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ABSTRACT

This paper presents a simple model of search and matching between consumers and firms. The
firm size distribution has a Pareto-like right tail if the population of consumers grows at a positive
rate and the mean rate at which incumbent firms gain customers is also positive. This happens in
equilibrium when entry is sufficiently costly. As entry costs grow without bound, the size distribution
approaches Zipf’s law. The slow rate at which the right tail of the size distribution decays and the
10% annual gross entry rate of new firms observed in the data suggest that more than a third of
all consumers must switch from one firm to another during a given year. A substantially lower
consumer switching rate can be inferred only if part of the observed firm entry rate is attributed to
factors outside the model. The realized growth rates of large firms in the model are too smooth.
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1. INTRODUCTION

The dispersion in firm size is large. Among employer firms in the U.S. economy, em-
ployment ranges from 1 to about 1.8 million employees. To a large extent, this is simply
because some firms have many more customers than other firms. One alternative inter-
pretation would be that firms produce differentiated products and that some products
account for a much larger share of every consumer’s budget than do other products. But
the annual expenditures of a typical consumer would then consist of pennies on most
products and tens of thousands of dollars on a few products supplied by very large firms.
This paper presents a very simple model of the firm size distribution that avoids this
troublesome implication.

In the model, firms are identified with specific goods and consumers are matched
with firms whose goods match their taste. New firms gain their first customers through
a process that can be interpreted as costly advertising. Matches between customers
and existing firms are broken off randomly and new matches with existing firms are
formed by word-of-mouth advertising. Searching consumers randomly sample customers
of incumbent firms and then switch to the firms with which those customers are trading.
Although all possible contacts between consumers are equally likely, a randomly sampled
consumer is more likely to be a customer of a large firm than of a small firm. As a result,
a firm gains customers at an average rate that is proportional to the size of its existing
customer base.

Trade results in a surplus for firms that is taken as an exogenous parameter on a
per-customer basis. The value of a firm is a constant multiple of the size of its customer
base, because mean firm growth rates are independent of firm size. This multiple is an
increasing function of the mean growth rate of a firm. In equilibrium, this mean growth
rate adjusts so that the per-customer value of a firm equals the cost of finding a first
customer. Specifically, high entry costs must go together with high mean firm growth
rates in equilibrium.

The population of consumers is assumed to grow over time at a non-negative rate,
taken to be exogenous. Incumbent firms can gain customers because of this, but they
also lose customers to new entrants. If entry costs are high, then entry rates must be
low, or else incumbent firms cannot grow at a high enough rate.

In the absence of population growth, the stochastic process of firm size that arises
is exactly the one obtained by Klette and Kortum [2004]. The resulting mean growth
rate of incumbent firms is negative, and the implied stationary size distribution is the

logarithmic series distribution. This distribution has tail probabilities that decline geo-



metrically with firm size. In contrast, the number of firms of size at least n behaves more
like 1/n in U.S. data (Simon and Bonini [1958], Axtell [2001]). This type of stationary
distribution —Zipf’s law— arises here when there is population growth and the mean
growth rate of incumbent firms is positive and close to the population growth rate. For
this the cost of entry must be sufficiently high.

The mechanism generating Zipf’s law described here is essentially that proposed by
Simon [1955]." A version of Simon [1955] adapted to the consumer search economy of
this paper would have consumer-firm matches last forever. This would imply a firm
entry rate equal to the population growth rate. The variance of the growth rate of the
smallest firm would be less than the population growth rate. Both predictions are far
from the data. Allowing for the break-up of consumer-firm matches is essential for an
interpretation of firm entry and size data.

In a labor market context, a model analogous to the one described here would have
workers find jobs through referrals, contacting other workers to find jobs. In Burdett
and Vishwanath [1988] the probability of workers sampling a firm is proportional to
firm size, and this can be interpreted in this way.2 A far more commonly used search
mechanism is to assume that workers sample firms at random. This mechanism leads
to a size distribution that is Poisson if there is no population growth. The right tail
of the Poisson distribution declines even faster than the logarithmic series distribution,
and the firm size predictions of such a search mechanism would therefore be in sharp
contrast to what is found in the data. If there is population growth and matches are not

destroyed, the size distribution is geometric, and this is again contradicted by the data.

2. CONSUMERS AND FIRMS

Time is continuous. There is a continuum N (¢) of infinitely-lived agents. These agents
all act as consumers, and they can choose to be entrepreneurs at the same time. The

number of agents grows according to

DN(t) = yN(1), (1)

'More recent research on network formation is also in this vein. For examples, see Jackson and

Rogers [2006] and the review of Jackson [2006].
2For a recent example of consumer search driven by word-of-mouth advertising, see Rob and Fishman

[2005]. Ellison and Fudenberg [1995] study the role of word-of-mouth communication in learning by a

population of agents.



where ~ is a non-negative parameter. FEach agent is endowed with a flow of w € N
indivisible and non-storable outside goods that provide no utility. There is a continuum
of firms owned by the agents who are also entrepreneurs. Each of these firms has the
ability to convert one unit of the outside good into one unit of another indivisible good
that does provide utility to the consumer, for each of the consumers with whom the firm
trades. Every firm can convert only one unit per customer, and so consumers must trade
with w different firms. When trading with n consumers, the owner of a firm receives mn
units of utility per unit of time. The per-customer surplus 7 is positive and treated as

an exogenous parameter. All agents discount utility flows at a positive rate p.

