














Notice that we need to impose

γj + εj <
1

2
,

since otherwise total commuting costs would be larger than total output in the in-

dustry. To interpret this restriction, write industry output minus total commuting

cost as

AtjK
βj
tj H

αj+γj
tj N

1−αj−βj+εj
tj u

1−αj−βj
tj µ

−γj−εj
tj − bN

3
2
tjµ

− 1
2

tj ,

and notice that if the above condition is not satisfied, as the number of cities decreases,

given industry aggregates, the value of the expression increases unboundedly. This

implies that the above problem has no internal solution: The planner would like to

make cities as large as possible.

Substituting the results for the optimal number of cities and total commuting costs

in the resource constraint yields

Ctj +Xtj ≤ FjÂtjH
α̂j
tj K

β̂j
tj N

1−α̂j−β̂j
tj u

φ̂j
tj ≡ Ŷtj (11)

where

Fj = (1− 2 ¡γj + εj
¢
)

"
2
¡
γj + εj

¢
b

# 2(γj+εj)
1−2(γj+εj)

,

Âtj = A

1

1−2(γj+εj)
tj ,

and

α̂j =
αj + γj

1− 2 ¡γj + εj
¢ ,

β̂j =
βj

1− 2 ¡γj + εj
¢ ,

and

φ̂j =
1− αj − βj
1− 2 ¡γj + εj

¢ .
Since utj ≤ 1, output net of commuting costs for the optimal city structure (Ŷtj) is

constant returns to scale in industry aggregates. Notice that by equation (10) output

in the industry is also a constant returns to scale function of inputs in the industry.
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the size distribution of industries (which, although not obeying a rank size rule, is at

least closer to it than produced by our model) we should get a city size distribution

even closer to Zipf’s Law.

Second, the model is capable of producing growth, either exogenously or endoge-

nously. More importantly, the model delivers two properties not present in most

other urban growth models: a balanced growth path exists, and growth is positive

even in the absence of population growth. On the balanced growth path (with no

uncertainty) we know that the growth rates of capital (gKj), human capital (gHj),

and output net of commuting costs (gŶj) are constant, so

gKt+1j = lnKt+1j − lnKtj = −(1− ωj) lnKtj + (1− ωj) lnXtj

= (1− ωj)
h
ln xj + ln Ŷtj

i
− (1− ωj) lnKtj .

Hence, on the balanced growth path ln Ŷtj − lnKtj is constant. That is,

gŶ j = gKj .

For human capital,

gHj = B0
j + (1− u∗j)B

1
j .

For income, when β̂j < 1,

gŶt+1j = ln Ŷt+1j − ln Ŷtj
=

1

1− β̂j

h
[lnAt+1j − lnAtj ] + α̂jgHj +

³
1− α̂j − β̂j

´
gNtj

i
,

so in the balanced growth path3 (with no uncertainty),

gŶj =
α̂jgHj +

³
1− α̂j − β̂j

´
gNj

1− β̂j
.

Third, the distribution of city sizes is determined by a static process each period.

All cities of a given type are the same size, which is given by

Ntj

µtj
=

"
2
¡
εj + γj

¢
b

Ytj
Ntj

#2
.

3For the case when β̂j = 1, gN = gH = 0, and ω = 0 (the AK model), gŶt+1j = lnxj+ln (FjAtj) .
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4. NUMERICAL EXERCISES

This section is devoted to illustrating the solution presented in the previous section.

Summarizing, we obtain Zipf’s Law exactly if we either eliminate capital or make

capital accumulation linear; in all other cases the log rank-size relationship is concave

and the absolute value of the slope is negatively related to the variance of industry

shocks. All the results we presented are asymptotic, and the long run distribution is

stochastic. This is illustrated in Figure Three, where we simulate the model for 100

identical industries for the case of ωj = 1 for all j = 1, ..., J and permanent shocks

(Case 1 of Proposition 4). Along a given sample path, Zipf’s Law holds exactly, apart

from stochastic deviations.

