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Abs t rac t 

One purpose o f t h i s a r t i c l e i s to e x p o s i t the r e l a t i o n s h i p between 
ove r l app ing genera t ions models (w i th c o n s t r u c t i v e immor ta l i t y ) and 
i n f i n i t e l y l i v e d agents models. We use t h i s to po in t out e r r o r s 
i n " c a l i b r a t i o n , " e s p e c i a l l y w i th regard to the use o f i n t e r e s t 
r a t e d a t a , i n the c l a s s o f r e p r e s e n t a t i v e agent models when growth 
i n popu la t i on and per c a p i t a v a r i a b l e s i s taken i n t o accoun t . We 
a l s o po in t out some common misconcept ions regard ing the "volume o f 
t r a d e " i n r e p r e s e n t a t i v e agent models and show how to r e c o n c i l e 
the sav ings p r o f i l e o f the r e p r e s e n t a t i v e agent w i th the l i f e 
c y c l e sav ings p r o f i l e i n a g e n e r a t i o n a l model . 
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c i a l suppor t . 
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I. I n t r oduc t i on 

The number o f e m p i r i c a l (as w e l l as t h e o r e t i c a l ) a p p l i ­

c a t i o n s o f the i n f i n i t e l y l i v e d agents model w i th the f a m i l i a r 

d iscounted sum o f u t i l i t i e s p re fe rences a r e , by now, too numerous 

to l i s t ; we w i l l t he re fo re not at tempt to ca ta logue them. The 

most common s p e c i f i c a t i o n c o n s i s t s o f a s i n g l e " r e p r e s e n t a t i v e " 

i n f i n i t e l y l i v e d agent together w i t h a technology tha t may (or may 

not ) permi t permanent growth i n consumpt ion, output and c a p i t a l 

accumu la t ion . For e m p i r i c a l a p p l i c a t i o n s the above v a r i a b l e s are 

matched to the cor respond ing per c a p i t a magnitudes i n the d a t a . 

S i m i l a r l y , da ta on i n t e r e s t r a t e s i s taken to correspond to the 

net marg ina l product o f c a p i t a l which a l s o equa ls the marg ina l 

r a t e o f s u b s t i t u t i o n . Th i s i s the s p e c i f i c a t i o n adopted i n the 

w ide ly known " r e a l bus iness c y c l e " model o f Kydland and P r e s c o t t 

[1982] . 

However, a c t u a l economies c o n s i s t o f f i n i t e l y l i v e d 

ove r lapp ing genera t ions ( h e r e a f t e r , OLG) w i th some net popu la t i on 

growth as w e l l as growth i n per c a p i t a v a r i a b l e s due to t echno log ­

i c a l change. The re fo re , i t would be n i c e to have a d e c e n t r a l i z e d 

j u s t i f i c a t i o n f o r the matching procedure desc r i bed above ra the r 

than i d e n t i f y the " r e p r e s e n t a t i v e " agent w i th a f i c t i t i o u s s o c i a l 

p l anne r . Such a d e c e n t r a l i z e d j u s t i f i c a t i o n i s l i k e l y to imply 

some r e s t r i c t i o n s tha t may o therw ise be missed and i s a l s o l i k e l y 

to throw some l i g h t on the proper matching o f v a r i a b l e s i n the 

data ( e s p e c i a l l y i n t e r e s t r a t e s ) to v a r i a b l e s i n the model . 
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As i l l u s t r a t i o n s we prov ide th ree examples: 

i ) " C a l i b r a t i o n " o f parameters i n r e p r e s e n t a t i v e agent 

models when growth i n popu la t i on and p e r - c a p i t a magni ­

tudes i s taken i n t o account , 

i i ) "volume o f t r ade " i n r e p r e s e n t a t i v e agent models , 

i i i ) r e c o n c i l i n g sav ings p r o f i l e s i n r e p r e s e n t a t i v e agent 

models w i t h l i f e c y c l e sav ings i n a g e n e r a t i o n a l model . 

As i s not s u r p r i s i n g , the c o n s t r u c t i v e immor ta l i t y o f 

Barro [1974] v i a bequest mot ives and o p e r a t i v e bequests i n an OLG 

model w i th a d iscoun ted sum o f u t i l i t i e s p re fe rences can be used 

to make the t r a n s i t i o n to a model w i th a f i x e d number o f i n f i n ­

i t e l y l i v e d agen ts . Th i s then p rov ides the d e c e n t r a l i z e d j u s t i f i ­

c a t i o n we are s e e k i n g . We show t h i s i n s e c t i o n I I . S e c t i o n I I I 

con ta ins a d i s c u s s i o n o f the imp l i ed r e s t r i c t i o n s and the above 

mentioned i l l u s t r a t i o n s . S e c t i o n IV conc ludes . 

I I . OLG and C o n s t r u c t i v e Immor ta l i ty 

We s t a r t w i th an OLG model i n which genera t ions l i v e T 

pe r iods and are indexed by t h e i r age, s = 1, 2 , T where s = 1 

denotes the newly born and s = T denotes the about to d i e . At 

date t ( = 1 , 2 , 3 , ), the s i z e o f the newly born genera t i on i s 

g iven by (1+n)^ and t h e r e f o r e (assuming tha t t h i s has been go ing 

on f o r some time before t = 1) the popu la t i on growth r a t e i s n . 

Each genera t ion c o n s i s t s o f a f i n i t e number o f types o f agents 

indexed by h = 1, 2 , . . . , H. y h denotes the f r a c t i o n o f each 

genera t ion tha t i s type h and these f r a c t i o n s sum to one. Types 

are d i s t i n g u i s h e d by t h e i r p r e f e r e n c e s , l abo r endowments and 

i n i t i a l asse t h o l d i n g s . 
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P re fe rences a re generated as f o l l o w s . Le t c s ( t ) be the 

consumption and I ( t ) the l abo r supply o f an s year o l d , type h s 

agent a t date t and V g ( t ) be the we l fa re o f the same agent . Then, 

we l fa re i s g e n e r a t i o n a l l y in terdependent i n the f o l l o w i n g way. 

v*( t) = E t { u 5 ( C ; ( t ) , ^ ( t ) f « j ( t ) ) 

(2 .D + » u 5 + i ( c S + i < t + i ) . * 5 + i ( t + 1 ) » e S + i ( t + 1 ) ^ 

+ . . . + a T - S u 5 ( c 5 ( t + T - s ) , ^ ( t + T - s ) , e { ( t + T - s ) ) 

+ ( U n j V ^ ^ t ) } , s = 1, 2, 3, T 

(2 .2) vjj(t) = oEfc{v!j(t+1)} 

In the above, {(J (•)} a re pe r i od u t i l i t y f u n c t i o n s f o r s 

type h and a i s a f i x e d , common d i scoun t f a c t o r . The e ( t ) f s can 
s 

be thought o f as random pre fe rence shocks . E {•} s tands f o r the 

expec ta t i on c o n d i t i o n a l on i n fo rma t i on a v a i l a b l e a t date t o f the 

random v a r i a b l e s i n {•}. Thus, a s year o l d a g e n t ' s we l f a re i s 

g iven by an expected d iscoun ted sum o f cu r ren t and f u t u r e (own) 

u t i l i t i e s p lus the sum o f the we l f a re o f each member o f the next 

genera t ion ( the ( s -1 ) year o l d s ) . A newly born (s=1) a g e n t ' s 

we l fa re takes i n t o account the we l f a re o f h i s descendants ( the one 

year o l ds a t the next date) d iscoun ted by a , because they appear 

one pe r iod l a t e r . 

