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ABSTRACT 

T h i s p a p e r d e r i v e s a v a r i a n c e bounds t e s t f o r a b r o a d c l a s s o f 
l i n e a r r a t i o n a l e x p e c t a t i o n s m o d e l s . A c c o r d i n g t o t h i s t e s t i f 
o b s e r v e d d a t a a c c o r d s w i t h t h e m o d e l , t h e n a w e i g h t e d sum o f 
a u t o c o v a r i a n c e s o f t h e c o v a r i a n c e - s t a t i o n a r y componen ts o f t h e 
endogenous s t a t e v a r i a b l e s s h o u l d be n o n n e g a t i v e . The new t e s t 
r e i n t e r p r e t s i t s f o r e f a t h e r — W e s t ' s [ 1 9 8 6 ] v a r i a n c e bounds t e s t — 
and e x t e n d s i t s a p p l i c a b i l i t y by n o t r e q u i r i n g e x o g e n o u s s t a t e 
v a r i a b l e s i n o r d e r t o be t e s t e d . The p o s s i b i l i t y o f t h e t e s t ' s 
a p p l i c a t i o n t o n o n l i n e a r m o d e l s i s a l s o d i s c u s s e d . 

^ F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s and U n i v e r s i t y o f P i t t s ­
b u r g h . I have b e n e f i t e d f r o m comments by L a w r e n c e C h r i s t i a n o , 
Edward G r e e n , Hugo H o p e n h a y n , P a t r i c k K e h o e , Thomas S a r g e n t , 
K e n n e t h W e s t , and t h e s t i m u l a t i n g e n v i r o n m e n t o f t h e F e d e r a l 
R e s e r v e Bank o f M i n n e a p o l i s . The f i n a n c i a l s u p p o r t o f t h e N a ­
t i o n a l S c i e n c e F o u n d a t i o n i s g r a t e f u l l y a c k n o w l e d g e d . 

The v i e w s e x p r e s s e d h e r e i n a r e t h o s e o f t h e a u t h o r and n o t n e c e s ­
s a r i l y t h o s e o f t h e F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t h e 
F e d e r a l R e s e r v e S y s t e m . The m a t e r i a l c o n t a i n e d i s o f a p r e l i m i ­
n a r y n a t u r e , i s c i r c u l a t e d t o s t i m u l a t e d i s c u s s i o n , and i s n o t t o 
be q u o t e d w i t h o u t p e r m i s s i o n o f t h e a u t h o r . 



1 . I n t r o d u c t i o n 

In a r e c e n t i s s u e o f t h i s j o u r n a l West [ 1 9 8 6 ] t e s t e d a 

l i n e a r r a t i o n a l e x p e c t a t i o n s ( L R E ) v e r s i o n o f t h e p r o d u c t i o n 

s m o o t h i n g - b u f f e r s t o c k mode l o f i n v e n t o r i e s . He h y p o t h e s i z e d t h a t 

t h e c o v a r i a n c e - s t a t i o n a r y componen ts o f p r o d u c t i o n , s a l e s , and 

i n v e n t o r i e s a r e c o n s i s t e n t w i t h t h e o p t i m a l p o l i c y o f t h e u n d e r ­

l y i n g d y n a m i c m a x i m i z a t i o n p r o b l e m . T h e n , he showed t h a t t h e 

u n c o n d i t i o n a l e x p e c t a t i o n o f t h e d i f f e r e n c e be tween t h e v a l u e o f 

t h e o b j e c t i v e f u n c t i o n u n d e r t h e o p t i m a l p o l i c y and t h e v a l u e o f 

t h e o b j e c t i v e f u n c t i o n u n d e r a p o l i c y where i n v e n t o r i e s a r e i d e n ­

t i c a l l y z e r o , i s e q u a l t o a w e i g h t e d sum o f v a r i a n c e s and c o v a r i -

a n c e s o f p r o d u c t i o n , s a l e s , and i n v e n t o r i e s . T h u s , he p r o c e e d e d 

t o t e s t w h e t h e r t h e n o n n e g a t i v i t y o f t h i s sum was s a t i s f i e d by t h e 

c o v a r i a n c e - s t a t i o n a r y componen ts o f t h e o b s e r v e d d a t a . 

The p u r p o s e o f t h i s p a p e r i s t o r e i n t e r p r e t and g e n e r a l ­

i z e W e s t ' s c o n d i t i o n f o r a b r o a d c l a s s o f LRE m o d e l s . I t i s shown 

t h a t t h e u n c o n d i t i o n a l e x p e c t a t i o n o f t h e d i f f e r e n c e be tween t h e 

v a l u e o f t h e o b j e c t i v e f u n c t i o n o f t h e u n d e r l y i n g d y n a m i c p r o b l e m 

u n d e r an o p t i m a l p o l i c y and t h e v a l u e o f t h i s f u n c t i o n u n d e r any 

f e a s i b l e p o l i c y , s u c h t h a t t h e d i f f e r e n c e be tween t h e c o r r e s p o n d ­

i n g s t a t e p a t h s i s a c o v a r i a n c e - s t a t i o n a r y p r o c e s s , i s a w e i g h t e d 

sum o f a u t o c o v a r i a n c e s o f t h a t p r o c e s s . T h u s , t h i s sum must be 

n o n n e g a t i v e f o r any c o v a r i a n c e - s t a t i o n a r y d i f f e r e n c e be tween a n 

o p t i m a l s t a t e p a t h and a f e a s i b l e s t a t e p a t h . T h e r e a r e two 

s t a n d o u t i m p l i c a t i o n s o f t h i s r e s u l t . F i r s t , i f o b s e r v e d d a t a 

a c c o r d w i t h t h e o p t i m a l p o l i c y ( i . e . , t h e t h e o r y ) t h e n t h e i r 

c o v a r i a n c e - s t a t i o n a r y componen ts s h o u l d s a t i s f y t h e above c o n d i -
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t i o n . F o r , a s shown b e l o w , t h e n o n s t a t i o n a r y componen ts o f t h e 

endogenous s t a t e v a r i a b l e s q u a l i f y a s t h e s t a t e p a t h a s s o c i a t e d 

w i t h a f e a s i b l e p o l i c y . T h i s i s t h e r e i n t e r p r e t a t i o n r e s u l t . 

