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ABSTRACT

This paper surveys recently developed methods for Bayesir inference and their use in economic time
series models. It begins by reviewing aspects of Bayesian inference essential to understanding the
implications of the Bayesian paradigm for time series analysis. It next describes the use of posterior
simulators to solve otherwise intractable analytical problems. The theory and the computational advances
are brought together in setting forth a practical framework for decision-making and forecasting. These
developments are illustrated in the context of the vector autoregressions, stochastic volatility models, and
models of changing regimes.
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1. Introduction

Econometric time series analysis is the discipline of using data to revise beliefs about
economic questions, especially questions about the future. These questions have a
common structure. Given data resulting from past behavior, and a set of assumptions
about economic behavior (or, several sets of competing assumptions), what decision or
action should be taken at the present time? The decision or action might involve public
economic policy, a private economic decision, or a choice between competing assumptions.

Unfortunately economic questions are rarely laid out so explicitly. Interactions
between assumptions and data are studied by a group of individuals, who (following
Hildreth, 1963) we may call investigators. The investigators’ tasks are complicated by the
facts that data sets are constantly being updated, new models are continually being
introduced and old ones modified, and the complete constellation of alternative assumptions
is never neatly defined. Decisions are made by another group of individuals, who (again,
following Hildreth) we may call clients. An ultimate client may be a public or private sector
decision-making body, in the case of policy, or the scholarly community, in the case of
choices among assumptions. Investigators typically have at best a vague idea who the
clients are, and exactly what use clients will wish to make of their results.

This chapter surveys recently developed methods that hold fresh promise for
investigators and their clients. These methods are based in the Bayesian paradigm for the
use of cconomic time series, and in recent advances in simulation methods for the
implementation of that paradigm. The purpose is to convey these innovations and their
significance for time series econometrics, to econometricians who have not followed the
relevant mathematical and applied literature. There are four substantive sections. The next
section reviews aspects of Bayesian inference essential to understanding the implications of
the Bayesian paradigm for time series analysis, and of posterior simulators for Bayesian
econometrics. Section 3 describes these simulators and provides the essential convergence
results. The theory and the computational advances are brought together in Section 4,
which sets forth a practical framework for Bayesian investigators report results in a way
that is immediately useful for decision-making in general and forecasting in particular.
Implementation in some specific time series models is taken up in Section 5. The survey in
this section is representative, not complete; see the surveys of Koop (1994), Chib and
Greenberg (1994b) and Geweke (1995b) for other models. The key points of the paper are
reviewed in the concluding section.




2. Bayesian Inference

This section provides a quick review of the principles of Bayesian inference. The
purpose is three-fold: to set up notation for the chapter; to provide an introduction for
econometricians unfamiliar with Bayesian methods; and to set forth the technical challenges
that posterior simulators largely overcome. Much of the notation is standard for
econometric models, but differs in some important respects from that used in non-
Bayesian approaches because those approaches do not condition on observables.

The introduction here is very concise and provides only the analytic essentials for the
subsequent development of posterior simulators. There are few examples and at a number
of points the exposition touches lightly on concepts of great depth. Those versed in
Bayesian methods at the level of Berger (1985) or Bernardo and Smith (1994) can easily
skip to Section 3 and use this section as a reference. Those seeking a complete introduction
can consult these references, perhaps supplemented by DeGroot (1970) and Berger and
Wolpert (1988) on the distinction between Bayesian and non-Bayesian methods. On
Bayesian econometrics in particular, see Zellner (1971) and Poirier (1995).

The results presented in this section are not operational. In particular they all involve
integrals that rarely can be evaluated analytically, and the dimensions of integration are
typically greater than the four or five for which quadrature methods are practical. The
balance of the chapter shows how the theory developed in this section can be implemented
in applicd econometrics using posterior simulators.

2.1 Basics

Inference takes place in the context of one or more models. A model describes the
behavior of a px1 vector of observables y, over a sequence of discrete time units

t=12,... The history of the sequence {y,} at time ¢ is given by Y,={y,} _:
Y, ={D}. A modelis a corresponding sequence of probability density functions
2.1.1) £,(v,]Y,..6)
in which 8 is a kx1 vector of unknown parameters, 8 € © ¢ R*. The function “p(-)”
will be used to denote a generic probability density function (p.d.f.). The p.d.f. of Y,
conditional on the model and parameter vector 8, is
(2.1.2) p(Y.16) = [T, £.(3.]Y,-..6)
The likeliliood function is any function L(8;Y,) o< p(Y,6).

[If the model specifies that the y, are independent and identically distributed then

f,(yt|Y,_1,8) =f,(y,|6) and p(Y,|9)= ;f,(y,|9). More generally, the index “f” may



pertain 1o cross sections, to time series, or both, but time series models and language are
used here for specificity. Likewise it is assumed that y, is continuously distributed for

specificity and brevity.]