We can use the r e c u r s i v e d e f i n i t i o n o f we l f a re i n the 

above to ob ta i n a d i r e c t exp ress ion f o r the we l f a re o f the o l d e s t 

agent as f o l l o w s . 
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V * ( t ) = u ! f ( c ! f ( t ) f l ! f ( t ) t e ! f ( t ) ) + a E t [ v ^ ( t + 1 ) - ( 1 + n ) V l J ( t + 1 ) ] 

+ (1+n)aE t{V lJ(c+1)} 

The re fo re , 

V*|(t) - a E t { V ^ ( t + 1 ) } = u!f(c!f(t),t!f(t),e!f(t)) 

v£(t) - a E t { V ^ ( t + 1 ) } = U ^ ( c ^ ( t ) , a ^ ( t ) , ^ ( t ) ) 

+ ( 1 + n ) [ v l J ( t ) - a E t { V ^ ( t + 1 ) } ] 

V ^ U ) - aE t {v ! j ( t + 1)} = U 5 _ 1 ( c 5 _ l ( t ) , » 5 _ 1 ( t ) , e 5 _ 1 ( t ) ) 

+ (1+n)[v5_ 2(t)-aE t{v5_ 1(t+1)}] 

vj(t) = u! j (c! j ( t ) , l ! j ( t ) ,e! j<t)) 

+ ( H n j V ^ ^ t ) . 

Combining the above we have, 

(2 .3 ) ( 1 + n ) - ( T - 1 ) v J ( t ) = I ( 1 + n ) - { s - 1 ) U ^ ^ ( t ) , ^ ( t ) , e N t ) ) 
I 4 s s s s 

S= I 

+ a ( U n ) - ( T ^ 2 ) E t { v J ( t + 1 ) } 

Now l e t , 

(2 .4) 8 = (1+n)a and assume tha t 6 < 1. 

Then we can w r i t e , 

(2 .5) d + n ) - ( T - 1 ) v ! j d ) = E,{ J 8 f c - 1 I d + n ) - ( s - 1 ) U ^ c ^ ( t ) , ^ ( t ) , e ^ ( t ) ) } 
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Thus the o l d e s t agent o f type h a t the i n i t i a l date can be viewed 

as maximiz ing the above exp ress ion which i n v o l v e s the u t i l i t i e s o f 

h i s own consumptions and l a b o r s u p p l i e s , h i s descendants 1 consump­

t i o n s and l abo r s u p p l i e s , h i s descendants 1 descendants 1 consump­

t i o n s and l abo r s u p p l i e s and so on . 

We now develop the budget c o n s t r a i n t s sub jec t to which 

agents maximize t h e i r w e l f a r e . The u n c e r t a i n t y i n the model i s 

represented by hav ing J s t a t e s o f the wor ld a t each date and where 

necessary we w i l l use j to denote the s t a t e a t the cu r ren t date t 

and y to denote the s t a t e a t the next pe r iod date ( t+1) . We w i l l 

assume that there a r e , a t each d a t e , spot markets i n l abo r and the 

s i n g l e consumption (as w e l l as output and c a p i t a l ) good and one 

pe r i od ahead Arrow-Debreu con t ingen t c la ims markets i n the con ­

sumption good. We l e t q t ( j f ) be the p r i c e a t t ( i n u n i t s o f the 

date t consumption good) o f a c l a i m to one u n i t o f consumption a t 

(t+1) i n the s t a t e j 1 . L e t , w(t) be the spot r e a l wage r a t e 

and a ( t ) be the a s s e t s (not i n c l u d i n g bequests) he ld by a type h , s 

s year o l d a t date t . We assume tha t bequests a re l e f t a t each 

date by a T year o l d agent to each o f h i s (T-1) year o l d d i r e c t 

descendants and use b ,̂ ^ ( t ) to denote the bequest r e c e i v e d by a 

(T-1) year o l d . I f we l e t r f c be the r i s k f r e e r e a l i n t e r e s t r a t e 

from t to ( t+1) , then i t f o l l o w s t h a t , 

(2 .6 ) 1 + r f c = ( I q t ( j ' ) ) - 1 

We then have the f o l l o w i n g sequence o f budget c o n s t r a i n t s . 



- 6 -

w( t )a^ t ) + aj|(t) = c*( t ) + I q ^ J M a ^ t t + l j ' ) , 

(2.7) s = 1, 2, . . . , T - 2 

w(t)»5_ 1 ( t ) + a ^ ^ t ) + b j_ t ( t ) = c i j ^ U ) + I q t ( J ' )a5<t+1 ,J') 

w(t)a!j(t) + a!j(t) - d + n J b i ^ U ) = c!j(t) 

where we impose, a^(t) = 0 . That i s , agents when they are born 

have no assets . Indiv idual opt imizat ion subject to the above 

constraints obviously y i e l d s , 

-U 
(2.8) ^ ( o 5 ( t ) , A t ) , A t ) ) = w(t) , s = 1, 2, T 

s,1 

fc

 1 ( c ^ ( t ) , A t ) , e N t ) ) 1 

S, I s s s 

(2.9) 

3 = 1 , 2 , . . . , T - 1 

h h where U . i s the p a r t i a l d e r i v a t i v e o f U w i th respec t to i t s i t h s , 1 s 

argument and * t ( j f ) i s the p r o b a b i l i t y o f occur rence o f s t a t e j f 

at (t+1) c o n d i t i o n a l on t . In a d d i t i o n , the op t ima l cho ice o f 

bequest b̂ , ^(t) by the T year olds at t give us 

h h h h 3 V 5 i ( f c ) 

= -(1+n)u!j 1 (c!J(t) , l |J(t) ,eJ(t)) + (1+n)—^ < 0 
avj(t) 

3 b T _ i ( t ) 3 b T _ 1 ( t ) 

with equal i ty i f b T ^ t ) > 0 . This fo l lows from the de f i n i t i on 

of V T ( t ) and the budget c o n s t r a i n t s ( 2 . 7 ) . Aga in , from the d e f i -

n i t i o n o f V T ( t ) and the budget c o n s t r a i n t s (2 .7 ) we have, 
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3 V ?Ll ( t )  

3 b ? - l ( t ) 

Assuming a p o s i t i v e s o l u t i o n f o r bequests i . e . , o p e r a t i v e bequests 

the above equat ions then imply t h a t , 

(2 .10) 