The next step is to illustrate the deviations of Zipf’s Law obtained in our model

when we move away from the assumptions in Proposition 4. Figure Four presents

U.S. data in 2002 for MSAs, together with a numerical simulation of the model with

transitory shocks. We let the model run for 10,000 periods so that the distribution

of city sizes is not changing significantly through time.

As one can see in Figure Four, the model does very well — arguably better than Zipf’s

Law — in matching the U.S. data. In particular, and as expected given Proposition

5, the curve is slightly concave as in the data. That is, large cities are too small, and

there are not enough small cities. Both simulations above have been computed for

the particular set of parameter values collected in the following table:

α = β = φ B γ = ε ω δ τ gN m sd

1/3 0.2 0.01 .9 .95 10 1.02 0 0.5
,

where m and sd are the mean and standard deviation of the normal distribution from

which the logarithm of the transitory shocks are drawn.
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Empirical studies have found that Zipf’s Law fits the data well across a wide variety

of countries and over long periods of time. Therefore, fitting the distribution for one

particular country at a single point in time is not helpful in explaining this general
25



















imbed this model of the firm within our existing model of city formation in which

there are external economies at the city level. Whether these elements can all be

combined in a version of the above framework is the subject of future research.
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APPENDIX

Solution of Social Planner’s Problem

Our first task is to solve the planning problem:

max(1− δ)E0

" ∞X
t=0

δtNt

Ã
JX
i=1

θi lnCti/Nt

!#
subject to for, all t and j,

Kt+1j = K
ωj
tj X

1−ωj
tj ,

Ht+1j = Htj

£
B0
j + (1− utj)B

1
j

¤
,

FjAtjH
α̂j
tj K

β̂j
tj N

1−α̂j−β̂j
tj u

φ̂j
tj = Ctj +Xtj ,

and

Nt =
JX

j=1

Ntj.

To solve this problem, we can verify that the value function of the problem takes
the form

V ({Htj ,Ktj, Atj}Jj=1) = D0 +
JX

j=1

£
DH

j ln(Htj) +DK
j ln(Ktj) +DA

j ln (Atj)
¤
.

This leads to

C∗tj =
(1− δ)θj

δDK
j (1− ωj) + (1− δ)θj

Ŷtj ,

which implies that

X∗
tj =

δDK
j (1− ωj)

δDK
j (1− ωj) + (1− δ)θj

Ŷtj.

We can use this result to obtain an expression for utj,

u∗j =
φ̂j
¡
B0
j +B1

j

¢ £
δDK

j (1− ωj) + (1− δ)θj
¤

δDH
j B

1
j + φ̂jB

1
j

£
δDK

j (1− ωj) + (1− δ)θj
¤ ,

and N∗
tj ,

N∗
tj =

³
1− α̂j − β̂j

´ ¡
δDK

j (1− ωj) + (1− δ)θj
¢

PJ
j=1

h³
1− α̂j − β̂j

´ ¡
δDK

j (1− ωj) + (1− δ)θj
¢iNt

≡ njNt,
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The size of the city is given by

Ntj

µtj
=

"
2
¡
εj + γj

¢
b

Ytj
njNt

#2
,

so

ln

µ
Ntj

µtj

¶
= 2

"
ln

Ã
2
¡
εj + γj

¢
bnj

!
+ ln (Ytj)− ln(Nt)

#

= 2

ln
 njFj2

¡
εj + γj

¢
bn

α̂j+β̂j
j (1− 2 ¡εj + γj

¢
)

+ ln (Atj) + α̂j ln (Htj)

+ β̂j ln (Ktj)−
³
α̂j + β̂j

´
ln(Nt) + φ̂j ln

¡
u∗j
¢i

.

