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The usual proof that Friedman's simple k-percent growth rule for
the money supply is suboptimal comes from mechanically manipulating a
reduced form equation. Those manipulations in general show that pursuing
a rule with feedback from current economic conditions to the money supply
is better than following Friedman's advice. To be valid, the proof
requires that as written in one particular way the reduced form equation
will remain unaltered when the monetary authority departs from the old
"rule" used during the estimation period and follows a new one. Here I
point out that there are always alternative ways of writing the reduced
form, one being observationally equivalent with the other, so that each
is equally valid in the estimation period. If one assumes that the first
form is invariant when the poliey rule is changed, the proof of the
superiority of rules with feedback over Friedman's rule goes through.
But if oﬁe assumes that it is the reduced form as written in the second
way that remains unchanged, the proof that Friedman is wrong does not
obtain, instead the implication being that Friedman's rule does as well
as any other deterministic feedback rule, and better than a stochastic
rule. Therefore, estimates of reduced forms alone will not permit one
to settle the difference between Friedman and advocates of rules with
feedback. Given any set of reduced form estimates, there is an invariance
assumptiop that will permit a member of either camp to make his point.
In effect, then, this paper poses the question: Does the view that
Friedman's k-percent feedback rule is as good as any other deterministic
feedback rule place any restrictions on reduced forms? The answer is no.
This is distressing, since for a given sampling interval and estimation
period, the reduced form estimates summarize everything that the data

can ever tell us. To rule on the policy issue thus requires bringing to
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bear theoretical considerations or doing empirical work of a kind
considerably more subtle than that directed solely at estimating reduced
forms. In effect, it is necessary to get some evidence on what sort of
invariance assumption is the most realistic one to impose. How one

does that is a delicate, though not entirely intractable task, the

discussion of which is outside the scope of this paper.

This paper is in the nature of a footnote to Lucas' important
critique of econometric policy evaluation [37]. Lucas emphasized the
critical invariance assumption behind the usual argument for rules with
feedback, and showed how that invariance assumption fails to hold in models
with rational expectations. As extreme examples of how wrong the standard
invariance assumption could be, Lucas [47] and Sargent and Wallace [67] have
constructed particular structural models in which one deterministic rule
is as good as another, so that the standard proof of the suboptimality of
Friedman's rule fails spectacularly in those examples. Those examples
were dependent on particular structural setups. The point of this note is
that for any estimated reduced form, there is an invariance assumption
which if imposed delivers the conclusion that one deterministic rule is
equivalent with any other. 1In effect,then, this note displays some
mechanical equivalencies that force one to stumble upon Lucas' observations
about the limits of the usual applications of optimal control theory to

macroeconometric models.

A casual reader of Marschak's classic paper [4] would perhaps regard
the major contention of this paper, that reduced forms alone cannot settle
the policy rules controversy, as being obvious, However, applications of
optimal contrel to macroeconometric models do purport to extract implicatiéns

about the optimal feedback rule solely from estimated reduced forms.



For simplicity, I deal with a bivariate model. I assume that during
the estimation period, two variables, Y and m_, were described as a
realization from a stationary, indeterministic stochastic process. The
variable y, measures some "goal" variable like unemployment or GNP. The
variable m, represents a potential policy instrument. I assume that

during the estimation period m_ was exogenous with respect to y, and

t

that m_ caused Y., inm Granger's sense (11, This means that the (y, m)

process can be represented in the particular (Wold) moving average form!

(1a) Ve = (L) €, + B(L) e
(1b) mt = y(1) Et
where

@B . j . © j

o) = T aj_L », gL = ¢ B, LY,
j=0 3=0

and

. n
L is the lag operator (L X, = xt_n) ; and T and g, are mutually
uncorrelated and serially uncorrelated random variables with means of zero
- . 2 2 . .
and finite variances cn and UE , respectively. (I have omitted constants
and any deterministic terms from representation (1), which can be included

without affecting the argument.)®

The assumption that the Wold representation has the triangular form
of (1), i.e., the assumption that m 1is exogenous and "causes" y , means
that under one pretty general additional condition, a final form regression
of y on m can be consistently estimated by least squares. In particular,

