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I. Real Open Economy Macroeconomics
In this chapter, we consider a simple macroeconomic model of a world

economy consisting of two countries. We can use this model to illustrate

several points.

(1) optimal consumption behavior in an open economy

(2) implications of (1) for the balance of payments and prices (interest

rates)

(3) effects of government spending and tazes on consumption behavior and
prices and in particular, the irrelevance of the timing of taxes for

a given path of government expenditures [The Ricardian Proposition]

A. The Two Period-Two Country Pure Exchange Model

Consider a world economy composed of two countries. Call the two
countries "home" and "foreign," denote home variables by superscript "H" and
foreign variables by superscript "F." Each of the two countries are composed
of a large number of identical consumers. Since consumers are identical
within a country (but not necessarily across countries) it will suffice to

consider a representative from each.

1. A Representative Consumer for the Home Country

The consumer lives for two periods (t = 1,2). In the first period
the consumer is endowed with y? units of the one good, in the second he is
endowed with yg units of the one good. It will be important to distinguish
between goods and commodities. Consider the following: Imagine the consumer
owns an apple tree. The tree produces y? apples in period 1, yg apples in
period 2 then dies. The apples are not storable, so if they are not eaten in

the period they are produced they become rotten.



Now how many goods are there in this economy? Only one apple. How
many commodities are there? Two--date 1 apple and date 2 apples. In static

microeconomic theory commodities are distinguished by physical types, apples

are different from oranges because they are physically different. In dynamic
theory, (that is, in a theory which explicitly includes a time dimension) com-
modities are also distinguished by time, apples at date 1 which are physically

indistinguishable from apples at date 2 are still different commodities.

a. Consumer Preferences

Denote the consumption of the home consumer in the two periods

as c? and cg, respectively. We assume the consumer values his consumption
stream {c?,cg} according to the utility function denoted UH(C?,CS). This

function completely summarizes the consumers' preferences over all possible
combinations of date 1 apples and date 2 apples.
We will make the following assumptions about the form of the utility

function and its properties.

(U1) Additive separability and discounting:

UH(cH,cH) s uH(cH) + B uH(cH) where 0 < B8y, < 1. Here we call Ul the
182 1 H 2 H
total utility function and ufl the period utility function. The two most

important implications of this assumption are

(Additive separability) (i) there are no cross-consumption effects.
By this we mean the amount that total utility U changes as we change
the consumption of gocd 2 depends only on good 2 and not on the level of

consumption of good 1. Notice additive separability implies
2 2
3"U(ey,e5) ) 3 U(c1,c2) . B
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(Discounting) (ii) the future is discounted relative to the present.

That is, assuming 0 < By < 1 means the consumer is "impatient" to
eat apples in the sense that if he had a choice between eating now (period 1)
or later (period 2) he would always prefer to eat now. If the period utility

function is monotone (see U2), then discounting implies

H, H H H, H H H H
u (cq+5,c2) > U (c1,c2+a) for all 4 > 0, all ey Sy

We will call By the discount factor. The smaller is 8y the more impatient is

the consumer.

(U2) Monotonicity [more is preferred to less]
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Monotonicity basically means the consumer always prefer more consumption to
less consumption. In particular it implies that consumers are never satiated.
Note: We will use (U2) to guarantee the consumers' budget constraints will

bind with equality.

(U3) Concavity [Averages are preferred to extremes]

UH(C?,CS) is a concave function of cH and cH i.e., (drop super-

1 2!
scripts for a while) let (cq,c5) and (01',02') be two consumption bundles.
Consider a third bundle that is weighted average of these where the weight on

first bundle is A (0 < A < 1) and weight on second bundle is (1-1). Then this

third bundle can be written



(01",02”) where ¢,"

Acq + (1-A}c1‘

ey = xey + (1-3)cy!
Then we have the following definition.
Definition: U(c1,02) is a concave function of (¢y,c5) if

(%) 0(01"702"} p AU(C1,02) + (1-A)U(c1',02‘) for-all & 8.t ¢ ¢ A 4 1.

Notice we have a strict inegquality in (*). To be precise, we should really

say U is then a strictly concave function.

Note: I will ask you in the first problem set to show that given U satisfies
(U1) then if the period utility function u(c) is concave in ¢, then U(e,,c5)

is concave in (01,c2).

Note: Concavity will be used to guarantee that the first-order conditions are

both necessary and sufficient for a maximum.

(U4) Marginal utility goes to infinity as consumption of either good goes to

zZero
aU(c1,02)
(*%) e o @ €, w0y U= ;2
c t
t
(**) basically says that consumers greatly desire to have positive consump-

tion. Graphically this will imply that indifferent curves becomes flat as one

good goes to zero.

Note: This assumption is basically a technical assumption that we will use to

guarantee consumers will choose strictly positive consumption of both goods.



(U2) Monotonicity

(see Figure 1)

Monotonicity implies any point to northeast of (61,52) is preferred to
(51,62), let 5(61,52) = set of points to NE of (61,62), for example,

(e c2) € S(c1,c2J and if U is monotone then U(c1,02) < U(c1,co).

‘!'
(U3) Concavity

(see Figure 2)

Concavity implies any point on the line segment connecting (c1,02) to

(01',02‘) is preferred to either (01,02) or (c1',cz').

(U4) Marginal utility goes to infinity as consumption of either good goes to

Zero means
(see Figure 3)

(U5) U is twice continuously differentiable

We have implicitly been assuming this in our earlier definitions
since if we don't, then 3U2/301,302 does not make sense.

This assumption rules out flats or kinks in indifference curves and
basically it is a technical assumption which guarantees we can use the calcu-

lus to do our analysis.

B. Assets and Budget Constraints

Initially we will consider only one type of asset, a one-period real
bond. At time 1, a consumer can buy a one-period bond giving up, say, b units
of his apples at date 1 for a promise to get Rb units of apples at date 2. We

Wwill eall



R =z gross real one-period interest rate.

We may also let

R = 1 + r where

r net real one-period interest rate.

We use the term "real" because R measures the relative price of time 2 goods
to time 1 goods and not time 2 "dollars" to time 1 "dollars." We will discuss
this later relative price, call the nominal interest rate in a later handout.

The period budget constraints for the consumer are

1.1 (t = 1) cq + b < Y1

{1.2) (t

where on the left hand side (LHS) we have the uses of goods and on the right

hand side (RHS) we have the sources of good.

Notice if b > 0 » consumer is saving

b < 0 » consumer is borrowing

We can reduce these two budget constraints to a single budget constraint as

follows. Solve the second equation (1.2) for b to obtain

c, ¥
e 22
(1.3) b2z -7

Substitute (1.3) into (1.1) and rearrange to get

(1.4) e, +



(1.4) is then a single budget constraint for the consumer called the present

value form of the budget constraint.

C. The Consumer's Maximization Problem

Each consumer (H&F) is going to choose his/her consumption and bond
supply/demand to maximize his/her utility. There are two ways to write the
consumer's problem depending if we want to use the period budget constraints
(1.1) and (1.2) or the present value budget constraint (1.4). Both ways are
the same, except that if we use the period budget constraints we explicitly
include bonds and if we use the present value budget constraint the choice of

bonds is only implicit,

(i) The Consumer's Problem with Period Budget Constraints

Formally, we have the following:

Given endowments {y1,y2} and taking as given {R} choose {01,02,b} to solve:

(CMI) max U{cj,cz)
S.t- 1. C1+b$y"
2. cp, <y, +Rb

3. Cqy Cp 2 0.

(ii) The Consumer's Problem with a Present Value Budget Constraint.

Given {y,,y,} and {R} choose {c,,c,} to solve

(CMII) max U(c},cg}



The solution to these problems can be found by several methods. The easiest
is to substitute the constraints into the utility function and reduce the
problem to a one-variable maximization problem. Note that if we assume U is
monotone (U2) we are assured the constraints 1.2 or 1' bind with equality. So

given monotonicity, (CMI) is equivalent to choose {b} to solve
(CMI') max U(y,-b,y, + Rb)

and (CMII) is equivalent to choose {c4} to solve

(CMII') max U(cj,R(yI-c1)+y2)

Notice that in both (CMI') and (CMII') we have ignored the nonnegativity
constraints on consumption, (3 and 2'). We we assume (U4) then we are assured
that any solution to the above problem will automatically satisfy nonnega-
tivity.

How can we characterize the solution to (CMI') or (CMII')? If we
assume U is concave (U3) and U is differentiable (U5) then we know the first-
order conditions to the above problem are necessary and sufficient conditions
for a maximum. Consider (CMI')

(%) max U{y1-b,y2+ﬂb)
{b}

The first-order condition for this problem is found by differentiating (*)

with respect to b.
(1.6) EQC: bt =~ # R ==l

or rearranging (1.6) gives



all/ac

1
aU/ac2

(1.7)

which just says, choose bonds (savings) to equate the ratio of the marginal
utility of good 1 to good 2 to the relative price of good 1 to good 2.

Now if we add the assumption of additive separability and discount-
ing (U1) then (*) becomes (*¥*)
(%) max U(y,-b) + 8U(y,+Rb)

1 2

{b}

and the FOC are now

i i o« 20 . pg 3.
(1.8) FOC: b: - ac, + K8 ac, B
rearranging gives

aU/ac1

(1.9) m: RB8

The first-order condition implicitly defines an optimal rule for choosing

bonds. We call this rule the demand function for bonds and write it

(2.0) b = E(R,yi,y2)

If we substitute (2.0) into the budget constraints of the consumer in (CMI),
we can solve for the optimal rule for choosing consumption of good 1 and good
2. We call these rules the demand functions for good 1 and good 2 and denote

them as follouws

(2.1) C, = c1(R,y1,y2)
and
(2.2) cy = 02(R,y1,y2)



P o

Now if the demand for a good rises when income rises we call that good a
normal good. In this problem we have endowments y, and y, which at interest

rate R give the consumer a lifetime present value of income of w

Yo

(2.3) Wy, o+

We often call w the wealth of the consumer (z the present value of lifetime
income). From (2.3) it is clear that raising endowments of either commocdity 1
or 2 will raise wealth. So here we call a commodity normal if raising the
endowments of either commodity raises the consumption of both commodities.

