imal fo r almost every sequence of r e a l i z a t i o n s o f { v } . 

The d i s t i n c t i o n between d e c i s i o n s and s t r a t e g i e s i s an important 

one: the leader i s a "dominant p l a y e r " i n t h i s game because he i s the f i r s t 

to announce a sequence o f s t r a t e g i e s . D e c i s i o n s , on the o ther hand, a re taken 

s imul taneous ly by both p layers i n every p e r i o d . 

I t i s a l s o important to note tha t the r e s t r i c t i o n to a f f i n e s t r a t e ­

g ies i s a n o n t r i v i a l one. With t h i s assumpt ion, c e r t a i n t y equiva lence can be 

exp lo i t ed i n the s o l u t i o n of the model cons idered above, even though the 

l e a d e r ' s problem i s not a c l a s s i c a l LQG problem.—' To see why t h i s r e s t r i c ­

t i o n i s important , suppose the leader were a l lowed to p lay nonaf f ine s t r a t e ­

g i e s ; then the f o l l o w e r ' s c o n d i t i o n a l d i s t r i b u t i o n on the future dec i s i ons of 

the leader would no longer be Gauss ian , r e s u l t i n g i n nonaf f ine c o n d i t i o n a l 

expecta t ions of the l e a d e r ' s fu ture d e c i s i o n s . S ince the leader must take the 
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f o l l o w e r ' s (aga in , p o s s i b l y nonaf f ine) s t r a t e g i e s i n t o account when f o rmu la t ­

i ng h i s own opt imal s t r a t e g y , c e r t a i n t y equiva lence would no longer hold fo r 

the l e a d e r ' s problem. That a f f i n e s t r a t e g i e s can be subopt imal f o r n o n c l a s s -

i c a l LQG problems, and that c e r t a i n t y equivalence can f a i l to hold i n such 

problems, has been demonstrated by Witsenhausen (l968) i n the context o f a 

two-per iod model. Hence, one would i d e a l l y a l l ow fo r nonaf f ine s t r a t e g i e s i n 

the e q u i l i b r i u m considered above. However, s ince an ex tens ion to nona f f i ne 

s t r a t e g i e s could compl icate the a n a l y s i s to the po int of i n t r a c t a b i l i t y , - ^ / 

on ly a f f i n e s t r a t e g i e s w i l l be cons ide red . 

Because the in format ion sets Ij+ conta in no s t a te v a r i a b l e s other 

than uncon t ro l l ab l e shocks , t h i s sor t of game i s descr ibed by dynamic game 

t h e o r i s t s as "open loop".—/ Games in which c o n t r o l l a b l e s ta te v a r i a b l e s 

appear i n p l a y e r s ' in format ion se ts f a l l i n t o the " c l o s e d l oop " and " feedback" 

c a t e g o r i e s . As emphasized by Kydland (1977) and o the rs , the e q u i l i b r i a of 

open loop dynamic dominant p laye r games w i l l i n genera l be d i f f e r e n t from the 

feedback or c losed loop e q u i l i b r i a . The open-loop approach taken i n t h i s 

paper i s j u s t i f i e d l a r g e l y by computat ional c o n s i d e r a t i o n s . P a r t i c u l a r l y f o r 

econometric a p p l i c a t i o n s , the nonrecurs ive procedures d iscussed below may 

o f f e r cons ide rab le gains in computat ional convenience over the r e c u r s i v e 

procedures used to ob ta in c losed loop and feedback e q u i l i b r i a . 

2 . Examples 

Th is sec t ion conta ins three examples of dynamic game models that 

f a l l i n t o the c l a s s of models d iscussed above. Each o f these models can , 

t h e r e f o r e , be solved us ing the techniques ou t l i ned in the next s e c t i o n . 

Example 1. Exhaus t ib le Resource D e p l e t i o n . 
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Hansen, Epp le , and Roberds (1984) cons ide r the case of an e x t r a c t i v e 

indus t ry c o n s i s t i n g of two producers , where the f i r s t producer i s a S t a c k e l ­

berg l eade r . Resource e x t r a c t i o n cost a t t ime t f o r producer _i_ i s given by 

6. +ti . 2 

d>.Ar.. + s . . A r . , + (—^—) A r . ^ + i r . A r . . r . . ., r i i t i t i t 2 i t 1 i t i t - 1 

where r^ t denotes the cumulated amount of the resource ex t rac ted by f i rm i as 

o f time t , <j>. , i t . , and 0. are p o s i t i v e cons tan ts , and s - + i s a random shock 
1 1 1 11> 

t o the costs of f i rm i at t ime t . The exhaust ive nature o f the resource i s 

represented by the presence of the terms 1 T j ^ r ^ r ^ 1 . r ^ n e i nve rse demand 

func t i on f o r the resource i s g iven by 

P t - d t - « ( A r u + A r 2 t ] 

where p̂ . i s the r e a l p r i ce of the resource a t time t , d .̂ i s a random shock to 

demand, and 6 i s a p o s i t i v e cons tan t . Each producer i_ i s assumed t o maximize 

t-1 e - + 7 r - ? 

The Hansen, Epp le , and Roberds model can be f i t i n to the cur rent setup v i a the 

s u b s t i t u t i o n s 

U i t = r i t ' 2 

f i t = ( l - b L ~ 1 ) ( d t - t l - . ), i = 1, 2 

A(L) = B(L) = C(L) = D(L) = ( l - L ) 

M. = Q1 + 26 

p 2 = e 2 + 26 

M 2 = N 2 = N 3 = P 1 = 0 a = Q 3 = 0 
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M 3 = P 3 = 6 

N 1 = TF 1 ( l -b) 

Q 2 = n 2 ( l - b ) 

Example 2. Adjustment Cost Model 

Kydland (1979) uses the f o l l ow ing o l i gopo l y model to i l l u s t r a t e the 

feedback s o l u t i o n i n dynamic dominant p laye r games. Suppose an i ndus t r y 

c o n s i s t s of two f i r m s , each wi th output y ^ at time t . Investment by f i rm i 

over pe r iod t , x ^ , i s taken as 

X i t = y i , t + l " ( l " 6 ) y i t 

where 6 = the deprec ia t i on ra te . The cost of investment to f i rm i at t ime t 

i s given by 

q X i t + C ( x i t - 6 y i t ) 2 

p 
where q i s the un i t cost o f c a p i t a l and the term c ( x . - 6 y ) , c > 0, r ep re -

i it 

sents the adjustment cost assoc ia ted w i th changing the f i r m ' s c a p i t a l s t o c k . 

