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1 Int roduct ion 

In his introduction to the "The Monetary Dynamics of Hyperinflations," Phil l ip Cagan 

notes that hyperinflations have been studied extensively in the past because they offer a 

unique opportunity to examine monetary phenomena. During hyperinflations there are 

astronomical increases in prices. 

Consider the following data on 20th century hyperinflations. 

Average Monthly Inflation 

Rate 

Austria 1921-1922 47.1% 

Germany 1920-1923 322% 

Greece 1943-1944 365% 

Hungary 1922-1924 46% 

Hungary 1945-1946 19,800% 

Poland 1922-1923 81.4% 

Russia 1921-1924 57% 

Another characteristic of hyperinflations is that real case balances, defined as M/P, tend 

to fall whereas in ordinary inflations, they tend to rise. 

Phil l ip Cagan studied the hyperinflations listed above. He argued that, because the 

rate of change of prices fluctuates so extremely during hyperinflations, the variations in real 

cash balances depend mainly on variations in the expected rate of change of prices. In other 

words, he assumed that other possible determinants of the variation in real cash balances, 

such as the change in real income, could not account for the variation in real cash balances 

observed during hyperinflations. 

2 A M o d e l 

Following Sargent (1979), the model that Cagan used can be represented by letting 

mt be the log of the money supply (currency and deposits), 
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Pt be the log of the price level, 

Pt+\ be the log of the price level expected to prevail at time 4 + 1, given information 

at time t, 

and by assuming that the log of money demand for real balances by individuals can be 

expressed as 

mt

d = a(pi+l-pt), a<0. (2.1) 

Hence, the demand for real balances varies inversely with the expected inflation rate. Equat­

ing the supply of money with the demand for money implies the portfolio balance equation 

mt -pt= a{pf+i ~ Pt), « < 0. (2.2) 

Cagan assumed that expected inflation could be written as 

Phi =-y(Pt-Pt-i), (2.3) 

i.e., proportional to past inflation. This yields mt—pt = l{Pt— t— I), or {(cry + 1) — ajL] pt = 

mt, where L is the lag operator, i.e., Lxt = Xt-i- Thus, we have 

1 
0 7 + 1 cry + 1 

Again following Sargent (1979), the solution is 

* " orTT j j j < a i ) < ™ " + ( a r + l ) ' < 2 - 4 > 
where c is a constant to be determined by some initial condition or the value of pt at a 

point in time. Equation (2.4) describes the behavior of the price level as a function of the 

current and past values of an exogenous money supply process. Notice that we will get a 

bounded price level when 

cry 
< 1, (2.5) 

cry +1 

and we are given a bounded sequence for the money supply process. Hence, if m't =mt + A 

for all t, then p't = pt + A for all t. Consequently, a once and for all increase in the stock 
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of currency and deposits leads to a once and for all increase in prices. This is a long-

run version of the quantity theory of money, which says that, under given conditions, real 

cash balances M/P remain proportional to real income X, i.e., M/P = kX, where k is a 

constant. Another way of expressing this fact is that MV = PX, where V is the velocity 

of circulation of money. So, if V does not change or the demand for real balances remains 

constant, then an increase in M leads to a proportionate increase in P. 

According to this definition, the quantity theory holds in the strict sense in Cagan's 

model iff a = 0, i.e., 

for a given X and A:. 

Cagan assumed that expectations of inflation were adaptive and the stock of money (i.e. 

currency and demand deposits) are exogenously determined with respect to the price level. 

This yields a solution for prices which depends on past values of the money stock. Others 

were arguing that one key aspect of hyperinflations is their self-sustaining character: the 

price level increases because people expect it to increase. One way to incorporate this idea 

is to change the assumption by which expectations are formed. Let us assume a very simple 

mechanism: perfect foresight, i.e., 

whenever a = 0, or with a constant term, 

mt -pt= a(pl Pt) => 
Pt 

exp(?/») = kX 

Pt+i = P' v*- (2-6) 

Then, mt — Pt = opt+i — &Pti or 

(1 -a)pt = -npt+i +mt 

which implies that 

-a 1 
Pt = 1 -a Pt+i + 1-a 

Xpt+i + 6m, (2.7) 
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with S > 0 and A € (0,1) since a < 0. 

