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For several years, other countries have complained that
a tight U.S. monetary policy has been adversely affecting their
economies. Some have suggested--presumably, as at least a partial
remedy--that the U.S. and other countries cooperate in choosing
their monetary policies. In this paper, we present a qualitative
model of a world economy that is consistent with these views. In
it a tight monetary pclicy in one country can adversely affect the
economies of other countries. And, as we explain below, the model
implies that there is a role for cooperation among countries in
choosing monetary policies.

The model we use is a many-country version of the sin-
gle-country model described in Wallace (1984). It differs from
other relatively simple multi-country models primarily in two
Ways. First, policies and their corresponding outcomes are de-
scribed by equilibrium time paths, rather than by actions and
outcomes at a single instant. Second, the ocutcomes under differ-
ent policies are related explicitly to the well-being of people in
different circumstances.

Since each country in the model is populated by groups
that are affected differently by different monetary policies, we
analyze the role of cooperation under the assumption that each
country has a social welfare function. This function, the argu-
ments of which are the utilities of individuals in the country,
expresses how competing interests within a country are weighted in
arriving at decisions. It is in terms of such social welfare

functions that we find a role for cooperation in choosing monetary




policies. In particular, we show that ccoperation can produce a
higher value of each country's social welfare function than re-
sults from noncocperation. Cooperation does not, however, make
each person in each country better off.

We end up analyzing cocperation in a fairly special
model. That suffices for making our point, that there is gener-
ally a role for cooperation, because the special model does not
prejudice the results in favor of a role for cooperation. The use
of a special model has the advantage of allowing us to keep the
presentation relatively simpleel/

The main presentation is in four parts. In part one, we
review the description of a single country found in Wallace
(1984). 1In part two, we describe a world consisting of several
countries and state the conditions for world equilibrium for
arbitrary monetary policies. In part three, we study a special
case in which the savings behavior of individuals in each country
takes a particularly simple form. For that case, we describe in
detail how one country is affected by other countries' monetary
policies. We also show that a country cannot through its own
monetary policy fully offset the effects on its residents of other
countries' policies. Then, in part four, we analyze the role of
cooperation in the special case. We show that if countries are
identical, then noncocperation, which is modelled as a Nash equi-
librium, gives rise in general to a lower value of each country's

social welfare function than does cooperation.
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I. Description of a Single Country

As noted above, for each country k, k =1, 2, ..., K, we
adopt the description used by Wallace (1983). We first describe
private behavior in a single country and then the policy options

of the government of a single country.

Private Demands and Supplies

Each country is populated by overlapping generations,
the members of which live two periods. At each date t (where t is
an integer) a new generation, generation t, appears. Its members
are present in the economy at t (when they are young) and at t + 1
" {when they are old). We assume that people do not move between
countries, a standard assumption in models of international trade.

There is a single good at each date, the time t gocod,
that is common to all countries.g/ This good can be costlessly
and instantly transported from any one country to any other coun-
try. There 1is, however, no production; time t good cannot be
produced or used to produce time t' good where t' # t.

Bach member of generation %t has preferences over bundles
of time t and time t + 1 good, preferences that are representable
by a utility function or an indifference curve map of the usual
sort. FEach such member alsoc has an income stream or endowment
consisting of some amount of the time t good and some amount of
the time ¢t + 1 good.

We assume that different generations are identical and
that within each country there is a special kind of diversity

within each generation. Each generation consists of two groups of



-4

people. Members of one group, called lenders (or savers), are
identical and have preferences and endowments that lead them to
want to lend (or save) at most rates of return. Members of the
other group, called borrowers (or dissavers), are also identical
and have preferences and endowments that lead them to want to
borrow {(or dissave) at most rates of return.

These assumptions imply that the competitive desired
trades by the members of each group in country k can be described
as functions of the terms of trade between the time t good and the
time t + 1 good faced by the members of each group. We let S5( )
denote the aggregate supply function or curve of the time t good
{or desired saving or lending) on the part of the lender group of
generation t in country k and let DX( ) denote the aggregate
demand curve for the time t good {or desired dissaving or borrow-
ing) on the part of the borrower group for generation t in country
k. In each case, the argument of the function is the intertem-
poral terms of trade which we express by the price of time t good
in units of time t + 1 good (the gross real rate of return) faced
by the members of the respective group. In general, as will we
see, lenders, who are subjJect to a reserve requirement, face a
different and lower rate of return than borrowers. Examples of
possible Sk( ) and Dk( ) functions are shown in Figure 1l. We
assume that DX( ) is downward sloping where it is positive.éj

Since we will be describing how this economy evolves
over time from the initial or current date which we label t = 1,

in addition to the above description of the competitive behavior
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of the young of each generation in country k, we need a descrip-
tion of the behavicr of the people who are in the second period of
their lives at t = 1, the initial or current old. We assume that
their preferences are such that they try to consume as mich time 1
good as they can and that they are endowed with or start with some
of the time 1 good and some nominally denominated assets., Their
implied competitive behavior is very simple: they supply all
their assets at any positive price in terms of the time 1 good.
The above assumptions imply the following simple rela-
tionship between prices, including rates of return, and the well-
being of individuals in country k: the initial old are better off
the more valuable are their nominally denominated assets at t = 1;
lenders or savers in any generation t for t » 1 are better off the
higher the rate of return they earn on savings; borrowers in any
generation t for t » 1 are better off the lower the rate of return
at which they can borrow. It is in terms of these relationships
that we will describe how one country's poliecy affects other

countries and how cooperation can improve welfare.

