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1 Imtroduction

1t has become common practice to include hunan capital formation in models
of economic growth. Romer and Lucas heve offered two different ways that
humsap capital formation can take place: Romer as a result of the country’s
level of already exdisting human capital and Lucas as s function of work done in
the industrialized sector. In both cases, the level of human capital is aggregated
st the country level in each period.

What is bmplicit in Romer's model is that individuals learn from the people
sround them, their neighbors. Not all neighbors are slike. Some neighborhoods
are made up of highly skilled individuals snd ofhers of lower skilled individuals.
The higher the level of human capital of those peighbors with whom the young
come in contact, the easier it is for the young to acquire human capital. In this
paper, 1 logk explicitly at these neighborhood effects and assume thsat rate at
which individusls can lesrn is not simply s function of the aggregate level of
akills in the country, but rather s function of the aggregste skill level of their
closest neighbors.

By concentrating on individuals and their neighbrors, one can explore a num-
ber of issues. These models permit persistent income inequality along the lines of
Durfsuf (1992 and 1994) and an exploration the relstionship of market sturcture
and income inequslity. The effects of migration on income inequality both be-
tween and inside s countiry can be considered. In addition, certain neighberhood
effects can work ag a propagation mechanism and generate fairly large, long run
cycles out of very small individual shocks.

To study these issues, a model must have many agents with well defined
neighbors, 1 construct a very simple QLG model populated by two period lived
agenis with lasbor endowments. Agents are born on a locstion on s grid and
live there all their life (slthough in some version of the model they can irade
loestions with other sgents). The sggregate human capital of the old Living on
neighboring locations on the grid determine the sbility of esch young person to



acquire human capitasl. The young use some or all of their labor endowment to
acquire skills. Initially, individuals are identical except for the human capital
endowments of their old neighbors. The exact rate at which they can acquire
humsn capital mimics the functional forms found in Romer. :in a later version
of the model that explores issues of migration, individuals are differentiated by
fomily specific talent levels. Individusls with higher talent sccumulate more
skills for the same effort

The structure of the model is similar to that of 8 two dimensional cellu-
lsr automata.! As with cellular antomata, the state of each cell {location on
the grid) at any period is determined by the states of the neighborhood cells
in the previous period. Research in cellular sutomata have concentrated on
exploring the rich set of outcomes thst are possible with very simply defined
neighborhoods and with very few possible states (ofien only two) for each cell.
Following on the cellulsr automata tradition, the set of possible outcomes for
the OLG model discribed above iz explored by simulstions. The initial state
of the machine? for each simulation is a uniformly random distribution of skiil
jevels of the initial old and, when required, a uniformly random distribution of
farnilial talent. One important consideration of this paper is the speed at which
economies arrive at persistant states.

Of course, this Is noi the first paper Lo consider neighbors and neighborhoods.
Interesting recent work in which local effecis are imporiant haslreen done by Bell
(1994),Blume (1993), Elison (19XX}, Ellison snd Fudenberg {1993), Kandori,
Mailath, snd Rob (1993}, and Young (1993). Most of these papers have looked at
games with local information and relyed little on the celinior sutomsts spproach.
Bel’s paper is an exception to this and vses 2 cellular avtomata approsch to
study interdependent preferences.

2 The model

2.1 The environment

The model is a varisnt on the standard OLG meodel with sgents who live for
two periods. There sre I x J members of each generstion. Each individusl is
Iocated in position £j of a matrix, where, for early versions of the model, they
stay. Each person has a labor endowment over the two periods of life: The

Isbor endowment of person £j of generation £ is wi = [w? (&), (¢ + 1)] . For

examples used here, the labor endowment is wj’ = |2, 1].