Hence, the price today depends on the price tomorrow and incorporates the self-sustaining 

character of hyperinflations. How do we solve for the price level today? A standard way 

is to proceed as in Sargent, p. 193-104. Another way is to proceed is to use the con­

traction mapping theorem. Suppose we are given a nonexplosive money supply sequence 

and we want to find a non-explosive price level sequence that satisfies the portfolio balance 

equation. 

More precisely, given 
oo 

{??i,}g 0 e (/ 2[0,oo),d 2), i-e. 5 Z m t < 0 0 ' 
(=0 

find a solution 

{p (*}£o<E(/ 2[0,oc,),c/ 2) 

such that X ^ o f P ? ) 2 < 0 0 a r , dPt — Xpl+1+Snit for all t, where the metric d-z(x,y) is defined 

as 
f oo -I 1/2 

(k(x,y) = | 5 ^ ( s * - i * ) a J 

for O c t } £ 0 , { j / t } £ 0 e i 2 . 

Notice that the difference equation 

Pt = X.Pt+1 + Smt 

is a functional equation: For a given m = {nit}tZ0 6 (h,d,2), it shows how to map p° = 

{pt}tZ0 € (h,d.2) into another point p 1 = {p}}tLo € (<fe,fe)- Hence, we can define an 

operator T(p) 

[T(p0)}t=Xp°t+i+Smt, 

such that 

Pt = [T(P% = A r f + 1 + Smt Vt. 

We are looking for a fixed point of the operator T, i.e. a point p* such that 

T(p*)=p*, 
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or 

Pt = ^Pt+i + Smt< t ^ °-

How can we show that such a fixed point exists? By the contraction mapping theorem. If 

T is a contraction in a complete metric space, then T has a unique fixed point. Is (/2,d 2) 

complete? Yes! Is T a contraction? Pick any p,p € fa. Then 
1/2 

d(P,p) = ^2(P,-pt)2lj • 

But 
( 00 1 1/2 

d{p,p) = |^Z(Ap« + 8mt - Xpt - 8mt)2j 

1/2 

(=0 

= {\2(Pt-Pt)2-(Po-Po)2}l/2 

= x{d(p,p)-(p-p)2y/2 

< Xd(p,p) 

< d(p,p). 

By showing that the mapping T defined by the functional equation 

lT(p0))t = Xp?+l+Smt 

is a contraction in a complete metric space, we have shown the existence of a fixed point or 

solution to the difference equation 

Pt = Xpt+i + 5mt. 

But how we characterize this fixed point? The contraction mapping theorem says that we 

can iterate on a given point p° to find the fixed point p*. Let 



Now 

[T(p% = Xp°t+l+Smt 

= Smt Vt, i.e., p 1 = {pl)°l0 = {6mt}°iQ 

[^(p 1)^ = A[<5mt+i] + <5?n, = <5[Am,+i + rnt] V£ 

[T(p 2 ) ] t = X[\Smt+2 + Smt+i] + Smt 

= (5[A 2m t + 2 + A m ( + i + mt] 

\nPn)}t = S'EX'mt+i Vt. 
i=0 

To show that 

lim pn —» p*. 
n--oo 

where p" = 5 ̂ Z"_ 0 Xlnit+i and p£ = 5Z£o A l m t + i , consider 

oo 

t=0 

oo / oo ^ 2 

(=0 \ i=n 

(=0 \ i=0 

oo 

2 

t=0 

< A 2 n M , 
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since H(^o(P*+n)2 < A / f ° r a n v "< where M is some positive real number. Since 8 > 0, 

d(pn,p") < e whenever n > A^ . 1 Thus, we have that 

lim p" -*p*. n—•oo 

But recall that there exist other solutions to the difference equation that do not lie in 

{l2,<k). In particular, from Sargent (1979), we know that 

00 / 1 \ t 
Pt=Sj2Ymt+i + c[-) (2.8) 

also satisfies the portfolio balance equation. Since 1/A > 1, it is clear that Yl'ttLoPt l s n o t 

finite; hence, p = {p~t}™0 is not an element of /2-

3 Cagan's Emp i r i ca l Resul ts 

Cagan estimated his model by adding an error term and using O L S , i.e., 

mt - Pt = COT* + ip + et, a < 0, (3.1) 

and 

*? = ( 1 - • ? ) & ' k s f - ^ - ) ' O^VlZl. (3.2) 
i=o 

The estimates that he found were as follows: 