U h

 1 ( c h ( t ) , A h ( t ) , e h ( t ) ) = U h , Jch At),lh At),zh At)), s , U s ' s " s J s+1 ' s+1 * s+1 ; ' 

s = 1, 2 , . . . , T - 1 

Now, l e t 

r 
a h ( t ) I ( 1 + n ) - ( s - l ) a h ( t ) / I ( 1 + n ) - ( s - 1 ) 

s=1 s=1 

(2.11) S i h ( t ) = i(1+n)- ( s-1 )*h(t)/ J ( 1 + n J ( s ~ 1 ) 

s=1 s s=1 

c h ( t ) I ( U n ) - ( s - 1 ) c h ( t ) / J ( U n ) - ( s - 1 ) 

3=1 S 3=1 

and, 

(2.12) q t ( j ( ) = ( 1 + n ) q t ( J « ) 

Then, the equat ions (2 .7 ) can be c o l l a p s e d i n t o the f o l l o w i n g , 

(2.13) w ( t H h ( t ) + a h ( t ) = c h ( t ) + I q\ ( j ' ) a h ( t + 1 , j ' ) , 
j ' * 

t = 1 , 2 , 3 > • • • 

h h h 

where (a ( t ) , Z ( t ) , c ( t ) ) are the p e r - c a p i t a amounts o f a s s e t s , 

l abor supply and consumption o f a l l the type h agents a t date t , 
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viewed as members o f a s i n g l e f a m i l y . When there i s no unce r ­

t a i n t y the above sequence o f budget c o n s t r a i n t s can be c o l l a p s e d 

i n t o a f a m i l i a r s i n g l e budget c o n s t r a i n t p rov ided t h a t , 

(2 .14) l i m a h ( t ) V ( 1 + r )~1 = l i ra a h ( t ) V j ] + n ) » = 0 
t— j=1 J t ~ j = 1 U + r j ; 

where, 

1 + r. 
(2 .15) 1 + r f c = ( I ( q t ( j ' ) ) - 1 = « 1 + n ) ^ q t ( j ' ) ) " 1 = y-^ 

In such a case , (2 .13) can e q u i v a l e n t l y be w r i t t e n a s , 

(2 .16) ' a h ( 1 ) + w ( 1 H h ( 1 ) - c h ( 1 ) 

t-1 
= 0 + I ( w ( t ) a h ( t ) - c h ( t ) ) ( ir ( 1 + r . r 1 ) 

t=2 *j = 1 J 

Cond i t i on (2.14) i s the f a m i l i a r c o n d i t i o n tha t the present va lue 

o f aggregate a s s e t s go to zero or tha t aggregate a s s e t s not grow 

a t a f a s t e r r a te than the i n t e r e s t r a t e . Of cou rse , a s i n g l e 

budget c o n s t r a i n t analogous to (2.16) can be developed f o r the 

case o f u n c e r t a i n t y a l s o i n terms o f the con t ingen t c l a ims p r i c e s . 

I t can be shown tha t the behav ior o f each member o f the 

type h f am i l y i s c o r r e c t l y desc r i bed by s imp ly c o n s i d e r i n g the 

behav ior o f the o l d e s t member o f tha t f a m i l y s i n c e he /she takes 

i n t o account the we l f a re o f a l l the o ther members and t h e i r r e ­

sou rces . The o l d e s t agent a t date 1 then maximizes (2 .5 ) sub jec t 

to (2 .11) and (2.13) t ak i ng a h ( 1 ) , w(t) and the q t ( j f ) as g i v e n . 

Th i s can be done i n two s t e p s . F i r s t , d e f i n e 

max I ( 1 + n ) - ( s - 1 ) U ^ c ^ ( t ) , ^ ( t ) , e ^ ( t ) ) 

(2 .17) U h ( c h ( t ) , ) l n ( t ) , e

h ( t ) ) = 5£! 

I 0 + n ) - ( s - 1 ) 

s=1 
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h h 

sub jec t to (2 .11) t ak ing c ( t ) , % ( t ) as g i v e n . Note tha t i n 

( 2 . 1 7 ) , e h ( t ) s tands f o r the vec to r o f p re fe rence shocks 
( e l ? ( t ) , e 5 ( t ) , . . . , e i ; ( t ) ) 

We can now view the o l d e s t agent a t date 1 as maxim­

i z i n g , 

T 
(2.18) = ( 1 + n ) - ( T - 1 ) v J ( 1 ) / I ( 1 + n ) - ( s ~ 1 )  

1 1 s=1 

= E.{ I 8 t - 1 U h ( c h ( t ) , ) l h ( t ) , e

h ( t ) ) } 
1 t=1 

sub jec t to the sequence o f budget c o n s t r a i n t s ( 2 . 1 3 ) . In view o f 

(2.11) and ( 2 . 1 7 ) , the f i r s t o rder c o n d i t i o n s f o r t h i s problem 

w i l l reproduce ( 2 . 8 ) - ( 2 . 1 0 ) . 

Now, l e t 

(2.19) f l ( t ) = I h A h ( t ) 

c ( t ) = I h Y h c h ( t ) 

so tha t 2,(t) i s the per c a p i t a l abo r supp ly a t t ime t and c ( t ) i s 

per c a p i t a consumpt ion. S i m i l a r l y , l e t k ( t ) be the per c a p i t a 

amount o f c a p i t a l i n the economy a t t ime t , f ( k ( t ) ,2,(t) , 9 ( t ) ) be 

the constant r e tu rns to s c a l e p roduc t i on f u n c t i o n and 5 the depre ­

c i a t i o n r a t e o f c a p i t a l . The 8 ( t ) f s represen t s t o c h a s t i c t e c h ­

nology shocks . Then, we o b v i o u s l y have, 

(2.20) w(t) = f 2 ( k ( t ) , * ( t ) , 8 ( t ) ) 

The net marg ina l product o f c a p i t a l , denoted i s g i ven by, 

(2.21) £ f c = f 1 ( k ( t ) , a ( t ) , e ( t ) ) - 6 
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The asse t market e q u i l i b r i u m c o n d i t i o n i s 

(2.22) I h Y h a h ( t ) = k ( t ) [ f l ( k ( t ) f £ ( t ) f B ( t ) ) + 1 - 6 ] 

wh i l e the goods market e q u i l i b r i u m c o n d i t i o n i s , 

(2 .23) c ( t ) + (1+n)k(t+1) = f ( k ( t ) , % ( t ) , 0 ( t ) ) + ( 1 - 6 ) k ( t ) 

The o p t i m i z a t i o n problems o f the o l d e s t agents l ead to the f o l l o w ­

ing r e s t r i c t i o n s i n a d d i t i o n to the market c l e a r i n g c o n d i t i o n s . 