Hence,

ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶
= 2 [ln (At+1j)− ln (Atj)]− 2

³
α̂j + β̂j

´
[ln(Nt+1)− ln(Nt)]

+2α̂j ln
¡
B0
j + (1− u∗j)B

1
j

¢
+ 2β̂j [ln (Kt+1j)− ln (Ktj)] ,

where the expression for ln (Kt+1j)− ln (Ktj) is given above. Taking limits,

lim
t→∞

·
ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶¸
= 2 lim

t→∞

h
[ln (At+1j)− ln (Atj)]−

³
α̂j + β̂j

´
[ln(Nt+1)− ln(Nt)]

i
+2α̂j ln

¡
B0
j + (1− u∗j)B

1
j

¢
+ 2β̂j lim

t→∞
[ln (Kt+1j)− ln (Ktj)] .

Imposing constant population growth,

lim
t→∞

·
ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶¸
= 2 lim

t→∞
[ln (At+1j)− ln (Atj)]

+2 (1− ωj) β̂j lim
t→∞

ln(Atj)−
tX

T=1

³
ωj + (1− ωj) β̂j

´t−1−T
³
1−

³
ωj + (1− ωj) β̂j

´´−1 ln(AT−1j)


− 2α̂j

1− β̂j
gN +

2α̂j

1− β̂j

£
ln
¡
B0
j + (1− u∗j)B

1
j

¢¤
.
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Equilibrium Allocation

Firms.–
The problem of the firm is to hire labor and human and physical capital to maximize

profits given prices for these inputs and taking as given the total amount of labor input
in the city (and hence the size of the externality term) and factor prices. As there
are constant returns to scale within the firm, we can treat each city as though it had
a representative firm. If we let Ptj,Wtj , Rtj , and Stj be the prices and rental rates
written in terms of some numeraire commodity, the firm’s optimization problem yields

Wtj/Ptj =
¡
1− αj − βj

¢
Ytj/ (utjNtj) ,¡

1− τ ktj
¢
Rtj/Ptj = βjYtj/Ktj,¡

1− τhtj
¢
Stj/Ptj = αjYtj/Htj,

where τktj and τhtj are subsidies paid by city developers to attract firms to a particular
city.

As noted above in our discussion of the property developer’s problem, all cities pro-
ducing good j will be the same size. Note that in our framework, all cities producing
good j are identical, so that if there are µtj cities producing good j, the amounts of
labor and human capital in any one city are given by Htj/µtj and Ntj/µtj .

Households.–
Each worker spends utj amount of time working, with the remainder of each

worker’s time used to produce new human capital according to

Ht+1j = Htj

£
B0
j + (1− utj)B

1
j

¤
,

where B0
j and B1

j are some positive constants.
Clearly, households will allocate their labor and human and physical capital services

to the cities with the highest wages and rental rates, so that in an equilibrium these
must be equal across all cities producing a given good. If we let Wtj, Rtj, and Stj
denote state contingent sequences of wages and rental rates in each industry and Ptj

denote the sequence of state contingent output prices, then the household’s problem
is to maximize

(1− δ)E0

" ∞X
t=0

δtNt

Ã
JX

j=1

θj ln (Ctj/Nt)

!#
,
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Equilibrium.–
We are now in a position to define a competitive equilibrium for this economy.

Definition 1 A Competitive Equilibrium for this economy is a set of state contingent
sequences Ctj, Xtj , utj , Ntj , µtj, Htj ,Ktj for each industry j and each period t, and a
price system Ptj,Wtj, Rtj, Stj and transfers and subsidies Ttj , τ

k
tj , τ

h
tj for each industry

j at each period t, such that

1. given Ptj,Wtj , Rtj , Stj and Ttj, households optimize,

2. given Ptj ,Wtj, Rtj, Stj and τ ktj , τ
h
tj , firms hire Ktj, Htj and Ntjutj so as to max-

imize profits,

3. given Ptj,Wtj, Rtj , Stj, developers choose Ttj, τ
k
tj , τ

h
tj and Ntj/µtj ,Ktj/µtj , Htj/µtj

to maximize profits,

4. aggregate and individual decisions are consistent,

5. free entry implies zero profits for developers, and

6. markets for goods and factors clear:

Ctj +Xtj + bN
3
2
tjµ

− 1
2

tj = Ytj,

JX
j=1

Ntj = Nt.