'To solve for Nf, use e — A 2 " A / and take logs. This implies loge = 2nlogA + log A/. Thus, N,. = 

( loge-logA/)/21ogA. 
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Country Time —a Confidence ft2 

Period (in months) Interval 

Austria Jan. 1921-

Aug. 1922 

8.55 4.43-0.31 0.989 

Germany Sept. 1920 -

July 1923 

5.46 5.50-6.31 0.992 

Greece Jan. 1943 -

Aug. 1944 

4.09 2.83-32.5 0.98 

Hungary July 1922 -

Feb. 1924 

8.70 6.36-42.2 .926 

Hungary July 1945 -

Feb. 1946 

3.83 2.55-4.73 .998 

Poland Apr. 1922 -

Nov. 1923 

2.3 1.74-3.94 .972 

Russia Dec. 1921 -

Jan. 1924 

3.06 2.663.76 .971 

Cagan found that the log of real money balances depended negatively on the expected 

inflation rate, where the parameter determining the evolution of inflation expectations rj 

was also estimated. 

One problem that Cagan had, however, was that observations near the end of the hy­

perinflations did not fit the regression lines which he estimated. In particular, for a given 

value of the expected rate of price inflation, the quantity of real balances held at the end 

of the hyperinflations was higher than predicted by the regression equations. 

The paper raised many issues which were studied subsequently. 
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4 Subsequent W o r k 

Sargent and Wallace (1973) re-estimated Cagan's model by assuming that expectations are 

rational, i.e., they assumed that 

where p, is the log of the price level at t and I, denotes the information which agents in the 

economy have at date t and which they use to forecast the value of next period's price. 

This assumption leads to an expectational difference equation or a stochastic difference 

equation of the form: 

We will deal with ways of solving this type of difference equation more rigorously later 

on. For now, will replace the rational expectations assumption with the perfect foresight 

assumption. Then we know that the fixed point sequence for this difference equation is 

given by 

Suppose that we take a more realistic view of the process by which the money supply 

process is determined. In other words, suppose we assume that at a given point in time, 

the government has not determined the whole future path of money supplies, {mt}^S.0. 

But if this is the case then we cannot determine the value of the perfect foresight price 

today because this depends on the whole future history of money supplies. However, we 

could assume that the government knows the rule by which the current stock of money is 

determined as a function of its past. One mechanism is to assume that 

mt - aimt-\ + a 2 m j _ 2 + . . . + anmt-„. (4.4) 

Now our system is fully determined as 

K = E\Pt+i -Pt\h (4.1) 

m -Pt = ct{E,(pt+\\l,) -pt\. (4.2) 

(4.3) 

Pi (4.5) 

mt = a\mt-i + a 2 m ( _ 2 + . . . + anint-n. (4.6) 
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Typically we can take the money supply process to be an infinite distributed lag, i.e., 
oo 

mt = o im ( _ i + a2mt-2 ^ • • • = Yl a<m'-" (4-7) 
i=0 

where the sequence of coefficients {aj}°%0 is in fefO,oo) and ao = - 1 . We assume that 

{ "»( }£_«, € fe(-oo.oo), i.e., E S - o o W < «>• 

We know that there exists a solution to the difference equation 

pt = \pt+i + <5»n,, A € (0,1), (5 > 0, 

which is given by 
00 

P» = * £ A W * . (4.8) 
i=0 

Now we seek a solution of the form 
00 

pt = J2bimt-i' (4-9) 
3=0 

where {bj}jL0 € /-2[0,oo). We claim that there is a unique solution of this form. Using 

the right-hand side of the difference equation for price, we will define the operator which 

maps sequences {b"}^ into sequences {b"+l}JL0. Substitute the expression in (4.9) into 

the expression for price pt = Xpt+i + Smt to obtain the identity 

oo / oo \ 
Y, b]+imt-j = A £ Vjmt-j+i + S™t, (4-10) 
3=0 \j=0 ] 

or 

bo+lmt + 6 " + 1 m ( - i + b%mt-2 + ... = A 6 g m t + 1 + Xb^mt + \b%mt-l +••• + Smt. 

Now substitute for mt+i = J Z S i mt+l+i to obtain 

b%+imt + 6? + 1 mt_ i + & 2 + 1 m t _ 2 + • • - = 

A6S(aim t + a2»«(-i + aymt-i + ...) + A6"m( + Xb^mt-i + ... + 5mt. 