The objective of Bayesian inference can in general be expressed
(2.1.3) E[g(0)Y,],
in which g(8) is a function of interest. There are several broad categories of functions of
interest that between them encompass most applied econometric work. Clearly the function
of interest can be a parameter or a function of parameters. Another category is
g(8)=L{a,,6)—L(a,,0) in which L{a,0) is the loss function pertaining to action «,

parameter vector 8, and (implicitly, through (2.1.3)) the model itself. A third category is
g(8) = xo,(8) which arises when a hypothesis restricts 6 to a set @,. [Here (-} is the

characteristic function yg(z}=1ifz€S, x;(z)=0ifze¢S.] Then E[g(9)|YT] =
P(B e G)U|YT) . Yet another important category arises from predictive densities, taken up in

detail in Section 4.
The specification of the model (2.1.1) is completed with a prior density p(6). It may

be shown that given (2.1.1) and a density p(Y;) (i.e., a density for the data unconditional
on @) a prior density must exist; see Bernardo and Smith (1994, Section 4.2). It is more
direct to place the specification of the prior density on the same logical footing as the
specification of (2.1.1). Thus a complete model specifies

(2.1.4) P(0e®)=[ p(6)do. P(Y,eTlo)=[ T b (v.IY..0)dY,,
where © is any Lebesgue-measurable subset of © and ¥ is any Lebesgue-measurable
subset of R™. [To keep the notation simple, a strictly continuous prior probability
distribution for 8 is assumed.]

By Bayes Theorem the posterior density of 8 is

p(6]Yr) = p(Y|6)p(8)/p(Y)
os P(lea) p(6)
o< L{8;Y,)p(6).
Thus
[ 8(OL(6;Y,)p(6)d6
J JL(8:Y)p(6)do
In the representation (2.1.5), one may substitute for p(@) any function p'(8) o< p(8). The

(2.1.5) E[g(0)|Y,]= j@ g(0)p(6Y,)d6 =

function p’(8) is a kernel of the prior density p(@). Posterior moments in a given model

are invariant to any arbitrary scaling of either the likelihood function or the prior density.



2.2 Sufficiency, ancillarity, and nuisance parameters
The vector s, =sT(YT) is a sufficient statistic in the model (2.1.2) given any of the

following equivalent conditions:

(2.2.1) p[Y 1[5 (Y 7). 6] = p[ Y [sr(¥,)] ¥V 6 €©;
(2.2.2) p(6]Y,)= p[@[sT(YT)] Y 8 € @ for all realizations Y,;
(2.2.3) p(Y,|6) = h[s,(¥;),0]r(¥,) for some h(-) and ().

Condition (2.2.3), the Neyman factorization criterion, is the condition usually verified to
demonstrate sufficiency of s, =s,(Y;). Sufficiency implies that one may use the

(sometimes much simpler) expression h[sT(YT), 9] in lieu of the likelihood function in
(2.1.5).

If ST(YT),=|:SIT(YT)’,82T(YT)’} and pls, (Y, }0]=p[s;p(Y)]: then s.(Y,) is
ancillary with respect to 6. As a consequence, it suffices to use any function proportional
to ps,,(Y,)|6] in lieu of the likelihood function in (2.1.5).

If 6'=(6;,0;) and g(6)=g(6,) then 8, is a nuisance parameter for the function of
interest g(@). A nuisance parameter presents no special problems in (2.1.5).

2.3 Point estimation and credible sets
Let the g X1 vector @ € £) represent an unknown state of the world: for example, @
could be the parameter vector 8 itself, a function of interest g(8), or a vector of future

’

values y* =(yT+[,...,yT+f) . Let ®@eQcQ represent an estimate of @. The Bayes
estimate of @ corresponding to the loss function L(a"),a)) is

(2.2.1) & = argmin E[L(®, 0)[¥, .

[Clearly, the estimate @ depends on the complete model (2.1.4) as well as the loss
function L((l'), co). But given the model and loss function, there is no ambiguity about the

Bayes estimate.]
Three loss functions are notable for the simplicity of the Bayes estimates @ that they

imply:

given quadratic loss L((]’J,&))=(&'J—a))’Q(d')—co) (where Qp.d., @R,
& =E(ao]Y,);

given quantile loss L(co,c'b)=cl(c'b—a));((_”@)(co)+c2(a)—&'J)x{&w)(a)) (where
¢ >0, ¢,>0,g=1), d=@:P(0<BV;)=c,/(c; +¢,) and hence if ¢, =c, the Bayes

estimate of @ is the median of its posterior distribution;






