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THE PROBLEM

A single contribution trust fund is fto be established., Determine
the minimum combination of endowment and rate of return required to pro-
vide a specified annual income stream. The annual income must be sufficient
to cover the fund managers fee and a given annual expense stream which grows

at a constant annual rate. The fund and expense stream last forever (in

perpetuity).
NOTATTON

t = time, measured in years

X = endowment made at t = 0 -

r = annual rate of return earned by the fund

L]

f = percentage rate used to determine fund managers fee
th

FJB = management fee due at the end of the t year

El = expense amount due at the end of the first year
th

Et = expense amount due at the end of the t ™ year

i = annual rate of growth of the expense stream

B, = balance in the trust fund at the end of the tth year, after
paying the expense amount (Et) and management fee (Ft)
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FURTEER DESCRIPTION OF THE PROBLEM

Graphically we're dealing with a world that looks like this . .

$ | TRUST FUND BALANCE (Bt)

/ /""_\
Initial X~ 4 '( F, B,

Endowment 1 B
l k l 1 (] ]
a 1 2 ol 4 .
TN S S t = time, measured
first second in years
year year

At t = O (the beginning of the first year) an initial endowment of X

dollars is provided. At the end of the first year the fund has earned income
and capital appreciation at the rate of r%. The first year expense amount
(El dollars) and management fee (Fl dollars) are paid leaving a fund balance
of Bl dollars. The second year begins (with balance $Bl)' Income and
appreciation accrue at r% during the year and at t = 2 the annual expense
($E2) and the management fee ($F2)are paid leaving a balance of $B2. The

process is repeated year after year. QOne of two outcomes will occur:

Qutcome A: Income and appreciation of the fund are adequate to cover
the expense stream and management fee in perpetuity.

Qutcome B: The rate of return and/or the endowment is not adequate
and eventually the fund balance will deplete to zero.

The expense fund grows at an annual rate of i% . .

B, =E (1L+ 1){t-1)
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The management fee is £% of the sum of the balance at the beginning of the

year plus income and appreciation earned during the year . . .

F,=f (Bt St r B _ l)

SQLUTION

Given particular values for the management fee rate (f), the
annual growth rate of the expense sirean (1) and the beginning expense
amount (El), two conditions must be satisfied in order to bring aboub
outcome A (i.e. providelperpetual funding for the expense stream).

The two conditions are:

(1+r) (L-7F)-(1+1)

The tabvles on the following pages provide minimum combinations of rate of

return’ and endowment required to provide perpetusl funding.

é/Proof of these conditions is given in Appendix A

g/The computer program use to derive the tables is given in
Appendix B.

i



TABLES OF MINIMUM ENDOWMENT PER ONE DOLLAR
OF EXPENSE IN YEAR ONE . :

FUND MANAGERS FEE RATE = 0.2%

_Annual Rate of Growth of Expense Stream (1%)
C % 7% 8% 9% 10% 11% .
Si‘lﬂ
6%
Annual 7%} 127.23
Rate of
Return 8% 56.05 127.55
;fngh?r%) 9%] . 35.95 56.12 | 127.88
10% 26.46 35,97 56.18 128,21
11%) 20.93 26.47 36.00 56.24 128.53
12%{ 17.31 20.94 26.48 36.02 56.31 ,128.8%
132 14.76 17.32 20.95 26.50 36.05 56.37
14% 12.87 14.77 17.33 20.96 26.51 36.0§_
wsol 11.40 | 12287 | 14.77 17.33 | 20.96 26.53
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TABLES OF MINIMUM ENDOWMENT PER ONE DOLLAR

OF EXPENSE.IN YEAR ONE

FUND MANAGERS. FEE RATE = 0.3%

Annual Rate of Growth of Expense Stream (i%)

6% 2% 8% 9% 10% 11%
5% :
6%
Annual 7% §147.28
Rate of | g9 | 59_¢7 147.93
Return
of the 97, | 37.4 59.77  |148.59
Fund (r%) ' ’
10% { 27.25 37.45 59.88 149.25
117 | 21.43 27.27 37.50 59.99 149.93
11272 ] 17.66 21.44° 27.29 37.54 60.10 150. 60
iBz 15.01 17.66 21.45 1 27.31 37,58 60.20
14% {1 13.06 15.02 17.67 21.47 27.34 37.62
15%4 1 11.55 13.06 15.03 .17.68 21.48 27.36




TABLES OF MINIMUM ENDOWMENT PER ONE ﬁOLLAR,

OF EXPENSE IN YEAR ONE

* FUND MANAGERS FEE RATE = 0,4%

Annual Rate of Growth of Expense Stream (i%)