Each f i rm _i seeks to maximize 
CO 

E i X b t _ 1 { p t y t - q x i t - c ( x i t ~ 6 y i t ) 2 J 

"C—X 

where p t i s the rea l p r i ce of the f i r m ' s output at t ime t , net of any constant 

un i t product ion c o s t . As i n the f i r s t example, p̂ . i s determined by a l i n e a r 

inverse demand func t ion 

p t = a t - a [ y 1 + y 2 t ] 
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where i s a random shock to demand and a i s a p o s i t i v e cons tan t . To map 

Kyd land 's model i n t o the present se tup , set 

U i t = y i t + l ' 1 = X ' 2 

A(L) = B(L) = C(L) = D(L) = ( l - L ) 

f i t : = b a t + l -

M l = P 2 = 2c 

M 2 = M3 = P 1 

N 3 = 
S = ba 

N l = = 2ba 

N 2 = *1 
= 0 

Example 3. A Model of Learn ing by Doing 

Dennis Epple has suggested a l i n e a r - q u a d r a t i c model of l e a r n i n g by 

do ing , i n which each of the two producers i n an indus t ry seeks to maximize 

CO 

J i = J x

 b t _ 1 f p t * l t - M l q l t ^ i * i t k i t ) 

where p t i s the r e a l p r i c e of the i n d u s t r y ' s p roduct , q i t i s the cur rent 

output of f i rm i , and k i t represents the "exper ience" of f i rm i i n produc ing 

the product . The parameters and ti\ are assumed to be p o s i t i v e . Rea l 

p r i c e i s g iven by the demand equat ion 

P t = d t " 6 [ q l t + q 2 t : 
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where d t i s a random shock to demand and 6 i s a p o s i t i v e cons tan t . E x p e r i ­

ence, k^^., evolves accord ing to the law of motion 

k. = y k . . , + q . . i t i t - 1 ^ i t 

where y i s a constant g rea te r than z e r o , and the cond i t i on (u^+6) ( l - Y b - ^ / ^ ) > 

ttj i s s a t i s f i e d . 

In t h i s model, the cos t - r educ ing e f f ec t s of l ea rn i ng are represented 

by the term u .q . k. , i . e . , one-per iod marginal cos ts are l i n e a r l y dec reas ing 
X X X X X/ 

-t 12 

i n exper ience. Exper ience must grow at a rate l ess than b ' , however, i n 

order that one-per iod cos ts cannot be d r i ven to negat ive i n f i n i t y by the 

l e a r n i n g e f f e c t . 

The l ea rn i ng model i s mapped in to the present setup by the s u b s t i t u ­

t i o n s 

U i t = k i t ' i = 1 ' 2 

f i t = ( 1 - Y W i ~ 1 ) d t , i = 1, 2 

A(L) = B(L) = C(L) = D(L) = ( l - y l i ) 

M 1 = 2 u 1 + 25 + •f1T<1 

P 2 = 2 p 2 + 26 + y \ 2 

M 2 = N 2 = P 1 = Q 1 = Q 3 = 0 

M 3 = P 3 = 6 

N l = ^ 1 ^ 1 - b T ^ 

N 2 = n 2 ( Y

 1 - b Y ) 
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3. The So lu t i on Procedure 

By " s o l v i n g " the c l a s s of models descr ibed in Sec t ion 1, I mean to 

de r i ve a method of mapping the parameters of the two p l a y e r s ' o b j e c t i v e f u n c ­

t i o n a l i n t o the parameters o f the e q u i l i b r i u m law of motion i n the v a r i a b l e s 

U-J^J. and ^2t' E x p l i c i t formulas f o r {g* t} and {g^ } a r e n o t d e r i v e d . The 

s o l u t i o n procedure makes heavy use of techniques developed by Hansen and 

Sargent i n (1981). E s p e c i a l l y u s e f u l are the f o l l o w i n g d i f f e r e n t i a t i o n r u l e s : 

l e t {x } and {y } be vec to r sequences such tha t 

S = I b t _ 1 [a(L)y ] ' B l c ( L ) x . ] 
1 t= l t t 

and 

00 

S . = I b t _ 1 [ d (L )y . ] • \ F [d(L)y ] 
d t= l X X 

are bounded, where 0 < b < 1, a ( L ) , c ( L ) , and d(L) are f i n i t e order matr ix 

polynomials i n the l ag opera to r , and B and F are app rop r i a t e l y dimensioned 

ma t r i ces . Then 

(Dl ) W 1 / 8 8 r t = b t _ 1 a ( b L _ 1 ) ' B c ( L ) x t 

(D2) 8 s

2

/ 8 y t = b t _ 1 d ( b L _ 1 ) ' F d ( L ) y t 

The c e r t a i n t y equiva lence p rope r t i es of LQG op t im i za t i on are a l s o e x p l o i t e d , 

i n that the model i s f i r s t so lved f o r c o n d i t i o n a l means. Terms i n v o l v i n g 

expecta t ions are then evaluated u s i n g the standard Wiener-Kolmogorov p r e d i c ­

t i o n formulas. 