suppose that Y(L) is invertible so that m has the autoregressive



representation

-1
Y (L) m_ = Et s

-1
where vy (L) is a one-sided polynomial in the lag operator L. Sub-

stituting the above equation into (la) gives

y, = alL) via m_ + BL) M

(2 yp = h(L) m_+ BE) m_

r

where h(L) = (L) y-l(L} is a one-~sided polynomial in the lag operator
L. Eguation (2) is a "final form" for ¥ in terms of m and is con-
sistently estimated by least squares, since the N, Pprocess is orthogonal
to the m_  Pprocess. Assuming that B(L) has a one-sided inverse, the

. 3
"reduced form'" for y, can be obtained as

sty = BW T AW m +n

or
> 3¢
(3) Ve T Z0 % e T 20 P Ve T e
where
Z i -1
a(L) = L a L" = (L) " h(L)
and
& .
(@ -1b@) =@ - b 7 =gyt
i=0 *

The reduced form (3) expresses y 1in terms of current and lagged m's
and lagged y's, with a disturbance that is serially uncorrelated and

orthogonal to the variables on the right-hand side of the equation. Thus



the reduced form (3) can be consistently estimated by least squares,

Write (3) as

(4) Ve = a{L) m, + b (L) Yeo1 + T .

It is now easy to illustrate the elements of the usual argument that it

is optimal for the policy authority to set m via a rule with feedback
from lagged y's to current m . Suppose that the authority's goal is

to set m in order to minimize the variance of y . Suppose that the
parameters of the reduced form (4) will remain unaltered when the authority
abandons (1b), which described policy during the estimation period, and
implements a new feedback rule. (Suppose also that a(L) has a one-sided
inverse under convolution, which isn't really necessary but rules out un-
seemly "instrument instability" problems.) Then it is straightforward to
show that the authority would minimize the variance of y by using the

feedback rule
(5) al) m, = -bLY ¥y, ,

which is a rule for setting mt as a function of lagged m's and lagged
y's . In general, some of the bj 's are not zero, so that it is optimal
for the authority to incorporate feedback from lagged y's to m, presumably
to "lean against the wind." So a rule without feedback is suboptimal.

As Lucas has emphasized [3], a key assumption in the above argument
for rules with feedback is that the parameters of the reduced form (&)
remain unchanged when the authority abandons the rule used during the
estimation period and uses a2 new onme. Lucas argued that if the reduced

form incorporates the influence of peoples’' expectations and if expectations



are formed in a well informed or "rational™ way, that assumption is not
appropriate. Here I point out that there always seems to be an interpretation
of the reduced form (4) which completely vitiates the preceding demonstration

of the superiority of rules with feedback.

I begin by noting that from (1b) Y, & =W - where

Beol ™ Beo1 T
is the mathematical expectation of m, conditioned on past m's and past
y's. In this case, since m is exogenous in the estimation period, lagged

y's don't help explain m once lagged m's are taken into account, so

that in the estimation period

Beal ™ E[mt‘mt-l’ Megs coor Yeogs Yeogs +-+]
= E[mt Mo _1s B _os eer t.
The random variable yb €¢ is the "innovation" of m_, the part that can't

be predicted on the basis of past m's (or past y's). Now substituting
g, = L (m -E m )
Yo

t t t-1 't

into (la) and rearranging gives
By, = s ey, - & +
Tt A B M -1 B T
or
(6) Ve = c(L)(mt - Et-l mt) + b(L) Ve ¥ T

where

1 -1
— B(L) " @) =c(l) = T c L s
Yo i=0 1



and where b(L) is as defined under (3).* Equation (6) is an alternative
version of the reduced form that is equivalent with the version (3) or (4)
from the point of view of representing things during the estimation period.

Notice that (4) and (6) have identical residuals and so fit equally well.