2.1 Consumer Search

A newly born consumer samples another consumer in the economy and learns about a
firm with which this other consumer trades. The newly born consumer develops a taste
for the good supplied by this firm and decides to trade with the same firm. This happens
for each of the w goods the consumer has available to trade, independently across goods.
At any point in time, every consumer is a customer of w firms, and so there are wN(t)
customers.

At a rate o, a consumer loses his or her taste for the good supplied by one of
the firms with which the consumer trades. When this happens, the consumer samples
another consumer at random from the economy-wide population of consumers and learns
about the firm with which this other consumer trades. Again, the consumer develops a
taste for the good supplied by this firm and starts trading with the firm. At a rate vw,
the consumer can also be contacted by a new firm and develop a taste for the good it
supplies. As a result, the consumer loses his or her taste for one of the w firms, randomly
selected, with which the consumer trades.

The firm switching rate o is taken to be exogenous, but the new-firm contact rate
v will be determined by equilibrium conditions. Its equilibrium value will be a key

parameter characterizing the firm size distribution.

2.2 Entrepreneurs

2.2.1 Entry

Agents can choose to be entrepreneurs and attempt to set up new firms. An entrepreneur
can set up a firm by finding a consumer who is willing to trade. The arrival of a first
customer is random and comes at a cost. As long as the entrepreneur pays a flow utility

cost k, a first customer will arrive after an exponentially distributed waiting time with



unit mean. Once the entrepreneur has found the first customer, the number of customers
of the firm changes as consumers switch, randomly, to and from the firm.

At a potentially very small rate ewN (t) > 0, agents in the economy succeed in setting
up a firm and attracting a first customer at no cost. By a stroke of luck, some agents end
up with a firm that produces a positive per-customer surplus 7, without even trying.
This assumption ensures that some entry will always take place, even if the surplus
flow 7 is not large enough to justify the strictly positive flow expense k required to set
up a firm. This assumption is enough to guarantee the existence of a stationary size
distribution.

Recall that vw is the rate at which individual consumers are contacted by new firms.
The aggregate rate at which new firms are set up is therefore vwN(t). Since entrepre-
neurs can set up new firms at a unit rate, this means that the fraction of agents who are
also entrepreneurs is vw. If vw > 1 then some agents must be setting up more than one

firm per unit of time.

2.2.2 Firm Growth

Given that consumers trade with w firms at the same time, an existing firm can lose any

particular customer due to consumer search or new-firm advertising at a rate
A=o0+v. (2)

A firm with n customers therefore loses customers at a rate An. When the last customer
switches to another firm, the firm is assumed to exit—finding a new first customer is
now again a matter of costly advertising. A firm with n € N customers gains customers
because its existing customers are contacted by searching consumers who switch. Since
each consumer trades with w firms, the aggregate flow of such contacts coming from the
population of consumers at time ¢ is cwN(¢). Since the population grows at a rate v and
new consumers establish w contacts, there is also a flow ywN (t) of contacts established
by new consumers with older consumers. The rate at which any particular consumer is
contacted is thus w(o + 7). Since this consumer trades with w different firms, the rate

at which one of the firms trading with this consumer gains a customer is

p=0+". (3)

The rate at which an existing firm with n customers gains a new customer is therefore

un.



The average growth rate of a firm in this environment is independent of its size n € N,
and equal to 4 — A = vy — v. Firms must lose customers on average if the common rate
v at which consumers are contacted by new firms for each of the w goods exceeds the

growth rate of the population.

2.2.3 The Value of a Firm

Let V(n) be the discounted utility gain, relative to being a regular consumer, of an
entrepreneur who owns a firm with n customers. Thus V(0) = 0. For any n € N, the

value function V' must satisfy the Bellman equation
pV(n)=mn+un[V(in+1)=Vn)]+n[V(n—-1)—V(n), (4)

The solution is simply V' (n) = sn, where
7
§=————. (5)
p—(1n—2A)
The value of a firm is well defined and finite as long as p > u — . Because the value
function is linear in the number of firm customers, s is both the value of the first customer

and of each additional customer.

2.2.4 Entry Decisions

The value of being an entrepreneur —paying a flow cost x to receive a present-value gain
s at a unit rate— is (s — k)/p. There is no bound on the number of new-firm projects
entrepreneurs can undertake. The value of being an entrepreneur can therefore not be

positive in equilibrium. Hence
Kk > s, with equality if v > e. (6)

Everyone can become an entrepreneur, and so the value of being an entrepreneur must

be zero if some agents choose to be entrepreneurs in equilibrium.

2.3 Equilibrium Entry and Mean Firm Growth Rates

In a steady state, the equilibrium entry rate is determined by (2), (3), (5) and (6). Note
from (2), (3), (5) that s =n/(p — v+ v).

Suppose first that p+€ > 7. If K > 7/(p— v+ €), then it is not profitable to become
an entrepreneur and the only form of entry is random entry. Hence v = €. Alternatively,

if Kk <7/(p—+ ¢€), then there would be positive profits associated with becoming an

5



entrepreneur if the only form of entry was random entry. In equilibrium, sufficiently
many agents will have to choose to become entrepreneurs, raising v above ¢, in order to

drive these profits down to zero. The equilibrium entry rate is therefore

V:max{e,’y—i—%—p}. (7)

Next, suppose that p + ¢ < . Then the gains from being an entrepreneur would
be unbounded if nobody chose to be an entrepreneur. In a steady state equilibrium,
enough agents will choose to be entrepreneurs to drive these profits down to zero. The
equilibrium entry rate is again determined by (7). In turn, v determines the rate A
at which firms lose customers via (2), and from this the mean firm growth rate pu — A

follows.