6% 7% 37 9% 10% 11%
5%
6%
Annual 7% . 174.83
Rate of 87|  63.78 | 176.06
Return
of the 9% 39.00 63.94 177.30
Fund (r%) -
10% 28.09 39.06 64,10 178.57
11% 21.95 28,12 39.12 64,27 179.86
12% 18,01 21.97 28.15 39,18 64,43 181,16
"13% 15.27 18,02 21.99 28,18 39.25 64,60
L4% 13.26 15.28 18.04 22.01 28.22 39,31
15% 11.71 13.26 15.29 18,05 22 .03

28,25




TABLES OF MINIMUM ENDOWMENT PER ONE DOLLAR
' OF EXPENSE IN YEAR CNE

_ FUND MANAGERS FEE RATE = 0,5%

Annual Rate of Growth of Expense Stream (i%)

6% 7% 87 97, 10% 11%
541 '
6%
7%1. 215.05

Annual

Rate of 8%  68.49 217.39

Return g%l 40.73 68.73 219.78

of the .

Fund (£%) 10%] 28.9%5 40,82 68.97 222,22
11%2{ 22.50 29.03 40.90 69.20 224,72
12%t 18,138 22 87 29 07 40, 98 69 4b .227.27‘
13%{ 15.5% 18.40 22.55 29,11 41.07 69.69
145} 13.46 15.55 18,42 22.57 29.15 41.15
15% 11.87 13.47 15.56 |- 18.43 | 22,60 29.20 |



TABLES OF MINIMUM ENDOWMENT PER ONE DOLLAR
. OF EXPENSE IN YEAR ONE

_ FUND MANAGERS FEE RATE = 0.6%

Annual Rate of Growth of Expense Stream (iZ). .

6% 7% 8% 97, 10% 117 -

5%
6%

Anpnual Th| 279.33

Rate of 8% 73.96 284.09

Return

of the 9zl . 42.63 74.29 289,02

(Fund (%) Fyonl 29,94 42.76 | 76.63 | 294.12
1% 23.07 29.99 42,84 74,96 299, 40
12%  18.77 23,11 30.05 42,96 75.30 304,88
13%  15.82 18.79 23.14 30. 10 43,07 75,64
14% 13,67 15.83 18.81 23,17 30.16 43.18
154 12.03 13.68 15.85 18,83 23,20 30.21




APPENDIX A

THE MATHEMATICS

The Process

(2-1) B_=X
(P-2) E =E.(1+i)5 ! t=1,2
t 1 Iy
(P-3) B,=B,_,(1+r)(1-£)-E, £=1,2,...

Conditions on the Variables and Parameters

(C-1) t=0,1,2,3,...
(C-2) =0

(C-3) 0=f<1

(C-&4) OSE1<po

(C-5) i=0

(C-6) O<K<e

Theo%em 1: Given (P-1),...,{(P-3) and (C-1),...,(C-6) the fund balance at the end

of the tth year is...

t
Bt=X[(1+r)(l-f)]t—E1 b [(1+r)(1-f)](t‘k)(1+i)(k'l)

k=1
for t=1,2,...

Proof (by induction):
A, By (P-1), (P—B)Kand inspection it is true for t=1
B. Assume it is true for t=M.

Then by assumption...

M
BM=X[(1+r)(l-f)]M-El T [(1+r) (1-£) T M) (14 (k- 1D

k=1

by (P-3)



by (2-3)
BM+1=BM(1+r)(1"f)-EM+1
by (P-2)

, .
BM+1= M(1+r)(l-f)-E1(1+1)

by the induction assumptioﬁ...
M i
B, =X[(1+0) (1-£) I (L+r) (1 £)-E (1+0) (1-6) T [(Lery (1-£) ] 8 (1agy (oo 1)
k=1
-El(l+i)M

M
l=x[(1+r)(1-f)]M+l-E1 X [(1+r)(l-f)][(M+1)-k](1+i)[k-1]
‘ : k=1 MH
cen™ S0 -HTH e [(er(1-g 0ok
K= o ST
(L) 77 7= L) (1) T(1+1) 4 (1) T

BM+

M+l )
B, ex[(r) (1-) TFLE 5 [y (1-£) L0kl 4y le-1] que.d
1 1k=1 .

Theorem 2; Outcome A will occur if and only if Bt>0 Vt=1,2,...

Proof:

1. Nécessarz. Qutcome A asserts B (1+r)(1'f)2Et+1 Vt=1,2,...

Where OSEt+ by (C-4) and (P-2)

1
0=f<l by (C-3)
Os=r by (C-2)
S0 Bt20 .

if .Bt=0 then B =-Et<0

t+1
So Qutcome A = Bt>0 t=1l,2,...

2. Sufficient.
to show that

B >0V =8 (1 -f)= v
007, q( +r){1l-£f) Eq+1 q

~is equivalent to showing

Bq(l+r)(l-f)<Eq+l for some q = Bp<0 for some p .



from (P-3)

Bq+1==Bq(1+r)(1-f)-Eq+1

therefore Bq(1+r)(l-f)<Eq+lﬁ Bq+l<0 q.e.d,

By rearranging the equation of Theorem 1

B =[(L+r)(1-£)]° ‘x —El-g _ Ly ]
£ TR - - i) | (0 (D)

Theorem 3: Let the vector”(f,El,i'> have Domain & given by (C-3), (C-4), (C-5).