BE. {(1+5. . )U*?(c h( t+1) , * h ( t+1) ,e h ( t+1) ) } 
(2.24) — E t + \ J . r = 1 

( i + n ) i r ; ( c h ( t ) f n t ) / ( t ) ) 

(2.25) 
U ^ ( c h ( t ) , J l h ( t ) , e h ( t ) ) • 1+r f c 

6 E t { U ^ ( c h ( t + 1 ) , H h ( t + 1 ) , e h ( t + 1 ) ] } 1+n 

(2.26) ^ ( c h ( t ) , * h ( t ) , e h ( t ) ) = w(t ) = f j k ( t ) , * ( t ) , 8 ( t ) ) 

The model can now be viewed as c o n s i s t i n g o f a f i x e d number o f 

types H (where y h i s the f r a c t i o n which i s type h) o f i n f i n i t e l y 

l i v e d agents each o f whom maximizes (2.18) s u b j e c t to (2 .13) 

t ak ing a n ( 1 ) , e n ( t ) , w(t) and the Q t ( j f ) as g i v e n . In e q u i l i b ­

r ium, (2.19) through (2.26) must h o l d . In t h i s f a s h i o n the OLG 

s t r u c t u r e has been t ransformed i n t o one o f i n f i n i t e l y l i v e d f a m i l ­

i e s . Asset h o l d i n g s , consumptions and l abo r s u p p l i e s a c r o s s 

members o f d i f f e r e n t ages o f a g iven f a m i l y have been aggregated 

i n t o per f am i l y magni tudes. 
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We can proceed from here to a r e p r e s e n t a t i v e agent 

f o rmu la t i on i n two ways. A t r i v i a l way i s to assume tha t a l l the 

f a m i l i e s ( indexed by h) a re a l i k e . Then, i n e f f e c t , there i s on ly 

one f am i l y and per f am i l y magnitudes are a l s o per c a p i t a magni ­

tudes and the index h may be dropped. However, i t i s p o s s i b l e to 

a l l ow f o r some d i v e r s i t y ac ross f a m i l i e s which s t i l l permi ts 

aggregat ion to a s i n g l e r e p r e s e n t a t i v e i n f i n i t e l y l i v e d agent 

f o r m u l a t i o n . In g e n e r a l , the c o n d i t i o n s under which such aggrega­

t i o n ob ta ins are q u i t e s t r i n g e n t (Eichenbaum, Hansen and R ichards 

[1984] ) . Assuming tha t these c o n d i t i o n s are f u l f i l l e d the behav­

i o r o f the per c a p i t a v a r i a b l e s i s c o r r e c t l y desc r i bed by a r e p r e ­

s e n t a t i v e agent who maximizes a weighted average o f the we l f a re o f 

the H types o f agents where the weights correspond to the f r a c t i o n 

o f the popu la t i on tha t i s type h. 

Th is s o l u t i o n can be ob ta ined i n two s t e p s . F i r s t , 

de f i ne 

PI 
(2.27) U ( c ( t ) , * ( t ) , e ( t ) ) = max £ Y h U h ( c h ( t ) , i h ( t ) , e h ( t ) ) 

h=1 

sub jec t to (2 .19) t a k i n g c ( t ) and l(t) as g i v e n . 

Note tha t i n ( 2 . 2 7 ) , e ( t ) now s tands f o r the ma t r i x o f 

p re fe rence shocks {e ( t ) } , h = 1, 2 , H, s = 1, 2 , T. 
s 

Then maximize, 

H CO 

(2.28) V T ( 1 ) = I Y h v£(1 ) = EA I 8 t " 1 U ( c ( t ) , £ ( t ) , e ( t ) ) } 

1 h=1 1 1 t=1 

sub jec t to the economy's resource c o n s t r a i n t ( 2 . 2 3 ) . The f i r s t 

order c o n d i t i o n s f o r t h i s problem are the same as ( 2 . 2 4 ) - ( 2 . 2 6 ) 

w i th the h indexes be ing omi t ted everywhere. We thus o b t a i n a 
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r e p r e s e n t a t i v e i n f i n i t e l y l i v e d agent model . In the p rocess we 

have p rov ided a d e c e n t r a l i z e d j u s t i f i c a t i o n f o r such a model i n 

terms o f an OLG model w i t h bequest mot ives and o p e r a t i v e bequests 

l i n k i n g a l l the members o f d i f f e r e n t genera t ions o f each f a m i l y . 

So f a r , we have a l lowed f o r popu la t i on growth i n the 

model . Now we w i l l cons ide r how to permi t growth i n the per 

c a p i t a v a r i a b l e s c ( t ) , k ( t ) and y ( t ) (=f ( k ( t ) ,2,(t) , 6 ( t ) ) as w e l l 

as the r e a l wage w ( t ) . However we w i l l r e q u i r e Jl(t) and r ( t ) to 

be s t a t i o n a r y ( i . e . , to not e x h i b i t any geometr ic growth or de ­

c l i n e ) . We w i l l cons ide r two a l t e r n a t i v e s p e c i f i c a t i o n s f o r 

growth i n per c a p i t a magni tudes, t rend s t a t i o n a r y and d i f f e r e n c e 

( i n l ogs ) s t a t i o n a r y . The former corresponds to d e t e r m i n i s t i c 

t rend growth and the l a t t e r to s t o c h a s t i c random walk growth. 

F i r s t we w i l l cons ide r t rend s t a t i o n a r i t y . Suppose t h a t , 

(2 .29) 9 ( t ) = (1+n) f c e(t ) 

where 9 ( t ) i s s t a t i o n a r y so tha t the p r o d u c t i v i t y shock to t e c h ­

nology i s growing a t the ra te n, and suppose tha t the p roduc t i on 

f u n c t i o n i s homogeneous o f degree one i n ( k ( t ) , 9 ( t ) ) so tha t we 

can w r i t e , 

(2.30) y ( t ) = f ( k ( t ) , * ( t ) , 9 ( t ) ) = 9 ( t ) f ( k ( t ) / 9 ( t ) , A ( t ) ) 

L e t , 

( 2 . 3 D 

c ( t ) = c ( t ) / ( 1 + n ) 1 

k ( t ) = k ( t ) / ( 1+n ) ' 

y ( t ) = y ( t ) / ( U n ) f c = 9 ( t ) f ( k ( t ) / 9 ( t ) , a ( t ) ) 
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Then, the economy's resource c o n s t r a i n t (2.23) can be w r i t t e n a s , 

(2.32) c ( t ) + (1+n)(1+n)k(t+1) = e ( t ) f ( ^ . , £ ( t ) ) + ( 1 - 6 ) k ( t ) 

9 ( t ) 

The r e a l wage and the net marg ina l product o f c a p i t a l a re o b v i o u s ­

l y g iven a s , 

(2.33) f w ( t ) ' = ( 1 + n ) t 9 ( t ) f 2 ( k ( t ) / 8 ( t ) , ! l ( t ) ) 