To i n i t i a t e the s o l u t i o n procedure suppose that p laye r two knows the 

sequence of e q u i l i b r i u m s t r a t e g i e s {g*^.} of p laye r one. Since p l aye r two 

knows { g * t } » and a t every t ime t , Ig. D I l t , p l aye r one 's d e c i s i o n 

u i t

 = g ? + + ) w i H be known to p laye r two as o f t ime t . The necessary 
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f i r s t - o r d e r cond i t i ons f o r p laye r two w i l l thus be the f o l l o w i n g e x p e c t a t i o n a l 

E u l e r equations:—^ 

(3.1) [ D ( b L - 1 ) ' P ? D(L) + Q 2 ] E t u * t = 

- [Q 3 +D(bL - 1 ) ' P 3 C(L) ] E t u » t + f 2 t t = 1, 2 , . . . 

where again Ej. represents the c o n d i t i o n a l expecta t ions opera tor . The opera­

to rs L and L-"'" are def ined as fo l l ows fo r the sequence of c o n d i t i o n a l means 

E ^ u - ^ : L E ^ u ^ = E - t - l u l t - l ' and IT E+U] + = E^u- j^ .^ , i . e . , negat ive powers of L 

do not operate on agents in fo rmat ion se ts .—/ Now, the c h a r a c t e r i s t i c p o l y ­

nomial of equation (3.1) has f a c t o r i z a t i 

D t b z " 1 ) ' P 2 D(z) + 0 2 = G ( b z ~ 1 ) ' G(z) 

where G(z) has only nonnegative powers of z , the roots of det G(z) exceed 

—1/2 —1 b i n modulus, and the moduli o f the roots of det G(bz ) are l e s s than 

- 1 / 2 
b . The homogeneous s o l u t i o n to equat ion (3.1) may thus be w r i t t e n 

i 

where the r^ are the roots of det G ( z ) , and the vectors {h^} and {k^} are of 

the same dimension as u . Since the {u* } are r e s t r i c t e d to be " s t a b l e " , 

- 1 / 2 

i . e . , of mean exponent ia l order l e s s than b , the c o e f f i c i e n t s of the 

unstab le po r t i on of the homogeneous s o l u t i o n , the k ^ ' s , must be equal t o 

ze ro . Eu le r equations (3.1) may thus be solved forward t o y i e l d 

(3.2) G ( L ) u | t = G ( b L " 1 ) * ~ 1 { - [Q 3 +D(bL" 1 ) ' P ^ D l ^ u i t + W * 

Equation (3.2) i s a " c l osed l oop " represen ta t ion of the sequence of op t ima l 

dec i s i ons { u*t^' i * e * ' current op t ima l dec i s i on fo r p laye r two, ujj. , i s 

expressed as a func t ion of lagged va lues o f i t s e l f , and cur rent and lagged 
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values of u*^ and (a f te r making the appropr ia te s u b s t i t u t i o n f o r terms 

i n v o l v i n g expecta t ions of fu ture v a r i a b l e s ) . Us ing t h i s r ep resen ta t i on , one 

could go one step f u r t h e r and de r i ve the sequence o f opt imal open-loop s t r a t e ­

g ies {g^} *>y opera t ing on (3.2) w i th g (L )~^ . However, f o r the present pur ­

pose of d e r i v i n g the e q u i l i b r i u m law of motion f o r u ^ and u?^_, t h i s e x t r a 

s tep i s not necessary.-^/ 

The next step in s o l v i n g the model i s to formulate the l e a d e r ' s 

problem as a cons t ra ined maximizat ion problem: 

max J " 2 

U l t } { g 2 t } 

s . t . u l t = S ^ ^ 1 ^ ) . u

2 t

 = g 2 t ^ I 2 t ^ a n d e 1 u a t i o n ( 3 .2 ) . 

To so l ve the l e a d e r ' s problem, form the Lagrangian express ion 

Li"Ei X b t _ 1 lflt"it-|A(LNt|,!MiWLSti 
X>~ J -

- [ B ( L ) u 2 t ] ' \ M 2 ( B ( L ) u 2 t ] 

- [ A ( L ) u l t l * M 3 [ B ( L ) u 2 t ) 

" U i t I N l U l t " U 2 t \ N 2 U 2 t - U i t N 3 U 2 t ^ 
CO 

+ E X I b t _ 1 {\<t [ G ( b L " 1 ) ' - 1 f 2 t - G ( L ) u 2 t 

t 1 

- G ( b L " 1 ) ' ~ 1 [ Q 3 + D ( b L " 1 ) ' P 3 C ( L ) ] E t u l t ] } 

where A i s a vec to r of Lagrange m u l t i p l i e r s . Necessary f i r s t - o r d e r c o n d i -

t i o n s f o r the l e a d e r ' s maximizat ion problem are 
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(3.3) [ A ( b L " 1 ) * M 1 A ( L ) + N 1 ] E t u * t 

+ [ A ( b L _ 1 ) ' M 3 B ( L ) + N 3 ] E t u * t 

+ [Q^+C(bL 1 ) ' P ^ D ( L ) ] G ( L ) - 1 E t X * = f 

(3.k) [N3+B(bL 1 ) ' M 3 ' A ( L ) ] E t u * t + [B(bL ^ ' M ^ L ^ l E ^ 

+ G ( b L _ 1 ) ' E X* = 0 

(3.5) G(bL 1)' 1 [ Q 0 + D ( b L " 1 ) ' P 0 C ( L ) ] E J . u * + G ( L ) E X U » = G ( b L " 1 ) * " 1 f 
t I t J t " 2 t 2t 

t = 1, 2 , 3, . . . 