Government Policy

As in the one-country version of the model, we describe
government pelicy in terms of sequences of the real government
net-of-interest deficit and in terms of the way the real net-of-
interest deficit is financed; the combination of additions to the
monetary base and to interest-bearing government debt that finance
the net-of-interest deficit.E/ Consistent with this we write the
cash flow constraint of country k's combined fiscal and monetary

authority as
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kK kook ko kok  _k
(1) G = Pt(Ht+l_H:) * Pt(PlgBt+1"B‘t)

which must hold for all dates t » 1. Here Glz, measured in units
of the time t good, is government k's real deficit net of interest
payments. The first term on the right-hand side of equation (1)
is the value in terms of time t good of government k's addition to
its outstanding monetary base and the second term is the value of
its addition to its outstanding debt, which consists of one-
period, zero coupon (pure discount) bonds. Specifically, the

variables on the right-hand side of equation (1) are defined in

this way:

k -

Ht = The country k monetary base (or high-powered money )
that generation t - 1 starts with at time t.

pi[ = The time t price of a unit of the country k monetary
base in units of the time t consumption good (l/pi{ =
the country k price level at time t).

Blt{' = The nominal face wvalue, in terms of the country k
monetary base, of the country k maturing government
bonds owned by members of generation t - 1 at t.

P}: = The price at time t, in terms of the country k monetary

base, of a bond which pays one unit of the country k
monetary base at t + 1. (The country k nominal inter-
est rate at t is (l/Pi) - 1.)

To insure that the monetary base of country k has value
in equilibrium and to insure that there is a possibility that

bonds bear nominal interest in equilibrium (P%: < 1), we assunme



-7~

that country k imposes (and is able to costlessly enforce) the
following kind of reserve requirement on 1its residents. Any
resident of country k that saves a positive amount mst hold a
fraction Ak of such saving in the form of country k base money.
As will be explained further bhelow, this requirement implies that

the gross real rate of return faced by country k lenders at date %

igs the following weighted average, ;k = XkRi + (l-lk)rt, where Rt

t
is the gross real rate of return on the country k monetary base,
namely, pi+l/pi, and ry is the gross real rate of return on loans,
there being a single real return on loans in all countries as
described below.

As discussed more fully in Wallace {(198k4), this reserve
requirement is intended to capture in a simple way the role played
by legal restrictions on private borrowing and lending in actual
economies. Taken literally, it is an accurate description of an
economy in which all private lending or saving by residents mst
take the form of bank or financial intermediary accounts against
which there is a reserve requirement in the form of each country's
base money and in which such institutions are in other respects
free to hold assets in any form they want. If these institutions
operate competitively and costlessly, then the rate they pay on
their liabilities, their deposits, is a weighted average of the
rate they earn on reserves and the rate they earn on loans, the
weighted average described above as that facing private lenders.

This completes the description of the typical country in
our model of many countries. We now turn to a description of how

countries interact in our model of a world economy.
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II. World Equilibrium Taking Policies as Given

Before turning to a formal description of the conditions
for equilibrium in a world consisting of K countries, each of
which satisfies the assumptions made above, we want to describe
some conditions on prices and interest rates, arbitrage condi-
tions, that are implicit in the description of individual trading
opportunities that we gave above. The first involves arbitrage
between goods and monies and the second involves arbitrage among
securities.

We noted above that we are assuming that the single good
in our world econony can be costlessly transported between coun-
tries. The first arbitrage condition-~called purchasing power
parity--is that the prices of the monies of any two countries in
terms of the good and the exchange rate between the two monies are
such that there are no gains from the following set of transac-
tions: selling goods in country k, using the resulting country k
money to buy country k' money, and using the country k' money to
buy the good in country k'. As the reader can verify, the condi-
tion that no gain be made from such transactions is that the
exchange rate, the price of country k¥ money in units of country k'

money at date %, be equal to the following ratio of prices of

kl
.t

monies, pi/p .
The second arbitrage condition is that interest rates
facing borrowers in the K countries of our world economy are such

as to imply the same terms of trade at any date t between the time

t good and the time t + 1 good. It is implied by the assumption
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that anyone in any country can borrow and lend in any other coun-
try subject only to the reserve requirement on those doing posi-
tive saving. Under this assumption, we cannot have an equilibrium
in which the real return on loans in one country exceeds that in
another country because in such a situation no saver would want to
hold securities bearing the lower return (a demand which is con-
sistent with reserve requirements) and every borrower would want
to borrow at the lower rate. Together, these imply an excess
supply of the securities bearing the lower return and an excess
demand for those bearing the higher return, which, of course,
cannot be an equilibrium. Thus, the assumption that individuals
and governments can borrow and lend anywhere subject only to the
reserve requirements described above implies that there is a
single real rate of return on loans in our world economy. In the
notation introduced above, it implies a single rate of return Ty e

For prices, including interest rates and exchange rates,
that satisfy these arbitrage conditions, the real trading oppor-
tunities facing individuals are those described earlier; essen-
tially, trading present consumption for future consumption or,
equivalently, trading present consumption for securities which are
promises to future consumption.