5 ( t ) = f 1 ( k ( t ) / e ( t ) , t ( t ) ) - 5 

In terms o f s p e c i f y i n g p re fe rences we may proceed as 

f o l l o w s . Assume tha t U ( c ( t ) , a ( t ) , e ( t ) ) i s homogeneous o f degree X 

i n c ( t ) and e ( t ) and tha t 

(2.34) e ( t ) = ( U n ) f c e ( t ) 

where aga in the e ( t ) are s t a t i o n a r y . Note tha t the homogeneity o f 

degree X o f U w i l l f o l l o w i f each o f the p r i m i t i v e u t i l i t y f u n c -

h h h t i o n s U i s homogeneous o f degree X i n (c ,e ). Th i s s p e c i f i c a -s s s 

t i o n i s meant to capture the n o t i o n tha t the e ( t ) rep resen t some 

re fe rence s tandard o f l i v i n g which keeps r i s i n g over t ime and to 

which the consumer compares h i s a c t u a l s tandard o f l i v i n g to 

measure u t i l i t y . Given the above assumption the marg ina l c o n d i ­

t i o n s (2 .24 ) - (2 .26 ) become 

B ( l + « ( t + 1 ) ) U 1 ( c ( t + 1 ) , 4 ( t + 1 ) , e ( t + 1 ) ) 
(2 .35) E { A — } = 1 

( 1 + n ) ( 1 + n ) U 1 ( o ( t ) , l ( t ) , e ( t ) ) 

1 + r. U 1 ( c ( t ) , J l ( t ) , e ( t ) ] 
(2.36) * 1 

(1+n)(1+n) E t { 6U 1 ( c ( t +1 ) , * ( t +1 ) , e ( t +1 ) ) } 



- 14 -

(2.37) 
- U 2 (c ( t ) , l ( t ) ,e ( t ) ) 

U 1 ( c ( t ) , £ ( t ) , e ( t ) ) 

= e ( t ) f j k ^ - , a ( t ) ) 
* e(t) 

where, 

(2.38) 6 = 6(1+n) X 

and i s assumed to be l e s s than one. The above r e l a t i o n s h i p s 

f o l l o w because i s homogeneous o f degree (X-1) i n ( c t , e t ) where-

as i s homogeneous o f degree X i n the same v a r i a b l e s . The 

c o n d i t i o n tha t B be l e s s than one a r i s e s because we would l i k e the 

d iscounted sum o f u t i l i t i e s i n (2.28) to be w e l l d e f i n e d . 

c ( t ) , y ( t ) , k ( t ) , %{t) and r ( t ) w i l l be s t a t i o n a r y and hence tha t 

the v a r i a b l e s c ( t ) , y ( t ) , k ( t ) , and w(t) w i l l be growing a t the 

ra te n. Thus, we can generate growth i n the r e a l wage and per 

c a p i t a consumpt ion, output and c a p i t a l wh i l e per c a p i t a l abo r 

supply and the i n t e r e s t r a te w i l l be s t a t i o n a r y . The v a r i a b l e s 

c ( t ) , y ( t ) and k ( t ) a re the v a r i a b l e s tha t correspond to the 

r e s i d u a l s when the ( l oga r i t hms) o f aggregate v a r i a b l e s are l i n ­

e a r l y detrended (a s tandard procedure) and are the focus o f b u s i ­

ness c y c l e s t u d i e s . I t shou ld be noted tha t gross investment I ( t ) 

i s equal to (K ( t+1 ) - ( 1 -6 )K ( t ) ) where K ( t ) i s the aggregate c a p i t a l 

s t ock , and hence the per c a p i t a va lue o f g ross investment i ( t ) 

corresponds to (1+n)k(t+1) - ( 1 - 5 ) k ( t ) . Hence, 

(2.39) i ( t ) = i ( t ) / ( 1 + n ) f c = (1+n)(1+n)k(t+1) - ( 1 - 5 ) k ( t ) 

Given the s t a t i o n a r i t y o f 0 ( t ) and e ( t ) , i t f o l l o w s tha t 

corresponds to the r e s i d u a l when l og I ( t ) i s l i n e a r l y de t rended. 
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I t i s perhaps worth p o i n t i n g out tha t the u s u a l s p e c i f i ­

c a t i o n w i th no t a s t e shocks and a constant r e l a t i v e r i s k a v e r s i o n 

c o e f f i c i e n t o f u i n consumption i s subsumed i n the above 

s p e c i f i c a t i o n . In such a case we s imply pu t , X = 1 - y . The 

e a s i e s t way to see t h i s i s to ignore l abo r supply (assume tha t i t 

i s f i x e d ) and w r i t e , 

U ( c t , I , e t ) = e £ [ ( c t / e t ) 1 - y - l ] / ( 1 - y ) 

However, under such an i n t e r p r e t a t i o n X i s r e s t r i c t e d to be l e s s 

than one whereas when t a s t e shocks are a l lowed X may w e l l assume 

va lues g rea te r than one. The parameter X thus c o n t r o l s the growth 

ra te o f marg ina l u t i l i t y and permi ts marg ina l u t i l i t y to grow a t a 

r a t e independent o f the growth ra te i n consumpt ion. Consequent ly , 

the parameter X w i l l i n f l u e n c e the l e v e l o f i n t e r e s t r a t e s . 

The above s p e c i f i c a t i o n s correspond to model ing macro-

economic t ime s e r i e s as c o n s i s t i n g o f a l o g - l i n e a r t ime t rend w i t h 

d e v i a t i o n s around i t , i . e . , as t rend s t a t i o n a r y p r o c e s s e s . L a t e l y 

however, some resea rche rs ( K i n g , P l o s s e r , Stock and Watson [1987]) 

have quest ioned t h i s method o f decomposing a macro t ime s e r i e s 

i n t o a t rend component and a c y c l i c a l component. There i s some 

evidence sugges t ing tha t aggregate macro t ime s e r i e s might be 

b e t t e r modeled as d i f f e r e n c e s t a t i o n a r y p rocesses , i . e . , t ha t the 

l oga r i t hm o f the v a r i a b l e c o n s i s t s o f the sum o f a s t a t i o n a r y 

c y c l i c a l component and a n o n - s t a t i o n a r y t rend component which 

f o l l o w s a random w a l k - w i t h d r i f t ( i . e . , the growth ra te o f the 

t rend component i s i t s e l f random ins tead o f be ing de te rm in ­

i s t i c ) . Th i s can be modeled i n the f o l l o w i n g way. 
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Assume t h a t , 

(2 .40) e ( t ) = e 1 ( t )e 2 ( t ) 

where 02( t ) i s s t a t i o n a r y and 

(2.41) e ^ t ) = e ^ t - D d + n ^ ^ 

where n i s an independent ly and i d e n t i c a l l y d i s t r i b u t e d random 

v a r i a b l e . I t shou ld be noted tha t i f n^ were to be cons tan t , then 

t h i s s p e c i f i c a t i o n w i l l become i d e n t i c a l to the p rev ious one w i th 

9 2 ( t ) e q u a l l i n g e^ (0 )9 ( t ) . Now pu t , 

k ( t ) = k ( t ) / 0 1 ( t ) 

(2.42) y ( t ) = y ( t ) / 9 1 ( t ) 

c ( t ) = c ( t ) / 9 1 ( t ) 

Then the resource c o n s t r a i n t (2 .23) can be r e w r i t t e n a s , 

(2.43) c ( t ) + (1+n)(1+n f c)k(t+1) = e 2 ( t ) f ( k ( t ) / e 2 ( t ) , £ ( t ) ) + ( 1 - 6 ) k ( t ) 

Aga in , we assume tha t U( ) i s homogeneous o f degree X i n c ( t ) 

and e ( t ) and tha t 

\̂ 
(2 .44) e ( t ) = e ( t ) / 9 1 ( t ) i s s t a t i o n a r y . 