S e c o n d , u n l i k e W e s t ' s c o n d i t i o n , t h e one d e r i v e d h e r e d o e s n o t 

r e q u i r e e x o g e n o u s s t a t e v a r i a b l e s i n o r d e r t o be t e s t e d . T h i s i s 

t h e g e n e r a l i z a t i o n r e s u l t and i s a c o n s e q u e n c e o f t h e f a c t t h a t 

t h e c o n d i t i o n d e r i v e d h e r e e x p l o i t s some o f t h e o t h e r n e c e s s a r y 

c o n d i t i o n s w h i l e W e s t ' s d o e s n o t . 

S e c t i o n 2 s e t s up a g e n e r a l LRE mode l and r e v i e w s t h e 

s t a n d a r d n e c e s s a r y c o n d i t i o n s f o r i t s s o l u t i o n . S e c t i o n 3 p r o v e s 

t h e n e c e s s i t y o f t h e new c o n d i t i o n and d i s c u s s e s i t s e x t e n s i o n t o 

n o n l i n e a r r a t i o n a l e x p e c t a t i o n s m o d e l s . S e c t i o n 4 p r e s e n t s two 

e x a m p l e s . The s e c o n d e x a m p l e i n v o l v e s W e s t ' s i n v e n t o r y mode l and 

j u x t a p o s e s t h e new c o n d i t i o n t o h i s . 

2 . A G e n e r a l LRE M o d e l 

L e t { s ( t ) : t eN } , N = { 0 , ± 1 , . . . } , be a s t o c h a s t i c p r o c e s s 

on a p r o b a b i l i t y s p a c e ( 0 , f l , P ) , where 5 ( t ) i s an n^ x 1 d i m e n ­

s i o n a l v e c t o r o f e x o g e n o u s s t a t e v a r i a b l e s a t t h e b e g i n n i n g o f 

p e r i o d t . A l s o , l e t be t h e a - a l g e b r a g e n e r a t e d by t h e s e q u e n c e 

o f random v a r i a b l e s ( . . . , s ( t - 1 ) , £ ( t ) ) , t e N . Q t r e p r e s e n t s t h e 

i n f o r m a t i o n a v a i l a b l e t o t h e s y s t e m a t t h e b e g i n n i n g o f p e r i o d 

t . C l e a r l y , c flt+1 c a , V t e N . E ( » ) d e n o t e s t h e u n c o n d i ­

t i o n a l e x p e c t a t i o n s o p e r a t o r w i t h r e s p e c t t o P . T h a t i s , f o r any 

i n t e g r a b l e f u n c t i o n ( • ) w i t h r e s p e c t t o P , E ( » ) = J* ( - ) d P = 
0 

J* ( - ) P ( d u ) ) . E f c ( 0 d e n o t e s t h e c o n d i t i o n a l e x p e c t a t i o n s o p e r a t o r 
0 

w i t h r e s p e c t t o P , g i v e n flt. T h a t i s , f o r any i n t e g r a b l e f u n c t i o n 

( • ) w i t h r e s p e c t t o P s u c h t h a t E ( 0 < J\v( # )P(du>) = 
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J A E t ( O P ( d a > ) , V A e 8 f c . {$( t ) : t e { T , T + 1 , . . . } , xeN} t a k e s v a l u e s 

i n T h a t i s , t h e s p a c e s o f s e q u e n c e s £ = ( C ( T ) , 5 ( T + 1 ) , . . . ) , 

5 = ( £ ( T ) , £ ( T + 1 ) , . . . ) , e t c . , s u c h t h a t 

GO 

J B f c " T E 5 ( t ) ' 5 ( t ) < 

t = T 

where 6 e ( 0 , 1 ) i s t h e d i s c o u n t f a c t o r i n a l l p e r i o d s . A l s o , l e t 

x ( t ) be an n x x 1 d i m e n s i o n a l v e c t o r o f endogenous s t a t e v a r i a b l e s 

a t t h e b e g i n n i n g o f p e r i o d t . T h e n , a v a r i e t y o f LRE m o d e l s c a n 

be s t a t e d a s a p r o b l e m o f t h e f o r m : 1 

( 1 ) max l i m E £ B f c " T f [ ? ( t ) , x ( t ) , u ( t ) ] 

{ u ( t ) } t = T 

s u b j e c t t o : 

(2 ) u ( t ) ^ - m e a s u r a b l e 

( 3 ) x ( t + 1 ) = g [ c ( t ) , x ( t ) , u ( t ) ] 

(4 ) X ( T ) = x ( g i v e n ) 

(5 ) { x ( t ) } ; t e £ * 

( P ) 

where u ( t ) i s an n u x 1 d i m e n s i o n a l v e c t o r o f c o n t r o l v a r i a b l e s i n 

p e r i o d t , 

( 6 ) x ( t ) + i x ( t ) 

u ( t ) u ( t ) 

* 5 5 * 5 x * 5 u 
ci> <t> cb 

x ? xx xu 
(b d) d) 

U£ ux uu 

5 ( t ) 

x ( t ) 

u ( t ) 

<t>i and <))̂ j a r e a p p r o p r i a t e l y d i m e n s i o n e d v e c t o r s and m a t r i c e s , 

r e s p e c t i v e l y , s u c h t h a t 
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( 6a ) ^ = 

(7 ) g | f c = Y x 5 c(t) + y x x x ( t ) + Y x u u ( t ) , 

Y . a r e a p p r o p r i a t e l y d i m e n s i o n e d m a t r i c e s , s u c h t h a t t h e r e e x i s t s 

an n „ x n v d i m e n s i o n a l m a t r i x 5 n v w i t h t h e p r o p e r t y 
U X ux 

( 7a ) 5 Y = I, 
ux xu ' 

and i s t h e s p a c e o f s e q u e n c e s x = ( x ( x ) , x ( T + 1 ) , . . . ) , x = 

( X ( T ) , X ( T + 1 ) , . . • ) , e t c . , s u c h t h a t 

I B t " T E x ( t ) f x ( + ) < « . 
t = T 

I t f o l l o w s f r o m t h e p r e c e d i n g f o r m u l a t i o n t h a t x ( t + 1 ) i s 

^ - m e a s u r a b l e f o r a l l t e { x , x + 1 , . . . } . T h u s , d e c i s i o n s a t t i m e t 

depend o n l y on t h e p a s t h i s t o r y o f t h e {s ( t ) ; teN} p r o c e s s and x . 