2.4 Competition

In this economy, consumers receive the same fixed surplus at all times. The surplus that
accrues to firms is also fixed on a per-customer basis. Entry of more firms is just a form
of rent seeking and does not reduce this surplus. A higher entry rate reduces the scope
for the customer base of incumbent firms to grow. The result is a lower firm growth
rate, and hence a lower firm value. In equilibrium, the value of an entering firm should
equal to the cost of entry. If entry costs are low, then the value of a firm must be low.
Given the fixed per-customer surplus, this can only happen if firms grow slowly. This
in turn requires entry at a high rate, or a lot of rent seeking.

In a richer model, both the surplus 7 and the contact rates 1 and A would depend on
the price posted by the firm, relative to prices posted by other firms. The equilibrium
surplus would then depend on how sensitive these contact rates are to price. In a
dynamic version of Burdett and Vishwanath [1988] adapted to the consumer search
problem studied here, there is an equilibrium in which all firms charge the same price
and extract all the surplus from consumers. In such a model, competition is limited by
the fact that firms can only affect the rate A\ at which they lose customers, and then

only if price is below the reservation utility of the consumer.



3. MARKET SHARE DYNAMICS?

The measure of firms with n customers at time ¢ is denoted by M, (t). Since each

consumer is a customer of exactly w firms, it must be that {M,,(¢)}32, satisfies

WN(t) =Y nM,(t). (8)

If this holds at the initial date, then the mechanism by which customers are matched
to firms will ensure that this continues to hold over time. The change in the number of

firms with one customer is
DM (t) = \2M5(t) + vwN (t) — (A + p) My (¢). 9)

The number of firms with one customer increases because firms with two customers lose
one, or because of entry. The number declines because firms with one customer gain
or lose a customer. Similarly, the number of firms with n € N\ {1} customers evolves

according to
DM (t) = A(n + 1) M1 (£) + p(n — 1) My (£) — (A + p)nMn(t). (10)

The joint dynamics of N(t) and {M,(t)}>°, is fully described by (1) and (9)-(10). The
initial conditions for N (¢) and {M,(¢)}22, are assumed to satisfy (8).

3.1 The Stationary Distribution

A stationary distribution exists if (9)-(10) has a solution for which M, (t)/N(t) is con-
stant. Since N(t) grows at a rate -y, this means that DM, (t) = vM,(¢) for all n € N.
Given that N(t) and M, (t) grow at the common rate 7, one can define
__ M@

21 Ma(t)

for all n € N. This is the fraction of firms that serve n customers. Analytically more

P,

convenient is the fraction of customers who trade with firms of size n, defined by

nM,(t)
> ey My (1)

3The definitions (2)-(3) imply that p >+ and A > v. These restrictions play no role in the following.

Qn:

They would not necessarily hold if searching consumers can be matched with new firms.



for all n € N. The mean number of customers per firm can be written in terms of the

two stationary distributions {P,}°°; and {Q,}22, as
-1

—Z%l () _ inPn = ( 3 lQn) :

Zn:l Mn(t) n=1 n=1 n
The numerator of the left-hand side adds up to the total measure of customers in the
economy. This is finite by construction. Hence the mean firm size is well defined and
finite by construction. The right-hand side is the reciprocal of the mean number of firms
per customer, provided that this mean is calculated against the distribution of customers

by size of firm with which they trade.
Recall that y — A = v — v. Using this, (9) can now be written as

YQ1 = AQ2 +7 — (1 —A) — (A + p) @1, (11)

and (10) implies that

%’YQn = /\Qn+1 + /JJQn—l - <)‘ + M)Qm (12)

for n € N\{1}. Condition (8) corresponds to the requirement that the fractions @,, add

up to one,
n=1

Any sequence {Q,}2°, C [0,1] that satisfies (11)-(13) defines a stationary size distribu-
tion {P,}°°, via @, x P,/n. Note that (11)-(13) only depend on the parameters p/\
and v/\.

The difference equation (12) is a second-order equation in {Q,}22 ;. It comes with
two boundary conditions, (11) and (13). To solve (11)-(13), it is convenient to reduce

(12) to a first-order equation in the variables
1
P
for all n € N and some sequence {£,,}5°,. Set 3, = 1/(1 + (v + u)/A). Then the initial

condition (11) translates into

[Qn - ﬁn+1Qn+1:| ) (14)

Zn+1 =

Zy= b~ (n— ) (15)

Also, (12) can be written as

ZnJrl = (an> Zn (16)



for all n € N\ {1} if

An A
From the definition of 35, observe that the recursion (17) holds for all n € N if initialized
by 8, = 0. The recursion (17) is depicted in Figure I for the case u > A. Note in
particular that the curve defined by (17) shifts upwards as n increases. Using this

observation and the diagram, as well as an analogous diagram for A > y, one can verify

ﬁnH:(H“‘m—“ﬁ"). (17)

that {f,,}22; converges monotonically from 3, = 0 to min{1, \/u}.
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Figure I. The Dynamics of {3, }72;.