Now s u b s t i t u t e X^ = G(L) "*"X*, operate on (3.5) w i th G(bL~"'") ' , and stack the 

above equations to ob ta in the system 

(3.6) H ( L > E

t

u * = \ 

where 

u * = f u * ' u * ' x ° ' 1 ' 
t 1 I t 2 t t 1 ' 

H(L) = 

N x + A ( b L - 1 ) 'MjAd.) N 3 + A(bL ±),M^,{l) Q' + C(bL - J " ) *P^D(L) 

N^ + B ( b L - 1 ) ' M ^ A ( L ) N 2 + B ( b L " 1 ) , M 2 B ( L ) Q? + D ( b L - 1 ) ^ ( L ) 

~ 1 \ tp ' i 

[ Q 3 + D(bL 1 ) ' P 3 C ( L ) ^ + D ( b L _ i ) ' P 2 D ( L ) -1 . 

and 

A l t e r n a t i v e l y , equations (3.6) may be der ived by t a k i n g the c o n s t r a i n t i n the 

l e a d e r ' s op t im iza t i on problem t o be the f o l l o w e r ' s Eu le r equat ions. -^ / I t i s 

convenient to rewr i te H(L) i n p a r t i t i o n e d form as 
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H L = 

H 1 1 ( L ) H 1 2 ( L ) H 1 3 ( L ) 

H 1 2 ( L ) ' H 2 2 ( L ) H 2 3 ( L ) 

H 1 3 ( L ) ' H 2 3 ( L ) 0 

Us ing equat ion (3.1+), the Lagrange m u l t i p l i e r vec tor E X may be e l im ina ted 

from the system ( 3 . 6 ) , y i e l d i n g ! ^ / 

( 3 . 7 : 

H 1 1 ( L ) - H 1 3 ( L ) H 2 3 ( L ) " 1 H 1 2 ( L ) ' H 1 2 ( L ) - H 1 3 ( L ) H 2 3 (L) " ^ ( D 

H 1 3 ( D - H 2 3 ( L ) 

E t U ! t 

E t U 2 t 

I t 

2t 

I t i s o f i n t e r e s t to compare the equations (3.7) w i th the Eu le r 

equat ions that would be obta ined i n an open loop Nash game. For the Nash 

game, one obta ins by s tack ing the f i r s t - o r d e r cond i t i ons f o r the f i r s t and 

second p layers 

(3.8) 
H n ( L ) 

H 1 3 ( L ) ' 

H 1 2 ( L ) 

H 2 3 ( L ) 

E u* f . 
t I t I t 

E u* 
t 2t 

f 2 t 

By comparing (3.8) and ( 3 . 7 ) , i t i s c l e a r tha t the Eu le r equat ions of the 

dominant p layer and Nash games d i f f e r only i n the l e a d e r ' s equa t ion ; the 

f o l l o w e r ' s equation i s the same fo r both games. A lso note t h a t , s i nce the 

po lynomia ls H

i j ( L ) a r e of f i n i t e o rder , the l e a d e r ' s Eu le r equat ion w i l l be of 

f i n i t e order i n the Nash game, but i n genera l of i n f i n i t e order i n the 

S tacke lberg game. 

For reasons o f b r e v i t y , genera l s u f f i c i e n c y cond i t i ons fo r the 

l e a d e r ' s problem are not given he re . Rather , an example of how s u f f i c i e n c y 

cond i t i ons can be obtained i s g iven i n the Appendix, f o r the t h i r d example of 

Sec t ion 2. 
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The l a s t s tep i n the s o l u t i o n procedure i s t o use equat ions (3.6) t o 

/ec to r ARMA or MA represents 

t i o n f o r z t , f i r s t f a c t o r H(L) a s i ! / 

ob ta in a vector ARMA or MA rep resen ta t ion f o r u * . To ob ta in an MA rep resen ta -

H(L) = K ( b L - 1 ) K ( L ) 

where K(L ) invo lves only p o s i t i v e powers of L, and the roots of det K ( s ) are 

l l - 1 / 2 

outs ide the c i r c l e s = b . One a lgo r i t hm fo r o b t a i n i n g t h i s f a c t o r i z a ­

t i o n numer ica l l y i s suggested by Wh i t t l e (1983). An a l t e r n a t i v e m e t h o d i c f o r 

o b t a i n i n g the necessary f a c t o r i z a t i o n would be t o i n t e r p r e t equat ions (3.6) as 

the f i r s t - o r d e r cond i t i ons f o r an unconst ra ined LQG problem, then to so lve the 

matr ix a l g e b r a i c R i c c a t i equat ion f o r t ha t problem. 

Assuming the roots of det K (s ) t o be d i s t i n c t , w r i te K(bL -" '") ^ i n 

matr ix p a r t i a l f r a c t i o n s form as 

J J 

where the Nj are matr ices of the appropr ia te d imension, and the S j a re the 

roo ts of det K(bs "*"). Requ i r i ng the homogeneous s o l u t i o n of (3.6) to be equal 

t o z e r o , one obta ins by a s l i g h t mod i f i ca t i on of a r e s u l t by Whiteman 

(1983) -^ / the unique e q u i l i b r i u m moving average rep resen ta t i on f o r u * : 

CO 

(3.9) u* = I C . v * . = C(L )v * 
j=0 J J 

where 

v* i s the innovat ion i n [f-^. 0 ^2t ^ 

C(L) = K ( L ) ~ I j - * - [ L n F ( L ) - s " P ( s , ) l 
J L ~ S J I J 

where n i s the h ighest order of the polynomials A ( L ) , B ( L ) , C ( L ) , and D(L ) . 

Again the summation i s over the roots of det K(bs~"^). 
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A d i f f i c u l t y w i th the above s o l u t i o n i s tha t wh i l e the sequence 

{ t r [ b J C C!]} " i s guaranteed to be summable, the sequence { t r [C.C ' ] } i s 

no t , i . e . , u* may not be s t a t i o n a r y . In the case tha t det K(s) has no roo ts 

f o r | s | < 1,however, the l a t t e r sequence w i l l be summable and the s o l u t i o n 

u* w i l l be s t a t i o n a r y . Th is w i l l i n f a c t be the case f o r the examples of 

Sec t i on 2 . 