I t s h o u l d be n o t e d t h a t no a p r i o r i c u r v a t u r e r e s t r i c ­

t i o n s h a v e been imposed on f | f c . A l s o , no e x p l i c i t l aw o f m o t i o n 

f o r t h e { * - ( t ) : t eN} p r o c e s s h a s been p o s t u l a t e d . On t h e o t h e r 

h a n d , { x ( t ) } ^ _ ^ s £ * c a n be r e l a x e d . F o r o u r p u r p o s e s i t s u f f i c e s 

t h a t 6 ( T " t ) | E T x ( T ) f x ( T ) | > 0 a s T V x € R n x . M o r e o v e r , ( 7 a ) 

can be a l t o g e t h e r e l i m i n a t e d . I t s i m p l i c a t i o n i s , o f c o u r s e , t h a t 

t h e r e a r e n x c o n t r o l s a t t h e most i n t h e s y s t e m . E f f e c t i v e l y , 

t h i s e x c l u d e s a l l t h e s e m o d e l s whose s o l u t i o n c a n n o t be c h a r a c t e r ­

i z e d by E u l e r c o n d i t i o n s . Now, i t w i l l be c o n v e n i e n t t o t r a n s f o r m 

P a s f o l l o w s . 
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F a c t 1: G i v e n ( 6 a ) and ( 7 a ) , ( P ) i s e q u i v a l e n t t o : 

d ' ) max l i m E £ 6 t _ T h [ 5 ( t ) , x ( t ) , v ( t ) ] 

{ x ( t + 1 ) } t = T 

s u b j e c t t o : 

( 2 ' ) x ( t + 1 ) ^ - m e a s u r a b l e 

( 3 ' ) v ( t ) = x ( t + 1 ) - x ( t ) 

( 4 ' ) x ( t ) = x 

( 5 ' ) ( x ( t ) } t = T

 e f x 

( P ' ) 

w h e r e : 

( 6 1 ) 
V t rc(tr "N 0 P " 5 ( t ) 
I x ( t ) x ( t ) 0 ' Q R x ( t ) 
m v ( t ) v ( t ) P » R S v ( t ) . 

( 6 a f ) N f = N , Q f = Q, and S f = S 

£, = <J> + ( I - Y ) F 6 F4> x xx ux u 

m = 6 '<(> 
ux u 

0 = * R - Y /<$ ' + <b 6 ( I - Y ) - Y ' « F4> 5 ( I - Y ) 
£X X£ UX £X UX XX X£ UX UU UX XX 

D = <b 5 - Y ' 6 4> 6 
£U UX X£ UX UU ux 

Q = <J> + ( I - Y ) ' « ' * + <t> 6 ( I - Y ) 
XX XX UX UX XU UX XX 

+ ( I - Y ) F 6 '4> 6 ( I - Y ) 
XX UX UU UX XX 
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R = 4> 6 + ( I - y )f<5 ' * <$ 
xu ux xx ux uu ux 

S = 6 fcJ) 6 
UX UU ux 

Then t h e f o l l o w i n g i s w e l l known. 

F a c t 2 : I f { x ( t + 1 ) } " i s an o p t i m a l p o l i c y f o r P t h e n t h e f o l -
u T 

l o w i n g c o n d i t i o n s must h o l d : 

( E u l e r C o n d i t i o n ) 

( 8 ) ( S - R ) E f c x ( t + 2 ) - [ Q - ( R + R ' ) + ( 1 + B ~ 1 ) S ] E x ( t + 1 ) + 6 ~ 1 ( S - R ) ' E x ( t ) 

= I + ( B ~ 1 - 1 ) m + ( 0 - P ) f E t c ( t + 1 ) + B " 1 P ' E 5 ( t ) , 

V t e { T , T + 1 , . . . } 

( L e g e n d r e C o n d i t i o n ) 

( 9 ) Q - ( R + R f ) + ( 1 + 8 ~ 1 ) S n e g a t i v e s e m i d e f i n i t e 

3 . The New C o n d i t i o n 

Now t h e s t a g e h a s been s e t t o s t a t e and p r o v e t h e n e c e s ­

s i t y o f t h e new c o n d i t i o n . 

Lemma 1: I f 5 ( t ) = x + ( t ) - x ~ ( t ) , where { x + ( t + 1 ) } £ _ T i s an o p t i ­

m a l p o l i c y f o r P and { x " ( t + 1 ) } ™ i s any f e a s i b l e p o l i c y f o r P 
U — T 

( i . e . , s a t i s f i e s ( 2 ' ) - ( 5 ' ) , t h e n t h e f o l l o w i n g c o n d i t i o n must 

h o l d : 
T 

( 10 ) l i m E I 6 [ 2 5 ( t + 1 ) , ( R - S ) 6 ( t + 2 ) 
T+« t=x 

+ 6 ( t + 1 ) ' ( Q - R - R , + ( 1 + s " 1 ) S ) 6 ( t + 1 ) ] < 0 . 
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P r o o f : S i n c e i s q u a d r a t i c , i t f o l l o w s by T a y l o r f s Theorem 

t h a t : 

T T t = t 

= E T I 6 T _ T { V x h + | t [ x + ( t ) - X - ( t ) ] + V v h + | f c [ v + ( t ) - v - ( t ) ] 
t = T 

- H x + ( t ) - x - ( t ) ] ' v x x h r [ x

+ ( t ) - x - ( t ) ] 

- J [ x + ( t ) - x - ( t ) ] ' v x v h | f c [ v + ( t ) - v _ ( t ) ] 

- M v + ( t ) - v " ( t ) ] , 7 v x h | f c [ x + ( t ) - X - ( t ) ] 

- i [ v + ( t ) - v - ( t ) ] ' V h | f c [ v + ( t ) - v ' ( t ) ] } , 
vv 

where V x h | ^ s t a n d s f o r t h e g r a d i e n t o f h w i t h r e s p e c t t o x e v a l u ­

a t e d a t h [s ( t ) , x ( t ) , v ( t ) ] , V X 5 £ h | f c s t a n d s f o r t h e H e s s i a n o f h w i t h 

r e s p e c t t o x e v a l u a t e d a t h [ s ( t ) , x ( t ) , v ( t ) ] , e t c . 