Mathematically this means

commodity 1 is a normal good iff ——— > O and g >0
and

commodity 2 is a normal good iff Ewg >0 and — > 0,

How do we expect an increase in the interest rate to affect the demand for
commodities 1 and 2? In general the answer is ambiguous and depends on the

relative size of the income and substitution effects.

Substitution effect: A higher R means the relative price of good 2 to good 1

has declined (it takes fewer units of good 1 to buy the same amount of units
of good 2). So one would expect a lower consumption of good 1 and a higher

consumption of good 2.

Wealth effect (present value of income effect): The present value of income

has fallen so one would expect a lower consumption of both goods (if both
normal). However, there is always the possibility that when wealth falls the

consumption of good 1 rises (good 1 is strongly inferior).
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D. An Example

We will often work with a simple example for which we can actually

calculate the demand functions. let
(2.4) U(c1,c2) =1lnecy +81nc,

Then (CMI') becomes

(2.5) max ln(y1—b) + B ln(y2+Hb}
{b}
The FOC for this problem is a special case of (1.,8)
. 1 Rb _
(2.6) (FOC) b: - ¥ - 5 * v, + T 0

Rearranging gives
yo + Rb = Re(y4-b)
Solving for b gives
or
(2.7) b = B(R y et g -y—zl
’ h YY) 2 e Y TR

Substituting (2.7) into the budget constraints in (CMI) yield

(2.8) - & [R i gy & 2]

: Cy =ty Yol = 3 Wy * R
” 8R Yo

(2.9) 02 = '32{8’)"1!}’2] = 1+ 8 [Y1 + E—l

Notice for this example we have



(savings increases as endowment of good 1 increases)

B . 11

3y, - (1+8) R

(savings decreases as endowment of good 2 increases)

ac1 ) 1 ac1

W, T+8 Y ay, Tvs R

(consumption of commodity 1 increases as endowment of either good increases)

ac 30
2 B8R ., . % 8

5;; "1+ 8 2 Uy AP 1+ 8

. N .
3R 1+SR2
.

X _8

) T+ 710

(as R increases the consumption of commodity 1 falls and consumption of com-

modity 2 rises)

E. Competitive Equilibrium

So that there is absolutely no possibility of confusion we can
rewrite the consumer's problem with the country superscripts H & F back in.

The home consumer solves:

Given endcwments {y?,yg} and taking as given (R}, choose {c?,cg,bH} to solve:
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(2.10) max UH(C?,CE)

s.t. 1. cI'I - bH ¢ yH
1 1
H H H
2. 02Sy2+ﬁb
H H
3. Cyr G5 20

denote the solution to the problem as

~H,, H H
e, = ¢ (Ryg,y5)

H ~H,, H _H
¢y = 5(RYyuY5)

H H -.H
b” = B7(R,yy,y,)
The foreign consumer solves:

F F F

Given endowments {yi,yg} and taking as given (R} choose {c1,c2,b } to solve

(2.11) max UF(cf,cg)

s.t. 1 cF + bF <y
1 1
2. cg Syg-r HbF
E ¥

3 Cys C5 2 0.

A Competitive Equilibrium for this economy is

(i) an allocation {c?,cg,bH;C€,cg,bF}

(ii) a price system (R}

such that (E1) and (E2) hold:
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(E1) Markets clearing.

(i) date 1 market clears c? + ci = y? + yf

. “H *F _H _F
(ii) date 2 market clears Chy+ Cy =¥y *+ Y,
(iii) bond market clears bH - bF =0

(E2) Maximization

(i) Home consumer max'n: {c?,cg,bH} solves (2.10) given endowments

{y?,yg} at prices R

(ii) Foreign consumer max'n: {ci,cg,bF} solves (2.11) given endow-

ments {yi,yg} at prices R.

An example: Let us compute the equilibrium in a special case. Suppose as in

Section D we have utility functions given by

H, H H H H
U (01,02) = 1n cy + B 1n c,
F, F F F F
U (°1’°2) = 1n c, + B 1n cy

Then our previous analysis (2.8) shows

1
1+ 8

~H H H H H
(2.12) c1(R,y1,y2) = [y1+y2/H]

~F F _F 1 F _F
(2-13) 01(R1y1!y2) = m[}rf"yz/R]-

We can compute an equilibrium by substituting on the demand functions for any
of the equilibrium market clearing conditions (E1(i, ii, iii)) and finding
that ﬁ that solves the eguation (this is an implication of Walras' Law--which
we will discuss in a problem set). Let us do this for (E1(i)), i.e., date 1

market.
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~H H H ~F H F
C-l(R,Y-l;Yz} + 01(3;}'1;}'2) = YT + Y1

for this example becomes (using (2.12) and (2.13))

(2.14)

H F Y H _F
1+ s{y1 ¥ ﬁ"l Ll s{y1 * ﬁ'] =¥y * ¥

Now the R that solves this equation will be the equilibrium price and we can

-~

then find c{, cg, bJ for j = H, F by substituting R into the demand functions.

To solve (2.13} first multiply both sides by (1+8)

(yH+yF)
(y?+yf) - ~—§§*gm z (1+s)(y?+yﬁ)

Subtract y? + y? from both sides then solve for R to get

H F

- p+y5)
(2.15) R=—F7F
Blyq+yy)

Let (yq,yp) be the world endowment of good 1 and 2, respectively

_H _F

y1 = y? + y1
H F

Yo = dp * ¥p

Then (2.15) becomes

2.16) R =2
( - ) - Sy1

Now to solve for the equilibrium consumption and saving (= bond demand) we
substitute R from (2.16) into the demand functions. For the home consumer we

have
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H
& y 8y
H_ 1 H, 72y _ _ 1 (.H 1y H
(2.1?) C1 =t 1 + B IY1 * f’i ] = ? + 8 [yz + [yz ]Y2I
: ya y BY
H . B8R Mo 22T o ol T8 Bl p 21y H
(2.18) 02 * Yy 8 [yq + g) ] " 1 + 8 y1 [y1+{3'2 )yel
YH Y
H 1 H Y2y __8 (H 1\ H
(2.19) b= —— [ay] - - | 2 pes [yl-(yzlygl

Likewise for the foreign consumer we have

F
. 8y
F o F o F

(2,200 ¢ =73 by [Yz J¥s
2.2y oF.—1 T2 [ F+[Ezl) F

: 2 " T+8y, Y1ty Y2
(2.22) b° B [yF ({1] 3y

. T+ 8 WG

Then equations (2.16)-(2.22) given an equilibrium for our ezample economy.
Before we analyze this simple equilibrium let us introduce some of the termi-

nology of Balance of Payments Accounting.

F. Balance of Payments Accounting for a simple economy

Let Gross Domestic Produect of country j: = GDPi

= value of production (or endowments) of country j at t

Here: GDP? - yf , GDPs . yf
H H F __F
GDPE =Yy GDP2 = Y5

Let Gross National Product of country j at £: = GNPj

= "income" of consumers of country j at t
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In this model GNP equals GDP plus net interest payments

onpt! = cpptt . onef = cpef

1 1 1 1

H  .oH_ _H F_ . F _F
GNP} = GDP) + rb" , GNP, = GDP, + rb

Let Trade Balance of country j at t: = TBg

= value of exports minus imports

In this model this is just net exports of commodity

H O H H F__F F
Wy=pgy=ey o Ty =¥ S0
H_ H H F__F
Ty =Y¥5-¢ o+ TB=y,-¢

Let Current Account of country j at t = CAg

trade balance plus interest income on foreign assets

{1}

ca? 8 TB? ., ChA

F F
1 TB1

cal = B + o, ca g

: 8F + rb

2 2

Now we can use the present value form of the budget constraint to derive a
simple yet important restriction on trade balances. For country j we know

(from 1.4)
J J
e y
+ 2.3 2
(3.1) TR Y1 R

Rearranging this we have

. (yJ-cj)
(3.2) (y3-cd) + LR?— = 0

Using the definition of trade balance we have



= 18

J
TB

J . 2.
(3.3) TB1 + g = 0.

(3.3) is an important relation: It says that the present value of trade

balance surpluses is zero. That is, if a country runs a trade balance surplus

at date 1 it must run a trade balance deficit at date 2.
Now if we had a many period model (t = 1,...,T) as opposed to a 2

period model, then (3.3) would become

So that a trade balance surplus at date 1 does not in general imply a trade
balance deficit at date 2 but rather it implies eventually there must be trade

balance deficits which match in present value terms the trade balance sur-

pluses.

G. Fluctuations in the World Economy

We will illustrate how fluctuations in world outputs affects con-
sumption and the balance of payments by means of several simple examples.
Suppose we have data on output for these two countries for t = 1, 2,

say {yglt =1, 2, J = H,FY¥. Let us define §t to be the mean world output at

£, that 18,
R 4
(3.8)  Fyi o= (ypwy)/2 b=, 2

Let us define Bg to be the amount that country j's output at t deviates from

the mean world output at t, that is
(3.5) G‘g: - yé = §t, j=H F,t=1,2

Then we can decompose each countries' output into two pieces
p p y
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(3.6) yg z it + eé, j=H, F,t=1,2

country 3 output at t = mean world output at t + country j's deviation from
mean output at t.

Think of ?t as coming from {(common) world fluctuations and eg as
coming from some country-specific fluctuation.

We can then compute the equilibrium for three cases:

(1) No world fluctuations and no country-specific fluctuations;
(II) Country-specific fluctuations but no world fluctuations;

(ITI) World fluctuations but no country-specific fluctuations. And examine

the behavior of consumption and balance of payments in each case.