With these preliminaries out of the way, we are ready to
describe what we mean by a competitive, perfect foresight, equi-
librium for this world economy. Competitive means that people
treat prices as beyond their control when they choose quanti-

ties. Perfect foresight in our context means that anticipated
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rates of return on assets equal actual or reaslized rates of return
or, more particularly, that at each date t the young correctly
anticipate the price of the monies of the different countries in
terms of goods at the next date. Equilibrium means that all
markets clear at each date. From now on, we will refer to a
competitive, perfect foresight equilibrium as simply an equilib-
rium. We first set out and describe equilibrium conditions gener-
ally. Then we describe the special conditions for an equilibrium
in which real variables are unchanging over time, an equilibrium
we call a stationary equilibrium. The latter are the conditions
vhich we will use subsequently.

The definition of equilibrium that we give below is
valid only for values of r; for which the borrowers of each coun-
try actually borrow, or, more precisely, only for values of re for
which Dk(rt) » 0 for every k. The following notation allows us to
state this condition concisely. Let ;k be such that Dk(;k) = 0
and let T be the smallest of the T5, k = 1, 2, ..s, K. Then DE(r)
> 0 for all k if r < r. This condition appears as part of the

following definition of an eguilibrium.

Definition. Given each country's reserve requirements, Ak its
e ?

K
1* @

initial nominal indebtedness including its base money, HI{ + B
total which is assumed positive, and sequences for its net-of-

interest real deficit, Gk, and a sequence for its base money,

t
Hlt{+1, an equlilibrium consists of a seguence for ry satisfying
~ -k
r, & r and sequences for each country for pk, Pk, Rk, r ., and
t t t t t
B}é+1 that for all t » 1 satisfy equation (1}, the cash flow con-

straint for each country and
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(2) zk[s“(?ij)-nk(rt)] L (o (1 +PLE )]
(3) o= ARE (1A

O i

(5) £y = Bpag /0P

(6) r, > RS

(7) > WSy

Pt t+1

where equations (3)-(7) must hold for each country k and where for
each country k either (6) or (7) must hold at equality.

Equation (2) says that world net private saving--the sum
over countries of each country's saving supplied at the weighted
average of the return on its base money and the return on securi-
ties less each country's private bhorrowing--mst equal the total
value, a total over countries, of government liabilities. Equa-
tions (5}, (6) and (7) define the returns facing savers and bor-
rowers in each country and contain our perfect foresight assump-
tions—-namely, that the returns that determine choices at t match
the actual returns. DNote that (5) implies that the ratio of a
country's gross inflation rate, pt/p§+l, to its gross nominal
interest rate, 1/P§, is the same for all countries. Inequalities
(6) and (7) and the accompanying proviso are related to the re-
serve reguirement. Inequality (6) says that the return on loans
is at least as great as that on base money of each country. If it

were not, then unlimited gains could be made by borrowing and
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using the proceeds to acquire base money, activities which would
not violate the reserve requirement. That being so, no equilib-
rium can violate (6). Inequality (7) expresses the reserve re-
quirement: the value of country k base money mst bhe at least as
great as the reserve requirement times gross saving of the resi-
dents of country k. The proviso arises in this way. If ry > R:
then wealth maximization implies that country k residents and
everyone else hold no more of country k base money than the mini-
mum required, which is to say that {(7) holds at equality. Al-
ternatively, if the wvalue of country %'s base money exceeds the
minimim required to be held [pléHi_;_l > kkSk(;}é)), then wealth
maximization implies that the return on country k base money is as
great as the return on securities, which is (6) at equality 7
Instead of trying to study =all possible equilibria for
this economy for arbitrary sequences for government policies, we
study a limited class of policies and of potential equilibria
under those policies. We study only policies for which each
ok

country's net-of-interest deficit is a constant, Gl; = and each

country's ratio of government bonds to base money is a constant,

k k k

Bt+1/I-I = B« For such policies, we attempt to describe only

t+1

those equilibria for which all real variables are constant over
time, equilibria we call stationary equilibria. For such peoli-

cies, we formally define a stationary equilibrium as follows.

k

1 > 0, 6K ana Bk for each k, a sta-

Definition. Given )\k, Hl:f + B
tionary equilibrium consists of a scalar r < T and of scalars

Rk, ;k, hk, bk, and p]i, for each k, where nk denotes a constant
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real value of the country k monetary base, pEHE+1, and bk denotes
a constant real value of the government bonds of country Xk,

(ptPin ), that satisfy

t4+1
(8) ¢ = (1R%m® + (1-rp®
(9) T [sEE) ()] = ¥ F k)
k k
(10) = o= AR+ (1-)y
(11) r » RS
(12) 1 > a8 (7)
(13) ® = nf + ¥ - p}{(H}l‘+B1;)

where either (11) or (12) must hold with equality.

Note that equation (8) is the stationary version of the
country k cash flow constraint, equation (1), and that (13) comes
from that constraint for the first date, t = 1. For constant real
sequences, this definition of an equilibrium and the earlier one
are equivalent.

Below we make assumptions that imply that stationary
equilibria are necessarily binding stationary equilibria, ones for
which (12) holds at equality. We focus on binding stationary
equilibria because we suspect that those are the relevant cases
for the current world economy.éj Our approach to studying binding
stationary equilibria is to solve equations (8)-{10) and equation
(12) at equality for the h¥, b and the rates of return, and then

to verify that the implied solution satisfies equation (11). If
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it does, and if that solution also implies a positive pi using
equation (13), then it is a valid solution.