S i n c e v ( t ) = x ( t + 1 ) - x ( t ) and S ( t ) = x + ( t ) - x ~ ( t ) , we 

h a v e : 

^ = E T I 8 t - T { [ v x h + | T - V v h + | t ] 6 ( t ) + V v h + | f c 6 ( t + 1 ) 
t = T 

- 1 « ( t ) • [ 7 x x h | f c - 7 x v h | f c - V v x h | f c

+ V v v h | t ] 6 ( t ) 

- I 6 ( t ) ' [ 7 x v h | t - 7 v v h | t ] « ( t + 1 ) 

- ^ ( t + 1 ) ' [ V v x h | t - V v v h | t ] 6 ( t + 1 ) 

- ^ ( t + 1 ) ' h v v | t 6 ( t + 1 ) } . 
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S i n c e b o t h { x + ( t + 1 ) } ° and {x~( t+1) } "_ a r e assumed t o be f e a s i -

b l e , ( 4 f ) i m p l i e s 6 ( t ) = 0 . Then i t f o l l o w s by a change o f t i m e 

i n d e x e s t h a t : 

A; = E T a B t + i - T { [ v x h + i t + i - n + i t + i ] 5 ( t + D 
t = T 

-Wt+D'lv h | t + 1 - 7 h | t + 1 - 7 h | t + 1 

2 \ / L x x I XV VX 1 

+ 7 v v h | t + 1 ] 6 ( t + D - 5 ( t + 1 ) ' [ 7 x v h | t + 1 - 7 v v h | t + 1 ] 5 ( t + 2 ) } 

T 
+ I s ^ l ' / l ^ t + D - l s l ^ D ' h l^t+D}) 
t v v V 

= T 

t = T 

+ 8 f c ' T { v v h + | T 6 ( T + 1 ) - ^ ( T + 1 ) ' h v v | T 6 ( T + 1 ) ^ 

- j 8 Y B t " T { 2 6 ( t + 1 ) , [ 7 x v h | t + 1 - 7 v v h | t + 1 ] « ( t + 2 ) 
t = T 

+«(t+1)'[v h | t + 1 - 7 h | t + 1 - 7 h | t + 1  

1 XX 1 XV 1 VX 1 

+ ( 1 + 8 " 1 ) 7 v v h | t + 1 ] 6 ( t + 1 ) } ) . 

U s i n g t h e P ' n o t a t i o n : 

T-1 
(*). A T = E (6 I 6 t " T [ ( S - R ) x + ( t + 2 ) - ( Q - R - R , + S + 8 - 1 + S ) x + ( t + 1 ) 

T T t = T 

+ 6 " 1 ( S - R ) , x ' , ' ( t ) - i l - ( 8 - 1 ) m - ( 0 - P ) , 5 ( t + 1 ) 

-e'VsCtJl'sCt+n 
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+ S T " T { [ S x + ( T + 1 ) + ( R - S ) , x + ( T ) + m + P ' 5 ( T ) ] ' 6 ( 1 + 1 ) 

- i « ( T + 1 ) ' S 6 ( T + 1 ) } 

T-1 

- J B I B C " T { 2 6 ( t + 1 ) , ( S - R ) 6 ( t + 2 ) 
t = T 

+ 6 ( t + 1 ) ' ( Q - R - R ' ) + S + 8 " 1 S ) 6 ( t + 1 ) } ) . 

Now, s i n c e Q f c c Q t + 1 , V t e N , i t f o l l o w s t h a t E T ( « ) = E (E ( • ) ) , 

V t e { T , T + 1 , . . . } ( s e e , e . g . , B i l l i n g s l e y [ 1 9 8 6 , Theorem 3 4 . 4 ] ) , 

and s i n c e { x + ( t + 1 ) } ™ _ ^ and { x ~ ( t + 1 ) } ™ _ ^ a r e assumed t o be ^ - m e a ­

s u r a b l e , i t f o l l o w s by ( 3 ' ) t h a t 5 ( t+1 ) i s fit-measurable. T h e r e ­

f o r e , E t « ( t + 1 ) = S ( t+1 ) and E [ ( • )6 ( t+1) ] = [E ( • ) ] « ( t + 1 ) . ( S e e , 

e . g . , B i l l i n g s l e y [ 1 9 8 6 , Theorem 3 4 . 3 ] . ) T h e s e f a c t s i m p l y t h a t : 

E T [ ( S - R ) x + ( t + 2 ) - ( Q - R - R , + S + s " 1 S ) x + ( t + 1 ) + B " 1 ( S - R ) ' x + ( t ) - S , 

- { ( B " 1 - 1 ) m - ( 0 - P ) , } ( t + 1 ) - B " 1 P , 5 ( t ) ] * 5 ( t + 1 ) 

= E { [ ( S - R ) E x + ( t + 2 ) - ( Q - R - R ' + S + 8 " 1 S ) E x + ( t + 1 ) 

+ B " 1 ( S - R ) ' E x ( t ) - M s " 1 - 1 ) m - ( 0 - P ) f E 5 ( t+1 ) 

- 8 " 1 P , E t c ( t ) ] » 6 ( t + 1 ) } . 