When young, person £j can allocate laebor away from working to gain skills,
The amount of skills gained are determined by the amouwnt of labor the young
person ij of gencration ¢ allocates to learning, b, and by the samount of skills
of a set of old who live in matrix positions nesr that of young person if. For

1808 Wolfram (1995) for an extended discussion of eellular automata. Johe von Neumann
{1965) is raspnrsible for the initial development of the eoncept of callular automata,

2A oollular autornata with spocific stabes and rules for changing states is refared to s &
rnachine.



the examples used here, the seb of old whouse skill levols are relevant are those
in the locations

.

i-1,5-1 é~-1,j t=~1,5+1
iaj—l i?f i:j'f"l
t4-1,7-1 ¢4 1,7 ¢+1,7 41

One cag think of the old person i 3?::1' young persen ij’s parent and the rest
of those indicated as the neighboring old people. For those on the edge of the
I x J matrix, the otherwise missing neighbors sre found by wrapping in the
sppropriste direction®. The young of column I have neighbors in cohumns / — 1,
I and 1. The young of row 1, for exsmple, heve peighbors in rows I, 2, and
J. We will refer to the set of neighbors (and parents) of young person £j of
generation ¢ g3 N:j. The skills of this group are the set, S(N:j). The skill level
of young persen ¢f of generation £ is found by the function

& =8 . pE(N),

where () is & function of the set of skills of the neighboring old. In crder to
meke things simple, skills ere denoted in units of labor. The 8(-) function used
in this paper i3 shown in Figure 1. The argument, of the version of the function
i3 the average skill level of the parent and eight clogest neighbors.?

There is one good each period. It is produced by laber and skills. (Capitsl
could be infroduced but would only complicaie the model.} The production
technology is linesr in labor and skills. Total output at time £, ¥(¢}, is simply

I 7 I 7
if i £ - iF
Yi)=a- EZ(‘*&?U) - b7 )+ EZ(W;{I(Q +ald |
i=] j=1 i=1 j=1
where ¢ is some constant. N
Tadividusly’ preferences are given by the utility fusction, uy (c;’ (), e¥ (¢4 l)) ,
where cij (#) is the consumption of person ij of generation ¢ at dates s = ¢,£--1.

To keep things simple, the utility function used in the exemple economies is a
product viility,

uff (), e+1))=d @ & ¢+
37This {s & common wrapping technigue in {wo dimensionel cellular sutomata simulations,

The resulting surface has a torus or donut shape.
4The functionsl form of the equation shown in Figwe 1 I B(S(M') = 5+

U ) -

i+
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Figure 1: Graph of 8(S(N{)) for example economy

2.2 Skill acquisition with no markets

In an economy with no markets, the only way to increase consurnption when old
is by taking time from work and invest in skills. In this economy, individuals
maximize their utility functions subject to the budget constraints,

o (t) = wage(t) - (wi(t) - 87},
and .. .
&t + 1) = wage(t + 1) - (w;’(t) + 3:") .
'The gross rate of return on time spent scquiring human capital, ry(t), is simply
wage(t+1) - s? ‘
wage(t) - b

Given the linear production funclion, wages st vach date are wage(t) = wage(# -
1) = &, the constant marginal product of labor. Sclving the optimization prob-
lem for the product utility function, we get the desired time spent acquiring
skills

_ 4
2-rp(t)

That , along with the condition, rg(t) = s /41 = B(S(INF)), gives the desired
time spend acquiring skills as

rR(t) =

bl =1-

o _ 1
b=l 2- 8BSV

4



Each young person’s desired time spent scquiring skills is simply a function of
the skill levels of the neighboring old. . y

The skill level of person ij of generation ¢ is s¥ = b . BIS(NH)). Aler
substituting in the optimal choice for &7, the competitive equilibrium level of
skills for this young person st date ¢ is

¥ = BSWE) -~ .

The skill level to skill Jevel relationship for this model, using the 8} function
shown in Figure 1, is quite similar to the one found by Romer (19xx)} and others.

2.3 A time path of the model: endogenous ghetios

Let I,J = 59. Each period, the economy is & 59 x 58 matrix of young and
old. The old of genersiion 0 sre given a random endowment of skills drawn
from 8 uniform distribution beiween zero and two. The young of generation
one and sach continuing generstion choose how much time to allocste to human
capital acquisition based on the average skill level of their parent and their eight
closest neighbors {(wrapping in the appropriate way ab the edges of the matrix).
Initially, the parent and each of the eight closest neighbors are given the same
weight in finding the average sltill level.