I. No World Fluctuations and No Country-Specific Fluctuations

Let

1]
|
or
1
—_
4%

(3.1 ¥,

By no world fluctuation we mean the mean world endowment is constant over time

(3.8) si =+8 t=1,2
F
9t=-6 £t = 1 2

By no country-specific fluctuations, we mean the deviations of country j's

output from world mean endowment is constant over time. (3.7) and (3.8) imply
y £ 2 1 y-8 t =1
H y+8 1 F Y 1
3.9y ={ by o= o i
y¥8 &t = 2 y-8 t =2

and



o

(3.10) y, = y: " yi = 2§

Then substituting (3.10) into (2.16) implies

(3.11) R = 1/8.

Substituting (3.9) into (2.17), {2.18) and (2.20), (2.21) imply (using 3.11)

1

(3.12) ) = 7o [F+o+8(7+0)] = § + o
(3.13) g u ool [y+o+8(y+8)] = § + ©
' 25T o9 y =¥

So consumption in home country s constant and equal tc home output

(3.4 o] = g [F-essG-0)] = § - 0
(3.15)  cf = T [j-0+8(7-0)] = § - o

Consumption in foreign country is

(i) constant
(ii) equal to foreign output

(iii) lower than in home country.
Using the definitions of trade balance and current accounts we see
(3.16) Tag =ca) =0 for J=H, F, t=1, 2

Graphically, we have the following:

(see Figure U)



I1I1. Country-Specific Fluctuations but No

g &

World Fluctuations

Let

(3.17) Y

i

this implies

(3.18)  yi =
and
(3.19) Ye =

H +6 t =
Yot =1, 2. 8 = {

-8 £ =
y+9 t = 1 g y-6 t =
{ }’yt={_

y-8 t =2 y+8 t =
H F _ .=
Yo #3, 2 2y ¥

Substituting (3.19) into (2.16) implies

(3.20) R

1/8

Substituting (3.18) into (2.17), (2.18) and

(3.21) c? .
(3.22) cg "
(3.23) o} =
(3.24) Cg =

So consumption

=
|
~
—
i
w
po—
@

in both countries

(i) 1is constant

(ii) but not equal to own output

In particular

Md
fo el
cr
1]
oy,
ot

(2.19), (2.20) implies



o

H 288/1+8 t = 1 ¢ -286/1+8

(3.25)  TB = { ks B = {
-26/1+8 L =2 +268/1+8
H 288/ 1+8 £, 251 F -288/1+8

(3.26) CAy = ks ca, = {
-280/1+8 t = 2 +288/1+8

v e s (o) - (Fe(38)e] = 222 of course,

where, for example, TB? = y?

it is true that here

(3.27) bo = TB? atd BF = Tef

Graphing these variables gives:

(see Figure 5)

III. World Fluctuations but No Country-Specific Fluctuations

Let
?t:1
(3.28)  §, = { }, 0<a< 1 and ag 0, J=H, F, t =1, 2.
ay t =2
Then
y t=1 ¥ t=1
H o F _
(3.29)  yp={ boyves U }
ay t =2 ay t =2
2y t =1
(3.30) v, =yp 4y = }

P
=]
<1
ct
1}
3%
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Substituting (3.30) into (2.16) implies

(3.31) R = a/B.

Substituting (3.30) into (2.17), (2.18), and (2.20), (2.21) and using (3.29)

gives

(3.32) ¢} = o [F+B(aD)] = §
(3.33) ¢ = af

(3.31) ¢ =3

(3.35) ¢ = qf

So consumption in both countries is

(1) not constant

(2) but is equal to own output
Clearly
(3.36) 78] = ca) - b =0 j=H, F t=1,2.
Graphing these variables gives:
(see Figure 6)

The basic point of these examples is that optimal consumption behavior is to
smooth consumption over time as much as possible. In particular, if there are
only country-specific fluctuations, each country's consumption will be per-
fectly flat (constant) even if the country's output is fluctuating. To accom-

plish this the country must lend when output is high (run a trade balance sur-
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plus) and borrow when output is low (run a trade balance deficit). In such a
circumstance, if the country were forced to have trade balanced in every
period it would have a much lower level of utility. On the other hand, if
there are world fluctuations in output, each country (consumer) will attempt
to smooth consumption but will be frustrated in the aggregate and optimal
consumption will fluctuate up and down.

Punchline: smooth country-specific fluctuations in output but have

to bear the world fluctuations in output.

H. Adding Governments to the 2-Period Model

So far we have examined an economy wWith only private agents, here
consumers. We now introduce into this economy a home of foreign govern-
ments. These governments will (i) buy output from private consumers; (ii)
levy lump sum taxes to raise revenues and (iii) sell government bonds to
separate current purchases from current revenues,

In particular, the government of country j

(i) buys output g{ at time 1 and gg at time 2 from private consumers (per

capita)

(ii) levies lump sum taxes r{ at time 1 and rg at time 2 (per capita) on
country j's residents

(iii) sells government bonds S{ at time 1

A fiscal policy of the government can be summarized by {gg,tg,EJ;t=1,2}. The

period budget constraints of the government j are:

(4.1) (t
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Solving the second equation for 5% and substituting into the first gives the

present value form of the government budget constraint

J J

T
i/ NP, S =
R -ty 0 E

m

(4.2) g{

In words, the present value of government spending must equal the present
value of (income) tax collection. So far we have not specified what the
government does with its spending. In particular, we have not specified how
government spending affects private consumers. We will make one of the fol-

lowing two assumptions.

(G1) Government spending does not give utility to private consumers
(basically, government buys private output and throws it in

ccean).

(G2) The government uses the revenues to manufacture a public good
(say, national defense) the services of which benefits its own

residents.
Initially, we assume (G1). Under (G1), the consumer's problem can be written

(4.3) max Uj(cg,cg)
3 ad w3
{03,02,b1}

or
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(4.4) max U(cd,e))
J J}
J J j
¢ y T
8.t c{+R—2=yg+§g,(T%+§§}

(4.3) is the consumer's problem with period budget constraints. (4.4) is the
consumer's problem with a present value budget constraint. Notice these
J

constraints are the same as before if we call e = rg the net (after-tax)
e

endowment .,

The definition of a competitive equilibrium is similar to that on p.

I, 14 except now we include governments.

Definition: A competitive equilibrium for this economy given government

policies {gj J bJ} is

(i) an allocation {c?,c 'cﬁ,cg}

(ii) a set of asset demands and supplies fb bF bH bF

(iii) a price system R
such that (E1), (E2) and (E3) hold.

(E1) Market Clearing

(i) date 1 market clears: cy +cy o+ g? =Yg+ yﬁ

. _*H “F H F_H _ _F
(ii) date 2 market clears: c, + C, + 8, + €5, = Y5 * V5
(iii) bond market clears: b + B = BY + B

(E2) Maximization

{;J 2,bj} solves (4.3) given endowments {yj,yg , and taxes {T{,rg} at price

R for j = H, F.
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(E3) Government Feasibility

{gg,g%,rg,ré} satisfy

= S . . apd J _ ]
b1 = 83 L and 0 = Rb1 * 85 >

Remark: Call (gg—ri) the (net) government deficit of j at t (net because we

haven't included service payments in the debt). Then the present value budget

constraint of the government requires the present value of povernment deficits

must equal zero that is, if the government spends more than it takes in the

first period it must take in more than it spends the second by either raising
taxes or cutting government spending relative to the first period.

In a T period model with constant one-period interest rate R the
government budget constraint is

T T

1]t j 176 Izt 3

I ()78 = 1 ()7 ~ Lg)"(eg-<)) = 0.
£20 R =t t20 R 't R t 't

Budget Deficits [see Barro chapters 13 & 15]

& guestion one often hears is:

Q: "What are the effects of budget deficits?”

The economic answer to this is either "This question is not well-defined" or
"This question is not stated in a precise enough form so that there is a
possibility of giving an unambiguous answer."

In the context of our simple model we can state precise versions of
this question and give precise answers. We can then qualify our answers and
state precise conditions under which they will be different.

Consider the government of country H's budget constraints (in period

form) (from 4.1)
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- H H H
(4.5) (¢t =1) by =g -1
(t=2) 0= RE? + gH2_ ‘Eg

Now the present value form of these constraints is

H H
H, %2 _m T2
E1*®% "1 *R

or

(gg-rg)

R 5 &

(5.6)  (gh-t}) «

Budget deficit at 0 _ 0}

[(Budget deficit at 1) + -

Now from (4.5) we have that one of two possible government actions can cause

the budget deficit to inecrease at date 1. Either

(A1) The government can cut taxes (r?+] (keeping government spending
fized at g?).

(A2) The government can raise spending (g?+) (keeping taxes fixed

at 1?).

Now, the present value form of the government budget constraint makes it
obvious that if the government runs a deficit the first period it must run a
surplus the second period (if it obeys its present value budget constraint).
Notice that if it doesn't obey its budget constraint, it won't be able to pay
off the government bonds (IOUs) it sold the first period.

So the government in the second period can run a surplus by either

(B1) The government can raise taxes (Tg+) and keeping government

spending at two fixed at gg



-29 -

or

(B2) The government can lower spending (gg+) and keeping taxes at 2

fixed at rg

The government can of course do both (A1) and (A2) then (B1) and (B2) all at
once but for conceptual reasons it is better to consider one at a time.

We will analyze the effects of government spending changes by:

Step 1: specifying an original set of government policies for both countries

and solving for the original equilibrium.

Step 2: specifying a new set of government policies for both countries and
solving for the new equilibrium (in fact, we will change only the

policies of the home government).

Step 3: comparing the original equilibrium with the new equilibrium.
We will consider four possible changes in policy:

(A1) & (B1): a tax cut at 1, balanced by tax increase at 2.

II. (A2) & (B2): a spending increase at 1, balanced b a spending
cut at 2.

III. (A1) & (B2): a tax cut at 1, balanced by a spending cut at 2,

IV. (A2) & (B1): a spending increase at 1, balanced by a tax

increase at 2.

More precisely, I will consider cases I and II and you will consider cases III

and IV (in a homework).