The f i r s t order c o n d i t i o n s ( 2 . 3 5 ) - ( 2 . 3 7 ) get mod i f i ed t o , 

8 . ( 1 + 5 ^ , )U 1 ( c ( t+1 ),*( t+1 ),e( t+1)) 
(2 .45) E {— t + 1 J . . s } = 1 

( 1 + n ) ( 1 + n t ) U 1 ( c ( t ) , £ ( t ) , e ( t ) ) 
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1 + r. U 1 ( c ( t ) , H ( t ) , e ( t ) ) 
(2.46) V - = ^r-k s  

(1+n)(1+n f c) E t { s t U 1 ( c ( t + 1 ) , » ( t + 1 ) , e ( t + 1 ) ) } 

(2.47) ^ ( c ( t ) , l ( t ) , e ( t ) ) = S i t i - = w(t) = e2( t ) f 2 ( k ( t ) / ^ { t ) , i( t ) ) 
U 1 1 

where, 

(2.48) S f c = B ( 1 + n t ) x 

i s the ( s t o c h a s t i c ) d i scoun t f a c t o r and i s assumed l e s s than 

one. I t f o l l o w s tha t k ( t ) , y ( t ) and c ( t ) w i l l f o l l o w s t a t i o n a r y 

processes and hence tha t the logar i thms o f the aggregate magni­

tudes K ( t ) , Y ( t ) and C ( t ) as w e l l as the per c a p i t a magnitudes 

k ( t ) , y ( t ) and c ( t ) can . be represented as a sum o f two 

components—one o f which f o l l o w s a random walk w i th d r i f t and the 

o ther i s s t a t i o n a r y . 

I l l . Some I l l u s t r a t i o n s 

A) Bus iness Cyc les and C a l i b r a t i o n 

The most common procedure i s to det rend the macro da ta 

and regard the comovements o f the d e v i a t i o n s as the o b j e c t s to be 

exp la ined by theo ry . The t h e o r e t i c a l model i s then some v e r s i o n 

o f a s t a t i o n a r y op t ima l growth model i n which the v a r i a b l e s are 

thought o f as cor respond ing to the d e v i a t i o n s from t rend o f a c t u a l 

d a t a . As the d i s c u s s i o n i n the p rev ious s e c t i o n makes c l e a r , the 

app rop r i a te model i s one where the r e p r e s e n t a t i v e agent max imizes, 

CD 

(3 -D E.{ I 6 t ' 1 U ( c ( t ) , Z ( t ) , e ( t ) ) } 
1 t=1 

sub jec t to 
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(3.2) c ( t ) + (1+n)(1+n)k(t+1) = 8 ( t ) f ( k ( t ) / 9 ( t ) , t ( t ) ) + (1 -S)k ( t ) 

and the r e s t r i c t i o n s tha t ( e ( t ) , 8 ( t ) ) be s t a t i o n a r y and tha t 6 be 

l e s s than one. Note tha t we are c o n s i d e r i n g a t rend s t a t i o n a r y 

s p e c i f i c a t i o n h e r e . The percentage d e v i a t i o n s from the (cons tan t ) 

t rend f o r the mode l ' s v a r i a b l e s c ( t ) , k ( t ) , y ( t ) , i ( t ) 

(=(1+n)(1+n)k( t+1)- (1-6)k( t ) ) and w(t) correspond to the r e s i d u a l s 

when the logs o f the cor respond ing aggregate v a r i a b l e s are l i n ­

e a r l y det rended. F u r t h e r , the r i s k f r e e i n t e r e s t r a t e i s g iven by 

(2.36). In f a c t one can r e w r i t e the above problem as f o l l o w s , 

00 

(3.3) Maximize E { £ B t _ 1 u ( c * ( t ) - , l ( t ) , e ( t ) ) } 
1 t=1 

sub jec t t o , 

c*('t) + k(t+D = e ( t ) f * ( k ( t ) / e ( t ) , 4 ( t ) ) + d - « * ) k ( t ) 

where 

c ( t ) = c( t ) / (1+n)(1+n) 

1 - 5 = ( 1 - « ) / ( 1 + n ) ( 1 + n ) 

(3 .4 ) \ i * ( t ) = i ( t ) / (1+n) (1+n) = k(t+1) - ( 1 - 6 * ) k ( t ) 

y*(t) = e(t) f*(- , -) = 8( t ) f ( - , - ) / (1+n) (1+n) 

= y( t ) / (1+n)(1+n) 

The o p t i m a l i t y equat ions cor respond ing to (2.35)-(2.37) can be 

r e w r i t t e n as f o l l o w s . 
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(3.5) E f c{ 
S ( 1 + 5 * + 1 ) U 1 ( c * ( t + 1 ) , ) l ( t - ( - 1 ) , e ( t + 1 ) ) 

U 1 ( c * ( t ) , l ( t ) , e ( t ) ) 
} = 1 

(3.6) 

(3.7) 

1 + r t * U ^ c ( t ) , l ( t ) , e ( t ) ) 

(1+n)(1+n) u E f c {BU 1 ( c (t+1) ,*( t+1) ,e( t+1))} 

* 1 + 5 f c f 1 ( k ( t ) / 9 ( t ) , i l ( t ) ) + 1 - 6 
1 + 5, 

(1+n)(1+n) (1+n)(1+n) 

= f * ( k ( t ) / 9 ( t ) , J l ( t ) ) + 1 - 6 * 

(3.8) 
U ( c ( t ) , l ( t ) , e ( t ) ) * . * 

; = w ( t ) = 9 ( t ) f ( • , • ) 
U (c ( t ) , £ ( t ) , e ( t ) ) 

(1+n)(1+n) (1+n)(1+n) 

I f one were to es t imate such a model , one would t rans fo rm the 

macro data on Y ( t ) , K ( t ) , C ( t ) , I ( t ) and W(t) by de t rend ing and 

a l s o t rans form 0 + r f c ) i n t o (1+r*) as i n d i c a t e d by (3 .6) . The 

est imated parameters 6, 6 , n and n can be t ransformed i n t o a c t u a l 

6 as shown i n (3 .4) . 

On the o ther hand i f one were " c a l i b r a t i n g " the model 

then one has to keep i n mind tha t the expected marg ina l r a te o f 

s u b s t i t u t i o n i s not the r i s k f r e e r e a l r a t e but the r e a l r a te 

co r rec ted f o r the growth ra te i n t o t a l ou tpu t . S i m i l a r l y , <5 i s 

not the a c t u a l d e p r e c i a t i o n ra te o f c a p i t a l but one co r rec ted f o r 

growth. As an example, Kydland and P r e s c o t t [1982] have a s t a ­

t i o n a r y model s i m i l a r to the one above but they f a i l to make the 

i n d i c a t e d c o r r e c t i o n s f o r growth i n c a l i b r a t i n g t h e i r model . As 

examples, we mention the f o l l o w i n g . 