T h e r e f o r e , s i n c e { x + ( t + 1 ) } ^ _ ^ i s assumed t o be an o p t i m a l p o l i c y 

f o r P i t f o l l o w s by (8 ) t h a t t h e f i r s t t e rm i n t h e r i g h t hand s i d e 

o f ( * ) i s z e r o . F u r t h e r m o r e , s i n c e ( { ? ( t ) } ^ _ T > { * + ( t ) } ^ _ T ) » 

( { 5 ( t ) } ^ . T , { x " ( t ) } ^ _ T ) e £^ x £ * , i t f o l l o w s t h a t e a c h and e v e r y 

one o f t h e b i l i n e a r and q u a d r a t i c f o rms o f t h e s e c o n d t e r m i n t h e 

r i g h t hand s i d e o f (* ) goes t o z e r o a s T -* » . T h e r e f o r e , 
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l i m A T = -£s l i m E £ 8 t _ T [ 2 6 ( t + 1 ) 1 ( S - R ) 6 ( t + 1 ) 

+ 6 ( t + 1 ) f ( Q - R - R f + S + 6 ~ 1 S ) 6 ( t + 1 ) ] . 

Now, s i n c e E ( 0 = E ( E f c ( - ) ) , V t e N , i t f o l l o w s i m m e d i a t e l y t h a t 

i f { x * ( t + 1 ) } ™ i s an o p t i m a l p o l i c y f o r P and { x " ( t + 1 ) } " i s any 
o — T u — T 

f e a s i b l e p o l i c y f o r P , i t must be t h a t (10 ) h o l d s . 
Q . E . D . 

T h e n , we h a v e t h e f o l l o w i n g . 

T h e o r e m : Suppose t h a t { 6 ( t ) : t e M } , 6 ( t ) b e i n g d e f i n e d a s i n t h e 

p r e c e d i n g lemma, h a p p e n s t o be a c o v a r i a n c e s t a t i o n a r y p r o c e s s . 

Then 

(11 ) E [ 2 5 ( T + 1 ) t ( R - S ) 6 ( T + 2 ) + 6 ( T + 1 ) , ( Q - ( R + R , ) + ( H 8 " 1 ) S ) 6 ( T + 1 ) ] < 0 , 

V T e N . 

S e v e r a l comments a r e i n o r d e r . F i r s t (11 ) i s i n d e e d new. In 

p a r t i c u l a r i t i s n o t and n e i t h e r i s i t i m p l i e d by t h e o t h e r s e c o n d 

o r d e r c o n d i t i o n ( i . e . , t h e L e g e n d r e C o n d i t i o n ) . S e c o n d , what 

makes t h i s r e s u l t u s e f u l i s t h a t i f o b s e r v e d d a t a a c c o r d w i t h t h e 

o p t i m a l p o l i c y , t h e n t h e i r d e v i a t i o n s f r o m t h e i r n o n s t a t i o n a r y 

componen ts s h o u l d s a t i s f y ( 1 1 ) ; f o r t h e s e n o n s t a t i o n a r y componen ts 

t r i v i a l l y s a t i s f y a l l t h e r e q u i r e m e n t s f o r a f e a s i b l e s o l u t i o n ( a s 

i n t h e f i r s t examp le b e l o w ) . Or i f t h e m a i n t a i n e d h y p o t h e s i s i s 

t h a t t h e c o v a r i a n c e s t a t i o n a r y components o f t h e endogenous v a r i ­

a b l e s a r e g e n e r a t e d by t h e o p t i m a l s o l u t i o n o f t h e mode l and a 

" z e r o " f e a s i b l e s o l u t i o n i s m e a n i n g f u l ( a s i n W e s t ' s i n v e n t o r y 

m o d e l ) , t h e n a g a i n , ( 11 ) s h o u l d be s a t i s f i e d by t h e c o v a r i a n c e -



- 1 1 -

s t a t i o n a r y component o f t h e endogenous s t a t e v a r i a b l e s . T h u s , 

(11 ) p r o v i d e s f o r a n a t u r a l and e a s i l y i m p l e m e n t a b l e t e s t f o r t h e 

v a l i d i t y o f t h e h y p o t h e s i s t h a t o b s e r v e d d a t a a c c o r d w i t h t h e 

o p t i m a l s o l u t i o n , w i t h o u t h a v i n g t o make s t r o n g c u r v a t u r e r e ­

s t r i c t i o n s o r s p e c i f y t h e l aw o f m o t i o n o f t h e e x o g e n o u s s t a t e 

v a r i a b l e s . T h i r d , i t can be e a s i l y v e r i f i e d by t r a c i n g t h e s t e p s 

o f t h e p r e c e d i n g p r o o f t h a t a s i m i l a r r e s u l t o b t a i n s when ( 7 a ) i s 

n o t i m p o s e d . 

A l s o , when h i s t w i c e d i f f e r e n t i a b l e b u t i s n o t n e c e s ­

s a r i l y q u a d r a t i c , and a t r a n s v e r s a l i t y - l i k e c o n d i t i o n h o l d s t h a t 

w i l l make t h e s e c o n d t e rm i n t h e r i g h t hand s i d e o f (*) go t o z e r o 

a t T « , ( 1 0 ) ' s c o u n t e r p a r t i s : 

T-1 
l i m E, y 0 f c ^ T [ 6 ( t + 1 ) ( V h 9 | t + 1 - V h 9 | t + 1 ) 5 ( t + 2 ) 
r n t . ^ 1 XV ' VV T + <= t = T 

+ 6 ( t + l ) ' ( v h e | f c + 1 - v h 9 | f c + 1 

xx 1 xv 1 

- 7 h 9 | t + 1

+ ( 1 - s " 1 ) 7 h 9 | t + l ) 6 ( t + 1 ) l < 0 
VX XV 1 J 

where 

h 9 | t + 1 = h [ c ( t + 1 ) , x 9 ( t + 1 ) , v 9 ( t + 1 ) ] 

x 9 ( t + 1 ) = e x + ( t + 1 ) + ( 1 - e ) x " ( t + 1 ) 

and 

v 9 ( t + 1 ) = 9 v + ( t + 1 ) + ( 1 - 9 ) v " ( t + 1 ) , 
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9 e ( 0 , 1 ) . To r e d u c e t h i s c o n d i t i o n t o s o m e t h i n g l i k e ( 1 1 ) , i t 

must be t h a t Efv h 0 | f c + 1 - V h 9 | f c + 1 ] and E [ V h 9 | t + 1 -
1 XV 1 VV 1 1 1 XX 1 