If equilibria are binding, we can reduce equations (8)-
(10) and (12) (at equality), 3K + 1 equations, to K + 1 equations
in K + 1 unknowns, r and the Rk. From the definitions of he and

k

b™, we have

(1h) b5 = BRP:

Since, by {(4) and (5), P: = Rf/rt, a constant in a stationary

equilibrium, we can rewrite (1L4) as
(15) pE = thkRk/r

Then, upon substituting the right-hand side of (15) and (12) at
equality into (8) and (9) we have, respectively,
(16) ¢E = ARSE(F) [ (1-R5)+(1-r)8%R¥ /]

%, .k X k,—%k k
(17) I [sREH0" ()] = § DI E) (148 R /)]

k k
% . k

If we use (10) to replace r by the weighted average of R™ and r
then the resulting versions of equations (16} and {17) are the K +
1 equations in the K + 1 unknowns, r and Rk for each k, that we
referred to above. Moreover, as noted above, if the solution for
these K + 1 equations satisfies {11) and is such that (13) can be
solved for a positive pi for each k, then the solution is a wvalid

binding equilibrium.
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IIT. World Equilibrium in a Special Case

Since (16) and (17) are complicated equations for gene-
ral functions SX{ ) and DX{ ), we will study in detail only a
special case of the model, one in which each sk( ) function is a
constant, denoted Sk, which does not depend on the return, ;k..lj
This case 1s easy to study because for it, as we now show, equa-
tions (16) and (17) can be rewritten as a set of completely recur-—
sive equations, equations which can be solved one at a time.

We begin by solving equation {(16) for Rk/r, obtaining

(18) R/r = (1-65/358%) /[ r (1+8%)-65]

Solving (16) in this way is wvalid if r(l+Bk) - Bk £ 0. Below we
present conditions that insure that the implied solution for r is
such that this holds. Then, if we substitute the right-hand side
(RES) of (18) into the RHS of (17) and at the same time impose the

constant saving assumption, we can write the result as

(19) E{r) = F(r,B)

Where

1

E(r) Ek[(l-xk)sk_nk(r)l

P(r,8) = I, {(Vs"6")8%/ [r(148")-6"]}

and where B = (81,82,...,BK). Note that E(r), an increasing
funetion of r, is the world private excess demand for securities
if the reserve requirement is binding in every country. The

function F(r,B) can be interpreted as the supply of securities by
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all the governments, a supply implied by the stationary versions
of their cash-~flow constraints, bindingness of all the reserve re-
quirements, and the choices of government portfolios, the Bk. If
equation {19), which contains only one unknown, r, can be solved,
then its solution can be used in equation {(18) to find Rk. It can
also be used to find p%, the country k initial value of base

money, from the following equation,
(20)  pf = (SMGF)r(1+8%)/ [r(148") 6"

Equation (20) is obtained from (13)--with H% + B{ = l--by sub-
stituting for b and h¥ from (15) and (12) at equality and for
RE/r from (18).§!

The propositions we want to establish, mainly about
solutions to equations (18)-(20), are implied by the following

asgsumptions:

Al Ns® > 65 5 0 and 65 > -1 for all k
A2 Zk[sk_nk(l)] <0

A3 T > 1and B(F) > (], (F$56M1/(F-1)
Ak rD*(r)/D(r) < -1 where D(r) = J D"(r)

The first part of A.,1 places bounds on the net-of-
interest defieit; the upper bound is such that the deficit can be
financed with BE = 0; the lower bound says that net-of-interest,
the btudget 1is not in surplus. The second part of A.l limits

ratios of government debt to base money to those that keep the sum
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of the monetary base and the face value of government debt posi-
tive. Assumption A.2 sgys that net private saving is negative at
r € 1, namely at negative and zero real interest rates., These two

assumptions have the following consequence.

Proposition 1. Under A.l and A.2, any stationary equilibrium has

r > 1 and is a binding equilibrium.
(Proofs of this and succeeding propositions appear in

Appendix A.)

Assumption A.3 assures that we get a binding equilibrium
with r < r. It assures that no matter how large are the Bk—-that
is, that no matter how tight monetary policies are--there is an
equilibrium with r < ;.-2/ Note that if countries are identical,

- K~ .
so that, among other things D (r) = 0 for all k, then assumption

A.3 is implied by the simple condition {1-A) > A/(F-1).

Propesition 2, Under A,1-A.3, there exists a binding equilibrium

with r < r.

Proposition 2 leaves open the possibility that there are
several solutions to equation (19) and, hence, several binding
equilibria with r < ¥. The next proposition shows that the elas-

ticity condition A.% rules out this possibility.

Proposition 3. Under A.1-A.3 and either A.4 or the existence of

an equilibrium with F(r,B) » 0, equation (19) has a unique solu-

tion with r < r.
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The arguments in the proofs of Propositions 2 and 3
imply that the functions E(r) and F{r,B) are essentially as shown
in Figure 2. In particular, under the assumptions of Proposition
3, we can define the unigue value of r < T that satisfies {(19) as

a function of B, say
(21) r = $(B)

Then, by direct substitutions into (18) and (20), we get the
corresponding unique solutions for RE and pﬁ. We now use these
solutions to describe how one country is affected by another
country's monetary policy.