Figure 2 shows the initial distribution of skill levels. The figure shows the
surface of the skill levels on a 53 x 59 population grid for generation 0. After
b periods have passed, the sldll levels begin to smooth out. Pigure 3 shows
the skill surface for members of generstion 5. By generation 10, the economy
is dividing into rich (high skill) regions snd poor (low skiil regions). Figure 4
shows the utility levels for members of generation B. Notice that the utility
surface is very similar to thet of the skill surface. With no markets, skill levely
map directly into utility levels. The sreas of high and low skill ievels become
more cohesive as time passes. Figures § snd 6 show the skill level surfaces for
the members of generations 20 and 100 respectively. By generation 100, the skill
surface has smoothed to the point where there is only one high skill and one
low skill region (although of somewhat twisted shapes). Given the one to one
mapping that occurs in this model between the skill levels and utility levels, the
utility surface at generation 100 is of the same shape as the skill level surface
and for that reason is not showmn.

For the example economy shown above 873 individusls (out of a total of
3481 individuals in the economy) end up with low skill levels {(with a3, of less
thsn .3). With only one exsmple economy, it is impossible to know how to
interpret this number of poor. Figure 7 shows the distributicn of the number
of poor in generstion 100 from 1000 repetitions of identical economies with dif
ferent uniformly random initial distributions of skills. The bar graph shows the
sctual distribution generated by the 1000 repetitions divided into 40 segments.
The solid line drawn in is 8 normal curve with the ssme mean snd standsrd
distribution as the sample of 1000 repetitions. These economies scem to settle
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NuAE e e T T Yt

Skill levals for bagic acenomy

5
S

e

Figure 3:

Skill distribution for generation 5




By The bee T ORETT e

Uilily fevety for bosic economy

Figure 40 Utility levels for generstion 5

v fem e T e v

Skill lguvets Tos bosic econDmy

Figure 5: Skill levels for generation 20




BT i e P IR W

Skill leveln tor basic economy

Figure 6: Skill levels for generation 100

down to equilibria where the number of poor follow a distribution that is close
to normsi. ‘

Increasing the relstive influence of the parent (as compsred to that of the
neighbors} ends up changing the shapes of the high and low skill surfaces and
slowing up the smoothing process, but the psttern is similar to the one where
all nine members of the older generation get the same weight. There is 5 small
difference in the pumber of poor. Figure 8 shows gkill surfsce for generation
100, beginning with the same skiil distribution a3 in the earlier case, when the
parent is given 4 times the weight of each of the eight neighbors in the aversging
process. After 100 periods in this economy, there sre 1126 individuals with skiil
levels less than 3. Figure 9 shows the skill surface for generstion 100 when the
parent is given 8 times the weight of each of the peighbors. In that Bgure, 1205
members of generation 100 have skill levels less than .3.

2.4 Economy with student loan market

The sbove version of the model allows no markets. One potential market is
for loans between members of the same generation. Since different individuals
inbabit locations with different opprotunities for acquiring human capitsl, those
voung who live in low skill areas could lend to those in high skill areas and get a
higher rate of return thap they might from scquiring their own human capital.

If the economy is expauded to sllow borrowing snd lending among membiers
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Figure 7: Number of poor in example economies
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of the same generation, the budget constraints change to become
o (2) = wage(r) - {wf(e) ~ 87) + AV(1),

and
e (t i1) = wagelt 1-1)- (wé"(f) ba} - r(N(),

where AY(£) is the amonnt. of loans thal person ij of generation ¥ want to make
and 73(f) is the gross rate of return un lending. The existence of this market
slong with the linear technelogy for converting skills into goods in the second
peried of life means that the young will either work full time or study {ull time.
When young, individuals compare the gross rate of retwm they can get in the
loan market with the gross rate of return they csm get on skills, rp{¢) versus
ra(t) = s /b7. For those for whom rp(t) > rp(i),all savings is done in the
lending market. For those for whom rp(t} < re(t),all of their labor when young
is allocated to study and they borrow for consumption in that peried. For those
in neighborboods where the human capital level is low enough to make them
lenders, the tota! amount lent is

A(E) = 1 - 2—;1@

[or thaese in neighborhooda where human capital level is high enough to make
their return on human eapital higher than the ioterest rate on borrowing, their

10



Pigure 10: Skill levels for generation 3 with student loans

borrowings sre equal to

. 87
.\ij(t_) = __l_ﬂ..'.’_#_‘
2 ro(t)
The finsl condition for each pericd’s competitive equilibrium is that the bor
rowing snd lending market clears. Clearing of the loan market in each period

requires that
F I | ..
3 SN 0.
i=1 =1

An equilibriam sequence for the same example economy &s the one used
sbove was found esch period by using s roubine for solving nonlinear equations
as the Walrasian auctioneer in the market for student loans. The initial distri-
bution of skills was the one shown in Figure 2. With the Joan market and the
linear technology for converting isbor and gkills into goods, skill levels separate
into high and low skill regions very quickly, by period 3 the basic regions are
delineated. Figure 10 shows the skill levels of generaiion 3. Notice thst these
regions are substantislly different from those that formed in the no market ver-
slon of the model As additional time passes, the only real changes that occnr
are the firming up of the edges of the high and low skill regions and the disap-
pesrance of some very small high or low skill zones. Figure ?7 shows the skill
levels of generation 100.