V h 9 | t + 1 V h 9 | t + 1 + ( 1 - e ~ 1 ) V h 9 | t + 1 ] a r e c o n s t a n t m a t r i c e s . T h i s 
XV 1 VX 1 VV V 1 J 

may be t h e c a s e a f t e r an a p p r o p r i a t e t r a n s f o r m a t i o n ( e . g . , a f t e r 

m u l t i p l y i n g by a p o s i t i v e random v a r i a b l e ) i f { x 9 ( t ) } " i s a 
U — T 

s t a t i o n a r y o r s t e a d y s t a t e and { x ~ ( t + 1 i s o b t a i n e d a s 

( 1 - 9 ) " 1 x e ( t + 1 ) - 9 ( 1 - 9 ) ~ 1 x + ( t + 1 ) f o r an a p p r o p r i a t e l y c h o s e n 9 . 

T h e n , n o t e t h a t 6 ( t+1 ) = x + ( t + 1 ) - x " ( t + 1 ) = ( 1 - 9 ) ~ 1 [ x + ( t + 1 ) -

x e ( t + 1 ) ] i m p l i e s t h a t ( 1 1 ) f s c o u n t e r p a r t i s e f f e c t i v e l y i n d e p e n ­

d e n t o f 9 . So i n o r d e r t o e v a l u a t e t h e new c o n d i t i o n , one n e e d s 

o n l y t h e c o v a r i a n c e - s t a t i o n a r y d e v i a t i o n f r o m t h e s t e a d y s t a t e . 

4 . Two E x a m p l e s 

T h i s s e c t i o n p r e s e n t s two e x a m p l e s t h a t i l l u s t r a t e t h e 

u s e f u l n e s s o f t h e new c o n d i t i o n . T h a t i s , how one can c o n s t r u c t 

o b s e r v a b l e c o v a r i a n c e - s t a t i o n a r y {<5(t) : teN} p r o c e s s e s and t h e r e b y 

c h e c k f o r ( 1 1 ) . W e s t f s c o n d i t i o n w i l l be e x a m i n e d i n c o n n e c t i o n 

w i t h t h e s e c o n d e x a m p l e . 

An "Open Loop 1 ' A l t e r n a t i v e 

L e t Y ( t ) = £ ( t ) - E ^ ( t ) . S u p p o s e t h a t 

( 12 ) ¥ ( t + 1 ) = A ¥ ( t ) + e ( t+1 ) 

where 

( 1 2 a ) { z e ( f : d e t ( I - A z ) = 0 } n {ze(f: | z | < 1} = 0 
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( 12b ) e ( t ) ~/({0,\) V t e N 

( 1 2 c ) E e ( t ) , e ( t f ) = 0 , V t * t f . 

I t f o l l o w s t h a t { Y ( t ) : t e H } i s a c o v a r i a n c e - s t a t i o n a r y p r o c e s s . 

Assume t h a t : 

( 6 b ) d e t ( S - R ) * 0 

and l e t J ^ C ^ ) be a J o r d a n m a t r i x w i t h t h e e i g e n v a l u e s o f : 

e ( z ) = I z 2 - ( S - R ) " 1 ( Q - R - R f + S + 6 ~ 1 S ) z + g " 1 ( S - R ) " 1 ( S - R ) ' 

w i t h modu lus l e s s ( g r e a t e r ) t h a n 8 ~ ^ . A l s o , l e t H ^ H g ) be t h e 

m a t r i x w i t h t h e e i g e n v e c t o r s and t h e g e n e r a l i z e d e i g e n v e c t o r s o f 

e ( z ) c o r r e s p o n d i n g t o J ^ ^ ) . T h e n , u n d e r t h e a d d i t i o n a l r e g u l a r ­

i t y r e s t r i c t i o n s : 

( 6 c ) {ze<f : d e t e ( z ) = 0 } n {ze(f: | z | = 8~^} = 0 

( 6d ) r a n k ( H . ) = n , i = 1, 2 

2 3 

t h e p o l i c y f o r (8 ) s u b j e c t t o (4 ) and ( 5 ) i s g i v e n b y : » 

( 1 3 ) x + ( t + 1 ) = K ^ t ) + M f ( t ) + N ( t ) , x + ( x ) = x 

where 
K. = H . J . H . " 1 

l i l l 

CD 

- M = K " 1 ( S - R ) " V 1 P ' + I K ~ J [ ( S - R r 1 ( 0 - P ) ' + K ~ 1 ( S - R ) ~ V 1 P ' 
j = 1 d 
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- N ( t ) = ( I - K 2 " 1 ) " 1 K 2 " 1 ( S - R ) " V + ( 6 " 1 - 1 ) m ] + K 2 ~ 1 ( S - R ) ~ V 1 P ' E 5 ( t ) 

00 

+ I K p ~ J [ ( S - R r 1 ( 0 - P ) ' + K " 1 ( S - R ) " 1 B " 1 P , ] E 5 ( t + j ) . 
j = 1 

C o n s i d e r , now, t h e d e t e r m i n i s t i c p r o b l e m t h a t r e s u l t s f r o m P by 

s u b s t i t u t i n g E £ ( t ) i n (1 ) and (3 ) f o r 5 ( t ) . Unde r t h e r e g u l a r i t y 

c o n d i t i o n s m e n t i o n e d e a r l i e r , any o p t i m a l p o l i c y f o r t h i s p r o b l e m 

s h o u l d s a t i s f y : 

(14) x~ ( t+1 ) = K 1 x " ( t ) + M ( t ) ; X " ( T ) = x . 