The dependence of r on each of the Bk can be described
using Figure 2. It 1s straightforward to verify that the function

k.£g/ Thus, the greater is any

F is dincreasing in each of the B
Bk, the higher is the function ¥ in Figure 2 and, therefore, the
greater is r. In other words, the greater the ratio of government
bonds to base meoney in any one country, the greater the real rate
of return, r.l£/ That result and (18) and (20) imply that a
tightening in another country's monetary policy has the following

effects on country k.lg/
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Effects in Country k of a Tightening in
Another Country's Monetary Policy

If government If government

is deblor, is creditor,
gk 5 0 gk < ¢
Gross real interest rate (r) Increases Increases
Gross nominal Interest Rate (r/Rk = 1/Pk) Increases Increases
Gross inflation Rate (l/Rk = p%/p¥+1) Increases Decreases
Price level (l/p%) Increases Decreases

It follows immediately that if the government of country
kX is a creditor (Bk < 0), a tightening in the monetary policy of
another country increases the welfare of country k's initial old
(p% increases), increases the welfare of country k's savers (rE
and r increase), and decreases the welfare of country k's bor-
rowers (r increases). On the other hand, if the government of
country k is a debtor (BE > 0), the welfare of its initial old
decreases (p% decreases), the welfare of its savers can either
increase or decrease (RE decreases while r increases), and the
welfare of its borrowers decreases (r increases).

Such effects of another country's monetary policy would
not be grounds for complaint 1f country k could simply offset all
those effects by its choice of monetary pelicy. It is straight-
forward to show, however, that it cannot. Thus, even if it were
able to decrease Bk by enough to offset the effect on r and,

k

hence, on its borrowers, then it follows from (20) that py would

decrease, which would hurt its initial old.lg/ This is one sense
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in which our mecdel implies that a tighter monetary policy in one

country has adverse effects on other countries.
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IV. Noncooperation versus Cooperation in Choosing Monetary Poli-—

cles

As shown in the last section, countries interact in our
model in the sense that one country's cholce of a monetary policy
affects residents of other countries. Here we consider whether
and in what sense that interaction implies a role for cooperation
among countries in choosing monetary policies, the Bk- We address
this question by comparing what happens if there is cooperation in
choosing monetary policies with what happens if there is not. We
make the comparison using the following definitions of not cooper-

ating and of cooperating.

Not cooperating will mean that each country k chooses

monetary policy, 6k, to maximize its social welfare function
taking as given the monetary policies of all the other countries,
Bj for all j # k—iﬁ/ The outcome of noncocoperating will be de-
scribed by a vector é = (gl,ég...éK) that similtanecusly satisfies
these conditions for all countries. In the terminology of game
theory, such a vector 1is called a Nash eguilibrium. Cooperating
will mean that all the Bk are chosen to maximize a weighted aver-
age of the social welfare functions of the individual countries.
We will show that these definitions and our model imply that there
is scope for cooperation in the sense that cooperation can produce
a higher value of every country's social welfare funetion than

dces not cooperating.

Our first task is to describe the social welfare func-

tion of a country. Since we are considering only stationary
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equilibria in which all generations of country k savers and all
generations of borrowers experience the same consumption bundles,
the country k social welfare function can be expressed as a func-
tion of three arguments——the welfare of a country k initial old
person, that of a country k saver and that of a country k bor-
rower. Moreover, since current old persons are better off the
higher is p%, since savers are better off the higher is
;k = lkRk + (1-Ak)r, and since bhorrowers are better off the lower
is r, we can express the country k welfare function as a function
of those three variables, namely as a function uk[pg,
(A5RR+(1-3E)r, r] where uE is increasing in p% and ;k, decreasing
in r, and is in other respects like an ordinary utility funec-
tionr£2/

The next step is to express social welfare for country k
in terms of the monetary policy parameters, the vector B =
(81,82, ...,85). This is done by substituting the solutions for r,

Rk and p% we found above, in the last section, into the expression

for uf. Thus, using (21), r = ¢(B), we write the solution for RF

(see (18)) as
(22) RE = ¢5(8) = o(B)(1-65/NsX)/ [¢(8)(148%)-8%]
and that for p (see (20)) as

ksk

(23) by = o5(8) = 4(B)(NENG™) (148%)/ [o(8) (198" ) 6"

Then we let

(24) vE(8%,870) = W oK (8), 40K (B)+ (1A% (8),0(8))
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where 8)k( = (81,82,...,Bk_1,8k+1,...BK), the vector B with BX
excluded.

As noted above, we are assuming that what happens under
noncooperation is described by a Nash equilibrium with each coun-
try k choosing Bk, taking B)k( as given. Formally, then, the
noncooperative sclution is a wvector (Bl,éa,...éK) such that for
each Kk, gk = ﬁk maximizes Vk(ﬁk’é)k(}. Under cooperation we

B)k(),

assume that a vector B is chosen to maximize Ewkvk(ﬂk, where

wE is the welght given to the country k social welfare function
and where the summation is over the K countries.

We appraise the noncooperative solution under the as-
sumption that the world econony consists of identical countries.
If there is a role for cooperation in a world of identical coun-

tries, then very generally there is a role for cooperation in a

world of dissimilar countries,

Proposition 4. If countries are identical and A.l-A.%4 hold, then

there generally exist monetary policies that imply a higher value
of the common social welfare function V than is implied by any
noncooperative solution with a common value of B¥ for all k {any
symmetric Nash equilibrium).

The proof in the Appendix establishes that the (total)
derivative of V(8,8(lg_ 1)) (where 1y ; denotes a K - 1 element
vector of all whose elements are unity)} with respect to 8 evalu-

ated at B = B, the symmetric Nash equilibrium, is given by

(25)  av(8,8(1,_)))/aB = DR/ [r(1+8)-B]} [Su ~(r-1)u,)]
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where u; stands for the partial derivative of u with respect to
its ith argument and variables with "*"s over them denote sym-
metric Nash equilibrium wvalues. Since the RHS of (25) is in
general not zero, even though the terms in squared brackets tend
to offset each other, there are common values of Bk which dominate
in terms of sccial welfare functions what happens under a sym-
metric Nash equilibrium. BSince such alternative wvalues could be
chosen under cooperation, this establishes a role for ccoperation.