The sequence {Z,}5°, is completely determined by (15)-(16). Observe from (14)
that Q, = B,,1(Qny1 + Zn+1). The boundary condition (13) together with the fact
that 3, <1 implies that Qy Hivzl 3,, must converges to zero as N becomes large. Thus
one can iterate forward to obtain the solution for {Q,}32 ;. The following proposition

presents this solution and provides upper and lower bounds (),, when n is large.

PROPOSITION 1 Suppose that p, A\, v and v = v — (u — \) are positive. Define the
sequence {3, }>°, by the recursion (17) and the initial condition (3, = 0. This sequence

is monotone and converges to min{1, A\/u}. The solution to (11)-(13) is given by

2.-2y ( k ﬁm> (“Tﬁ’“)f:[”% (18)

k=n+1 \m=n-+1



Take any € > 0. If p > X then

n -1
v B, v
< @n < 19
(T+ou— = (,ﬂ A) o ()
for all large enough n. If y < X\ then
n ﬁ -1
v 1B, v
< Pem . < 20
e (112) asrt 2

for all large enough n.

The proof in Appendix A shows that the solution (18) satisfies (13). The distribution
{P,}2, follows immediately from P, «x @, /n. The assumption in Proposition 1 that the
entry rate v is positive is implied by the equilibrium condition (7) and the assumption
that € > 0. The consumer switching rate o is non-negative by definition, the population
growth rate v is assumed to be non-negative, and v > € > 0. Thus p is non-negative and
strictly positive if the consumer switching rate o is positive or if the population growth
rate is strictly positive. The rate A at which firms lose customers is automatically

positive.

3.2 The Right Tail
As shown in (19)-(20),

Qu ~ T2k 1)
k=2

for all large enough n. When A > u, the properties of this product are quite different
from what they are when p < A. If A > p, then @, is bounded above by a multiple of the
geometrically declining sequence (u/A)™. On the other hand, if g > A then uG,/\ 1 1,
and hence the right-hand side of (21) declines at a rate that is slower than any given
geometric rate. The proof of Proposition 1 shows that the right-hand side of (21) is
nevertheless summable. The following proposition gives a further characterization of
the right tail of the distribution.

PROPOSITION 2 Suppose that v > 0, u > X and v > p — A. Then the right tail

probabilities of the stationary firm size distribution satisfy

lim sup NZZPn:O

N—o00 =N

10



for any z smaller than the tail index ¢ = ~y/(p — ).

The proof is in Appendix B. This proposition implies that

In (i Pn> ~c—(In(N) (22)

for some constant c. The limiting tail index ( = 1 associated with Zipf’s law arises when

the entry rate v = v — (u — ) converges to zero.

3.3 Entry and Exit Rates

The entry rate vwN(t) represents the rate per unit of time at which consumers are
contacted by new firms. Each new firm starts with one customer, and so vwN (t) is also
the number of new firms that enters per unit of time. The firm entry rate n as a fraction
of the number of incumbent firms is therefore equal to vwN(t) divided by the number

of firms in the economy;,

=1
M, (t) = wN(t ~0Q,.
n; (t) = wN(t) X n; ~Q
This implies a firm entry rate equal to
1%
=T (23)
anl %Q"

That is, the firm entry rate is equal to customer contact rate v times the average number
of customers per firm. The only firms that exit in this economy are one-customer
firms. There are wN (¢)Q; such firms, and they each exit at a rate A\. The balance
[v — AQ1]wN(t) of firms entering and exiting per unit of time must equal v times the