Equating the coefficients on mt-i for i = 0 , 1 , . . . yields 

6 g + 1 = A6S + A6? + (5 

b»+l = \b%aj+l+\b]+l, j > l . 
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For any b sequence, this yields the operator 

A M i + A&i +6, j = 0 
\T(<>)lj = \ 

XboOj+i + Xbj+u j > 1. 

We seek a fixed point for (b). Thus, set b = T(6) to obtain 
bo = A6 0ai + A&i + 8 

bj = Xbj+i + \b0aj+i, j > 1. 

Now the second equation has a unique solution given by 

oo 
bj = Xb0 ^2 A f c a f c + J + i , j > 1. 

(.-=0 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

If we can determine bo, then the remaining terms are defined from (4.14). But to determine 

bo, we need to solve 

& o ( l - A a i ) = Xbi+8 

bi = b0 E A A + 1 a f e + 2 . 
fc=o 

Define 

a(L) = 1 -a\L-a2L2 - ... 

b(L) = bo + biL + b2L2 + ... 

Notice that 

Aa 2 + A 2 a 3 + A 3 a 4 + . . . = A - 1 - ax - A _ 1 ( l - a iA - a 2 A - ...) 

= A " 1 - o i - A- 'a (A) . 

Substituting into the expression for b\ yields 

bx =b0 (X~x -cn-X-la{XJ). 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 
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. But 

bi = (bo{l - aiX) - 6) /A . 

Equating the two expressions yields 

6o(l - Xa\) - 8 = 6o(l - a\X - a(A)), 

which implies that 

b0 = 8/a(X). 

Then from 

bj = b0Y,^+lak+j+u 
k it 

we get 

61 = 8a(X)-1(Xa2 + X'a3 + ...) 

b2 = 6a{X)-l(Xa3 + X'a4 + ...) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

or 

b(L) = b0 + b1L + b2L2 

= 6a{X) -1 

.fc=0 / \A.=0 / 
(4 .24) 

This expression shows the Rational Expectations cross-equation restrictions between an 

endogenous process and the exogenous process driving it. 

It is worthwhile comparing this expression with the solution to Cagan's model, i.e., 

Pi 

, 00 
cry 

Q7 £ j \ « 7 + 1 

{ m t - i } g 0 given. 

0:7 
Q7 -I-1 

(4.25) 
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In this case, the expression for price depends on current and past values of the money 

supply and not on the future. Hence, to determine price in period t, all we have to know 

is the history of money supplies at t. With Rational Expectations or perfect foresight, 

however, we have to worry about the entire future path of the money supply, or equivalently, 

the money supply rule generating money supplies at every possible date. Consequently, if 

there is an unanticipated shift in the money supply rule at date t, then the expression 

determining the equilibrium price also shifts at date t and afterwards. This is the heart 

of the Lucas Critique about government policy evaluation under Rational Expectations. 

Shifts in policy rules cause shifts in equilibrium relationships because the public takes into 

account the future when making its current decisions. 

The above discussion assumes that the money stock is exogenously determined and 

evolves as a function of its finite past. In their 1973 article, "Rational Expectations and 

the Dynamics of Hyperinflations," Sargent and Wallace argue that money creation during 

hyperinflations may not be exogenous because the government is usually resorting to money 

creation to finance its government expenditures. They argue that "in order to keep its real 

expenditures at the level it desires, the government is likely to respond to a decline in the 

purchasing power of money by increasing the rate at which it is adding to the stock of 

money. Such behavior makes the rate of increase in the money supply depend partly on the 

price level, thus setting up a feedback from the public's expected rate of inflation, which 

determines the price level, to the rate of money creation." (See page 411, S & W) . 

To model this, notice that very simple form of the government budget constraint is 

M l + l - M t = Pt(Gt-T,), t>0. (4.26) 

Suppose that the government wishes to keep G, —T, = ft for all t > 0. Then if P, increases, 

then the rate of money creation also increases. Dividing through by Mt and getting gt = 

Mt+i/Mt - 1 denote the rate of money growth, the government budget constraint becomes 

Substituting for gt and taking logs yields 

log gt = log Pt - log Mt log ft, 
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or 

mt - pt = log p, - log gt. (4.28) 

But Cagan's portfolio balance equation says that 

mt-pt=a(pe

t+l-pt). (4.29) 

Using the previous equation to eliminate m< — pt implies 

log jj, - \oggt = a(pe

t+i - pt). 