This role for cooperation is implied by the fact that a
single country taking other countries' policies as given faces
different tradeoffs among triplets (pl,;,r), the arguments of u,
than are faced by all countries acting jointly and varying all the
Bk together. These differences also help explain why the right-
hand side of (25) can be either positive or negative, which means
that there is no general presumption about whether cooperation
would lead to tighter or easier monetary policies.

In Figure 3, we display the way two of the pair-wise
tradeoffs among (pl,?,r) are ordered at a symmetric Nash equil-~
ibrium, the point at which the tradeoff curves cross. In each
case the curve labeled C {for cooperative)} represents the tradeoff
implied by varying all the Bk together, while the curve labeled N
{(for noncoopera‘tive) represents the tradeoff faced by a single
country varying Bk with B‘j for J # k fixed at ’é. In each case,
the u curve is a kind of indifference curve. In Figure 3a, the u
curve depicts all combinations of T and r, with Py held fixed at

its Nash equilibrium wvalue, that imply a wvalue for the social
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welfare function, u, equal to its value at the Nash equilibrium,
G. In Figure 3b, the u curve is defined analogously, but with the
roles of p; and ;'interchanged.

Figure 3 is best thought of as obtained from the follow-
ing opportunity or attainable sets and indifference surfaces in
three dimenslonal space, a space with axes labeled, Pys T and T,
respectively. One opportunity set is obtained by tracing out all
the triplets (pl,;;r) implied by different common wvalues of
the Bk. Since we get one triplet for each common value of Bk, the
set of such triplets is a curve in three dimensional space. (This
could be called the symmetric cooperative opportunity curve.)
Another opportunity set is implied by tracing out all the triplets
implied by different values of B* holding fixed BJ at B for j #
k. This is ancther curve in three dimensional space. It depicts
the opportunities facing a single country given that the monetary
policies of all the other countries are held fixed at é- (This
could be called a noncooperative opportunity curve.) As we have
defined them, these two curves intersect at the point correspond-
ing to the Nash equilibrium. We also want to put into our three
dimensional space indifference surfaces or contours of the func-
tion u--each surface or contour representing all triplets
(pl,;;r) that imply a single value of u. In particular, we want
to focus on the indifference surface defined by u = ;. An impli-
cation of E being a Nash equilibrium is that this particular

indifference surface and the noncocperative opportunity curve as
A~

defined above are tangent at (pl,;;r).



- 26 =

Figure 3 is obtained from these three dimensional con-
structs as follows. Imagine a plane through the Nash equilibrium
point perpendicular to the p; axis. The intersection of this
plane and the indifference surface defined by u = ; is the u curve
of Figure 3a. The N curve of Figure 3a is the projection of the
noncooperative oppertunity curve on this plane, while the C curve
is the projection of the symmetric cooperative opportunity curve
on it. (The projection of a curve onto a plane is the intersec-
tion of the plane with perpendiculars dropped from the curve onto
the plane.) Figure 3b is obtained analogously. The tangencies
depicted in Figure 3 are implied by the tangency between the
nencooperative opportunities curve and the indifference surface in
the three dimensional space.

The fact that the N and C curves in Figure 3 are not
tangent where they cross is synonomous with noncoincidence of the
noncooperative and cooperative opportunity curves in the neigh-
borhood of where they intersect in the three dimensional space.
This noncoincidence occurs because all the Bk enter symmetrically
in determining r, bul enter asymmetrically in determining both R
and py. The symmetry implies that the effect on r of varying one
of the Bk holding the others constant is equal to 1/K times the
effect on r of varying all of them. Given that, the N and C
curves in Figure 3 would be tangent only if the effects on R and
py of varying one of the Bk were also 1/K times the corresponding
effects of warying all <the Ek. That, however, is not the case
because the own~country policy appears separately in (18) and

(20), while the other BX appear only by way of r.
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As established in Appendix A, the noncooperative and
cooperative tradeoffs between pp and v (see Figure 3b} are such
that the price of achieving a given increase in py is lower in
terms of the implied increase in r when a country acts on its own
than when it acts Jointly with all others. This effect by itself
tends to make higher soclal welfare achievable at lower r--that
is, through lower Bk's which are easier monetary policies. If it
were the case that the welfare of savers did not appear in the
social welfare function (so that the partial derivative of u with
respect to r were zero), then this effect would determine that
higher social welfare could be obtained by cooperatively lovering
all the 8% from é. Note that this shows up in equation (25),
whose right-hand side would be negative if u, were zero.

Figure 3a displays the opposite tendency. As estab-
lished in Appendix A, the noncooperative and cooperative tradeoffs
between r and r are such that the price of achieving a given
increase in r is higher in terms of the implied increase in r when
a country acts on its own than when it acts jointly with all other
countries. This effect tends to make higher social welfare
achievable by dncreasing all the ﬂk from é-—-that is, by tighter
monetary policy which raises r. Consistent with this, the right-
hand side of (25) would be positive if the social welfare function
did not depend on the wealth of the initial old through P1; that
is, if u; were zero.