Proofs of Propositions

Proposition 1 There exists a unique Pareto efficient allocation for this economy.

Proof. As the number of cities of each type µtj enters only into the resource con-
straint, the optimal choice of the number of cities is static and maximizes

AtjK
βj
tj H

αj+γj
tj N

1−αj−βj+εj
tj u

1−αj−βj
tj µ

−εj−γj
tj − bN

3
2
tjµ

− 1
2

tj . (13)

We will study the properties of this expression for given strictly positive values of
Ktj , Htj , utj and Ntj . Let

A (Ktj, Htj , utj, Ntj) ≡ AtjK
βj
tj H

αj+γj
tj N

1−αj−βj+εj
tj u

1−αj−βj
tj .
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Then it is easy to see that

A (Ktj ,Htj, utj, Ntj)

bN
3
2
tj

µ
1
2
−γj

tj ,

under our assumption that εj + γj < 1/2, is strictly increasing in µtj, equals zero
when µtj = 0, and is unbounded as µtj tends to positive infinity. Hence, there exists a
µ∗ such that for all µ ≤ µ∗, the expression in (13) is negative, while for all other µ it
is strictly positive. Moreover, in the limit as µ goes to infinity, the expression in (13)
goes to zero. Hence, as the expression is continuous in µ, it possesses a maximum on
[µ∗,+∞), which from the first order necessary condition satisfies

TCCtj ≡ bN
3
2
tjµ

−1
2

tj = 2
¡
εj + γj

¢
Ytj .

Rearranging the first order condition we also find that the optimal number of cities
is given as a function of output and employment in the industry:

µtj =

"
2
¡
εj + γj

¢
b

Ytj
Ntj

#−2
Ntj .

If we substitute these expressions into the above optimization problem, we get the
augmented social planning problem described above. This problem is convex, and as
the objective function is strictly concave, it possesses a unique solution. As a result of
the functional form assumptions, the solution has strictly positive levels for physical
and human capital, employment and hours worked at every date and in every state of
the world. Hence the solution of the adjusted programming problem also satisfies the
constraints of the social planning problem, and hence it is also the unique solution to
the social planning problem.

Proposition 2 There exists a competitive equilibrium that attains the Pareto efficient
allocation.

Proposition 3 Every competitive equilibrium in this economy is Pareto efficient.

Proof. Let us start with the solution of the SPP. We know that this solution is the
unique allocation satisfying the first order condition of the SPP. That problem is to
choose

(1− δ)E0

" ∞X
t=0

δtNt

Ã
JX

j=1

θj lnCtj/Nt

!#
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Ctj +Xtj + bN
3
2
tjµ

− 1
2

tj ≤ AtjK
βj
tj H

αj+γj
tj N

1−αj−βj+εj
tj u

1−αj−βj
tj µ

−εj−γj
tj ≡ Ytj .

Kt+1j = K
ωj
tj X

1−ωj
tj ,

Ht+1j = Htj

£
B0
j + (1− utj)B

1
j

¤
,

Nt =
JX

j=1

Ntj =
JX

j=1

µtjÑtj .

If we let the multipliers on these constraints be denoted respectively by λSPtj ,
γSPKtj, γ

SP
Htj and γSPNt , the first order conditions are

(1− δ) δtNtθj
1

Ctj

= λSPtj

γSPKtj (1− ωj)K
ωj
tj X

−ωj
tj = λSPtj

λSPtj
¡
1− αj − βj

¢ Ytj
utj

= γSPHtjB
1
jHtj

λSPtj

"¡
1− αj − βj + εj

¢ Ytj
Ntj
− 3b
2

µ
Ntj

µtj

¶ 1
2

#
= γSPNt

λSPtj

"
b

2

µ
Ntj

µtj

¶ 3
2

− ¡εj + γj
¢ Ytj
µtj

#
= 0

Et

½
λSPt+1jβj

Yt+1j
Kt+1j

+ γSPKt+1jωjK
ωj−1
t+1 X

1−ωj
t+1j

¾
= γSPKtj

Et

½
λSPt+1j

¡
αj + γj

¢ Yt+1j
Ht+1j

+ γSPHt+1j

£
B0
j + (1− ut+1j)B

1
j

¤¾
= γSPHtj.