total number of firms. On a per-customer basis, this gives

1
~~~ n ~~~
gross entry per customer n=1 exit per customer
N———

net entry per customer

This can be verified mechanically by adding up (11) and (12) over all n. In terms of

{P,}22, one can summarize (23)-(24) more concisely as
n= VZnPn =54+ AP,
n=1

11



Eliminating the mean number of customers per firm from (23) and (24) yields n/y =
1/(1 — (A/v)Q;) and then the mean firm size is n/v = (v/v)(1 — (A/v)Q1). Together
with the expression for @); implied by (18) this gives explicit solutions for the firm entry

rate and the mean firm size.

3.4 Special Cases

As will be shown in Section 4, the empirically relevant firm size process is one with large
pu and A, where p > X and where v = v — (1 — \) is positive but very close to zero.
These conditions are violated in some well-known special cases of the firm size process
(8)-(10). Taking the limit v | 0 gives a tractable special case that is very close to what

is observed in U.S. data.

3.4.1 The Logarithmic Series Distribution

Suppose there is no growth in the aggregate number of consumers, so that v = 0. Then
1 < A and hence the size distribution must have a geometrically declining right tail.
The sequence {3,}22, is simply 5; = 0 and 3, = 1 for all larger n. The transition
(12) simplifies to [Qn41 — @n] = (1/A)[@n — Qn-1]. Clearly, Qi1 — Qn o< (u/A)", and
then @, o< (u/A)" as well. The resulting size distribution {P,}°, is R.A. Fischer’s

logarithmic series distribution

= (/N)"

In (—1_; 7 A)
This is the distribution that arises in Klette and Kortum [2004]. The mean of this

distribution is easy to compute, and v = A — p. The resulting firm entry rate (23) equals

P, =

the exit rate AP;. This can be written as
n_ M
A 1 '
In (—l—u //\)

This ratio ranges from 1 to 0 as /A ranges from 0 to 1. To obtain a size distribution

with a right tail that decays at a slow geometric rate one needs p close to A > p. This
implies 7/ close to 0. High observed entry rates then imply high values of A.

Randomly Sampling Firms Although the right tail of the size distribution declines

geometrically when v = 0, the distribution is still more skewed than would be the case if

searching consumers sampled firms directly, instead of by randomly sampling customers.

12



Continue to suppose that new firms sample from the whole population of customers. The
stationary size distribution {P,}2°; would then have to satisfy the initial condition 0 =
N2Py+vY > nP,—(A+u) P and the recursion 0 = A(n+1) P, 1 +puPy—1— (An + p) B,
where A = o+ v and p = ) - nP,. This implies P, o< (/A\)"/n!, which is the
Poisson distribution restricted to N. The factor 1/n! instead of 1/n makes the tail of the
Poisson distribution decline much more rapidly than the tail of the logarithmic series
distribution. In this environment, all firms gain customers at the same rate, equal to the
customer switching rate times the average number of customers per firm. Larger firms
no longer have an advantage over smaller firms in attracting customers, and this makes

it much harder for large firms to arise the population.

3.4.2 The Yule Process

Although not consistent with (2)-(3), consider the case A = 0 and p € (0,7). In this
scenario, firms can only grow. A stationary size distribution arises because not all firms
have had the same time to grow, and the population of firms itself grows. The entry rate
is v = yv—pu, and the resulting stochastic process is known as the Yule process. It was used
by Simon [1955] as a model for various skewed empirical distributions, including the city
size distribution. The difference equations (11)-(12) simplify to Q1 = (v — p) /(7 + 1)

n
Qn = <TL—|— %> Qn—lu

for all n € N\{1}. Working out this recursion and using P, x Q,/n gives

e (1+32)

0l
I‘(n—|—1+u>

and

p=2
1

where I' is the gamma function. The right tail probabilities are

= _P(N)P(Hg)
;:vpn_ r(v+2)

Since N'7°T'(N +a)/T'(N +1) converges to 1 as N becomes large, these tail probabilities
behave like N=7/* for large N, as predicted by Proposition 2.

The size distribution has a mean 1/(1 — p/7), and so the formula for the firm entry
rate (23) reduces to n = v, as expected. The limiting distribution as p T 7, or v | 0, is
P, =1/[n(n+1)]. This is the discrete analog of the Pareto distribution that corresponds

13



to Zipf’s law. The right tail probabilities of this limiting distribution are exactly 1/n,
and so the distribution has no well defined mean.

One can verify that the stationary distribution would be P, = (v/u)(1 + v/u)™"
if individual firms gain customers at a rate p instead of un. This corresponds to an
environment in which a fraction (p/v)/ > >, nP, of the flow ywN(t) of new customers
is matched with incumbent firms and the remaining fraction 1/ °, nP, with new
firms. By itself, population growth is not enough to generate the heavy right tail. It

needs to be combined with geometric growth of the individual firms.

3.4.3 The Limiting Case v | 0

As before, assume that v > 0 and A\ > 0. Letting v approach zero from above implies

that ¥ = 1 — A in the limit. In this limit, the recursion (12) for @,, < nF, becomes
(k= NFy=An+1)Po1 + p(n— 1) Poy — (A4 p)nby,

for all n € N\{1}. This can also be written as

A
Pn = p (Pn—l-l + Xn+1) (25)

together with

n—1
Xpi1 = (n n 1) X, (26)

for all n € N\ {1}. Iterating on (26) gives X,,11 = (2/[n(n + 1)])X,. Since the P, have
to add up to 1, it must be that P, — 0. The fact that A/ < 1 then implies that we

can solve (25) forward. The result is

o0 )\/M k+1 —n
u/’y c— k(k

where we have used v/ =1 — \/pu. The right tail probabilities are

gvp" Pk (ﬁ)N ’ (21)

n=N

and these satisfy




by the dominated convergence theorem. Thus the right tail probabilities behave like 1/N,