Note that while the offsetting effects displayed in

Figures 3a and 3b and on the right-hand side of equation (25)
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could offset each other exactly, that does not generally happen.
In terms of ocur description of the preference contours and oppor-
tunity curves in the three dimensional space it happens only if
the cooperative opportunity curve, despite not being coincident at
the Nash equilibrium with the noncooperative opportunity curve, is
tangent to the u = a indifference surface. Note also that whether
cooperatively chosen policy is tighter or easier than the outcome
under noncooperation, it is able to produce a higher value of the
common social welfare function only by aiding some groups at the
expense of others. As noted in the introduction, in this model
cooperation cannot benefit everyone.

Finally, we want to call attention to the fact that we
have not proved existence of a symmetric Nash equilibrium. Al-
though it is easy to make assumptions about V which guarantee such
existence--namely, that for each possible common wvalue for mone-
tary policy chosen by other countries, country k has a unique best
policy which is neither indefinitely easy (in the direction of -1}
nor indefinitely tight {(in the direetion of =) and which depends
in a continuous way on the policy chosen by other countries--it is
difficult to make appealing assumptions about the structure and
the social welfare function, uk, that imply these conditions.léj
Given our general theme that there is scope for cooperation in
models like ours, we do not find this difficulty disturbing.
Nonexistence of a noncooperative equilibrium is certainly not an

argument for noncooperation.
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Footnotes

-l/In particular, the sgpecial model should make our
presentation accessible to undergraduate students of economics--at
least those whose background includes intermediate microeconomic
theory and some calculus.

EyUhder well-known conditions, the single time t good
can be interpreted as a composite good. BSee, for example, Kareken
and Wallace [1981], page 210.

éij the arguments of borrowers' utility functions are
normal goods, then Dk( ) is downward sloping where it is posi-
tive. For a more detalled description of the derivation of these
functions, see Wallace [1984] or the section on the derivation of
demand in any intermediate price theory text.

.E/In our meonetary policy experiments, real government
net-of-interest dJdeficits and the underlying real government ex-
penditure and tax streams are held fixed.

jijo conditions in this definition depend on the re-
striction ry < ¥, Without it, the argument of DX( ) in (2) is not
necessarily r; and without it the RHS of (7) would have to be
Aksk(;i‘) + A8 ma.x[O,-Dk(?l;)] )
éjOne significant feature of nonbinding equilibria is
perfect substitution among the monetary bases of the different
countries. See Kareken and Wallace [1981] for a discussion of the
consequences of such substitution.

lef lenders have a utility function of the Cobb-Douglas

form and if their endowment is entirely in the form of income when
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they are young, then sE( ) is a constant fraction of that income
{and does not depend on any rate of return).

k
EySetting HT + B, =1 for all k saves space and is

1
innocuous. It amounts to no more than choosing monetary units of
the different countries in a particular way.
ngt is easy to produce examples of econcmies with T as
large as we want. For example, if every borrower in every country
has a Cobb-Douglas utility function which weights consumption when
young and when old equally and has the same lifetime income pat-
i+ b ~ b, b
tern, say, v when young and Vo when o0ld, then r = wgfwl.
lngote that BF(r,B)/BBk = (kkSk-Gk)r/{r(1+Bk)—Bk]2 > 0.
11/ ; N : kK _
——/By the implicit function theorem, 9¢/3B =
(9F/38K)/ [3E/3r-aF/3r] > O,

12/pet ok = (K

S5 65)/ Ir(1+85)-8%] > 0. Then from (18)
ve have d(R%/r)/asd = (34/289)2"(1+6%)/2%* < 0 ana  ar¥/agd =
~(2¢/283)z¥8X/AKSK, and from (20) we have ap¥/daBd = -(a¢/88Y )z eE
(1+8%) where J * k.

% with respect

3/From (20), the partial derivative of p
to B¥ holding r constant is r(aEs¥-gk)/(r(1+s¥)-g¥]2 > 0.

}EJIf there are many similar countries so that each is a
small part of the world economy, then taking other countries!

monetary policies as given is approximately the same as taking the

world interest rate, r, as given, as unaffected by the choice of

Bk

15/ In particular, we assume that the upper contour sets

k

of u™ are strictly convex.
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Appendix A

Proof of Proposition 1. By (12) and gk > -1, nk + ¥ > 0. But,

then, by (9) and A.2, r must exceed unity. To see that a nonbind-
ing stationary equilibrium cannot exist, note that RE = r > 1 and
nk + vk > 0 imply that the RHS of (8) is negative, which contra-

dicts A.l.

Proof of Proposition 2. We will show that equation (19) has a

solution with r ¢ (1,7). That and A.l will imply immediately that
the RHS of (18) is positive and less than unity (0 < RE < r) and
that the BRHS of {20) is positive (p% > 0).

Since E(r) and F(r,B) are continuous functions of r (for
a fixed B), to show that (19) has a solution with r & (1,7) it
suffices to show that E(1) < F(1,B) and that E(T) > F(7,8).

We have E(1) = §[sK-DK(1)] - Taks® < Jaksk, +the in-
equality being a consequence of A.2. We also have F(1,B) =
Y(akskgkygk > _Y(aEsk_gE) > _TaksK, poth inequalities being
consequences of A.l. Thus, E(1) < F(1,8).

Since F{r,B) is increasing in BE for each k, F(7,8) is
less than the limit of F(;,B) as Bk + o for every k. This limit
is [Zk(xksk—ek)ll(?-l). Therefore assumption A.3 implies E(r) >

F(r,B).