O b v i o u s l y , { x " ( t + 1 ) } ™ i s a f e a s i b l e p o l i c y f o r P . T h i s p o l i c y , 

somet imes r e f e r r e d t o a s t h e " o p e n - l o o p " p o l i c y , and (14 ) i m p l y : 

t - T 
( 1 3 f ) x + ( t + 1 ) = K ! : ~ T + 1 X + I K * [ M ¥ ( t - i ) + N ( t - i ) ] 

i=0 

t - T 
( 1 4 ' ) x " ( t + 1 ) = K ! : " T + 1 X + I K * N ( t - i ) . 

i=0 

H e n c e , 

t - T 

6 ( t ) = x + ( + ) - x " ( + ) = I K * M ¥ ( t - i ) . 
i=0 

T h u s , s i n c e 6 ( t ) can be o b t a i n e d a s t h e f i n i t e sum o f c o v a r i a n c e -

s t a t i o n a r y p r o c e s s e s i s i t s e l f c o v a r i a n c e - s t a t i o n a r y . I t s h o u l d 

be o b s e r v e d t h a t t h i s examp le can be e a s i l y e x t e n d e d t o a c c o u n t 

f o r mov ing a v e r a g e componen ts i n t h e l aw o f m o t i o n o f t h e 

{ i p ( t ) : t e N } p r o c e s s . 
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The " Z e r o " A l t e r n a t i v e 

One way o f l o o k i n g a t W e s t ' s i n v e n t o r y mode l i s t o 

c o n s i d e r a f i r m t h a t t a k e s i t s s a l e s o f a s i n g l e homogeneous good 

a s g i v e n and s e e k s a p r o d u c t i o n s c h e d u l e t h a t w i l l m i n i m i z e i t s 

e x p e c t e d d i s c o u n t e d f u t u r e s t r e a m o f r e a l c o s t s : 

CO 

E

0 I 8 t { a 0 [ Q ( t ) - Q ( t - 1 ) ] 2

+ a l Q ( t ) 2

+ a 2 [ H ( t ) - a 3 S ( t + 1 ) ] 2 } , 

a . e R, i = 0 , 1, 2 , 3 

s u b j e c t t o 

Q ( t ) = S ( t ) + H ( t ) - H ( t - 1 ) 

where Q ( t ) i s p r o d u c t i o n i n p e r i o d t , H ( t ) i s i n v e n t o r i e s a t t h e 

end o f p e r i o d t , and S ( t + 1 ) i s t h e c o v a r i a n c e - s t a t i o n a r y component 

o f s a l e s i n p e r i o d t . The t e r m a Q [ Q ( t ) - Q ( t - 1 ) ] r e p r e s e n t s a d ­

j u s t m e n t c o s t s b r o u g h t a b o u t by c h a n g i n g p r o d u c t i o n l e v e l s . The 

t e r m a - | Q ( t ) ^ r e p r e s e n t s p r o d u c t i o n c o s t s and t h e t e r m 

a 2 [ H ( t ) - a 3 S ( t + 1 ) ] r e p r e s e n t s i n v e n t o r y h o l d i n g c o s t s and b a c k l o g 

c o s t s . I t i s h y p o t h e s i z e d t h a t t h e o b s e r v e d c o v a r i a n c e - s t a t i o n a r y 

component o f p r o d u c t i o n i s an o p t i m a l p o l i c y f o r t h i s p r o b l e m . I t 

a l s o f o l l o w s t h a t ( Q ( t ) , S ( t ) , H ( t ) : t e N } f o r m a c o v a r i a n c e -

s t a t i o n a r y p r o c e s s . 

To map t h i s mode l i n t h e P ' f o r m a t , l e t : 

C ( t ) = ( S ( t + 1 ) S ( t ) , S ( t - 1 ) ) ' , x ( t ) = ( H ( t - 1 ) , H ( t - 2 ) ) ' 

- a 2 a 3 0 " 

" a 0 ao 
a 0 " a 0 

N /2 = 

2 

a 2 a 3 

0 

0 

V a i 

0 

- a . 
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P / 2 = 
- a 2

a 3 0 

V a i 0 

- a Q 0 

Q / 2 = 
a Q + a 2 - a 0 

- a „ a 0 

R/2 = ~ a 0 + a 2 0 
a Q 0 

S / 2 = 
W a 2 0 

I t c a n be e a s i l y v e r i f i e d t h a t t h e E u l e r c o n d i t i o n i s : 

( 8 ' ) 

2 a Q + a 1 0 

- a „ 0 

x ^ t + 2 ) 

x 2 ( t + 2 ) 

( 4 + 6 " 1 ) a 0 + ( 1 - 6 " 1 ) a 1 + 8 " 1 a 2 - 2 a Q 

- 2 a „ a „ 

x ^ t + 1 ) 

x 2 ( t + 1 ) 

-1 2 a 0 + a 1 " a 0 
x ^ t ) 

L x 2 ( t ) 

0 - ( 2 a Q + a ) 2 a Q 

5 2 ( t + 1 ) 

S 3 ( t + 1 ) 

+ 6 
-1 " a 2 a 3 a 0 + a 1 ~ a 0 5 2 ( t ) 

53(t) 
= 0 , V t e N 

and t h e L e g e n d r e c o n d i t i o n i s : 

( 9 f ) 
( 4 + 8 ~ 1 ) a Q + ( 1 - 8 ~ 1 ) a 1 + s " 1 Q 2 - 2 a Q 

- 2 a ^ a n 

p o s i t i v e s e m i d e f i n i t e . 