Step 1: Consider a two-period, two-country economy as in (I,27) with endow-

ments {y1,y2,31,y2} and an original set of government policies tg1,g2,rT, g,

b } for home government and {gf,gg,rf,rg,bF} for foreign government. Now
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throughout we will change only the policies of the home government. Just as

in 1.14-1.16, we can solve for an equilibrium by replacing our original endow-

ments
F
¥y Y4
(4.7) &
H F
Yo \p)

H H F
Y9 - T Y9 - 4
(4.8) "
H H F F
Yo = % Yo = T

(1A) We can compute the demand functions for these endowments. We will then

get the analogues of (2.17)-(2.22).

(yH-rH
SH H H 27 "2
(4.5 Y "TY R l¥i-%; * —==
~H _ B8R H H (yg‘rg)
(H10) & = 7o lypmy + =
~F 1 F F (yg Tg)
(ﬂ,“) 01 = T+ 8 [yr1-1-1 + _—-—ﬁ-—.—]
F _F
A (y, =t
F _ B8R F F 27%2
(4.12) e, = 7o =z, » —5
o H H, 1 ,H H
(4.13) b= g [8lyyer)) = § -]
F F F, 1 ,F F
(W) B = o [8lyy-m)) - g (yp=7p) |-
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Then we can solve for the equilibrium by using any one of the three market
clearing conditions. Any one of the three will do (since we can show they are
all equivalent by using the budget constraints of both consumers and govern-
ment; this is called Walras' Law).

Before we do this notice that we can rearrange the home consumer's

demand function to be

H H
y T
~H 1 2 H 2
(4.15) e * T E {y + E= - ['c,i + -ﬁ—)]
but we know that
H H
T g
H 2 _ 8B "2
(4.16) Tt E TB tE

by the home government present value budget constraint. Substituting (4.16)

into (4.15) we have

BT ¢, =

We can do a similar thing to ci + cg, and we can use the foreign government

budget constraint to do a similar thing to cﬁ and cg. If we do, wWe have

H H

~H _ R o Y2 H &2

@.18) & = 75 [y + 57 - (&g + g
F F

& g

F 1 2 ¢ F . B

R A LA R
v g

F_ R (F . Y2 (7 B

Ul R R e
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Now these substitutions will make the algebra of solving for the equilibrium
easier. Now substitute (4.17) and (4.19) into (E1(i)) to cbtain

. H H
(EN(1)) ey +c, +8, + 8 =¥y +V,

1
T+ 8 [y1 R GO

H
H Yo H 32]] 1

F F
(4.21) v I # 55 - [y » )

H F H F
+ 8y v 8 Yy tY,

Now we want to solve (4.21) for R; this will be the equilibrium interest

rate. To do so in 4.21:

subtract g? - gf from both sides

multiply both sides by (1+8)

«  subtract yT - g? - yg - gg

this gives

H

H H F _F
Yo =8 Vp -8 Hy , F F

(4.22) T - 2 - gty

Solving for R then gives

H H F F
1 (Y2782"Y28;
(4.23) R = [
g " H_H F_H
Y178q1*Y 1784
Note 1: If we compare (4.23) to (2.16) we notice we have similar formulas

except in (4.23) we have in the numerator the total world endowment at period
2 after the government take their share of apples and save in denominator for

period 1.

Note 2: Notice the interest rate depends only on
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(i) private endowments (in both periods)
and

(ii) government spending (in both periods)
but not on

(iii) taxes in any period.

This last observation will be important for assessing the effects of tax

induced-tax balance budget deficits.

Summary cof Step 1

For the original set of government policies we have

(A) The equilibrium interest rate is given by (4.23).

(B) The equilibrium consumption allocations are given by (4.17 to

4.20) when we substitute the equilibrium interest rate (4.23).

Step 2: Consider the same ecconomy as before, let the policy of the foreign

government be unchanged, however, let the home government

(a) cut taxes in period one by A4 and raise taxes in period 2 by A,
(b) keep government spending the same each period.

(c) assume the government still satisfies its budget constraint.

Home Government Policy

Original New

H H H H,

H H,H H' H'" H'
[g1r82r11!72rb } Vs, {81!?12!11 112 !b }

where PR R b, (tax cut of &1)
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= 1, + A, (tax increase of 32)

Budget Constraints

(Period B.C.)

H H H bH’ H H'

(21 b= gy - T4 Vs. =8y - Ty
_ H
¥ (11~ﬂ1)
= bH + A

{budget deficit goes up in period 1 by ﬁ%)

H H _H o H' O H O H
. 0 =R +g5-1,

H H ,.H
R(b +é1) + 85 - (L2+ﬁ )

(= ]
1

2

Ro + g - <5 + Ra, - 8

[==]
"

0 if original policy s satisfies (t = 2)

constraint)
S0

0 = Rﬁ] -4
62 = R61

(where we have implicitly assumed interest rates don't change)

Present Value Budget Constraints
H H'

H H
) + 22 TH + ig Vs B %E = YH' + ig
8/ *®R "1 *R b By *R * "1 *R

o9
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I wrote out the above just to make sure it's totally clear what is happening
to the government budget constraints. Now, let us solve for the new equilib-

rium:

(1) Examination of the formula for interest rate (4.23) makes it

clear that since government spending didn't change then interest

rates didn't change.

(2) To solve for consumption of home and foreign consumers, sub-
stitute this formula for interest rates into the demand func-
tions (4.17 to Y4.20). However, nothing here is changed either,
so consumption doesn't change either.

We summarize this in a proposition,

The Ricardian Proposition:

Budget deficits caused by current tax cuts that will be balanced by

future tax increases have no effect on either consumption or interest rates.

Now we have demonstrated this proposition in the context of a simple
example, with additively separable-two period-log utility, ete. it ism
straightforward to generalize this proposition to include - general utility
functions, - many period-live consumer and governments, -+ production, - uncer-
tainty, etec. However, there are two important sets of circumstances when this

proposition will not hold.



- 36 -

II. Monetary Economics

In this paper, we modify the real macroeconomy of my earlier paper
to include fiat money. Once we accomplish this, we can analyze the interac-
tions of monetary and fiscal policy and the resulting implications for the
open econcmy. In particular, we will be concerned with the effects of budget
deficits on: (i) prices and inflation rates (in a one country world), (ii)

exchange rates. We will also derive (iii) a modified Ricardian proposition.

Some Motiviation

Before we consider models with money, let us first review the stan-
dard stories behind the general equilibrium model. There are two different
interpretations of the market structure of the general equilibrium model: the
date 0 interpretation and the sequence interpretation. In the date 0 inter-
pretation it is imagined that all agents convene in one grand market at the
beginning of time (date 0). Agents sign contracts promising to deliver goods
to others in the future and for promises of housing goods delivered to them-
selves. An example of a contract between two agents, A and B, may be as

follows:

Agent A promises to deliver 10 apples at date 3 to Agent B in exchange for

a promise from B to deliver 12 pears at date 7 to A.

It is important to notice a couple features of this market struc-

ture:

(1) All markets meet once at the beginning of time.

(2) All contracts involve the sale of goods for goods.
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In the sequence of markets interpretation, it is imagined that

agents meet at the beginning of every period, say t. At this time, two types
of markets open: (i) spot markets, and (ii) asset markets.

A spot market is a market in which current goods are traded against
other current goods. For example, Agent A may give Agent B four time-t apples
for five time-t pears. As asset market is a market in which current goods are
traded against future goods. For example, Agent A may sell a one-period bond
to Agent B, promising to pay, say, two apples at time t + 1 in exchange for
one apple today, at t.

Now go back to handout I, page 6-8. Notice that we wrote the budget
constraints in two different ways. These two types of budget constraints

correspond to the two market structures: The present value budget constraint

corresponds to the date 0 interpretation. The period budget constraint corre-

sponds to the sequence interpretation.
Let us consider a many-period generalization of the problem faced by

the consumer. Let us first consider the present formulation. (At time 0)

choose {ey,¢q,... 07} to solve:
3 t
(1.1) max z g u(e,)
&
£=0
such that
c e e c ¥y y
1 2 3 T 1 T
C. + + + + e + = ¥p + ¥ e W 3
0 Ry 9 Boo FBg3 Ry o 707 Ry 4 Ro,T

Notice that this problem is identical to a static problem:

(1.2) max U(co,...,c )

T

such that
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Gy # PR * wwe ® Pyl & Jg ¥ Pydq © oo v @ Pl

In fact, if we impose the assumption of additive separability and discounting
and we also let the relative price of good t to good 0 be Py = TfRO,t' then we
have exactly the same problems. One can imagine the consumer solving (1.1)
Jjust as he/she would solve (1.2), as a static once and for all problem.

The many period version of the period budget constraint formulation

is, at time t, to choose current consumption c, and new bond holdings by 4:

3 t
(1.3) max ) 8-u(e,)
t
t=0
such that
CO + b1 = yo
c, + b2 = R1b1 +Y,
c, + b3 = R2b2 + Y,

Cp * Bpyq = Ryby¥y
a "sequence" of budget constraints.

Now at time t, future markets have not met (i.e., spot and asset
markets at t + 1 and after), however, to decide on what to do today (at t) the
agent must have some belief about the future. We will assume the agent has
rational expectations about the future which, in this deterministic context,
means the future is perfectly forseen.

In either of these interpretations, there is no need for agents to

hold pieces of paper--called first currency or money. Why should they? They
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can't eat the money (it doesn't taste very good), they don't need it to buy
goods with (they can just trade goods for goods), they don't need it to save
with (they can save in the date 0 structure by selling goods now for promises
to get paid in goods later), and they can save in the sequence of markets
structure by buying assets (like bonds).

In fact, within either of these market structures, not only is there
no need for fiat currency, there is no room for fiat currency. By this I mean
unless we change some features of the above environment, no one will want to
hold pieces of this paper. In equilibrium they will have no value, they will
pe just worthless pieces of paper. Thus, in order to have a theory of money,
we will have to deviate somehow from the simple "frictionless" trading ar-
rangements of the above.

There are three basic approaches to this problem:

(1) Try to sidestep the problem completely.
(2) Build into the environment a role for money as an important means of
saving (between periods).