An ARMA represen ta t ion f o r u* can be obtained by opera t ing on both 

s ides o f (3.9) wi th KJJ K(L) t o ob ta i n 

(3.10) K - X K ( L ) u£ = K " 1 I [ L n F ( L ) - S j

n F ( S j ) ] v * 
j J 

where Kq i s the constant term of K ( L ) . A researcher might p re fe r to work wi th 

the ARMA represen ta t ion i n a models such as Example 1 and where i t i s impor­

tant to a l low fo r nonzero s t ab l e homogeneous so lu t i ons to the f i r s t order 

cond i t i ons ( 3 .6 ) . 

The ARMA represen ta t ion (3.10) i s a l s o i n t e r e s t i n g i n that i t r e ­

vea ls the t ime i n c o n s i s t e n t nature of the open-loop e q u i l i b r i u m . To see t h i s , 

f i r s t note that the co r rec t i n i t i a l cond i t i ons f o r the vector of Lagrange 

m u l t i p l i e r s X^ are X^ = 0 f o r t < 0. As the game evolves accord ing t o equa-

t i o n (3 .10 ) , however, X ^ , X ^ , w i l l i n genera l be nonzero. Now cons ide r a 

dynamic subgame s t a r t i n g i n pe r iod x > 1. For such a subgame, the co r rec t 

i n i t i a l cond i t i ons f o r X^ a re X^ = 0 f o r t < T , imp ly ing tha t x!?, X^ n 

must be z e r o . Hence, the e q u i l i b r i u m f o r the subgame w i l l be d i f f e r e n t from 

the o r i g i n a l e q u i l i b r i u m , and the op t ima l s t ra tegy f o r the leader w i l l not be 

t ime cons i s ten t . - ^ - / 
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h. Extensions and E m p i r i c a l A p p l i c a t i o n s 

There are two immediate extens ions to the model presented i n Sec ­

t i o n s 2 and 3. 

F i r s t , the model can be extended to a setup where there i s more than 

one f o l l o w e r . Computat ional cons ide ra t i ons w i l l be a l i m i t i n g f a c t o r f o r t h i s 

ex tens ion , as each a d d i t i o n a l f o l l o w e r w i l l cause the dimension of the H(L) 

matr ix to be augmented by 2k, where k i s the dimension of the f o l l o w e r ' s 

vec to r of con t ro l v a r i a b l e s . An a l t e r n a t i v e technique fo r i n t roduc ing more 

p layers in to the model would be to t r e a t the f o l l o w e r as a r e p r e s e n t a t i v e 

p l aye r whose ob jec t i ve func t i on represents the aggregat ion of the ob jec t i ves 

of a number of compet i t i ve agents . 

The second extens ion r e s u l t s from the fac t i t i s not r e a l l y neces­

sary to spec i f y the f o l l o w e r ' s o b j e c t i v e func t i on i n order t o so l ve f o r the MA 

o r ARMA represen ta t ion of u * . I f the researcher i s not i n t e res ted i n the 

parameters of the f o l l o w e r ' s o b j e c t i v e f u n c t i o n , then he need only p o s i t a set 

o f Eu le r equat ions such as (3.1) t o ob ta in the s o l u t i o n t o the model Th is 

might be the case i n a macroeconomic a p p l i c a t i o n , where the researcher was 

p r i m a r i l y i n t e res ted i n es t ima t i ng the parameters of the o b j e c t i v e func t i on o f 

a governmental agency. 

In the case that the s o l u t i o n f o r u* i s s t a t i o n a r y , two q u a s i -

maximum l i k e l i h o o d es t ima t ion procedures may be used to es t imate the model . 

These procedures are d iscussed i n some d e t a i l in Hansen and Sargent (1980); a 

b r i e f o u t l i n e o f t h e i r a p p l i c a t i o n to the present model i s g iven below. 

To apply these procedures, f i r s t p a r t i t i o n f t i n t o observable and 

unobservable components, i . e . , f. = [ f ^ f " ] ' . The MA rep resen ta t i on f o r f. 
t t t « 

must have form 



- 18 -
n 

f, t 
„n 
fy t 

F° (L ) 

F n ( L : 

0 
V t 

n 
v t 

where v^ and v n a re uncor re la ted a t a l l leads and l a g s . Denot ing by nv^ the 

l i n e a r l e a s t squares p r o j e c t i o n of on v ^ , the model to be est imated i s 

I t 

2t u 
= UC(L) (v* -uv^ ) 

+ UC(L)irv 

together wi th any a u x i l i a r y equations ( e . g . , demand equat ions) of the model, 

where the matr ix U = [ l : 0 ] . De f i n i ng a+ = v * - ttv^, £ = E(a a ' ) , and 
X X 9. X X 

y = E ( v V ? ' ) , the t h e o r e t i c a l s p e c t r a l dens i t y matr ix of the process 
V X X 

[ u j t u 2 t f j » ] ' i s given by S(u>) = 

UC(e- 1 C°) UC(e- 1 W )Tr 

0 F ° ( e - i ( ° ) 

I 0 '•a 

v 

C ( e i l ° ) ' U ' F ° ( e i u ) ' 

0 T r 1 C ( e l a ) ) ' U ' 

The f i r s t es t imat ion procedure i s to maximize a s p e c t r a l approxima­

t e 

.0,11 

t i o n of the l o g l i k e l i h o o d f u n c t i o n . Let l(o).) be the periodogram o f 
J 

' U l t U 2 t f t ' ' ' ' w h e r e = 2irj/T f o r j = 0 , T - 1 and T i s the sample 

s i z e . The s p e c t r a l approximat ion of the l o g l i k e l i h o o d of the sample i s g iven 

hy 

1 1 T _ 1 

Lyp = constant - \ l o g [det S(a>,)] 
j=0 

T - l 
- \ I t r [ S ( a ) J - 1 l ( u , J ] . 

j=0 J ' 

The above procedure may appear more compl icated than i t a c t u a l l y 

i s . To c a l c u l a t e the value of L^ f o r a g iven set of model parameter v a l u e s , 

one f i r s t needs the periodgram of the observable s e r i e s u l t , u 2 t , and f ° . One 
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would then ob ta in the moving average polynomial C(L) by a p p l i c a t i o n of a 

s p e c t r a l f a c t o r i z a t i o n a lgo r i t hm t o H(L ) . Having obtained C ( L ) , one can then 

cons t ruc t S ( i O j ) at the harmonic f requenc ies co^. Having obta ined S (w j ) , L^ can 

then be obta ined by s t ra igh t f o rwa rd matr ix man ipu la t ions . An i n t e r e s t i n g 

aspect of t h i s es t imat ion procedure i s that one need not cons t ruc t the unob-

servab le Lagrange m u l t i p l i e r s e r i e s f o r purposes of e s t i m a t i o n . 