For any D=<f,E1,i>E: &
f+i...Condition 1
1-£

v
B Vio,2,3,...7 jond E

1
X (16 (D)

>

...Condition 2

Proof:
Necessary 1+1

A)m > 0 by (C-2), (C-3), (C-5)-

Given Ded, B >0 V.=1,2,...%

E t k
1 I+1 1 _
B) X> o5 [(1+r)(l 3) V. =1,2,...

A, B, and (C-6) =

C lim 3 [ L+i i)k <o

1+i
(l+)(1-£)

. since A holds by assumption,

C e 1< <1l

1+1
C>Tomay <!

f+i
1-f

or equivalently » > Condition 1

t

k
- 3 3 1+i 1+1
Condit 1 =1
et = 4t & Lot | - et




Since this series is strictly monotonically increasing, it follows that the limit

of the series is its least upper bound:

£t . k
1+1 1+1
Vt"1!233}‘kzl\r(l+r)(l_f—);\ < (1+r)(l-f)"(l+i)

1+1
L+ {1-F)-{1+1)

and Vy, v< = dtxz=l 3

E o 1es \E
Vg =& kfll (1+r)(l-f€) 4

has been shown for

Note: {Bt>0 v any X

= .o
t=1,2,... Condition l}

.Bt>0 Vt=1,2,... and Condition 1 =

By Epoer K
X2 —= lim X j——-—~———~{1
1+i oo kel (l+T)(1-£)

or equivalently

E

= (1+r) (1-£)-(1+i)

Condition 2

Sufficiency
f+1 El
Suppose r> 777 and X2 ST

then (i+r)(1l-£)>1,

1+i
0< (1+)(1-5) <1y
o [i L+i :]k ] 1+i _
T Cl+r)(1-£) (1+o)(1-£)-(1l+i) . “ X2 & -
tyre k=l } and G+eX0-1)~0r)

= [(l+o)(1-63]° [x-

-z
XS 4
1+i fj] J>0 v 12 \“H‘:, .?/zg.‘[(lﬂ')(t F)] ) V‘L»J 2
t=

(1+)(1- - gq.e.d.

Corollary

BC>O Vt:l’z’%“:’ lim B, =
. oo
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Proof;
B >0 V. = T >-£ii and yby Theorem 3
€ t=1,2,3,... 1-f ) (1+r)(1 £)- (1+1)/f
Case 1
E E
f+i 1 - 1
Suppose T> T, XX T (I-p(en J #¢ et A= X e h T
then lim B, = lim [(l+r)(1-f)] lim X- T [ 1z %ti f);z ;}— © - o
Lty tro LYo E
Case 2
£+1 E1

Suppose r > and X=

1F (Tay(1-B)-(1¥1) Cthen

E E, L e
£ 1 1 L+i
¢ (1+1r)(1-£) [-(1+r)(1-f)-(1+i) T 1+ k§1 (1+r)(1-f{] ;]

=
]

_ [(1+r)(1—f)_]t
T (L) (1-F)-(1+1)

In3

t
T (1+1) L [C(ler)(1-£)]15°K
k=1

let b=(1+r){1l-£)
d=(1+i)

then b>d>1 by (C-5) and Condition 1

b £
EE - k-1  t-k
By Pd g
t t
b: Ly RelEkeD) o Kk ek
B s k=1
E) b-d
-t k-1t .k
tet ¢ = =% >0, then CBt=btj1- % %) + z(-ﬁ-) J
1 k=1 k=1
£ -

)
o)
ot

CB






RH=1T6 S

F o= (He1)%C.001)
PRINT “FEE % =" F
ARITE (1s.14)

APPENDIX B

f

FORMAT (11Xs "' <065 TKs " 0T TKs "4 085 7K,

FOR Y. = 1 TH 11

-

i
o)
o

D4+ Y (.01
Z = 1 T8 6

fomy - T
"

05

-+

Z ®

F R > (I+F)/C1=F) THEN 45

V09 TR 1AM TX> e 1107

40 RCZY = 0

42 GB TG 50

A5 KEZY = E1Z7CC1+RY=(1-FY=(1+13)

L6 X(ZY = INTL(X(Z)yx1G0 +-5)/100

50 MNEXT Z ’
5% VWRITE (1,60 R:X(l):X(E) X(S);X(A):X(b),xté).

1]

65
70
71
72
75
-BO

NERT

Y

PRINT
PRINT
PRINT
NEXT M
END

60 FORMAT(FS.2,6CAX-FT42)) o o o ST