(3) Build into the environment a role for money as an efficient means of

transacting.

Broadly speaking, there are three types of models corresponding to

these three approaches:

(1) money in the utility function,
(2) overlapping generations,

(3) cash-in-advance.
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Money in the Utility Function Model

This approach simply asserts that money is just like any other good
that people value. To model money, we just need to add another good into the
utility funection called "services from real cash balances," or simply,
money. Say U(c,m/p) in a one-period model or Z Btu(ct,mt/rt} in a many-period
model. This approach has not led to many insights and will not be pursued

here.

Overlapping Generations Model

This approach assumes agents are separated in time in such a way
that it is impossible to trade gcods for goods. Basically, the timing is such
that there 1is not "double coincidence of wants," i.e., no two agents want
something the other one has and is willing to sell. Neil Wallace covers these
models in his intertemporal economics course in detail. We will not pursue

them here.

Cash-in-Advance Model

This approach is driven by two main assumptions: (i) one needs cash
to buy good, and (ii) it is impossible to get cash instantly and costlessly.
Basically, the idea is that using cash is a more efficient way to transact
than to sell goods for goods. The possible stories behind this are: (for
(i)) sellers accept only cash if they have little information about your
eredit position, or (for (ii)) it is difficult and costly to find someone who

has just what you want and is willing to take in payment just what you have.
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The Cash-in-Advance Model 1/

Congider an economy consisting of a large number of identical house-
holds, a firm, and a government. There is one physical good per period and a
large number of periods. There are two assets in the economy: fiat money and
(nominal) bonds. It is a requirement that all goods be paid for with money.
In particular, one cannot use bonds to buy goods and one cannot buy goods on
credit.

Each household is composed of a worker/shopper pair. In order to
understand the rather delicate timing of this model, it is useful to consider

a representative day for the economy. A resentative day for the household is

as follows:

9:00 a.m. Get up holding: (i) unspent cash balances from yesterday, (ii)
one period nominal bonds bought/sold yesterday, and (iii) wages
worker received at end of period yesterday. Immediately house-
hold pays lump sum taxes to government (in cash).

9:15 a.m, The worker goes to factory and supplies labor to produce goods

which are sent to shopping mall (goods market) continuously. The
shopper goes to bank (asset market) and: (i) obtains or deposits
cash balances, (ii) collects on or pays off nominal bonds from

last period, and (iii) purchases or sells new one period bonds.

10:00 a.m. Shopper goes to shopping mall and shops all day. At the shopping

mall, one can purchase goods only with cash.

Y some parts of this chapter draw heavily from Sargent's chapter on
"Cash in Advance Models," especially the propositions presented later.
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4:00 p.m. Stores close and the shopper returns home. The worker receipts
from this period's goods which were sold at stores and collected

and wages are paid to workers and then return home.

The following diagram is suggestive of a physical layout.

Let us review the constraint in more detail.

Asset market

Entering the asset market the consumer has:

(i) bonds bought yesterday at t - 1 asset market By which now are worth
ItBt' (The convention is that bonds are indexed by the date they
pay off.)

(ii) wages received (in cash) at end of last period py_4y,_4 which were
received after goods market had closed.

(iii) unspent cash balances from yesterday m,_; - pyc_q (spent p,_ic¢ 4
on consumption at goods market out of total cash of my_,).

(iv) current taxes paid to government in cash, T..
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The total wealth brought into asset market at t

- ItBt - T, + (M

£ £-1Pe-1%-1)

Peo1Yg-1

(wages + bonds - taxes + unspent cash).
In the asset market the consumer purchases: (i) new cash, M,, for
today's shopping trip, and (ii) saves (or borrows) by purchasing (or selling)

new bonds Bt+1‘ Thus we have the asset market constraint:

(B Moo B = Bea¥eq * T = T * M Peai®ah

Goods market

After leaving the asset market, the shopper goes to the goods market
where store/factory owners sell current goods (say apples) but they are only
willing to accept cash in payment. In particular, they are not willing to
accept bonds or 1.0.U.s, ete. so if one wants to buy ¢, apples and the price
is p, dollars per one apple, one needs pgcy dollars on hand in cash. The

goods market constraint is:

(1.5) P.C, < M.

The Consumer's Problem

The problem of the consumer is to choose at each t, {ct’mt’Bt+1}

{consumption at t, new money at t, and new bond holdings at t) to solve:

g £
(1.6) max ) 8u(e,.).
t=0
(Asset market) 1. Mt + Bt+1 S Peq¥eq * ItBt - Tt + (mt_1—pt_1ct_1)
2 Pioy < Mt
3 8. = B =0
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Condition 3 says the consumer starts out with no debt or savings B, = 0 and
will end up with no debt/savings BT+T = 0. We will often consider a two- or

three-period version of this problem.

The Government

The government does several things:

(i) Spends g, on applies and throws them away.
(ii) Taxes consumers T, dollars per period.
(iii) Prints money so that total money at t is at.
(iv) Sells bonds to finance its deficit §t+1.

At time t the government needs revenues to pay: (i) Itﬁ on princi-
pal plus interest to bond holders, and (ii) P8, for current government pur-
chases of goods.

At time t the government raises revenues by: (i) collecting T,
dollars in taxes from its consumers, and (ii) printing new money ﬁt - ﬁt-1

(the amount of new money). If money supply yesterday was m and today the

t-1'

total is ﬁt, the change in the money supply is ﬁt - ﬁt*?.
Now if the government receipts (Tb+&t—ét_1) fall short of its cur-

rent payments (It§t+ptgt) then it can borrow from private consumers by print-

ing and selling more government bonds Et+ {which it will pay off next period

1

at It+TBt+1)' Putting these together gives us the government budget con-

straint:

(14T B,s 1,8, +pg -~ T, - (Ht-Mt-T)
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(the amount the government has to borrow = current expenses - current re-

serves).

We also assume

(1.8) ED = BT-:»! = @,

the government starts out and ends up with no debt/saving.
The government is also subject to a cash constraint: to buy 8¢
apples the government must have p.g, dollars. Letting M% denote the cash the

government has, we have government cash-in-advance constraint (good market

constraint):

(1-9) Ptgt = M%‘

We now can summarize government policy by {gt'Tt’ﬁt’§t+1;M%}g'

Equilibrium for the Monetary Sequence Economy

Let us define an equilibrium for this economy: Given government

policy {g“'Tt’ﬁt’gt+1;M§}g an equilibrium for this monetary sequence economy

consists of: (i) an allocation of consumption {Ct}g for private agents, (ii)
v T ¢ 3d > : o ix
a set of asset demands {Mt’Bt+1}O’ and (iii) a set of prices {It,pt}o such

that:

(1) Markets clear:

(R) goods market C. + g, =y,

M M8 -
(B) currency market M, ME = Bt
(C) bond market Bt = Bt
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(2) Consumer Maximization. [C’Mt' t+1}g solves the consumers problem (1.6) at
prices {{t,pt}g and given endowment and tax pattern {y?,Tt}.

(3) Government Feasibility. The government meets its budget constraints at

the equilibrium prices {It'pt}’ §t+1 B Itgt + P8, - T, - (M-M .), and

-~

- M8
Pe8y = M.
HOMEWORK: Add the following problems to end of last problem set:

Government Budget Constraint

I. Solve out the government's sequence of budget constraints to give one
g g g oune

present value type budget constraint. Proceed as follows: We have

(1.1) §t+1 = ItEt + P8, - Tt - (Mt‘Mt-l)'

To save space we will let

(1.2) Ht = P8y - T - (H-R ).

t t ot

Substituting (1.2) into (1.1) we have

(1.3) Et+1 = Itﬁt + He.

Now we want to start at T + 1 and use (1.3) to keep substituting out the

1]
Et s.

Start at T + 1 §T+1 = I.B. + H.. Substitute out B using (1.3) for

TF T T

B = I (I, .B

T4 1 I 1Bp_y*ip_y) + Hy

= IT3T~1§T-1 - ITHT~1 + HT.
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Now substitute out BT-! using (1.3) for t = T - 2 (BT-1 = IT—QET-Q +
HT—2)' Keep going until you have only ED (and I's and H's) on the right hand
side. Divide by Iy - ... - I, on both sides. Substitute back for {1.2) £8¢

the H,'s. Simplify and interpret.

II. Under what conditions will the consumers good market constraint p.ec, <
Mt? Bind with equality for every date. (Hint: the condition is an interest
rates.) Argue intuitively why this is true for situations meeting your con-

dition and explain what happens if it's not met.

I1I. Suppose the consumers constraint in the goods market binds with equal-
ity. Use the equilibrium conditions to find a formula for the price level (in

terms of primitives).

Instead of trying to characterize the monetary sequence equilibrium
defined on page II.11 directly, we shall try an indirect route. In particu-
lar, we will reduce the consumers problem to: (i) a date 0 problem with money
(assuming I, > 1 for all t), and (ii) a date O problem without money. Reduce
(i) to (ii), and then we will characterize (ii).