The second es t imat ion procedure i s to maximize a t ime domain approx­

imat ion to the l o g l i k e l i h o o d f u n c t i o n , i . e . , the l o g l i k e l i h o o d cond i t i oned 

on some i n i t i a l obse rva t i ons . Th i s procedure makes use of the ARMA represen­

t a t i o n f o r u * : 

Kollc(L)ut = *o \ 1S7 [^(D-SjVsjJlv* 

which can be rewr i t t en i n i n v e r t i b l e form as - 1 ^ / 

K~ 1 K(L )u* = M(L)w t 

where w. i s whi te noise and M(L) i s i n v e r t i b l e . I t i s a l s o assumed that f? 
« t 

has i n v e r t i b l e ARMA rep resen ta t ion 

N(L) f ° = P ( L ) x t 

where x̂ . i s white noise and P(L) i s i n v e r t i b l e . Let <$>x^ be the p r o j e c t i o n of 

w t on x^ . The time domain approximat ion of the l o g l i k e l i h o o d func t i on i s 

g iven by 

2 T T L T = constant - l o g [det V .J - — l o g [det Y^] 

T 
where V, = 

\ • ? A x t x t 
t= l 

x + = [N(L) f ° - L ( P ( L ) / L ) x J 
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T 
I 

t= l 

T 
V 2 =k I U ( w t - * x t ) ( ; t - * x t ) ' U ' 

w t = [KQ 1 K(L )u * -L (M(L ) / L ) + w t ] 

and the no ta t ion ( ) + means to ignore negat ive powers of L. The t ime domain 

approximat ion assumes that s u f f i c i e n t i n i t i a l cond i t i ons e x i s t f o r f^, u l t , 

and Up-j. so tha t x^ and w^ and are w e l l - d e f i n e d . Presample va lues f o r 

x^ and Wj. are taken to be zero . I n i t i a l va lues f o r the Lagrange m u l t i p l i e r 

X w i l l a l s o be equal to ze ro . 
Xj 

A g a i n , the t ime domain approximat ion procedure may appear ra ther 

compl icated at f i r s t g l ance . A v e r b a l d e s c r i p t i o n of the precedure i s as 

f o l l o w s . Given a set of model parameters, f a c t o r H(L) t o ob ta in an ARMA 

represen ta t ion f o r u * . A lso ob ta in an ARMA rep resen ta t ion f o r f^. Sequen-
T t 0 t i a l l y cons t ruc t the est imated innovat ions i n f , i . e . , the x ' s . One would x> % 

then s e q u e n t i a l l y cons t ruc t the est imated innovat ions i n u * , i . e . , t h e w ' s . 

This l a s t s tep n e c e s s a r i l y i nvo lves cons t ruc t i on of an est imated s e r i e s o f 

Lagrange m u l t i p l i e r s . Th is can be done because at any t ime t > 0, i s an 

a f f i n e func t i on of cur rent and past obse rvab les , whose va lues a re known, and 

t h e i r i nnova t i ons , which can be approximated by s e t t i n g presample innovat ions 

t o z e r o . 

An inconvenient fea tu re of the t ime domain approximat ion i s tha t a 

new Lagrange m u l t i p l i e r s e r i e s must be cons t ruc ted f o r each f u n c t i o n e v a l u a ­

t i o n . Because t h i s added step w i l l not be necessary in e v a l u a t i n g the spec­

t r a l approximat ion of the l o g l i k e l i h o o d f u n c t i o n , the frequency domain p r o ­

cedure may o f f e r computat ional advantages over the t ime domain procedure . 
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5. Conc lus ion 

By us ing a Lagrangian to so lve the l e a d e r ' s maximizat ion problem, 

the methods of Hansen and Sargent ( l 9 8 l ) and Whiteman (1983) f o r s o l v i n g 

l i n e a r r a t i o n a l expecta t ions models can be extended to a c l a s s o f h i e r a r c h i c a l 

models. Although i t w i l l not gene ra l l y be p o s s i b l e t o ob ta in a n a l y t i c s o l u ­

t i o n s fo r these models, numerical so l u t i ons can be obtained us ing the a l g o ­

r i thm suggested above. There w i l l be some e x t r a computat ional burden f o r 

h i e r a r c h i c a l models because Lagrange m u l t i p l i e r s must be added to the vec to r 

of dec i s i on v a r i a b l e s , but the same computat ional techniques may be used as 

w i t h nonh ie ra r ch i ca l models. 
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Footnotes 

—^The term " i n f o rma t i on " i s used here i n the game t h e o r e t i c sense, 

i . e . , a p l a y e r ' s in fo rmat ion as of t ime t i s the domain of h i s s t ra tegy f u n c ­

t i o n as of time t . 

2 / 

—'The a p p l i c a b i l i t y of the c e r t a i n t y equ iva lence p r i n c i p l e i n such 

cases fo l l ows from the r e s u l t I V . c . , p. 156 l o f Witsenhausen (1971). 

—Arhe s k e p t i c a l reader i s r e fe r red to Witsenhausen (1968). 