With perfect foresight, this becomes 

log j i - loggt = a{Pt+i - Pt). (4-30) 

This equilibrium relation says that the public's expected rate of inflation helps determine 

the rate of money creation. 

Sargent and Wallace argue that if this is the case, then Cagan's adaptive expectations 

mechanism is actually rational. Recall that Cagan assumes 

Pt+i ~Pt= aiPt ~ Pt-l)- (4-31) 

Under perfect foresight, we require 

1 °° ( —n V 
Pt+i -Pt = Pt+i -pt = y T ^ j (TOt+i+1 ~ (4-32) 

If Cagan's scheme is rational, we require 

1 5 0 / —a Y 
t(Pt ~ Pt-i) = z Y\ I z I (mt+i+i - mt+i). (4.33) 

1 - « f^0 V 1 - « / 

A sufficient condition for (4.33) to hold is that 

mt+i+i - mt+i = m,+i - mt V i > 0. (4-34) 

Substituting this expression into (4.33) yields 

l-i 



or 

f{pt - pt-i) = {m+i - m), (4.35) 

since-

— 1 ( — V - i -

But recall that the condition in (4.35) is approximately equal to the expression for the rate 

of money creation that we obtained under the policy of financing a constant level of real 

expenditures by money creation, i.e., 

Pt+i-Pt = - - ( log f t -log#) 

= - - ( m , + i -mt) + -log/7. (4.36) 
a a 

Hence, if the rate of money growth equals the expected rate of inflation, Cagan's adaptive 

scheme is rational. But we showed that such a money stock process would arise if the 

government was trying to finance a given real amount of expenditures by money creation. 

Alternatively, this money supply rule would arise if the government were trying to supply 

the amount of money demanded by the public or peg the growth of real balances. As Sargent 

(1977) notes, during the German hyperinflation, German monetary officials acknowledged 

that they were operating under a "real hills" regime, in effect arguing that their actions 

were not causing inflation but merely responding to it. 

5 Pr ice Bubbles 

Another issue that was raised by the Cagan article is the possibility that prices displayed 

explosive behavior during the post World War I hyperinflationary periods. Flood and 

Garber (1982) study this possibility. They work with the version of the Cagan model which 

assumes 

m, -pt = (*{pe

l+i ~ Pt) + Ao, (5.1) 
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and note that one solution to this difference equation is the sequence whose elements are 

denned by 

where (a — 1)/Q > 1 since a < 0. 

They call the first term the "market fundamental" and the second term a "bubble." 

Hence, even if mt = m for all t, pt will grow at an ever accelerating rate if c ^ 0. Flood and 

Garber (1982) do not show whether such explosive behavior is consistent with equilibrium 

in a fully-formulated model. Furthermore, they consider a very simple form of the so-called 

"bubble." It is easy to show the existence of other types of bubbles. 

One solution to the difference equation is 

1 °° 
Pt = z Y\ X'mt+i + c ( , (5.3) 

\ — a'—i 

where Ct+\ = A _ 1 C j . 

To verify that (5.3) is a solution to the portfolio balance equation, notice that 

1 
1 0 0 f l °° \ 

r A ' m w + C ( = A < - YX'mt+i+i+Ct+i} 
1=0 ^ (=0 ) 

, — | mt + Y] X'nit+i + X X ~ l c t \ 

mt 

1 °° 
= -. y\Xlmt+i + ct. 

1 — ct 
i=0 

Thus Flood and Garber consider only the bubble ct = c q X ~ 1 . But this "bubble" never pops; 

it continues to grow forever. Another possibility is to consider the bubble suggested by 

Blanchard and Watson (1983): 
(7rA) -1C(+i with probability ir 

c-t = < 5 - 4 > 

0 with probability 1 — 7r 

To see that this will also yield a solution to the difference equation implied by Cagan's 

portfolio balance equation, notice that 

1 0 0 f 1 0 0 1 1 
YXlmt+i+ct = Xl- ^ A ! m ( + i + 1 + 7 r ( 7 r A ) lc» \ + -

1 - Q ^ 1 - a f-r( 1 — a 
in, 
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1 - a 
1 

{ 
\'mt+i + 7rA(7rA) - 1Ct 

i=0 } 

1 
Y,X*mt+i +ct-1 - a i=0 

Here 7r is independent of how high price is. It may be that n depends on how long the bubble 

Flood and Garber (1980) test for the existence of bubbles of three possible durations 

during the German hyperinflation: 

July 1920 to June 1923 

June 1922 to June 1923 

January 1923 to June 1923 

They use data only up June 1923, whereas the hyperinflation in Germany ended in November 

1923. To test for the existence of bubbles, they multiply the term 

with a dummy variable which equals 1 for the period of a possible bubble, and 0 otherwise. 