First, let us turn the consumer's sequence of asset market con-

straints inte one date O constraint. Rewrite (1.6) (i) as

(1.10) By g = LBy + Py ¥ = Mg = Tp - Mg 1Py 1Cpq)

Using the standard substitutions (1.10) can be written as

T

£

1

(] (1 ey gy g M-Te-(My_y-pe_qey_y)] = 0.
t=0 s=0 s



- 48 -

Now agsume It > 1 for each t, then p,c, = Mg for each t. Substituting this

into (1.11) gives (M, = pee, and Py _4 - pp_1Cp_q = 0)
I (5 bl }
(1.12) T +—)lp, ¥, ,-p.¢.-T
i ‘go0 Ig | E-1TE-1TTETE TR
t
Now let IO gio= O I then we can rewrite (1.12) as
] 5=0 5
3 4 k2 |
(1.13) y plel. = —lp y =T 1.
£20 IO,t tt £20 IO,t t=-1"t-1 "¢t

Breaking the right hand side of (11.3) into two pieces we have

b ;- ] -
(1.14) — p,C, = —(DP. Ve ) - =T ).
tz0 lo,t © ¢ t=0 lo,¢ CTE1T ¢ loe F

Now from the homework problem we have the government's budget constraint
} £ Ao ] iAo,

(1.15) = P.g, = — T + — M _-H :
b0 o6 ¥ ¢ ez0fo,e ¥ eso To,p B

Solving (1.15) for discounted taxes gives, after combining sums

1 I —
—T=I—-———[pg<u-n )].
£20 Io,t t I j Pt o] t t-1

(1.16)

(TR ]

Substituting (1.16) into (1.14) and combining sums gives

T T
1 1
(1.17) ) — p.e, = Z [P, _y¥p_y+ (AR _)-p.g. ]
=0 Io,t tt £20 0 t-1"t-1 t t-1 tot
Now from the homework problem III we have: ﬁt = PyYe and Ht-1 = Pe_1Ye_1-

Substituting this into (1.17) gives

P P
1 1__Pe t-1
(1.18) ) — p.e, = == #{pys~ ——)=b.8:]
I t't IO,t Ye_1 et Ye_q t7t

t=0 “0,t t=0

H,
o
or
e}
or
"

E : E ] |
(1.19) p.(y.-g8.)|.
t0 “0,t ¢=0 fo,t ¢ ¢ ¢
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p
Let R g s I be the real interest rate, then (1.19) becomes
0,t = py 0,t Mo

(1.20)

— g, = "f ET_(yt“gt)'
0,t £=0 0,t

33

t=0 R

That is the consumer's problem (1.6) is equivalent to the following:

% ¥
(2.1) max Z g u(ct)
{ct} t=0
such that
% R1 G = E p‘E [EE [ﬂt‘ﬁt_1)]
£=0 "0,t £=0 "0,t P Py
M
where p, = —E.
t yt
Let us review the steps in a two-period model. The consumer's
probelm is
max u(co) + Bu(c1)
such that
{(2.3) MO + B1 =0 + IOBO - T0
(2.4) M1 + 82 = pp¥p * 1113.| - T1 + (Mo-poco)
and
{2.5) Poo = MO
(2.6) PiCy = M1.
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Substitute (2.5) and (2.6) into (2.7)
(2.8) B, = I\B, + [peyo—p101-T1].
Now solving (2.3) for B, gives

(2.9) B, = I, + [-M,-T,].

Substituting (2.5) into (2.9) gives

(2.10) B, = I8, + [-pycy-T,l-

Substituting (2.10) into (2.8) gives

(2.11) B, = L,I.By+ I, [-pyey=Tol + [pg¥e-Pie4-Ty1-

Imposing B, = By = 0 and dividing by I5I, gives

Po%To, (Po¥oP1%17Ty
s e e’ (o ]

(2.12) 0 =
IOI1
Rearranging terms and let Iy =1, 15 4 = I1
b
p,c Py T
(2.13)  pyeg + Tt = T2 - (T ).
0,1 0,1 0,1

o Py, T M,-M
2.1 PBA + — = T, +
0°0 " I5 4 0 I, 0,1

(we have put M - 1 = 0). Solving (2.14) for discounted taxes gives

T P18, H=Ng
= PoBg * T
0,1 0,1 0,1

(2.15) T. +

Substituting (2.15) into (2.13) gives

P.C,  PyY M,-M P,8
(2.16) DaC. + 11=00+R+(10]-pg- 11.
0% * 1 I 0 oo " T_ .

0,1 0,1 a3 0,1
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Now from the problem set we have EO = pyY, and H1 = p,y,. Substituting these

into (2.16) gives

p,c PRy Py -PnY P8
171 0“0 Sl v o 121
(2.17)  pe, + 2 + pYn + (———) - PpBa - T
0%0 " Ty T I 070 Ty 1 0% " T |
Now canceling terms gives
p,c P,y P,g
171 191 121
(2.18)  p,es + = Pl * 7 = DaBu * T
070 IO,1 070 10!1 0=0 IO,1
P
Now dividing (2.18) by p, and letting Ry 4 = Bi IO , we have finally
1 0 y !
c y g
2 1 1
(2.19) c, + = .+ - g =
U Hes 9 g4 9 H5iy

Thus, the consumer can solve

(2.20) max u(co) + Bu(c1)
€07%1
such that
NI LS
0" Ry 0T Ry %07 Ry 4

Also, we can rewrite the government budget constraint as

g T T, M M, -M
(2.21) gyt =z e m— =L+ 1L,
0,1 Po %o,1P1 Po Fo,1 Py
Letting 1, = T,/py we have
8 T My MM
(3.53) g% =— = 1, ¥ . 1.
0 Ry O Byq Pg Rgq Pg

Consider the impact of budget deficits on this economy. Now go back
to 1,29 for a minute. Under equation (4.6), we considered the three ways to

WORD a budget deficit at date O (replace 1 with 0). They are:
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(1) cut taxes at 0 (tj +)
(2) raise spending at 0 (g, +)

(3) cut money supply at 0 (ﬂo )

Now given that the government runs a deficit the first period, it
must run a surplus the second period (if it obeys its budget constraint). To

run a surplus the second period (1) the government can:

(1) raise taxes (1, +)
(2) cut spending (gy +)

(3) raise the money supply (M, +).

Now the changes involving spending and/or taxes are the same as before, we
will concentrate on changing the money supply.

Let {30,31,r0,11,ﬂ0,ﬁ1] be the original policy. (Notice we have
used real taxes {r,,t,} vs. nominal taxes {T,,T,}.)

Now suppose the government cuts the money supply by 4 in the period
0 and raises it by Jjust enough in period 1 to keep its budget balanced, say,
by 4.

Thus, if we let {ga,ga,ti,Mé,M;} be new policy, then

By = Bp» 81 T8y g T Tgr Ty T T

Now what happends to consumption, prices, and interest rates? Well,
the consumer's budget constraint in (2.20) is unaffected by this change and

the good market equilibrium conditions:
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(2.22) date 0: Cq

Yo = Bg

date 1: ¢4 = yq = 84

are also unaffected; therefore, the consumption is unaffected. Now we know

from before that the real interest rate is given by

U1(c1)

(2.23) = 8 .
Ry, Ul(co)

Substituting the goods market equilibrium conditions into (2.23) gives

| U’(yj-gi)
(2.24) = B
0,1 U (y5-8p)
(real interest rate is unaffected). So if the consumption of goods is un-

changed, the real interest rate 1s unchanged,

Now the price levels in the two cases are

p = ﬂg ) p| = M
0 Yo 0 Yo
(2.25) i )
M M, + A
1 1 1
2 — ¢ pl o= ———
P% )’1 91 y1

The price level falls in the period 0 (since there is a lower money supply)
and rises in period 1 (since there is a higher money supply). Now the nominal
interest rate is given by

Py
R, ,<I' . =—R

| 1
2.26 I, ., = — 5 .
{2:26) Pg 01 = 0,17 pl 0,1

0,1

In summary, a cut in the money supply at 0, which is balanced (in

terms of the government budget) by an increase in money supply at 1,
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does not affect consumption,
does not affect real interest rates,
lowers prices at 0, raises prices at 1, and

raises the nominal interest rate.

So far, we have not specified how 4, must relate to A, in order that

the government budget constraint is met:

g T M M
1 1 o 1 h
(2.27) (a) g, + = T, + + = 4 m(— -F_)
0 "Ry 4 0 Ry Pp By O
81 vy M-y W
(b) gy + = Ty LAy [ +8,)=(My-2,) ]
0 "Ry ¢ ¥ By Po Ro,y 7¢ V700

Equations (2.27) (a)--old policy--and (b)--new policy--money supplies must

satisfy
M o o1 M By = 8 1 (Hyray)-(My-4)
(2.28) . w R (_ 'Mg] 2 i + R { [ ]
Po Ro,1 Py Po 0,1 P1
Let us substitute out the prices using (2.25)
M,-M A, (M,+4,)-(M -a.)
1 10 1 11 00
(2.3 gy w pd—"l, =7 +5—t Iy 4
0,1 H, 0,1 ﬁ1+a1

Now subtract y, from both sides and multiply by R, 1fy1 to obtain
)

(2.30) ——2 = |

H1 R?+A

Solving (2.30) for 8y gives

M, - M (ﬁ1+ﬁ1)-(ﬁo-ﬁ0)

1

H3¢ﬁ1

M1
Consider a two-period version of the two-country CIA model. Let the

f2.31) A, = (

0 J(H -Hy) - (B -Hy) - o

1

endowments of home consumer be {pyy,yyo} and the endowments of foreign consum-
ers be {pFO’yFO}‘ Notice that home consumers' endowments are in units of home

currency and foreign consumers' endowments are in units of foreign currency.
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The  home consumers maximization problem is
{eggsCry Mye s Mpe By 19Bpe 11820, 1} to solve
(2. 1) max U(cH0+cF0) + EU(c F1)
such that
(1) My # Bgoy # By % SBpy = 0% LynBin * B5lpePro = %o
M i
(@) Myy + eMpy + By + €3Bpy = Pug¥o * TnBur * S11p1Be
(3 Pyuocho = Mio* Pro®ro = Mo
(8) Pyyqy = Mypr PpeCpy = Mgy
(5) BH{} = BFO = BH2 = BF2 =0
where (1) equals asset market constraint in period 0.
(2) equals asset market constraint in period 1.
(3) equals cash-in-advance constraints in period 0.
(4) equals cash-in-advance constraints in period 1.
(5) equals initial and terminal conditions on debt.

except that there are asterisks on all quantities.