Because of the market in lcans, those born in low skill leve] regions work fuil

11



Pigure 11: Utility levels for generstion 3 with student loans

time when young and lend to those born in high skill regions, The low skilled
are able to end up with substantially higher utility levels with the loan market
than they could in the no market economy. In addition, as the regions of high
and low skills become better defined, the interest rate rises and the utility levels
of the high and low skilled become more alike. Figure 11 shows the utility levels
for generation 3 and Figure ?7 shows them for generation 100.

Repesting the losn market economy with 1000 different initisl distribution
results in ecomomies with quite similar numbers of poor {those with low skill
levels) after ten periods. Figure 12 shows the distribution of the number of poor
for the example economy. Especislly when compared to the distribution that
was found for the economy without a student loan market, the distribution of
the number of poor is very tight. A student loan moarket seems to separate the
skilled and unskilled very quickly. The distribution of the gross interest rate in
period 10 for the 1000 thousand economies is not shown, but it is equally tight,
ranging between 2.45 and 2.49.

2.6 Economy with a market for locations

Suppose that the young of cach period were sliowed to trade plsces. In the
model as it currently stands, ihere is no way thst such trades couid occur.
‘While thuse who reside in regions where the old have low skill levels would like
to move to regions where the old have high skill levels, there is no way they
can induce those slready residiog in those locations to leave. Tb make location

12
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Figure 12: Distribution of number of poor for student loan economy

trades possible, we need to have differences among individuals that would allow
them to benefit in different amounts from residing in high or low skill level
regions.

Families (= sequence of individuals} differ in something we could call natural
ability or talent. In this version of the model, greater natursl ability would allow
the individusl to gein extra gkills for each unit of time spent studying from the
same locsl skill level of the old. Suppose that there is s random (uniform)
distribution of ability over the population. Let ¢}’ be the talent level of person
if of generation ¢ and let ¢:§j take on positive valuss with mean equal to 1. The
skill level that person {f of generation ¢ gains is equal to -

of = o7 - o) - BS(NI)),

where, as befors, bij is the smount of time that person ij studies and ﬁ(S(N:j ))
is the rate at which each unit of time spent studying becomes skills for the
sverage of the population (when ¢§"= is equal to 1). Clesrly, individosls with
higher natural ability can obtain higher skilis snd, therefore, higher income
when ¢ld, from any given location.

Suppose that there 15 no market for loans between members of the same
generation. Then one can fiod the maxirouwm that any individnal is willing to
pay to move to each of the other locations or the minimum that individual is
willing to sccept to leave the location they currently inhabit to go to each of
the other locations. Figure 77 shows how to find this msximum price. Polnt

13



= (£}, (¢ + 1)] is Lhe labor endowment. Assurme thst onc unit of labor

or sklll produces one nnit of the consumption good. In the position the young
pcrson currenhly is at, there is a rale at which study can be converted to skills:
. B(S(N})). Finding the point of tangency of the line with that slope out

of the endowment. point and the indifference curve set gives the consumption
pair (shown as point ¢;and utility obtainable. At some other location {j, (the
example in the figure is one with higher skill levels for the old) a young person

with talent level qz‘;ij can ebtain a rate of return from study of gf’? . ]B(S(ij}).
If this move could be obtained costlessly, the young person would conswue st
point cz. The maximum amount of Isbor that the individual would be willing
to exchange (in the form of the consumption gouod) for being able to move to
the new, higher skill pnqlt.mn is the amount. p, such that maximizing wtility with
endowiment point o = (W)  pwi (¢ + 1)) bnd 8 rate of return on study

of ¢ B(S(N:J)) results in the same utility 83 with the initial endowment and
rate of vetarn. In IPigure 77 the maximum price is shown by the distance p and
the resulting consurgption point by point ¢z. For the sample economy with the
product uiility funciion and with labor endowments of w}’ = {2, 1], the function
for finding the reservation offer or price of the person residing at location ff for
location #j is

s L/2
e (bt ) (4 ) (20)
(S(NDy) 247 WD) \pis(NDy)