They argue that the null hypothesis that there were no bubbles in these periods cannot 

be rejected at statistically significant levels. But the question of the last few months of 

the hyperinflation which plagued Cagan also plagues the empirical analysis of Flood and 

Garber. 

To show this, recall that with perfect foresight, we solved Cagan's model for a particular 

sequence of the money stock, i.e., {mt}££ 0- Equivalently, we solved it for a given government 

policy regime in which the money supply was increasing rapidly. Now suppose that agents 

expect the government to change the money supply process at some future data T. For 

simplicity, suppose that the current regime has money growing at the zero rate, and that 

agents expect a change to a higher growth rate /t. More precisely, define 

in1 = {m]}fZo such that m\+i = m\ for i > 1. 

has lasted or far price deviated from its market fundamental, i.e., from £ S o \tmt+i-
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Then the price level will follow 

i=0 

"I 7 I i (5 

where we have used the fact that ^ = yr^ and 5Z£=o A* = 1 — a . 

Now suppose that time T > t, agents expect the money supply process to change to 

m = {'"i+/c}(^o s u c n that mt+fc+i = m l + (* + 1)^ f ° r * — 0, 

where k = T — t and fi > 0. 

Notice that 

™?+fc = *»*{ + f1 

m 2

+ f c + i = + 2/i = m 2

+ f c + 1 + /i 

and so on. Then agents will calculate the price level to follow 

fc-l fc-l oo / 1 \ * 

i=fc 

fc-l oo 
= (J £ A 'm iH + (m>+J- + ( * - * + 1)/') + c ( T ) 

i=0 j=fc v ' 

00 oo / 1 \ ' 
= ^ ^ A S n i + j + ^ ^ M ^ f j ' + lJ + c l y ) where j = i-k 

i=0 j=0 

C , A 

= m, c + //A 
t + f c ( l - " ) 2 

1 - a A, 

= m i + [ c + / a < + * ( l - a ) ] Q Y (5 
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f o r i = 0 , 1 , . . . and k = T-t. 

So if the researcher estimates the money growth process from observations on money 

supply from periods before T, then he will estimate m ( + , = m\+i whereas agents will expect 

that the money supply process to change at date T. So from the agents' point of view, the 

price level will be described by (5.7) whereas from the econometrician's point of view, it 

will be described by (5.5). By not taking intio account the fact that the money growth 

rate increased at date t, the econometrician will erroneously conclude that there is a bubble 

even if the true value of the coefficient c = 0. Consequently, the possibility of regime shifts 

introduces nontrivial problems in the empirical and theoretical analysis of hyperinflations. 

Flood and Garber suspect that agents expect a regime change in the later part of their 

sample and so they throw out the last few observations, just as Cagan does, in order to 

uniquely identify the parameter c. 

6 The Effects of a Cur rency Refo rm 

Laura LaHaye (1985) explicitly considers the idea that agents expected a currency reform 

during the last months of the hyperinflation into the original Cagan model. How does the 

idea of a currency reform help to account for the last few observations which Cagan could 

not fit? As before, let m 1 = {m/} be the money supply process which agents prior to the 

reform expect and iii2 = {inf} be the post-reform money supply process. Also suppose that 

the reform date is known with certainty by agents as T. Then 

oo oo 
Pt = 5^2 A ' m ' + 1 + 6 ̂  Xm2

t+i where k = T -t 

oo oo 

= S^\im1

t+i + 5\kJ2><i(™Z+i+k-Tnl+i+k). (6.1) 

t=0 i=0 

By definition of a reform, m2

+i < m\+i,i > 0. The effect of a reform which agents believe 

will occur at date T is to reduce the price level today. Also, as the reform date approaches 

(T — t = k), the effect on the price level will also grow. So prices will be lower than 

predicted if the reform is taken into account and also real balances will be higher than 
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predicted if the currency reform is taken into account. This is one way of explaining the 

last few observations that create problems for Cagan and Flood and Garber. 