* # * * % % _
{efer el M MEe Bl 1Bl 1620, 1

(2.2)

such that

(1)
(2)

The foreign consumers'

max U(c

* "
MHO+e

*
"

to solve
* ,+c ) + BU(c +c§1)
* * * - * »* *
oMo * By * %oBFy = 0+ TuoBlo * €olpeBRo ~ 10
* * * s *
+ e Mp, + BE + eBR, = Ppo¥io * Iy By * e lpBEy

to

- T

Eh

1

1

choose

problem is identical to the home consumers'

Foreign consumers choose
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» — #* 3 — #*
(3) Pyotho = Mo’ Pro®Fo = MFo
#* - * #* i *
(B)  pysefy = Mipr PpyCEq = MEqe

The home government's policy can be described by

- a g i 1
(2.3) (g Py By 0 TeiMe 820,11

The home government's policy is assumed to satisfy

(2.4) (a) By = TyBuo + Pysy = Tg = (Fyp)

M)

(b) B,..=1 T, = (HH1- 4o

w2 = Iy1Bgq * Pyl - Ty

(period budget constraints) along with the initial and terminal conditions

(e) EHO = §H2 = 0.

The home government is also subject to cash-in-advance constraints of the

form:

8

(2.5) PuoBuo = Mho
e

Py18yr = Mgq-

Likewise for the foreign government's policy can be described by
* B T MEF .- ; ' - - .
{gFt’ﬂFt’BFt+1"t’HFt't"O’1}‘ The foreign government's poliecy is assumed to
satisfy period budget constraint:

. e & o
Be1 = TpoPro * ProBro ~ To - Mro

- ] ; s T M M
Beo = IpqBpy * PpyBpy - 17 - (Mg -Mpp).

The foreign government's cash-in-advance constraints are of the form
gn g
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M8
ProBro = Mro
ol
Pr18py = Mpy-

We are ready to define a monetary sequence equilibrium for this
economy. Converting the consumers' sequence budget constraints into date O
nominal constraints by solving (2.1) (1) for BH1 * eOBF1 and substituting it
into (2.1) (2), then imposing the conditions in (2.1) (3) and (4) in order to
substitute out the money demands in terms of consumption. Impose conditions
in (2.1) (5) and divide by Iyyl.,. Use the notation Iy, = 1, 12‘1 = Tyoly-

Convert the consumers' sequence budget constraints into date 0 real

constraints by using the Fisher relation between nominal and real interest

) H Mo
0,1 = Pu1’Puo'o, 1 t=0,1} as

). Use the same definition of taxes {Tt,Tt,

rates R
in (A).

A monetary sequence equilibrium for above economy given government

policies of home government {gHt’RHt’EHt+1' t;Mgtlt 0,1} and of foreign gov-
#* e fee : . ;
ernment {gFt'RFt’EFt+1’ M t|t =0,1}  is: (i) a set of allocations

* - ii .
th|t-0,1}, (ii) a set of asset demands {HHt'MFt’BHt+1'BFt+1’

14, and (iii) a price system {IHt’ Fe'Pyt 'Pre St } such that:

e
{eyerCpeichr
* * * »*
Ml Mee Ble. 1By

A. Markets clear

(i) goods market

* = -
(home) cHt - cHt - gHt = yHt t =0, 1

* - * -
(foreign) th . th . gFt = yFt t =0, 1

(ii) money markets
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#* g .
(home) MHt + MHt + MHt E ﬁHt

"
<

. » g
(foreign) HFt + MFt + MFt Ft

(iii) bond markets

*
(home) BHb + BHt BHt

: *
(foreign) BFt + BR, BFt'

B. Consumers maximization
{cHt’th’HHt'MFt’BHt+1'BFt+1:tzo’i} solves (2.1) at equilibrium

§ » * # * * o 1 ili i
prices, and {cHt'th’HHt’BHt+T’BFt+1't"o"} solves (2.2) at equilibrium

prices.

C. Government feasibility
- g .
{gHt’MHt’BHt+1’Tt’MHt} satisfies (2.3) and (2.4)

* B * .M i
[gFt'ﬂFt’BFb+I’Tt’MFt} satisfies analogue of (2.3) and (2.4).

Now instead of trying to characterize this monetary sequence equi-
librium directly, we will convert it to a simpler type of equilbrium. In
fact, we can convert this equilibrium to a real date O economy. We proceed in
several steps.

Converting the government's sequence budget constraints to date O
nominal constraints by simply substituting (2.4) (b) into (2.4) (a) and impos-
ing (2.4) (c).

Converting the government's sequence budget constraint to date 0
real constraints by using the Fisher relation between real and nominal inter-
est rates. Then converting the commodity taxes TO' T, to real taxes tO =
Ty/Pyor 71 = T1/pH1. And then converting the revenues from money creation

wor Mgy - EHO into "inflation taxes

=

M
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M Mo o M Mo

0 7 pyo”

and substituting these into step (i).

Converting the Monetary Sequence Economy to a Real Date 0 Economy

Convert the government's budget constraint to a date O constraint by

rewriting the sequence budget constraints in (2.3) as follous

PuoBuo  PuiBui Yo T Mo My~Myo)
(2.5 T ‘T T, T. T t.*T. *Ti.T.
HO HO'H1 'HO 'HO'H1 “HO HO H1
b B e H
Put Iyg = 1 and 10,1 & IHOIH1
PE T (M, .-M,.)
H1BH1 _ £ . H1 ™ HO
@1 Pyfuot"w  CTot*H Mot TH
0,1 0, d 0,1
H

Let R0’1 = Py1/PHo (10,1). Multiply (2.7) by 1/pyp and use the definition of

30'1 to obtain

gy To Ty Mo MRy
il wg s e el S
0,1 HO HE 8,1 HO H1 0,1
i
Now let T, = 53— (real value of commodity taxes on home consumption at t) and
Ht
let
M Mo
TO-““"‘_
PHo
and
M M~ Mo
T. =
1 PH1

Then (2.8) can be written

(2.9) gHO + g = TO + 5 + TO + 7
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Similarly, the budget constraint of foreign government can be writ-

ten
Mil
€y 1 Mo
(2,10) g +* = o# 4 T, o+
F1 RG,1 0 RO,1 0 RD,I
where
*
¥ - Tt
Ti‘ ot e
¢ Ppg
we Mo e (MpyMpo)
TO = — Ti =
Pro Pr1

Using a similar method to handout II, we can write the consumers'

budget contraints as home consumer

M
(e, ,+Cp,) y T T
H1 "F1 H1 1 M 1
(2.11) (G, 40 ) 4 e =y o - [r - ] - [1 + )
HO "FO RO,? HO R0,1 0 RO,? 0 HO,%
and foreign consumer
* * #* M#*
c¥, +c y T T
H1 "F1 1 1 M® 1
(2.12) (c* 4o ) & (o) =y + =—— = (1% ) = [z, + )«
HO "FO RO,1 FO R0,1 0 RO,I 0 RO,!
*
Notice we can express the inflation taxes r:, rz in terms of primitives as
follows:
M M
M HO HO
(2.13) T, S g I e 4 =y
0 p o HO HO
HO MHQ
v M- Mo My - My Mo
L R yyp = (1= =y,
H1 MH! MHi
Similarly
M*
2.14 = y¥
(2.14) T Yro

=
I
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A real date 0 equilibrium associated with the above monetary equi-
librium given government policies {g,. ,t M} {gx, o TM*} is: (i) a set of
HET "'t A A '

allocations {ct,cg}, and (ii) and a price system {RO 1} such that:
H

% - *
A. Markets clear ct + ct = yHt + yFt

B. Consumer maximization

{ct} solves max U(cy) + 8U(c,) such that
1Co2 ¢

L. W P AP KN
0,1 0,1

and {c;} solves max  U(ck) + 8U(c¥) such that

{cngQ}

o y* o M
% * R 3 Yo * RF1 - (TS* R ) (Tg*+ RD

0,1 0,1 0,1 0,1

C. Government feasibility

The home government is

#*
BF0 * R
Consider a monetary sequence economy that originally has government
policies. The home government is
[ ¥ B moeM8 Lkl
(3.1) (B Py Brygy g Ty Mg 820, 1

and the foreign government is

. %
- ' ¥ f #.m8 e
(3.2) igFt’HFt’BFt+1'Tt’MFt’t"O'T}'



< Bpe

Suppose for these sets of policies there is an equilibrium with:
i <ok % ;s ;
(i) an allocation {cHt’th’cHt’th’t =0,1}, and (ii) a price system

H E . . B : . )
{IO,1'10,1’th'th’et’RO,T‘t'o'1}' Now consider a monetary sequence economy

identical to the above except the home government pursues a new set of poli-

cies, given by
1 1 WM 1 g(
(3.1) (B Mg Blp, o TEiME 782051

Suppose for policies (3.1)' and (3.2) there is an equilibrium with: (i) an

- ; oMl - .

alloeation {cHt,c Ht CpLt :t=0,1}, and (ii) a price system
Hl E:l l -

(Tg! 1010 13Phe PrerCLiRG 17850, 1]

Now consider new policies of home government that lead to higher
government deficits at home at date O (i.e., higher under new policies than

under old). These deficits can arise for one of three reasons:

(A1) a cut in commodity taxes in current period (0).
(A2) a cut in current inflation taxes.

(A3) a rise in current government spending.

If the government obeys its budget constraint these deficits must eventually

be paid for by one of three methods:

(B1) a rise in future commodity taxes.
(B2) a rise in future inflation taxes.

(B3) a decrease in future government spending.

Let
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U(th+th) = 1n (cHt+th) L= 0, 1

Kok so¥ ) - * Lok =
U (cHt+th) = 1n (cHt+th) £ = Qs Vs

Compute the equilibrium allocations and prices under original poli-
cies. Then compute the equilibrium allocations and prices under new policies
for home government. (Assume the foreign country's government budget con-
straint is balanced in each period.) Characterize consumption levels and the
price system given and: (i) (A1) ard (B1), (ii) (A2) and (B2), and (iii) (A3)

and (B3).

Real Exchange Rates and Purchasing Power Parity

In order to discuss real exchange rates we first must define two

types of goods: nontraded goods and traded goods.

Nontraded (Goods

A nontraded good of country i is some good which is not traded on
the world market, that is, supplied and demanded only by country i resi-
dents. Often goods from service sectors are nontraded. (For example, hair-
cuts in country i, dinners in country i, etc.) Empirically, the single most
important nontraded good is housing services.