- 20 -

i ) They take the s u b j e c t i v e d i scoun t r a te (=B~ -1) to be 4 p e r ­

cen t , the share o f c a p i t a l i n output to be 36 percent and the 

d e p r e c i a t i o n r a t e to be 10 percent and deduce tha t the c a p i t a l to 

annual output r a t i o i s 2 . 4 . Presumably, they are us i ng the d e t e r ­

m i n i s t i c s t e a d y - s t a t e v e r s i o n s o f (3 .5 ) and ( 3 . 7 ) , 

1 ^1 v 
( B ^ - 1 = f 1 - 5 = {-f-) | - 6 

which y i e l d s K/Y o f 2 . 6 . However, a g lance a t (3 .4 ) and (3 .7 ) 

shows tha t t h i s i s i n c o r r e c t and tha t the c o r r e c t procedure i s , 

(B) - 1 = f 1 - 6 - n - n 

which y i e l d s a va lue o f K/Y equal to 2 .0 assuming tha t (n+n) i s 

roughly 3.5 pe r cen t . Th i s i m p l i e s tha t out o f the share o f c a p i ­

t a l i n output (36 p e r c e n t ) , roughly 20 percent i s d e p r e c i a t i o n and 

the remain ing 16 percent i s r e tu rn on c a p i t a l i n c o n t r a s t to t h e i r 

va lues o f 24 percent and 12 percent r e s p e c t i v e l y . 

i i ) They use the f i r s t order c o n d i t i o n f o r u t i l i t y max im iza t ion 

i n the form, 

U 1 ( c ( t ) , . . . ) 
1 + r = B U ^ c t t + D , . . . ) 

together w i t h an assumption o f cons tant r e l a t i v e r i s k a v e r s i o n 

(U(*) i s homogeneous o f degree 1 - y i n c) to d e r i v e 

or app rox ima te l y , 

r = B " 1 - 1 + y ( c t + r c f c ) / c 
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and then use the assumed va lue o f four percent f o r ( 6 - 1 ) , t o ­

gether w i t h da ta on r and the growth r a t e o f per c a p i t a consump­

t i o n to come up w i t h a range f o r the r i s k a v e r s i o n c o e f f i c i e n t 

y . Th i s i s s imp ly i n c o r r e c t i n the contex t o f t h e i r s t a t i o n a r y 

model which does not permi t any steady growth i n consumpt ion. As 

one can see from ( 3 . 6 ) , the c o r r e c t s t e a d y - s t a t e r e l a t i o n i s , 

approx imate ly , 

r = B " ' ' - 1 + n + n 

which throws no l i g h t whatsoever on the r i s k a v e r s i o n c o e f f i c i e n t 

u. Th i s can on ly be used to c a l i b r a t e the d i s c o u n t f a c t o r 6 and 

can lead to problems. Presumably, what we would l i k e to use i s a 

measure o f the r i s k f r e e r e a l i n t e r e s t r a te and not the expected 

r e a l r e tu rn to c a p i t a l which i s what Kydland and P r e s c o t t [1982] 

used. From (3 .5) and (3 .6) i t i s easy to see tha t these two w i l l 

not be the same so long as the r e t u r n to c a p i t a l i s c o r r e l a t e d 

w i th the f u t u re marg ina l u t i l i t y o f consumpt ion. I f one at tempts 

to use the average r e a l r e tu rn on government T - b i l l s as a rough 

measure o f the r i s k f r e e r e a l r a t e , then the above r e s t r i c t i o n can 

lead to n o n s e n s i c a l va lues o f 6 because t h i s average re tu rn has 

most ly been l e s s than the growth r a t e o f t o t a l output over much o f 

the post war p e r i o d . 

B) Volume o f Trade 

In h i s i n t r o d u c t i o n to the Prescott-Summers debate , 

Rodol fo M a n u e l l i (Qua r te r l y Review, F a l l 1986) w r i t e s , "As an 

example, cons ide r the models P r e s c o t t surveys ( i n t h i s i s s u e ) . 

Most o f them are r e p r e s e n t a t i v e agent models . F o r m a l l y , the 
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models assume a l a r g e number o f consumers, but they are s p e c i a l ­

i z e d by assuming a l s o tha t the consumers are i d e n t i c a l . One o f 

the consequences o f t h i s s p e c i a l i z a t i o n i s a very sharp p r e d i c t i o n 

about the volume o f t r a d e : i t i s z e r o . I f e x p l a i n i n g o b s e r v a ­

t i o n s on the volume o f t rade i s cons ide red e s s e n t i a l to an a n a l y ­

s i s , t h i s p r e d i c t i o n i s enough to d i s m i s s such mode ls . " 

I t i s not d i f f i c u l t to i l l u s t r a t e w i t h i n the present 

contex t why such a c o n c l u s i o n may be m is taken . F i r s t o f a l l , a 

r e p r e s e n t a t i v e agent f o rmu la t i on can be c o n s i s t e n t w i t h a l i m i t e d 

amount o f d i v e r s i t y ac ross the H types o f i n f i n i t e l y l i v e d f a m i l ­

i e s and hence w i t h some t rade t a k i n g p lace ac ross f a m i l i e s . 

However, even i f we assume tha t a l l the f a m i l i e s are a l i k e and 

hence tha t there i s e f f e c t i v e l y a s i n g l e f a m i l y i t i s s t i l l p o s s i ­

b l e to generate some t rade (borrowing and l end ing i n c r e d i t mar­

ke ts ) w i t h i n members o f d i f f e r e n t g e n e r a t i o n s . The f o l l o w i n g 

s imple example demonstrates t h i s . 

Assume tha t there are th ree genera t i ons a l i v e a t each 

da te . We suppress c o n s i d e r a t i o n s r e l a t i n g to growth, p r o d u c t i o n , 

c a p i t a l accumula t ion and l abo r supp ly i n o rder to focus on i n t e r -

g e n e r a t i o n a l t r a d e . Suppose tha t i n d i v i d u a l s r e c e i v e income on ly 

i n t h e i r second pe r i od equal to y 2 - They are assumed to l eave 

bequests i n t h e i r l a s t pe r i od to t h e i r midd le aged progeny. We 

assume tha t the u t i l i t y f u n c t i o n s U s a re independent o f s and we 

a l s o suppress the p re fe rence shocks {e ( t ) } . As shou ld be obv ious 

from the se t up i n d i v i d u a l s w i l l borrow when they are young, pay 

back l o a n s , lend and r e c e i v e bequests when midd le aged and f i n a l ­

l y , r e c e i v e payment on loans and leave bequests when o l d . A qu ick 

c a l c u l a t i o n r e v e a l s the f o l l o w i n g s o l u t i o n i n the steady s t a t e . 
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C l = c 2 = = y 2 / 3 