7 A Hyper in f la t ionary Equ i l i b r i um in the Over lapping Gen­

erations M o d e l 

Let us conclude this discussion of hyperinflation with an example of an equilibrium model 

in which the demand for real balances is determined within the model, and let us ask if 

there can exist a hyperinflationary equilibrium, i.e., one in which the expectations of future 

prices affect current prices. We can also ask whether there are "bubbles" in this model. 

Instead of analyzing the price level, it will be more convenient to analyze its inverse, which 

is equal to the price of money in real terms. Consequently, the existence of a "bubble" in 

this framework will be taken as the existence of an equilibrium in which the value of real 

balances goes to zero. 

Consider an overlapping generations model with H individuals per generation. Let 

U (c\\t)Jl(t + 1)) = log (c?(t)) + log (4(t + 1)) (7.1) 

be the preferences of an individual h born at time t and let (wt(t), wt(t + 1)) be his endow­

ment vector. Then 

dU/dc'lit) cf(t + l) 
dU/dc'l{t + \) ch

t(t) 

We note that 

db'/dch

t{t) f oo as - 0 

(7.2) 

dU/dc?(t + l) o as ^ OO. 

Assume that the old at t have M/H units of fiat money and wo(\)/H units of time 1 

goods as their endowment. Let p(t) be the price level of a unit of fiat, money at time t in 

units of time 2 consumption and let mh(t) be the money holdings of individual h at time t. 

For t > 1, the young solve the problem: 
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max log(c*(*) )+ lQg(c?(* + l ) ) 

s.t. + p{t)mh(t) < wt(t) 

($(t + l) <wt(t + l)+p(t + l)mh(t) 

<$(t),<$(t + l),mh(t)>0. 

Then 

A ^ < A A ( t ) w i t h = i f e ? ( t ) > 0 

1 
<A f c ( f + l)wit.h = if<£(t + l ) > 0 

<*(t +1) 

A''(*)p(t) < A*(* + l)p(t + 1) with = if m','{t) > 0, 

where A/l(<) denotes the Lagrange multiplier on the period £ budget constraint for consumer 

h. 

Market clearing: 

E [«?<*)+<£-i(*)l = E K ( o 
h=l h=\ 

E m h ( t ) = M , 
/i=i 

and cg ( l ) = w 0 ( l ) + p ( l ) M / / f . 

Wi th non-satiation of both goods, we know that c't'(t) and d}(t + 1) will be strictly positive. 

Also, with all members of a given generation being identical, we know that m''(l) = m(t) = 

M/H. 

Finally, iimh{t) = 0 for some ft, then there will exist opportunities for arbitrage because 

the cost of holding money in utility terms will be less than its expected benefit in utility 
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terms. Thus, we have that 

\h(t)p{t) = Xh(t + l)p(t + 1) 

p{t)ch

t{t + 1) = p(t + l)c?(t) or ^TTftit + 1) = ^ f t i t ) 

^ ( W t ( t + l ) + p ( 4 + l ) | ) = - i r ( W 4 ( t ) + P ( * ) f 

M 

p(t + l)wt(t + 1) + 2 — = p(*)^(<) 

« « ) - « . + ! )""<' + 2 M 

w t(f) ivt(t)H 

We can consider the solution under two cases. 

liwt(t + l) = 0 Vt > 1, then 

P(*) = ^ > 0 , * > L (7-3) 

This yields a stationary solution in which the price level is constant at all dates. 

If wt{t) = w\ and wi(t + 1) = w2, t > l , and w\ > w2, then 

> ' " 2 > 2 M 
P(0 = — p(t + r 

or p(t) = — 
2.1/ w 2 > 2 M 

—P(* + 1) + 

Notice that if c ^ 0, then there will b an explosive solution to the difference equation 

describing the price level. But if p(t) —> oo, then p(t) = 0 so the value of money in period t 

in terms of period t consumption goods goes to zero. Alternatively, we have an equilibrium 

in which the value of the nominal price level goes to infinity. So we have the possibility of 

hyperinflation in this model. The hyperinflationary equilibrium arises from the multiplicity 

of equilibria in the overlapping generations model with fiat money. But can bubbles exist 

for any asset? 
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