B e f o r e l o o k i n g a t ( 11 ) i t s h o u l d be h e l p f u l and r e a s s u r i n g t o 

v e r i f y t h a t ( 8 f ) i s i n d e e d W e s t ' s E u l e r C o n d i t i o n . To do t h i s , 

f i r s t n o t e t h a t t h e s e c o n d e q u a t i o n i n ( 8 1 ) i s : 

a o E t t H t + r H t l - a o f H t - H t - i l + a o E

t [ s t + r s J - ° -

T h e n , s h i f t t h i s one p e r i o d f o r w a r d k e e p i n g t h e same e x p e c t a t i o n s 

o p e r a t o r and m u l t i p l y b o t h s i d e s o f t h e r e s u l t by 6 . F i n a l l y , add 

t h e new r e s u l t t o t h e f i r s t l i n e o f ( 8 f ) and m u l t i p l y by 8 . T h i s 

g i v e s W e s t ' s e q u a t i o n ( 8 ) . 
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Now, t h e new c o n d i t i o n g i v e s : 

f " - ( 2 a Q + a 1 ) 0" 

6 2 ( t + 1 ) a Q 0_ « 2 ( t+D 

61(t+1) 

62(t+1) 

" ( 4 + 6 " 1 a ( ) + ( 1 - 6 " 1 ) a 1 + s " 1 a 2 - 2 a Q 

- 2 a r l 0 j 

^ ( t + 1 ) 

« 2 ( t + 1 ) 
> 0 

o r 

( 1 1 - ) E { [ ( 5 + 8 ' l ) a 0 + ( 1 + s ' 1 ) a 1 + 6 " l a 2 ] H ( t ) ^ - 2 ( 4 a 0 + a 1 ) H ( t ) H ( t - 1 ) 

+ 2 a Q H ( t ) H ( t + 2 ) } > 0 . 

B u t W e s t ' s c o r r e s p o n d i n g c o n d i t i o n ( i . e . , ( 6 ) ) i s : 

(16 ) E ( a n { [ s ( t ) - S ( t - 1 ) ] 2 - [ Q ( t ) - Q ( t - 1 ) ] 2 } + a 1 { S ( t ) 2 - Q ( t ) 2 } 

- a 2 H ( t ) + 2 a 2 a 3 H ( t ) S ( t + 1 ) ) > 0 . 

The f o l l o w i n g c l a r i f i e s t h e d i f f e r e n c e be tween ( 1 1 ' ) and ( 1 6 ) . 

Lemma 2 : G i v e n H ~ ( - 2 ) , H * ( - 1 ) , H " ( 0 ) , . . . = 0 , ( 1 1 ' ) h o l d s i f and 

o n l y i f ( 16 ) h o l d s . 

P r o o f : S i n c e ( Q ( t ) , S ( t ) , H ( t ) : t e N } i s a c o v a r i a n c e s t a t i o n a r y 

p r o c e s s , and s i n c e E [ E Q ( » ) ] = E ( » ) , we h a v e : 

* = ( 1 - S ) " 1 E ( a 0 { [ S ( t ) - S ( t - 1 ) ] 2 - [ Q ( t ) - Q ( t - 1 ) ] 2 } + a 1 [ s ( t ) 2 - Q ( t ) 2 ] 

- a 2 H ( t ) 2 + 2 a 2 a 3 H ( t ) S ( t + 1 ) ) 

CO 

= E E N I S t ( a n { [ s ( t ) - S ( t - 1 ) ] 2 - [ Q ( t ) - Q ( t - 1 ) ] 2 } + a 1 [ s ( t ) 2 - Q ( t ) 2 ] 
u t = 0 u ' 

- a 2 H ( t ) + 2 a 2 a 3 H ( t ) S ( t + 1 ) ) 
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E E 0 I 
t=0 

S(t+1) 

S ( t ) ( 

S( t - 1 ) 

H(t -1) 

H(t -2) 

H ( t ) - H ( t - 1 ) 

H ( t - 1 ) - H ( t - 2 ) 

E E o I fit 

u t = 0 

^ 2 ^ 3 0 0 " a 2 a 3 0 ~ a 2 a 3 o" S ( t + 1 ) 

a 0 +a- | - a Q " a 0 a 0 a 0 + a 1 0 S ( t ) 

a 0 • a 0 " a 0 " a 0 0 S ( t - 1 ) 

a 0 + a 2 " a 0 - a 0 + a 2 
0 H ( t - 1 ) 

a 0 a 0 0 H ( t - 2 ) 

a.Q+3. -j +3.2 0 H ( t ) - H ( T - 1 ) 

0 H ( t - 1 ) - H ( t - 2 ) 

*C ( t ) ' "o o P " \(t) ' 

x + ( t ) 0* Q R x + ( t ) 

v + ( t ) P ' R» S v + ( t ) 

On t h e o t h e r h a n d , i t f o l l o w s a s i n t h e P r o o f o f Lemma 1 t h a t : 

X = - * 8 ( 1 - B ) " 1 E { [ ( 5 + B ~ 1 ) a n + ( 1 + B " 1 ) a 1 + e " 1 a J H ( t ) 2 

- 2 ( 4 a ( J + a 1 ) H ( t ) H ( t - 1 ) + 2 a 0 H ( t ) H ( t - 2 ) } 

E | E Q I B f c  

u t = 0 

5 ( t ) N O P 5 ( t ) 5 ( t ) N O P Kit) 

x + ( t ) 0 ' Q R x + ( t ) - x " ( t ) 0 ' Q R x * ( t ) 

-
_ v + ( t ) _ P ' R' S v + ( t ) v " ( t ) P ' R' S v " ( t ) _ 

• 

i f H"( - 2 ) = H~ ( - 1) = H" ( x ) _ — 0 , * = X 

H e n c e , s i n c e 6 e ( 0 , 1 ) ( 1 1 f ) h o l d s i f and o n l y i f ( 16 ) h o l d s . 
Q . E . D . 

T h i s r e s u l t a l s o makes c l e a r t h e way (16 ) was d e r i v e d ; 

t h a t i s , w i t h o u t u s i n g t h e o t h e r n e c e s s a r y c o n d i t i o n s . A l t h o u g h , 

f o r t h i s mode l t h e d i f f e r e n c e be tween (11 ) and (16 ) i s r a t h e r 

u n i m p o r t a n t , i t s h o u l d be o b v i o u s t h a t f o r m o d e l s where some 

e x o g e n o u s s t a t e v a r i a b l e s a r e n o t o b s e r v a b l e ( i . e . , p r e f e r e n c e and 

t e c h n o l o g y s h o c k s ) o r when a " z e r o " a l t e r n a t i v e f e a s i b l e s o l u t i o n 

if 
d o e s n o t e x i s t t h i s d i f f e r e n c e i s c r u c i a l . 
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