If we assume that the reduced form (6) remains unaltered when the
authority abandons (1b) and adopts a deterministic feedback rule giving m
as an exact function of past m's and past y's, a strong sort of
"neutrality" result emerges. For under any deterministic feedback rule,

say one of the form

(7 m =s, m + s, m + 4u. + L E

1 Vi1 T F2 Ve

it is true that

(8) E m = m »

identically in ¢t .

Substituting (8) into (6) gives-

Yo =bM) ¥y, +1n,

which is an autoregressive representation for y that holds regardless of

the values of the particular parameters 52, e rl, Tps e of the

S
feedback rule (7) selected by the authority., The assumption that it is the
reduced form representation (6) that remains unchanged as the policy rule
is altered leads to the conclusion that one deterministic feedback rule is
as good as any other. There is thus no reason to expect that the authority

can do better than it can by implementing the x-percent growth rule

recommended by Friedman.



The preceding "neutrality" demonstration rests on the arbitrary assumption
that it is the reduced form representation (6) that remains unaltered when
the authority institutes a new policy rule outside the estimation period,
Of course, the earlier demonstration of the superiority of a rule with
feedback depended on the equally arbitrary but different assumption that it
was the reduced form representation (4) that remained unchanged from the
estimation period even once the new policy rule was instituted. From the view—
point of extracting policy implications, assuming invariance for the reduced
form representation (4) or (6) thus gives drastically different implications.
Yet from the point of view of representing the reduced form during the

estimation period, (4) and (6) are exactly equivalent., This is what leads

me to the conclusion that the empirical evidence from a single estimation
period alone, which can be completely summarized by (4) or {(6) and an
autoregression for m, can never settle things between advocates of

rules with feedback and advocates of rules without feedback.

Perhaps this could be dismissed as a mere curiosity if macroeconomists
agreed that as between (4) and (6) one of these ways of writing the reduced
form is much more likely to remain unchanged when policy changes. The problem
is that there is no such agreement. While in the past most macroeconomists
have regarded (4) as invariant under changes in the policy rule, that assumption
depends critically on the assumption that peoples' expectations are formed
using fixed-weight, autorxegressive schemes that in general are not “rational."
Lucas [3] has argued forcefully against that assumption, but it remains true
that the assumption still underlies most macroeconometric policy evaluation,
and is an essential element of most applications of control theory to macro-

econometric models. On the other hand, reduced form representations resembling




(6) are supposed to be invariant under changes in the policy rule according
to some structural macroeconomic models incorporating rational expectations
and Lucas' formulation of the aggregate supply function [2],5 In such models,
current and maybe lagged innovations in the money supply are what agents

respond to,

The upshot is that the invariance of neither (4) nor (6) to changes in
the policy rule would now command a concensus among macroeconomists. The
current state of macroeconomic theory seems to me to be very far from supplying
a reliable basis for ruling out one of these invariance assumptions in favor
of the other. Tor that reason, I beliew that the observational equivalence
of (4) and (6) provides some cause to be circumspect about economists' ability
now to be sure that rules with feedback clearly dominate rules without feed-

back (or vice versa).

The reader may wonder whether my assumptions that m is eXogenous with
respect to y and that m causes y in effect rig things in the preceding
argument. They don't., Those assumptions were made to guarantee that a
vy -on ~m reduced form was identifiable and estimable, The estimability of

such a reduced form is a sine gqua non for the usual argument that rules with

feadback dominate rules without feedback. One alternative set of assumptions
would have been that y and m caused each other, so that there was mutual
feedback between y and m. Only under special circumstances, an

instance of which is analyzed in appendix B, is a y-on-m reduced.

form identified in a system with mutual feedback. As appendix B illus-
trates, for systems with mutual feedback that are identifiable through

a priori restrictions, there obtains the same observational equivalence

as analyzed in the text. Another alternative assumption would have been
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that y was exogenous with respect to m in the estimation period. I
have elsewhere advanced the notion that the hypothesis of exogeneity of
certain goal variables y (e.g., unemployment) with respect te certain
policy instruments m (e.g., the money supply) is a naive, model-free way
of stating the natural rate hypothesis.® Exogeneity of y with respect
to m can readily be shown to be compatible with the notion that one
determiﬁistic rule is as good as any other, on a certain invariance
assumption., On the other hand, it is straightforward to show that an
alternative invariance assumption could be imposed that would imply that

Friedman's rule is suboptimal., This is shown in appendix A.