and the log right tail probabilities expressed as a function of In(/N) must asymptote to
a straight line with slope —1. The distribution does not have a finite mean.

Although the rate v at which customers are contacted by new firms converges to
zero, the number of firms per customer also goes to zero. But the entry rate of new
firms satisfies = v + AP;, and this converges to a positive value. A calculation yields
n = A/In(u/7v). Together with v = u — A this gives

n_pH-1 (28)

v In(u/v)

This allows one to infer ;4 and A = p — v simply from the ratio of the firm entry rate n
and the population growth rate ~.

4. U.S. EMPLOYER FIrMS

It is not difficult to modify the economy described so far by letting firms produce the
goods they deliver to n consumers using labor inputs [ = 7n, so that 7 is the labor
required to trade with one customer. Agents supply labor in a competitive market and
are paid with transferrable utility. In such an economy, one can measure firm size by
employment.

U.S. Internal Revenue Service statistics contain more than 26 million corporations,
partnerships and non-farm proprietorships. Business statistics collected by the U.S.
Census consist of both non-employer firms and employer firms. In 2002 there were more
than 17 million non-employer firms, many with very small receipts, and close to 6 million
employer firms. In the following, Census data on employer firms assembled by the U.S.
Small Business Administration (SBA) will be considered. Economic activity involving
non-employer firms is interpreted as arising in an independent parallel economy. For
employer firms, part-time employees are included in employee counts, as are executives.
But proprietors and partners of unincorporated business are not (Armington [1998, p.9]).
This is likely to create significant biases in measured employment for small firms.

Figure IV below shows the 2002 number of firms in the right tail of the size distrib-
ution of U.S. employer firms. Employer firms reported to have 0 to 4 employees during
the observation period in March 2002 are interpreted to have 7 to 4 employees, where
7 = 1/5. The calibration of 7 will be discussed below. The tail index for this data is
¢ = 1.06—mote from (22) that ¢ does not depend on the units in which firm size is mea-

sured. U.S. population growth is around 1% per annum. These two numbers imply that
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incumbent firms gain customers at an average net annual rate of u — A = v/{ =~ .94%.
Since ( is so close to 1, this is only slightly below the population growth rate. Observe
that v =y —(u—A) =v(1—-1/¢) = .06%. The rate v at which consumers are contacted

by new firms, for trade in each of the w goods, is only about .06% per annum.

4.1 A First Estimate of y and A

As an approximation, consider the limiting case of ¥ = 0, and thus ¢ = 1. The firm
entry rate then satisfies (28). For 2002, the U.S. Small Business Administration reports
that new employer firms were set up at a rate of a little over 10% per annum. Figure IT
shows the functions In(p/v) and (u/y—1)/(n/v) for n/v = 10. The two curves intersect
at /vy =~ 37, and v = .01 then gives p = .37 and A = .36.The implied switching rate is
o = XA = .36. Thus the 1% per annum average growth rate of firms masks large gross
flows of customers switching firms. Note however that the estimate of p /vy implied by

(28) and Figure II is quite sensitive to the value of /7.

5

In(ury)

T (-1

0 1 1 1 1
1 10 20 30 40 50

uhy

Figure II. Inferring po/y When ¢ = 1.

4.2 A Second Estimate of y and A\

At the estimate ¢ = 1.06, the implied v must be positive and the formula (28) for n/v
can only be an approximation. The entry rate of new firms and the right tail index of

the stationary distribution can still be used to infer p and .

16



0.5

!
/
I
/ P =y - 1WA -1) -
/ e 1 -
0.4 . .
/ -
Imly=20 e
/ P
/ e
, -
0.3F ; - 7
/ hd
a” / .
, o P, =f,(WAIQ)
02r 7 nfy=10 - 1
/ e
/ 7
! e
/ e
o1r < =5 7
! 7
/ s

vl

/-

~ 1 1 1 1 1 1 1 1 1 1

1.01 102 103 104 105 106 107 108 1.09 1.1
WA

Figure III. Inferring /A When ¢ = 1.06.

The stationary probabilities P, implied by Proposition 1 are functions only of p/A
and y/A. In turn, /) and /X are related via y/A = ((u/A — 1), from the definition
of the tail index (. Hence P, = f,,(u/A|¢) for known functions f,. Once the tail index
is inferred from the observed tail probabilities for large firms, only one parameter, p/\,
completely describes the rest of the size distribution. In principle, any partial sum of P,
for n not too large can be used to infer u/A. The quasi-maximum likelihood estimator
would make use of all observed sums of P,,. Given that firm size is actually measured by
employment 7n rather than by the number of customers n, one would have to estimate
the scale parameter 7 along with p/A\.

A convenient alternative way to estimate /A that does not rely on the scale para-
meter 7 is to go beyond using only the stationary size distribution and exploit the fact
that n = v + AP, is the entry rate of firms. Together with the tail index ¢ = v/(u — A),

this implies that
i 0
P = (— - 1) (—)\ — 1) : (29)

This adds to P = f1(u/A|¢) a second restriction on P; and pu/A. The two curves are
shown in Figure III for the estimated ¢ = 1.06 and 7/~ = 10. The unique intersection
occurs at pu/A = 1.0264. Together with the tail index ( = v/(u — A) = 1.06, this gives

Aoy 1| [ 3574
p | Cu/A—11] /x| | 3668 |
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Observe that these estimates are very close to the approximate values obtained for
¢ = 1. Setting ¢ = 1.10 gives [\, u] ~ [.3537,.3628] and at ( = 1.20 one obtains
[\, 1] =~ [.3487,.3570]. These estimates hardly budge as one varies { in a reasonable