In the context of a simple exchange economy we will define a non-

traded good in country (i) as any good such that:

(N1) Only country i residents receive utility from consumption of the
good.

(N2) Only country i residents have a positive endowment of the good.

(N3) Only the government of country i spends and taxes in terms of this

good.
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Traded Goods

A traded good in country i is any good that violates at least one of
the above conditions N1, N2, N3.

Consider a simple two country exchange economy. The economy lasts
for two periods (t = 0, 1) and there is one traded good and one nontraded good
for each country. We index countries by i = H, F and we index goods by sub-
seript (T, traded and N, nontraded).

For concreteness, think of the home country as the U.S. and the
foreign country as Germany. Think of the traded good as apples, the home
nontraded good as haircuts in the U.S. and the foreign nontraded good as
haircuts in Germany.

Home consumers have endowments {yT’t,yN,t|t=0,1}. Foreign consumers
have endowments {y$’t,y§’t|t=0,1}.

Home consumers pay lump sum taxes {r t]t:t},1}. Foreign con-
’

T,t’TN
* * s
sumers pay lump sum taxes {rT’t,rN,tlt-O,T}.

Home consumers consume {cT t’cﬂ t|t=0,'r} and have preferences over
1 Ny

this stream of consumption given by

£1.1) U= [a, In c, +a

T T,0

N 1n CN,OI - B[aT In @ %t 0 CN,1]'

T,17°N

Foreign consumers consume {c |t:0,1} and have preferences over this

#* #*
T,t' N, t

stream given by

* - * * * #* ¥* nk * %*
(1.2) U* = [aT In CT,O+QN 1n CN,O] - s[aT 1n o 1toy 1n CN,1]'

Before we define the budget constraint we need to define the price
system. In a model wWith two or more goods per period there is no unique

definition of "the" real interest rate.
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In this model there are three goods per period (traded, home non-

traded, and foreign nontraded). Possible real interest rates are:

(i) the own rate of interest on the traded good.
(ii) the own rate of interest on the home nontraded good.
(iii) the own rate of interest on the foreign nontraded good.

(iv) any index of (i), (ii), and (iii).

The "real" interest rate we compute by using the nominal interest rate minus
the inflation rate is an index of type (iv). For this mcdel, however, it is
more convenient to use (i). Let RO,T equal the own rate of interest on the
traded good. That is, one unit of the traded good at time O buys R0.1 units
of the traded good at time 1.

Let {qN’t:t=0,1] be the relative price between home nontraded goods
at t and traded goods at t. That is, one unit of the home nontraded good at t
buys W, ¢ units of the traded good at t.

Let {qﬁ't|t=0,1} be the relative prices between foreign nontraded
goods at t and traded goods at t. One unit of the foreign nontraded good at t
buys qﬁ’t units of the traded good at t.

With this investment in notation we can write the home consumers'

budget constraints (in present value form) as follows:

Cony #Qyp4 C
+[TTRN1N1]S{ N

(1.3) [CT,0+QN0°M0] Yoo oo™ 1o~ %o o

* * uR _ % _A% %
Yo 91YT17 9 qN1TN11

{
Ro, 1
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Consumers Maximization Problem

Home consumers choose |t=0,1} to maximize (1.1) subject to

CHL

(1.3). Foreign consumers choose {cgt,cﬁt]t:0,1} to maximize (1.2) subject to
(1.4).
The home government's poliey is assumed to satisfy the following

present value constraint:

1 1
(1.6) [8o*Inono! *+ §5—7[3T1+qw1gT1] ¢ | taetayovg] * ﬁ;‘:[*%§+qﬁ1T§1]-

] ]
A date 0, equilibrium for this economy given government pelicies

(1.5) and (1.7) is: (i) an allocation {c?t,e C§t1t30'1}’ and (ii) a

sl
Nt OTt?
3 * =t L S—, W
price system {R0,1’th’thit'U’1} that satisfies A, B, and C below.

A. Market clear

* * . #* =
{a) traded goods ¢ + cTt + Bpp ¥ Bpyp G yTt i yTt, t 0, 1.

E =0, 1.

Tt
(b) home nontraded goods cy, = Byy = Yy

i # * - #
(e) foreign nontraded goods e * BNt T YNk
B. Consumer maximization

(a) |t=0,1} solves  (1.1) subject to (1.3) at prices

Cre Oyt
* i
{Rg, 1+Qye+ O 1620, 11
(b) {c?t,c§t|t=0,i} solves (1.2) subject to (1.4) at prices

{ * e,
‘LRO, 1 ,th,thlt—0,1}.

C. Government feasibility
(a) The home government's policy (1.5) satisfies its budget constraint
(1.6) at the equilibrium prices (ii).
(b) The foreign government's policy (1.7) satisfies its budget constraint

(1.8) at the equilibrium prices (ii).



- 67 -

Notice the difference between the traded goods equilibrium condition
(1.9a) and the nontraded goods equilibrium conditions (1.9) (a) and (c).

The most straightforward way to compute this equilibrium is to solve
for the demand functions of consumers. Then plug these cemand functions into
the market clearing condtions and solve for prices. Next plug these equilib-
rium prices back into the demand functions and solve for the equilibrium
allocations.

We will use a similar technique, however, we will take account of
the fact that having nontraded goods makes the problem simpler., From the
equilibrium conditions for nontraded goods we can immediately derive the

consumption of nontraded goods:

(2.0) (a) CNt = Yyt - Byt t =0, 1
T S s
(b) ek = YR - BN t =0, 1

Substituting this result into the consumers problem gives home consumer:

(2.1) (o Tifo I [aTlncTO+aN1n(yNO—gNO)] + s[aTlncT1+aNln(yN1-gN1)]
TE 7

such that

) <€

1
[cro*quo(yno‘guo)] * R, 1[°T1*QN1(YN1‘3~1

¥

1
R, 1[YT1*QN1YN1"T1'thTN1]‘

r

Yo' Y10 = "o * o BNo~ N0’

Yot Ypp = Ty + Gy Byqmryg)-
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Then we can rewrite (2.2) as

(2.3) . ma: } 1n Crp * 8 1n Cr
TO' T
such that
c +CTT :§+Y1
TO R0’1 0 RO,?

Now this is identical in form to our previous one-good model, so the demand

functions are given by:

(2.4) (a) s [+ j’—l
y 0 = 7+ 80" R
0,1
BR y
0,11~ 1
(@) epy = 70500 7
)

Similarly, we can substitute (2.0) (b) into the foreign consumers'
problem. Using the same method as above, we can show the foreign consumers'

problem becomes

# *
(2.5) *max‘ 1n ety * 8 1n et
ck ¢
TO! T 1
such that
ok ?*
T1 ~ 1
ck + = y¥ 4
TO RO,] 0 R0’1
where

-

#$. -y _ - * N _+ %
Yo' = Y70 = "o * INo‘BNo~"No’

~

¥ .
Yy*

% * ®* _-%
YPy = Tyt Oy (BTN -

The demand functions for this problem (2.5) are given by
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1 9
- e
8R y*
- 0,1~ 1
(b) &y = gglige Ry J.

Now to solve for the equilibrium, plug the demand functions into the
market clearing conditions and solve for prices. Plug (2.4) (a) and (2.6) (a)

into the goods market at 0 for traded goods:

-

1 1 pe
* o * — = * = #*
0% %70 * T+ a[yo* R | + T % s[yo* R | = Yo * Y0 = (Bpo* 870!

(2.7) ¢

Now assume for simplicity the governments of both countries tax

nontraded goods just enough to cover their spending of nontraded goods; i.e.,

assume:
(2.8) e = Bat t = 0,1
L - b -
Nt T BNt % = i 1

Given this assumption, we can rewrite §t, §: as follows:

(2.9) yt = YTt = TTt
= T
Yg =Yg = Tre-

Plugging (2.8) into the governments budget constraint (1.6) and (1.8) gives

1

(2.10) (a) Bpp + == s = Tmn + T
T0 " By, 811 7 fro T Ry T
(®) 8T * 7781 7 To * R T
0,1 0,1

Now using (2.9) and (2.10), we can rewrite (2.7) as
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1 1 1 # - -
(2.11} 1 ; Bl(yTo-gTO)+ Rd‘}(yT1'8T1)] B2 1 + B[(YTO-g;0)+ RO 1(y%1”g%1)

) 1
= Y10 * Vo - (Bro*87o)-
Seolving for the interest rate gives:

- * _o%

y o WpoBre*¥Te 870

(2.12) R B ¥ s T R
0,1 Yp178r1*¥1178Ty

Now the consumption allocations are given by

(2.13) (a) ey = yye - Byt

: » * _ »
(5) ey = YNy ~ By

A - —--—--1 - ------—1 -
(e)  epg =773 a[(yTO Bro)* Ry 1(YT1 3T1)]

iQ*

1 1
1+ s[(y%o'3§o)* R (YT1‘3T1)]

(e) ck
TO 0.1

(f) XN

where R0'1.is given in (2.12).

Let Wpy = the present value of home consumers endowments of traded
goods minus the present value of home government's spending of traded goods.
Let #eanya equal the present value of foreign consumers endowments of
traded goods minus the present value of home governments spending of traded

goods. That is

34X %

(3.0)



=71 =

LR L S 00

Then with this notation, we have

Hunxun

(3.1)

Now in any competitive equilibrium, we know prices are ratios of

marginal utilities. The interest rate equals the rate of marginal utility of

time 0 traded goods (or traded goods) to time 1 traded goods using home con-

sumer:

(3.2) (a) L s L 2 s

% ¥ %% %%

or using foreign consumer

{b) HRNNNHR

HHNHNR

The relative price of home nontraded goods at t to traded goods at t
is qyy equals the ratio of the marginal utility of consumption of home non-

traded goods at t to be the WORD of traded goods at t
(3_3) L e 2 ]
Using (2.13) (a) and (3.1), we have

(3.3) (a) 3004



(b)  #umann

Similarly, we have

(C) HRRRER

{d) k%% R

-T2 =