The present argument only shows how reduced forms estimated for a
given sampling interval (i.e., quarterly or monthly) over a given estimation
period cannot settle the policy rules controversy. That does not mean that
there is no way that empirical evidence can be brought to bear on the
question. Presumably, by estimating reduced forms for various subperiods
or countries across which policy rules differed systematically, light can
be shed on what way of writing the reduced form remains invariant.? Al-
ternatively, by studying data more and less finely aggregated over time,
different implications of our two invariance asswmptions might be extracted
and tested. Both of these paths involve considerable subtleties. Very

little satisfactory evidence has yet been assembled along either path,
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Appendix A

HOW "CLASSICAL" MODELS CAN BE INTERPRETED IN "KEYNESIAN" WAYS

This appendix illustrates how for classical models in which real
variables are econometrically exogenous with respect to policy variables
there is a way of writing the reduced form which, if invariant under
rules changes, implies that rules with feedback are optimal. Therefore,
evidence that real variables are econometrically exogenous with respect
to policy variables, which I have argued [7] is a strong, model-free way
of stating the natural rate hypothesis, has "classical" policy implications
on one kind of invariance assumption, but does not on another, The argument
in this appendix is thus the other half of the observational equivalence
dilemma, since here I start with a model originally thought to be very
"neutral” or classical and produce an invariance assumption that rationalizes

rules with feedback,

Consider a '"structural' model of the form

(A1) (L) Yo = vm - E mt) +u, y >0
(A2) m = d(L) €,
where
w . Y .
i i
(L) = ALY, d) = ©d L
i=0 1 i=p 1

A(L) and d(L) both have one-sided inverses under convolution; and uL

and g, are mutually and serially independent random variables, with

means of zero and finite variances, The model (Al), (A2) is a two-variable



- 12 =

example of the "classical" model described by Sargent {7]. Here innovations
in m (money) produce sympathetic movements in y . In this model, ¥y

is exogenous with respect to m, and m 1is exogenous with respect to

v, Though y and m are correlated, neither one helps predict the

other, To see‘that m is exogenous with respect to y, notice that

{(Al)y and (A2) can be rearranged in the triangular Wold representation

(A3) Y = A‘l @) vd e + AL (L) u_

(AL) m =d@)e

the existence of which shows that m is exogenous with respect to y by
virtue of Sims' Theorem 1, To see that y 1is exogenous with respect to
m, observe directly from (Al) that

28]

yt = —iEI )\.i yt"'i

ﬁhich shows that m doesn't help predict y once lagged y's are

accounted for., Alternatively, rewrite (Al) - (A2) as

.=
(A5} Ve =2 T @) w,
(A6) m = d() ¢ W, + d(L) gt
where
W, =Y d0 g, tu

and §t and ¢ obey

e, =pw. +E, E[gt[wt] =0
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(¢ 1is the regression coefficient of e against w gt being the

t!
residual). Since §t is orthogonal to v and since both are serially
uncorrelated by construction, it follows that (A5) - (A6) is a Wold |

representation for the (y,_ - mt) process. The existence of such a

t
triangular Wold representation establishes that y is exogenous with

respect to m, again by virtue of Sims' Theorem 1.

Inverting (A4) and substituting it into (A3) delivers

-1
A (L) Yo =V do dadL) motuo,

which is 2 y on m reduced form which is consistently estimated by least
squares, since u is orthogonal to lagged y's and current and lagged
m's, This is exactly the form of reduced form manipulated and assumed

invariant under alternative policy rules in the proof that Friedman's rule

is suboptimal,

If the reduced form (Al) is invariant under rules changes, then one

deterministic rule is as good as any other.