range. Neither the line (29) nor the function f; are very sensitive to . To examine the
dependence of A\ and i on estimates of the entry rate n, note that the function f; does
not depend on 7 since it only relies on properties of the stationary distribution. The
restriction (29) does depend on 1 and the estimates of A and p are extremely sensitive
to the observed entry rate. Between 1 = .05 and n = .20 the estimates of A\ and p range
from [\, p] = [.1310,.1405] to [A, u] = [.8900,.8994].

o «<— 5 or more employees, T = 1/5
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Figure IV. The Right Tail of the Size Distribution.

The parameters v, u and A completely determine the stationary distribution of firm
size, when firm size is measured by the number of customers. The estimated distributions
are shown in Figure IV for the approximation ( = 1 and for the more precise estimate
¢ = 1.06. In the data, firm size is measured by employment. Comparing the fitted and
empirical distributions requires an estimate of 7, the number of employees per customer.
In Figure IV, this parameter is set at 7 = 1/5 to ensure that the number of relatively
large firms matches the data. Alternative choices for 7 give rise to horizontal shifts by

In(1/7) —In(5) of the curve representing the data in Figure IV.
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4.3 An Entry Puzzle

Figure V shows the empirical and fitted cumulative distribution functions. Included is
also the distribution function of P,, = 1/[n(n + 1)] that corresponds to Zipf’s law. Very
much apparent in Figures IV and V is the fact that the fitted distributions predict fewer
firms in the 5 to 20 employee range than are observed in the data. Instead, the model
predicts more very small firms. The observed number of firms with 5 or more employees
can be matched by setting 7 = 1/2, but then the estimated stationary distributions
predict too many large firms. A very close fit to the data displayed in Figures IV and
V can be obtained by assuming that the entry rate is only = .025 and setting 7 = 1.
This implies [\, pu] = [.03969,.04912], or much lower rates at which firms gain or lose
customers. This fits the stationary distribution, but then leads to an entry puzzle: given
the fairly low rates at which firms move up and down the size distribution, why is there
so much entry? Jovanovic (1982) is a classic answer that is abstracted from in the model

described here.

1
0.8
- +
C=1.06 1 - 1/(n+1)
o i
é’ 0.6
bS] \
c
% up to 4 employees, T = 1/5
S04 8
0.2 i
0 Il Il Il Il Il Il Il
20 40 60 80 100 120 140

n = number of customers

Figure V. The Left Tail of the Size Distribution.

4.4 Employee and Consumer Counts

By (23), the ratio /v must equal the average number of customers per firm,

-1
=1
Y -0, =1= 77/71 ~ 176.67. (30)
" n 1% 1-— Z

19



In 2002, the number of employees of U.S. firms with at least one employee was about
110 million. If this is taken to be an estimate of aggregate employment then the number

of customers per firm estimated in (30) suggests another estimate of 7,

firms " employees 110

~ customers firms  176.67 X 6 -

10, (31)

which is half the 7 = 1/5 that is shown in Figure IV. In other words, the fitted model in
Figure IV implies that there should be 220 million employees instead of the 110 million
observed in U.S. employer firms. To some extent this can be attributed to the fact
that the average firm size computed in (30) is extremely sensitive to small changes in
¢. At ¢ = 1.10 the average number of customers per firm predicted by (30) is only 110
and then (31) implies 7 = 1/6. A related source of discrepancy between (31) and the
7 = 1/5 estimated in Figure IV is the fact that the empirical size distribution necessarily
has a finite support. Because the estimated tail index ( is so close to 1, truncating the
estimated distribution can lead to large reductions in its mean.*

The parameter that remains to be identified is the number w of “customers per
consumer.” The U.S. population measures close to 300 million individuals and there are
somewhat fewer than 6 million employer firms. Ignoring the fact that many firms do not
produce final goods, this makes for an average of around 50 X w customers per employer
firm. Using (30),

__ customers y firms B 176.67 x 6

— = 3. 2
firms consumers 300 3.3 (32)

One interpretation is that 53% of consumers trade with 4 firms and the remainder with
3 firms. Of course, w will rise if one uses households instead of individuals to measure

the number of consumers.

4.5 The Variance of Firm Growth Rates

Over short intervals of time, the variance of firm growth is (A + p)/n for a firm with n
customers. The standard deviation is shown in Figure VI for the estimated parameters
A = .3574 and p = .3668, and n ranging from 1 to 500 customers. If 7 = 1/5, then this
corresponds to firms with up to 100 employees.

Since A + p =~ .72, the growth rates of the smallest firms are extremely volatile. But

the standard deviation of firm growth is down to 3.8% per annum for firms with 100

4Gabaix [2005] and Atkeson and Burstein [2006] emphasize the sensitivity of predictions of models
of this type for aggregates and employment levels in the right tail of the distribution.
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employees, given 7 = 1/5. For firms with 1000 employees the number would be only
1.2%. In the model, the return on the value of a firm equals w + 7 times the growth rate
of a firm, and hence the standard deviation of the value of a firm should correspond to
the standard deviation of the firm growth rate. The standard deviation of NYSE traded
stock returns is about 30% per annum. No doubt, leverage and other factors make these