To show that this allocation is equivalent to the one attained in the competitive
equilibrium we need to compare this set of conditions with the corresponding set of
conditions for the competitive equilibrium. This is what we turn to next.

1. Households optimize. The household’s problem is to maximize

(1− δ)E0

" ∞X
t=0

δtNt

Ã
JX

j=1

θj lnCtj/Nt

!#
,
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subject to sequences of flow budget constraints

JX
j=1

Ptj [Ctj +Xtj + {ACCtj +ARtj}Ntj ]

≤
JX

j=1

[WtjNtjutj +RtjKtj + StjHj + PtjTtjNtj ] ,

the laws of motion for human and physical capital

Kt+1j = K
ωj
tj X

1−ωj
tj ,

Ht+1j = Htj

£
B0
j + (1− utj)B

1
j

¤
,

and the constraint on labor allocationX
j

Ntj ≤ Nt.

Letting λHH
t be the multipliers on budget constraints, γHH

Ktj and γHH
Htj be those on

physical and human capital accumulation, and γHH
Nt be that on labor supply, the first

order conditions of the household are

(1− δ) δtNtθj
1

Ctj
= λHH

t Ptj

γHH
Ktj (1− ωj)K

ωj
tj X

−ωj
tj = λHH

t Ptj

λHH
t WtjNtj = γHH

HtjB
1
jHtj

λHH
t {Ptj [Ttj − ACCtj − ARtj ] +Wtjutj} = γHH

Nt

Et

n
λHH
t+1Rt+1j + γHH

Kt+1jωjK
ωj−1
t+1j X

1−ωj
t+1j

o
= γHH

Ktj

Et

©
λHH
t+1St+1j + γHH

Ht+1j

£
B0
j + (1− ut+1j)B

1
j

¤ª
= γHH

Htj .

2. Firms optimize:

Wtj/Ptj =
¡
1− αj − βj

¢
Ytj/Ntj,¡

1− τ ktj
¢
Rtj/Ptj = βjYtj/Ktj,¡

1− τhtj
¢
Stj/Ptj = αjYtj/Htj.

3. Developer choices and free entry:
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Looking at first order conditions in investment, we get

λSPtj
γSPKtj

=
λHH
t Ptj

γHH
Ktj

,

which, using the first equivalence, implies

γSPKtj = γHH
Ktj .

Looking at the first order condition in utj we get from the household’s equation

B1
jHtj =

λHH
t

γHH
Htj

WtjNtj.

Substituting for Wtj and rearranging, this implies

γSPHtj = γHH
Htj .

Using these results along with the first order condition of the firm, we can easily
establish the equivalence of the first order condition with respect to capital. In order
to establish the equivalence of the human capital Euler equation of the planner’s
and household’s problem, substitute in the latter the first order condition of the
developer’s problem. All that remains is to establish the city part of the problem.
From the SP problem we have the first order conditions in Ntj and µtj . From the
competitive problem we have the household’s first order condition in Ntj combined
with the developer’s free entry and optimality conditions. From the household’s first
order condition, imposing free entry of developers, we get

Wtj

Ptj

utj −ACCtj − γj
Ytj
Ntj

=
γHH
Nt

Ptjλ
HH
t

.

Substituting for real wages, we get¡
1− αj − βj − γj

¢ Ytj
Ntj

− b

µ
Ntj

µtj

¶ 1
2

=
γHH
Nt

Ptjλ
HH
t

.