1 + r = s ' 1 

b = y 2 ( 1 - B ) / 3 B 

* , = - y 2 / 3 

* 2 = y 2 / 3 

where {c_} i s consumption i n the s t h pe r i od o f l i f e and and 

%2 a r e loans made (borrowed, i f nega t i ve ) i n the f i r s t and second 

p e r i o d . The s o l u t i o n i s ob ta ined as f o l l o w s . Equat ions (2 .10) 

imply the e q u a l i t y o f marg ina l u t i l i t i e s and hence, i n the p resen t 

i n s t a n c e , e q u a l i t y o f consumpt ions. I t f o l l o w s immediate ly from 

(2 .9 ) and (2 .12) tha t (1+r) equa ls B ~ 1 . The budget c o n s t r a i n t s 

(2 .7 ) can be c o l l a p s e d i n t o a s i n g l e l i f e t i m e budget c o n s t r a i n t as 

f o l l o w s , 

c 2 (c 3 +b) y 2 + b 
C1 + U+7T + ^ 2 = TuFT 

which y i e l d s the s o l u t i o n f o r bequests which are p o s i t i v e g i ven 

tha t B i s l e s s than one. I t i s then easy to f i n d the va lues 

o f l< and fchat suppor t these a l l o c a t i o n s . As one can see t h i s 

model which i s equ i va l en t to a s i n g l e r e p r e s e n t a t i v e i n f i n i t e l y 

l i v e d agent f o rmu la t i on ( s i n c e the bequest mot ive i s o p e r a t i v e ) 

can neve r the less be c o n s i s t e n t w i th a non-zero volume o f t rade i n 

c r e d i t markets ac ross members o f d i f f e r e n t g e n e r a t i o n s . 

One can , o f cou rse , ob jec t to the above s c e n a r i o on the 

grounds tha t i n t h i s model , the volume o f t rade i n c r e d i t markets 

depends on the assumed p a t t e r n o f bequests i n which the e n t i r e 
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bequest i s passed on i n a s i n g l e pe r i od from the o l d to the m id ­

d l e - a g e d . One can imagine a l t e r n a t i v e s c e n a r i o s i n which the 

bequest i s passed on over two p e r i o d s , say , and t h i s w i l l imply a 

d i f f e r e n t volume o f t r a d e . Thus, the model*s p r e d i c t i o n s r e g a r d ­

ing the volume o f t rade are comple te ly dependent upon assumptions 

regard ing the t im ing o f beques ts . However, one can imagine modi ­

f i c a t i o n s to the b a s i c model i n v o l v i n g , say , the tax s t r u c t u r e 

tha t may he lp p i n down the t im ing o f bequests and hence the volume 

o f t r a d e . There i s , i n any case , no presumpt ion tha t the volume 

o f t rade w i l l n e c e s s a r i l y be z e r o . 

C) P a t t e r n o f Sav ings 

Casua l obse rva t i on suggests tha t the l i f e c y c l e sav ings 

pa t t e rn o f a t y p i c a l genera t ion i s s t r o n g l y "hump" shaped; w i t h a 

l a r g e hump i n the middle years surrounded by d i s - s a v i n g s i n youth 

and o l d age. The r e p r e s e n t a t i v e i n f i n i t e l y l i v e d agent f o rmu la ­

t i o n on the o ther hand y i e l d s a s t a t i o n a r y t ime path f o r sav ings 

w i th no s i g n i f i c a n t humps. The r e p r e s e n t a t i v e f a m i l y c a l c u l a t e s 

permanent income by c o n s i d e r i n g t o t a l f a m i l y income i n each p e r i ­

od , then chooses t o t a l f am i l y consumption to equal permanent 

income and then a l l o c a t e s f a m i l y consumption ac ross members o f 

d i f f e r e n t g e n e r a t i o n s . Roughly speak ing , sav ings w i l l be p o s i t i v e 

when a c t u a l t o t a l f am i l y income exceeds permanent income and 

nega t i ve i n the con t ra ry c a s e . 

The p rev ious example (B) shows how these two o b s e r v a ­

t i o n s can be q u i t e c o n s i s t e n t w i t h each o t h e r . The t ime path o f 

income i s concent ra ted i n the middle years and so are bequests 

rece i ved (by assumpt ion) . The d e s i r e on the pa r t o f i n d i v i d u a l s 
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to have smooth consumption then leads them to borrow and lend v i a 

c r e d i t markets . Th i s not on ly generates t rade i n these markets 

but a l s o g i ves r i s e to hump shaped s a v i n g s . As seen , i n d i v i d u a l s 

d i ssave i n youth and o l d age and save i n the middle y e a r s . T h i s 

p a t t e r n i s q u i t e c o n s i s t e n t w i th a cons tan t (and zero ) sav ings 

r a t e f o r the r e p r e s e n t a t i v e agent . The zero sav ings r a t e i s 

obv ious l y because o f the absence o f investment i n the model . 

IV. Conc lus ion 

Par t o f the purpose o f t h i s note has been to e x p o s i t the 

r e l a t i o n s h i p between OLG models w i th bequest mot ives and o p e r a t i v e 

bequests and the s tandard model o f a r e p r e s e n t a t i v e i n f i n i t e l y 

l i v e d agent who maximizes a d iscoun ted sum o f expected u t i l i t i e s 

over an i n f i n i t e ho r i zon sub jec t to the economy's resource c o n ­

s t r a i n t . We have shown how t h i s can be done and how we can take 

account o f both popu la t i on growth as w e l l as growth i n per c a p i t a 

v a r i a b l e s o c c u r r i n g due to exogenous f a c t o r s . We have t h e r e f o r e 

prov ided a d e c e n t r a l i z e d j u s t i f i c a t i o n f o r us ing the r e p r e s e n t a ­

t i v e agent model . We have a l s o shown tha t s t a t i o n a r y models o f 

t h i s type which a b s t r a c t from growth can n e v e r t h e l e s s be used to 

study bus iness f l u c t u a t i o n s represented as d e v i a t i o n s from a 

d e t e r m i n i s t i c or a random walk t r e n d . 

However, wh i l e i t i s l o g i c a l l y c o n s i s t e n t to b u i l d 

r e p r e s e n t a t i v e agent models a b s t r a c t i n g from growth and use them 

to conf ron t the comovements o f the c y c l i c a l (detrended) component 

o f aggregate v a r i a b l e s care must be e x e r c i s e d i n i n t e r p r e t i n g the 

es t imated parameters or i n c a l i b r a t i n g the model . Such e s t i m a t i o n 

or c a l i b r a t i o n i s not i n v a r i a n t to the growth path o f aggregate 
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v a r i a b l e s . Fur thermore, such models do not n e c e s s a r i l y imply tha t 

the volume o f t rade must be zero and they can a l s o be c o n s i s t e n t 

w i th observed pa t t e rns o f l i f e c y c l e s a v i n g s . 
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