returns more volatile than the standard deviation of firm growth. But a 1.2% standard

deviation seems low.

0.8 b

0.4 i

0.2r b

standard deviation of per annum growth rate

0 1 1 1 1
0 100 200 300 400 500

n

Figure VI. Standard Deviation of Firm Growth.

As emphasized by Klette and Kortum [2004], the empirical evidence suggests that
the variance of firm growth rates declines more slowly than 1/n. Hymer and Pashigian
(1962) compared standard deviations of firm growth rates across size quartiles and found
that firms in the largest quartile were significantly more volatile than predicted by the
1/n rule. More recently, Stanley et al [1996] and Sutton [2002] find that the variance of
the growth rate of Compustat firms behaves like 1/n!/3
given in Stanley et al [1996] and Sutton [2002, 2006].

. Tentative interpretations are

5. CONCLUDING REMARKS

U.S. firm data exhibit (i) high entry rates, (ii) growth rate standard deviations that
decline with firm size at a rate that is slower than one over the square root of firm size,
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and (iii) a size distribution with many small firms and a very long right tail. Luttmer
[2006] and the current paper provide alternative interpretations of (iii). Both papers
require large amounts of randomness to deal with (i). The two papers seem to be on
opposite sides of the data when it comes to (ii). Finding tractable equilibrium models
of this phenomenon is task for further research.

Skewed firm size distributions are interpreted as reflecting skewed productivity dis-
tributions in Hopenhayn [1992], Klette and Kortum [2004], Lentz and Mortensen [2006]
and Luttmer [2006]. Furthermore, the continuous reallocation of resources across firms
plays a crucial role in generating aggregate growth. In Lucas [1978] and Gabaix and
Lanier [2006] an assignment problem relates the firm size and talent distributions. By
contrast, in Simon and Bonini [1958] and Ijiri and Simon [1964] firm size does not affect
aggregate outcomes because all firms operate under constant returns to scale. Similarly,
firms in the search environment described here are all equally productive. The relative
importance of each of these interpretations of the firm size distribution remains to be

sorted out.

A  PROOF OF PROPOSITION 1

Write the candidate solution (18) as
(H uﬂm>1Q S ( T ) (u@)‘l ] e
mp A oA k=n+1 \m=2 " A s A

Since ,, < min{1, A/pu} this implies the upper bounds in (19) and (20). Take some ¢ > 0.
The lower bounds rely on 3, T min{1, A\/u}. If u > A, then eventually 3, > (A/u)(1+¢),
and this gives the lower bound in (19). If g < A, then 1/(1 +¢) < g, for all large
enough n, and this implies (20). Thus the sums defining {Q,}%, converge and (19)
and (20) hold. By construction, the candidate solution satisfies (11)-(12). It remains to
prove the adding-up condition (13), which ensures that {Q,,}22 is in fact a probability

distribution.
Define F} =1 and

E, :nﬁ'uTﬁk,
k=2

for all n € N\ {1}. Note from the bounds (19)-(20) that the sequence {Q,} is

summable if and only if {F},/n}32, is summable. Define

Xn:n<’uTﬁn—1>
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for all n € N. The recursion (17) is equivalent to

Xn+1 = (1 + E) (—_m_fx,) (33)
n n ' n

Observe from this that X,,; < —1 if and only if X, satisfies

Y= (u—A)

X, <
A

—1 (34)

Since v > pu — A, this is true if X,, < —1. But this follows by induction starting from
X; = —1. The fixed point for the n = oo version of (33) is —y/(up — A) < —1. One
can verify that X,, converges to this fixed point starting from X; = —1. The fact that
lim,, o X, < —1 implies that {F,/n}>°, is summable, by Raabe’s test. The inequality
X1 < 1is equivalent to Fj, 1 < F,,, and so F}, | F, for some F,, > 0. Therefore

N L N g

for all N. Since the left-hand side is summable, it must be that F,, = 0.
Write (11) as y@Q1 = A [Q2 — Q1] +7 — (1 — A) — u@; and (12) as

3
3

/VQn = /\n {Qn—l—l - Qn] — pn [Qn - Qn—l] )

for n € N\{1}. Adding up gives over all n gives

Note that n[Qn41 — Qn] = (1 + 1)Qni1 — nQy — Qni1 and n[Qy, — Qn_1] = nQy, — (n —
1)Qn-1 — @n-1, and observe that the candidate solution (18) satisfies lim,, o, nQ, = 0,
since F,, = 0. Using summation-by-parts for the two sums on the right-hand side of
(35) one obtains

Zn [QTL+1 - Qn - 1 + Zn Qn 1 Z Qn- (36)
n=1 n=1

Together with v > pu — A, (35) and (36) imply that the sequence {Q,}22; adds up to 1.
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B PROOF OF PROPOSITION 2

Recall that P, ~ F,,/n? and define Ry = -\ F,,/n?. Observe

. o) N z a n ﬁ o) a n 6
NRN:;<E) n kn%g;n kﬂ%

If the sum on the right-hand side is finite, then limy_,.. N*Ry = 0. A sufficient condition

for the sum to converge is a version of Raabe’s test, lim,, .., X,, > 1, where now

17771 A
X”:”ql_ﬁ] uﬂn_1>‘

The recursion (17) for f,, is equivalent to

1 N[y AX,— A,
X“*l—(1+%)<A"+<l‘ﬁ> lz*sz
z—1
An:n<{1—l} —1),
n

Observe that lim,, .., A, = 1 — 2. The limiting recursion for X,, is therefore

where

Xopr 1 -~ L+ 2 (X, — 1 2),

T
and this has the unique fixed point 1 — z 4 (. One can verify that X,, converges to this

fixed point starting from X; = —1. Thus z < { guarantees convergence.

C THE LiMiTING CASE v | 0

Write

A//JJ k+1 n
52 k(k+1) "’

and note that

n=N n=N k=n
i ()\>m+1i 1 i ()\)erl 1
=\ = (m+mn)(m+n+1) ~ m+ N
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For N =1 this gives:
1 — =1 /A" A
- P, = —(—-) =—-In{1-—-,
57; ;m@ ( u)

and hence £ = —In(1 — A/u) = In(y/p). Using the fact that v = p — A, one can write

the entry rate as

A — (A"
—1In (1 — %) “—~ k(k+1)

n=7+AP =7+ = Ag,

which is the result reported in (28).
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