Substituting the results from the city developer’s problem, we obtain¡
1− αj − βj − εj

¢ Ytj
Ntj
− 3b
2

µ
Ntj

µtj

¶ 1
2

=
γHH
Nt

Ptjλ
HH
t

.

This latter equation is the same as the first order condition for Ntj from the social
planner’s problem under the equivalence

γHH
Nt

Ptjλ
HH
t

=
γSPNt

λSPtj
.
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Proposition 4 (Exact Gibrat’s Law and Zipf’s Law) The growth process of city sizes
satisfies Gibrat’s Law, and therefore the invariant distribution for city sizes satisfies
Zipf’s Law, if and only if one of the following two conditions is satisfied:

1. (No physical capital) There is no physical capital
³
βj = β̂j = 0 or ωj = 1

´
, and

productivity shocks are permanent.

2. (AK model) City production is linear in physical capital and there is no human

capital
³
α̂j = 0, β̂j = 1

´
, depreciation is 100% (ωj = 0) , and productivity shocks

are temporary.

Proof. To show that the growth process of city sizes satisfies Gibrat’s Law, note that
in the first case, we have that

ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶
= 2 [ln (At+1j)− ln (Atj)]− 2α̂j [ln(Nt+1)− ln(Nt)]

+2α̂j ln
¡
B0
j + (1− u∗j)B

1
j

¢
,

which varies with j but is independent of city size, as E [ln (At+1j) | ln (Atj)] is inde-
pendent of ln (Atj) .

In the second case, we have

ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶
= 2 [ln (At+1j)− ln (Atj)] + 2 [ln (Kt+1j)− ln (Ktj)] .

But under these conditions

Kt+1j = Xtj = xjYtj = xjFjAtjKtju
φ̂j
tj ,

which implies, as Ntj is constant, that

ln

µ
Nt+1j

µt+1j

¶
− ln

µ
Ntj

µtj

¶
= 2 ln (At+1j) + 2 ln

µ
xjFju

φ̂j
tj

¶
.

But this is independent of city size.
To show that this implies an invariant distribution that satisfies Zipf’s Law, we

can apply the results of Gabaix [10] and Cordoba [5]. Under our restriction of ex-
ante industry heterogeneity, we can do this group by group. The results then follow
from Propositions 1 and 2 in Gabaix [10], which show that an invariant distribution
satisfying Zipf’s Law is the result of the limit of the processes above augmented with
a reflecting barrier as this barrier goes to zero.
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Proposition 6 If conditions 1 and 2 in Proposition 4 are not satisfied, the standard
deviation of city sizes increases with the standard deviation of industry shocks.

Proof. If conditions 1 and 2 in Proposition 4 are not satisfied, the variance of the
log of city sizes is given by

V0

·
ln

µ
Ntj

µtj

¶¸
= 4V0 [ln (Atj)] + 4β̂

2

jV0 [ln (Ktj)]

and

V0 [lnKtj] = V0

"
tX

T=1

³
ωj + (1− ωj) β̂j

´t−T
(1− ωj) ln(AT−1j)

#
.

If shocks are i.i.d. with variance v, we obtain

V0 [lnKtj] = v

"
tX

T=1

³
ωj + (1− ωj) β̂j

´t−T
(1− ωj)

#2
or as t→∞,

V0 [lnKtj ] =
v³

1 + β̂j

´2 ,
so that the variance of the long run city size distribution is given by

V0

·
ln

µ
Ntj

µtj

¶¸
= 4v

1 + β̂
2

j³
1 + β̂j

´2
 ,

which is increasing in v, thereby proving the result.
If shocks are not i.i.d., a higher unconditional variance implies that V0 [lnKtj ] is

larger, since
³
ωj + (1− ωj) β̂j

´t−T
is positive for every 1 > ωj > 0 and 1 > β̂j > 0.

Higher unconditional variance implies that V0 [ln (Atj)] is larger for every t, and so
the variance of city sizes increases.
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