— The term "open l o o p " i s u s u a l l y app l i ed t o games under c e r t a i n t y , 

i . e . , the case f o r which v^ = 0 f o r a l l t i n the game descr ibed above. The 

d e f i n i t i o n of open-loop e q u i l i b r i u m fo r the s t o c h a s t i c case corresponds t o 

t ha t of Kydland (1977), except f o r the r e s t r i c t i o n that s t r a t e g i e s be 

a f f i n e . The reader i s r e fe r red t o Kyd land 's a r t i c l e f o r a comparison o f open 

l oop , feedback, and c losed loop dominant p laye r dynamic games. 

—^The term " e x p e c t a t i o n a l Eu le r equat ion" was coined by Whiteman 

(1983). 

—^Readers of Sargen t ' s textbook (1980), should note that Sa rgen t ' s 

operator " B " i s i d e n t i c a l t o " L " as de f ined above. 

•I/This fo l l ows from wel l-known r e s u l t s f o r s p e c t r a l dens i t y ma­

t r i c e s . See Hansen and Sargent (1981) f o r a d i scuss ion of such f a c t o r i z a ­

t i o n s . 

—^This fo l l ows from the fac t that adding cur rent and lagged s ta te 

v a r i a b l e s t o the f o l l o w e r ' s in fo rmat ion set w i l l not change the l e a d e r ' s 

op t ima l s t r a tegy . In the words o f Basar and Olsder (1982) (Remark 1, page 

309) : 

" I f the f o l l ower has , ins tead [of open-loop i n f o r m a t i o n ] , 

access t o c l osed loop pe r fec t s t a te i n f o rma t i on , h i s 

op t ima l response w i l l be any c losed loop represen ta t ion 
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of the open- loop p o l i c y [ {gg^ j l ; hovever , s i n c e the 

c o n s t r a i n t s [placed on the l e a d e r , i n maximizing h i s 

ob jec t i ve ] are b a s i c a l l y open-loop r e l a t i o n s , these 

d i f f e r e n t represen ta t ions do not lead to d i f f e r e n t o p t i ­

m iza t ion problems f o r the l e a d e r . " 

-2/The reader i s i n v i t e d t o v e r i f y t h i s statement by t a k i n g equat ions 

(3.1) as the l e a d e r ' s c o n s t r a i n t , then app ly ing d i f f e r e n t a t i o n ru les Dl and 

D2. 

- i ^ / s i n c e the f i r s t - o r d e r cond i t i ons f o r the l e a d e r ' s problem only 

ho ld f o r p o s i t i v e t , some care must be exe rc i sed i n i n t e r p r e t i n g the term 

E^(L) ^ , which invo lves p o s i t i v e powers o f L. In order f o r these inverses to 

be w e l l - d e f i n e d , I adopt the convent ion that both p l a y e r s ' o b j e c t i v e func t ions 

have been normal ized so tha t a l l v a r i a b l e s take on a value o f zero f o r nonpos-

i t i v e t ime. 

- i i -^Again see Hansen and Sargent ( l 98 l ) f o r a d i scuss ion of such 

f a c t o r i z a t i o n s . 

12 / 

'Danny Quah suggested t h i s method. 

i l / l . e . , the c o r o l l a r y t o Theorem 1, Chapter k of Whiteman (1983). 

The necessary mod i f i ca t i on i s to r e s t r i c t the region of ex is tence fo r K(s) - ^" 

t o be {s | | s |<b^^ } ins tead of the open un i t d i s k . The r e s u l t of t h i s 
mod i f i ca t i on i s that the {C.} are not n e c e s s a r i l y square summable un less they 

a re " d e f l a t e d " by {b'^}, as exp la ined above. The reader i s caut ioned that 

Theorem 1, which determines whether a unique s o l u t i o n to a given model e x i s t s , 

i s f a l s e . However, the c o r o l l a r y , which g ives the form of the unique s o l u t i o n 

when i t does e x i s t , remains t r ue . 

-i^-Arhis point has been noted by a number of au thors , perhaps most 

f o r c e f u l l y by Kydland and Presco t t (1977). The reader should note tha t the 

term " o p t i m a l " i n the sentence "op t ima l s t r a t e g i e s are t ime i n c o n s i s t e n t " only 
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means "op t ima l f o r the dynamic game under c o n s i d e r a t i o n " and not ( in genera l ) 

" g l o b a l l y opt imal f o r the l e a d e r . " 

-i^-^In t h i s type of a n a l y s i s there would t e c h n i c a l l y be no need fo r 

the LHS of Eu le r equat ions (3.1) to be symmetric i n z and bz - " 1 " . P rov ing 

s u f f i c i e n c y fo r the dominant p l a y e r ' s problem and ex is tence of the necessary 

f a c t o r i z a t i o n s would be more d i f f i c u l t than under the symmetry assumpt ion. 

-i^-/Hansen and Sargent (198O) descr ibe procedures f o r ob ta in i ng such 

rep resen ta t i ons . As long as the MA component o f the rep resen ta t i on f o r u* has 

no roots on the un i t c i r c l e , such represen ta t ions can be obta ined i n a 

s t ra igh t f o rwa rd f ash ion . 
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Appendix 

S u f f i c i e n c y Cond i t ions f o r the Learn ing by Doing Example 

In t h i s Appendix, I i n v e s t i g a t e s u f f i c i e n c y cond i t i ons f o r a c e r ­

t a i n t y ve rs ion of Example 3 of Sec t i on 2. F i r s t , i t i s convenient t o r e w r i t e 

producer i ' s o b j e c t i v e as 

AO 

t -1 J i = I V " X { [ d t - 6 ( l - Y L ) ( k l t + k 2 t ) ] ( l - Y L ) k . 1 

t= l 

- u . K i - Y D k . j V k . ^ d - Y D k ^ ] } . 