Two individuals will be willing to trade plsces if the maximum that ope is
willing to offer for Lhe second’s posiiion, numkbrer one’s reservation offer, is more
that the minimum the second is willing to take to move to the first’s position,
number two's reservation price. If there is a difference between these two prices,
then the price at which the trade sctuslly takes place is & result of 8 two person
bergaining problem. Following Osborne snd Rubinstein (1990)%, assume that
individuals are paired by a random matching procedure and will bargain if the
reservation offer is equsi to or greater than the reservation price. Bargeining is
assurned to take time and both involved in the bargaining take utility losses the
longer the negotiations continue, determined by a discount factor. The standard
solution to this problem is that agreetment will be reached on the first offer and if
Loth have the ssme discounting factor, the price will exactly split the differcnce
between the reservation offer and reservation price.

Ouce a pair of individuals switch locations, the descendents of these individ-
uals, wio have the same skill level as the parent, confinue to reside in the new
location unless they move by a welfsre improving trade. We can obmerve how
the ability to make locational trades affects the locational distribution of talent.

The model begins with the seme disiribution of skills as the earlier models
(shown in Figure 2). A draw from a uniform random distribution of talent
with .9 < ¢} < L1 is also assigned to each location and this assigned talent

5 A discussion fo the random matching model used here is found on pages 173 to 180

14
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IPigure 13: Skill levels for generation 5 for economy with location trade

value stays with the descendents of the individual who staris period one on
that location wherever they move. In cach period, {ive random mstchings are
made and members of a matching trade locations with side payments, if doing
go is wiility improving for both. Following Osborne and Rubinstein {1930), the
difference between the reservation offer and reservation price is divided equally
between them. After each trade, the endowment when young of the one moving
10 & higher skill sre is reduced by the amount paid and the endowment of the
one moving to the lower skill are is increased by the same amount. By period
five, a regular distribution of skills is begins to appear that is quite similar to the
one that ccomred in the original version of the model, the one without student
loans or location trades. Figure 13 shows the distribution of skills for the fifth
generation of the sample economy. The distribution of talent for generation five
is shown in Figure 14, While some clumping of farnilies with similar talent levels
has begun, the talent distribution still appears quite random.

By generation 100, the pattern for this economy is much more developed.
Figure 15 shows the skill surface for generation 100, The region of high skills
is much larger (it has grown since gemerstion 5} snd has coalesced into one
Iarge region. Again, this region is quite similar to the one found in Figureb,
the distribution for the twenlieth genecration of the original ecomomy. More
interesting is what has happened to the talent levels. Figure 16 shows the talent
surface for generatinn (06, Much of the high talenmt population has migrated into
the high skill region (compare the high regions of Figure 15 to those of igure
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Ifigure 14: Talent Jevels for generation b

16). While it is clear that the migration is not perfect, especinlly nlong the sides
of the high telent regions where a number of talent spikes can be vlserved, Lhere
is substantial separation of individuals by talent.

‘The talent separstion is even grester when the varisnce of the original dis
tribution of talent is greater. [Pigure 17 shows the distribution of talent in
generation 100 for an economy with location trades that s identical to the one
shown above except that the initial distribution of talent was uniformly ran-
dom with .7 < ¢ < 1.3. Notice how much smocther the surface is. With the
greater telent variance, there are grester rewards for the most highly talented
to migrate to the high skill areas and more trades are possible. In fact, more
trades take place. For the economy where ¢;° ranges between .7 and 1.3, the
matching model causes 8221 trades to take place during the first five periods. In
an otherwise identical economy where ¢ ranges between @ and 1.1, ounly 6033
trades take place in the first five periods, The corresponding numbers after 100
periods are closer, 36,288 trades when ¢} ranges between .9 andl.l and 39,682
trades when it ranges from .7 to 1.3,

16
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Figure 16: Talent levels for generation 100
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Figure 17: Talent Jevels for generation 100 for initjal distribution of 7 < ¢} <
1.3 '
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