
Appendix A 

The Johnson Model (Zero P r o p o r t i o n a l T ransac t i ons Costs) 

N o t a t i o n : 

[ 0 , l ] = t ime p e r i o d 

n = number o f t r i p s to the bond market i n [ 0 , l ] 

t . = t ime o f the i"^* t r i p to the bend market ; t . € [ 0 , l ] , 

i = 1 , . . . , n . 

W(t) = wea l th at t ime t € [ 0 , l ] 

M(t ) = money ho ld ings at t ime t t [ 0 , l ] 

B ( t ) = va lue o f bond ho ld ings at t ime t € [ 0 , l ] 

P ( t ) = va lue o f bonds purchased at t ime t € [ 0 , l ] 

S ( t ; = value o f bonds s o l d at t ime t £ [ 0 , l ] 

r = ra te of i n t e r e s t per p e r i o d 

c = consumption over the p e r i o d 

b = f i x e d cos t per t r i p to the bond market 

R = t o t a l i n t e r e s t re tu rn per p e r i o d ; R=R(n) 

i ( t ^ ) - i n t e r e s t r e c e i v e d at time t^ , i = l , . . . , n 

R e l a t i o n s and r e s t r i c t i o n s : 

( R . i ) A l l v a r i a b l e s are non-negat ive 

( R . i i ) n > 2 

( R . i i i ) W(t) = M( t ) + B ( t ) ; wea l th i s composed o f money and bond 

h o l d i n g s . I n t e r e s t becomes wea l th on ly when i t i s p a i d out 

as money. 

( R . i v ) M = [3" M( t )d t 

(R.v) 3 = 3 ( t ) d t 
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( R . v i ) W = J J W(t)dt 
0 

( R . v i i ) c = W(0) + R ( n ) , consumption over the p e r i o d equals i n i t i a l 

wea l th p lus i n t e r e s t r e t u r n . 

( R . v i i i ) W(0) = M(0 ) ; i n i t i a l wea l th i s i n the form o f money. 

Axioms: 

A . i ) M(t^) > c " ( * £ + i _ t i ^ * = ^ • ' • • • ' n » m o n e y o n hand f o l l o w i n g a 

bond t r a n s a c t i o n must be s u f f i c i e n t t o cover consumption 

expendi tures u n t i l the next bond t r a n s a c t i o n . 

A . i i ) M(t) = M ( t i ) - c - ( t - t ) , where i = max { j = l , . . . , m : 

t j<t } (te[o, i j). 

n - l 
A . i i i ) R(n) = £ B ( t ^ ) r * ) > s imple i n t e r e s t d e f i n i t i o n 

i = l 

i 
A . i v ) B ( t . ) = I [ P ( t . ) - S ( t . ) + l ( t . ) ] , where 

j = l J 

J - l 
I ( t j ) < min { S ( t j ) , I C B ( t

k ) ' r , ( t

k + 1 - ' t

k ) " I ( t k ) ] } J = 2 , . . . , n 
k—1 

and i ( t ^ ) = 0 ; i n t e r e s t payments are i n c l u d e d i n bond s a l e s . 

A . v ) The i n d i v i d u a l ' s o b j e c t i v e i s to maximize c-nb w i t h respec t 

t o n , sub jec t to c = W(0) + R ( n ) . 

Comment: From Johnson 's v e r b a l d e s c r i p t i o n i t would seem tha t ( R . v i i ) 

shou ld be c = W(0) + R(n)-nb and tha t the o b j e c t i v e (A.v) shou ld be maximize 

c . However, from Johnson 's equat ion (p.383) i t appears t ha t the i n d i v i d u a l 

spends a t a ra te o f W(G) + R per p e r i o d and maximizes W(0) + R(n)-nb w i t h 

respec t to n . Th is means tha t h i s i n t e r e s t re tu rn i s a p p l i e d to goods p u r ­

chases , w h i l e t r a n s a c t i o n s cos ts are p a i d at the end o f the p e r i o d from 

t e r m i n a l w e a l t h . 
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O p t i m a l i t y C o n d i t i o n s : 

( C . i ) t 1 = 0 , F{t±) > 0 , P(t . . ) = 0 i = 2 n. The purchase o f 

a l l bonds occurs a t t = 0 . 