Us ing the d i f f e r e n t a t i o n ru les given above, i t can e a s i l y be shown tha t fo r 

t h i s example, the l e a d e r ' s (producer l ' s ) f i r s t - o r d e r cond i t i ons are 

2a(L) + 3 1 (L ] 

a(L) 

a(L) 

( l - Y b L " l ) d 1 

0 

( l - Y b L _ 1 ) d 

a(L) 

0 

2a(L) + 3 2 (L ) 

a L 

t -

•1 

k l t 
k 2 t 

L x ° J 

where 

a(L) = 6 (1 - Y L ) ( 1 - Y b L - 1 ) 

3 i ( L ) = 2 U i ( l - Y L ) ( 1 - Y b L - 1 ) - TT . ( 2 - Y L - Y b L - 1 ) . 

The l e a d e r ' s f i r s t - o r d e r cond i t i ons correspond to equat ions (3.6) above. 

The d i scuss ion of s u f f i c i e n c y cond i t i ons below w i l l f o l l o w that 

g iven i n Te l se r and Graves (1971), pp. 58 -81 . In t h e i r n o t a t i o n , we have 



A2 

*t = [ k l t k 2 t ] ' ' 

m = 1 ; n = 2 ; 6 = b ; 

B ( 6 l / 2 e i e ) + B ' ( « 1 / V 1 < 

a(b e ; 

A ( b 1 / 2 e i 6 ) = 

a ( b 1 / 2 e i 6 ) 

2 c t ( b 1 / 2 e i 9 ) + 3 1 ( b 1 / 2 e i e ) 

r , , 1 / 2 i 9 , - [a(b e J 2 a ( b 1 / 2 e i 9 ) + B 2 ( b 1 / 2 e i e ) ] ; 

B 0 + B 0 = 

0 

6(l+bY £ 

6(l+by ) 

2 (6+y 1 ) ( l+bY 2 ) -T f 1 (2 - ( l+bY ) 

A 0 = 

- [6( l+bY 2 ) 2(6+y ) ( l+bY 2 ) -Tr (2-( l+bY)] . 

Te lse r and Graves have der ived second-order cond i t i ons s u f f i c i e n t 

f o r a const ra ined maximum. These a r e , f o r the case under c o n s i d e r a t i o n : 

(1) 

(2) 

The determinant of the matr ix HQ = 

A 0 V B 0 

must be p o s i t i v e . (See Theorem 6 . 1 , page 7 9 ) ; 

(a) B ( 6 1 / 2 S ) + B' (6"'"/ 2S) must be nons ingu la r f o r a l l complex S on the 
u n i t c i r c l e ; 

(b) A ( 6 1 / 2 S ) must have rank one on the un i t c i r c l e ; 



A 3 

(c) The determinant o f the bordered Hermit ian matr ix H(s) = 

A ( 6 1 / 2 S ) 

A ' ( 6 1 / 2 S ) 3 ( 6 1 / 2 S ) + B ' ( 6 1 / 2 S ) 

i s p o s i t i v e on the un i t c i r c l e . (See Theorem 5*3 on page 76; note 

tha t Te lser and Graves mistakenly g ive s u f f i c i e n t cond i t i ons f o r a 

cons t ra ined minimum.) 

A f t e r some a l g e b r a , c o n d i t i o n ( l ) reduces t o 

2 ( 6 + y 1 ) / T r 1 > ( l - b Y 2 ) / ( l + b Y 2 ) 

which must always be s a t i s f i e d i f 

6 + > T T 1 / 2 . 

Turn ing to cond i t i on (2a) , note tha t det ( B ( S 1 / 2 e i 6 ) + B ' ( 6 1 / 2 e " i 9 ) ) = 

(a(b"*"/ 2e^ 9) ) 2 . I t i s r e l a t i v e l y easy t o show t h a t a ( b 1 / 2 S ) i s r e a l and p o s ­

i t i v e on the un i t c i r c l e , hence (2a) i s s a t i s f i e d . S i m i l a r l y , A ( 6 ^ 2 S ) can 

never van ish f o r S on the un i t c i r c l e , hence (2b) i s s a t i s f i e d . 

To i n v e s t i g a t e cond i t i on ( 2c ) , f i r s t note tha t 

det H(S) = | a ( b 1 / 2 S ) | 2 ( 2 a ( b 1 / 2 S ) + 3 - ( b 1 / 2 S ) ) 

which imp l i es t ha t 

sgn (detH(S)) = sgn ( 2 a ( b 1 / 2 S ) + 3 1 ( b 1 / 2 ) ) . 

Now, f o r S = e 1 9 , 2 a ( b 1 / 2 S ) + ^ ( b ^ S ) = 2 ( ^+6 ) ( l + b y ^ b 1 7 ^ cos 0) 

- T r 1 ( l - 2 b 1 / 2 Y cos 9 ) , 

l / 2 < 2 o v l / 2 . 

which has minimum at 6 = 0 or S = 1, assuming u-̂  + 6 > H]_/2. NOW, 



Alt 

2 a ( b 1 / 2 S ) + e i ( D 1 / 2 S ) | s = 1 = 

2 ( , i 1 + 6 ) ( l - b 1 / 2 Y ) 2 - 2 T r 1 ( l - b 1 / 2

Y ) 

which i s p o s i t i v e so long as 

(*) ( y 1 + 6 ) ( l - b 1 / 2

Y ) > i r 1 . 

Hence, (2c) w i l l be s a t i s f i e d when c o n d i t i o n (*) i s met. S ince the prev ious 

c o n d i t i o n u-̂  + 6 > TT-^/2 i s imp l ied by ( * ) , s u f f i c i e n t cond i t i ons f o r a maximum 

w i l l hold as long as (*) i s s a t i s f i e d . 

The s u f f i c i e n c y cond i t i ons suggested by Te l se r and Graves cou ld be 

app l i ed i n a s i m i l a r fash ion to o ther models. The reader i s r e f e r r e d t o 

T e l s e r and Graves f o r the d e t a i l s . 