Thus, there are altermative ways of deriving policy implications from
empirical evidence generated by a "classical" model like (Al) - (A2).
Depending on what sort of invariance assumption is imposed, drastically
different inferences follow about the implications of different feedback

rules,



- 14 -

Appendix B

OBSERVATIONAL EQUIVALENCE IN THE PRESENCE OF
FEEDBACK FROM vy TO0 m

Suppose that during the estimation period the y - m process possessed

the vector autoregressive representation

(B1) v, = a(l) y__y + b(L) m_, tE,

(B2) mo=c) y _, tad@) m _, +u

where a(l) = z a, L , ete., and
j=o

€y and u, are serially independent random wariables with means zero and

finite variance. In general, E(et ut) # @ although it is easy to prove

that E(et us) 0 for t # s. The last equality follows because, for

example, u is the residvual in a projection of m on lagged n's and

y's and so is orthogonal to them. Since lagged u's and g's are

linear combinations of lagged y's and m's, it follows that current u

¥

is orthogonal to lagged u's and ¢!

s. Here € and u_ are the one-
step-ahead prediction errors for Ve and m_, respectively, both predictions
being conditional on lagged m's and lagged y's. Consistent with

usual usage, by a y-on-m reduced form I mean a regression of ¥y on

past y's and current and past m's. Analogously, by a m-on-v reduced

form T mean a regression of m on past n's and current and past

y's. For a system with probability distribution characterized by (Bl1) - (B2),

the implied pair of y-on-m, m-on-y reduced forms is identifiable only if

sufficient a priori information is imposed on the covariance between
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the disturbances in the two reduced forms and on the contemporaneous
coefficient in either the y-on-m reduced form or the m—on-y reduced form.
Here T will impose the restrictions that there 1s no contemporaneocus
feedback ffom vy to m and that the reduced form disturbances are
contemporaneously orthogonal. These restrictions serve to identify the

y - m feedback structure. In particular, (B2) gives the "feedback rule"
that governs m in the sample period. To find the y-on-m reduced form imn
terms of the parameters of (Bl) - (B2), first project €  on u,_ to get

t t

the decomposition

€. = pu_ + Et , EIE

Then subtract pmt from (Bl) and rearrange to obtain

(B3) y, = (a(@) -~ pcL)) y,_; +om + (b(L) - pd@)) m»__; + & .

Equation (B3) is a y-on—-m reduced form with a disturbance Et that is
orthogonal to the regressors and also serially uncorrelated. Hence, the
parameters of (B3) will be consistently estimated by least squares.
Notice that (B2) is also consistently estimated by least squares.

Write (B3) more compactly as

(B3') ¥ =hL) y _; +e@ m + &

where h(L) = a(L) - pc(L) , g(L) = [pL(b(@) - pd(L))]

Then solve (B2) for m, in terms of lagged y's and current and lagged

u's:

m, = (1-4@) 7V e@) vy, + A-a@) T u .



- 16 -
Substituting this for m, in (B3') gives

(@ + 1) -4@)N™ e y

Ie =
+ L) (1-awN ™t u +
or
(B4)  y = i) y_, * 3@ (m, - E_ m) +E

where 1(L) = {a(L) + g(L) (A-d@) L @)} ,
Yy = g{L) (l—d(L))_l , and Et is orthogonal to lagged vy's and
current and lagged u's (i.e., (mt - Et-l mt)'s). So (B4) is consistently .
estimated by least squares.
Now (B3') and (B4) have identical residuals, and, thus, are observationally

equivalent. The argument in the text thus goes through for this system.
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Footnotes

The paper by Sims [87], especially his appendix, provides a useful

summary of the statistical theory used here,

I will also assume that g and T are mutually and serially
independent, which facilitates the computations below but is not
essential. Abandoning that assumption would require replacing
mathematical expectations with linear least squares forecasts at
several points below. With that replacement, my argument would go

through,

I am assuming that B(L) and oi are so normalized that By = 1,

which implies that the zero order coefficient of B(L)-I is also unity.

Notice that

e - E g m) = lm - E g m) Fe@ ) - By my)
+ cz(mt_2 - Et-3 mt-Z) + ... .
For example, see Sargent and Wallace [67.

See Sargent [77].

Lucas' international comparisons [27] provide an excellent example of

this approach,
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