Proof of Proposition 3. Since this is obviously true if Bk = 0

for all k, we proceed under the assumption that Bk # 0 for at

least some k. Letting f(r) = F(r,B), we first establish that
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(1) £'(r) < -(1/r)f(r)

Note that f'(r) = -Exk(r)yk(r), where x.(r) = (xEgk_
cR)gk/ [r(1+8%)-¥] and Vielr) = 1/ [r-8¥/(148%)}. We also have that
ir gk > 0, then xk(r) > 0 and yk(r) < 1/r; vhile if g¥ < 0, then
xk(r) < 0 and yk(r) > 1/r. Therefore -f'(r) = zxk(r)yk(r) >
(l/r)Zxk(r) = (1/r)f{r)., Thus we have (i).

Inequality (i) says that f(r) = F(r,8) is downward
sloping wherever F is not negative. It follows that if there is a
solution to (19} where f » 0, say at r,, then there is no other
solution. There cannot be a solution at r > r, because E(r) is
increasing and f can never get to a higher value than f(r,) with-
out violating f{i). There cannot be a solution with r < r, because
then £ could never get to a value as great as f{r,) without vio-
lating (i). (Note that we get an equilibrium where F > 0 if
enough of the Bk are positive. Thus, if Bk » 0 for all k, then we
have a unique solution to (19) without appeal to A.h.)

It is for the case when there is no solution with F » 0
that we need A.4., Since E(1) < F(1,8) = f£(1), uniqueness is
implied if f'(r) < E'{r) at any solution.

At any solution, we have the following string of in-

equalities:
£1(r) < =(1/r)f(r) = =(1/r)E(r) = =(1/r)] (1-2%)sk

(1/)D(r) < =(1/r)}(1-2K)8® - D'(r) < -D'(r) = E'(r)
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The first inequality is (i); the second (an equality) uses the
assumption that we are at a solution, the third (an equality) uses
the definition of E{r); while the fourth uses A.Ut and the fact

that D(r) > O at any r < Tr.

Proof of Proposition L, We show that the derivative of

V(B,B(IK_l)) Werste B is in general different from zero when it is
evaluated at a symmetric Nash equilibrium, B, which satisfies the

first-order condition Vl(B,B(lK_l)) = 0.

Since dV(8,B(1lk_1))/dB = Vl(B’B(lK-l)) + (K‘l)v)((B’B(lK—l))’
where V)( denotes the partial derivative of V w.r.t. any argument
other than the first and since Vl(B,B(lK_l)} = 0, our task is to

derive an expression for V)((B,B(IK_l)) and to evaluate it at B

~

= 8.
From (24)
(1) Vy (881 1)) = () (365/38%) + (u,)r(205/289)
+ [(1-2) (u,)+(ug)] (26 /28°)
(11) V8,81 1)) = (u)(365/98%) + (u,)r(20%/28%)
+[(1-1) (w,y)+ (g} ] (34 /28)
where u; stands for the partial derivative of u w.r.t. its ith

argument and where the partial derivatives of ¢, ¢g, and ¢§ are to
be computed from (21), {(22) and (23), respectively.

At a symmetric Nash equilibrium, the RHS of (ii)} is zero
and 3¢/38k = B¢IBBJ. These imply, by subsitution from {ii) into

(i), that
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(ii1) v)((ﬁ,é(lK_l)) = (ul)[(3¢1§/38‘1)—(3¢§/38k)]

+ (a A (2657287 )-(205/28"))

Since, by (22) and (23},

(1v) (345/389) - (345/36%) = -ASR/[r(148)-8]

(v) (305/389) - (345/98%) = R(r-1)/[r(1+8)-8]

we have

(vi) V) (B.B(L 1)) = ~OR/[F(148)-B1} [(u))8-(u,) (r-1)]

Although the terms in square brackets on the RHS of (vi)
have opposite signs, in general they are not of equal magni-

tudes. Thus, V)((B,B(lel)) is in general not zero.

Cooperative and Noncooperative Tradeoffs (for the case of identi-

cal countries). Write (18) as RE = g(Bk,r) and (20} as p% =
n(g%,r). Also, let dr/as* = 3¢(8)/38% ana dar/as = J 34(8)/38.
If these derivatives are evaluated at BX = B for all k, then dr/d8
= Kdr/dBk, which is used below.

We begin by finding the tradeoffs between RE and r. We

have
(i) de/dBk = gl + gg(dr/dﬂk)

where g; is the partial derivative of g w.r.t. its ith argument.

Therefore

(11) (aR%/ar)y = (ar®/a8%}/(ar/as®) = g;/(ar/a¥) + g,
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where N denotes noncooperative (holding Bj = é for j # k). Also,
(111} daR¥/d8 = g + godr/d8
and, therefore,
(iv) (aR¥/dr)g = (dR®/dB)(dar/dB) = g1/(dr/dB) + g

where C denotes cooperative (varying all the Bk together). There-

fore,
(v) (aR%/dr)q - (aR¥/ar)y = ~(K-1)gq/(ar/agk) > 0

since dr/dg¥ > 0 and, from (18), gy = ~(1=G/A8) (r-1)/ [r(1+%)gk}?
< 0.
: -~ k X . .
Then since r = AR + (1-A)r, it follows immediately
that (d?k/dr)C - (d;k/dr)N is X times the RHS of (v).
Finally, in exactly the same way as (v) was obtained, we

get
(vi) (ap¥/ar); - (apf/ar)y = —(X-1)h/(ar/ae®) < 0

The inequality in (vi) is a consequence of hy = (AS-G)r/[r(l+Bk)_

Bk]2 > 0 (see {20)).