( C . i i ) M ( t . ) = c - ( t ^ + ^ - t i . ) i = l , . . . , n . Money on hand f o l l o w i n g a 

bond t r a n s a c t i o n i s the minimum needed to cover consumption 

expendi tures u n t i l the next bond t r a n s a c t i o n . 
J-l 

( C . i i i ) I ( t j ) = min {S(t ) ; £ [Bi\) • r C * ^ - ^ ) - I (\) ] 1 j = 2 , . . . , n ; 

when the i n d i v i d u a l conver ts bonds t o money, he takes h i s i n t e r e s t 

f i r s t and p r i n c i p a l second. 

Note : The f i r s t two cond i t i ons are e s s e n t i a l l y the same as T o b i n ' s (p . 2kk). 

The reason the three cond i t i ons are op t ima l i s because w i t h g iven t r a n s a c ­

t i o n s c o s t s , the g rea tes t i n t e r e s t r e tu rn i s earned by keep ing the l a r g e s t 

p o s s i b l e p r i n c i p a l i n bonds ( e a s i l y p roven ) : the i m p l i c a t i o n of the th ree 

c o n d i t i o n s . The model s i m p l i f i e s as f o l l o w s : 

P(0) = M(0) - [M(0) + R(n)]t 2 

s(t.) = [M(0) + R(n ) ] ( t . + 1 - t . ) i = 2 , . . 

Kt.) 

B(t x) 

= * ' \ 1-«Vti-i) 1 

l-l 
= M(0) - [M(0) + R(n)]t 2 

= 2 , . . . , n 

B(t 2) = M(0) - [M(0) + R ( n ) ] t 3 + Kt 2 ) 

B<Vi> = M(Q) - [M(0) + R(n)]t 
n 

n-l 
+ I Kt . ) 

i=2 

B(tn) = 0 

R(n) 
i=2 

Johnson seems t o be assuming two c o n d i t i o n s which h o l d f o r T o b i n ' s 

model but are not c o n s i s t e n t w i t h h i s own s p e c i f i c a t i o n s : 



- u -

t ^ + ^- t^ = 1/n i = l , . . . , n . ( T o b i n ' s theorem on equa l 

U n j u s t i f i e d assumpt ions: 

1. 

spac ing o f bond t r a n s a c t i o n s . ) I t i s t h i s assumption 

which a l l ows Johnson to w r i t e : 

M = M ( ° ) . + R ^ n ) . T h i s i s n o t t h e d e f i n i t i o n o f M when 

the re i s net equa l spac ing o f bond t r a n s a c t i o n s , and under 

Johnson 's r u l e s , equa l spac ing i s not o p t i m a l . E . g . , 

(1+rt ) 
l e t n = 2. Then M(0) + R(2) - 2b = M(0) ~ - - 2b 

l + r t „ 

Max imiz ing w i t h respec t t o t^ y i e l d s 

t 2 = 1 + T

r

 1 4 1 /2 , and 

M = [M(0) + R(2) ] 1/2 -

M(0) + R(2) 

M ( O ) 
2. W = J ~ L L . Tob in w r i t e s : 

2 ( l+ r ) - {2+r) / l+r 

W(t) = M(0) - M ( 0 ) t ; or wea l th at any po i n t i n t ime i s 

equa l t o the wea l th w i t h which the i n d i v i d u a l s t a r t e d 

M ( O ) 

minus what he spen t . Hence W = —-— i n Tob in s model . 

I t i s t rue i n e i t h e r model t h a t : 

R(n) = rB(n) = r [ v (n ) - M(n )J . However, i t i s not t r ue 
M(0) - M n i n Johnson 's f o rmu la t i on t h a t : R(n) = r 

reason be ing wea l th a t any p o i n t i n t ime i n h i s model 

equals what the i n d i v i d u a l s t a r t e d w i t h minus what he 

. the 
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spent p l us i n t e r e s t r e c e i v e d . 

Suppose, as Johnson does , tha t t r i p s to the bond 

market are e q u a l l y spaced i n t ime . Then, 

R(3) = M(0) / r + 9 r 

r + 9r + 27 

M.(0) M(0) + R(3)~ 

; but r M(0) - M 

= M(0) ( 3 / 2 ) r + 9 r 

r 2 + 9 r + 27 

¥ R ( 3 ) . 

These two assumptions make i t p o s s i b l e f c r Johnson 

to w r i t e the o b j e c t i v e f u n c t i o n : 

M(0) + R(n) - nb'= (M(0) + r 

- _ M(0) + R(n) 

M(0) - M } 1 -
2M 

where M = 2n R(n) = r 
M(0) 

- M 


