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A Progress Report 
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Before using a specific model to analyze economic data 
or policies, economists must have confidence that the 
model will fit the data along certain dimensions. One of 
the goals of modern business cycle research has been to 
develop economic models that mimic the cyclical patterns 
of aggregate data such as gross national product, its com-
ponents, and labor market aggregates, like employment 
and hours. A natural starting point for assessing the prog-
ress made toward this goal is the Kydland and Prescott 
(1982) model. This business cycle model, which is widely 
regarded as the standard, assumes that fluctuations are 
driven by technology shocks. As a first cut, it has done re-
markably well. However, certain failures of the model 
have led to subsequent research. Early attempts to extend 
the Kydland-Prescott model, such as the Hansen (1985) 
model, have been partially successful, but recent work by 
Chang (1992), Braun (1994), McGrattan (1994a), and oth-
ers looks more promising. Their findings suggest that add-
ing fiscal shocks to the basic Kydland-Prescott model can 
significantly improve its ability to mimic the data. 

The critical assumption of the Kydland-Prescott model 
is that technology shocks are the main source of aggregate 
fluctuations. When simulated, this model displays cyclical 
behavior similar to that of U.S. data. Specifically, the 
Kydland-Prescott model can account for much of the vari-
ability in gross national product, and it can correctly pre-
dict that consumption is less variable than income, while 
investment is more variable. But this model predicts a 
variability of consumption, hours worked, and productivity 

that is too low relative to the data and a correlation be-
tween productivity and hours worked that is too high. 

Hansen (1985) has noted the failures of the standard 
Kydland-Prescott model and suggests that they may be 
due to the way the labor choice is modeled. Kydland and 
Prescott assume that individuals choose a certain number 
of hours per week to work. Hansen makes that choice an 
either I or decision: Individuals work either a set number of 
hours per week or no hours at all. By making labor indi-
visible, Hansen has created a model that is better able to 
mimic the variability of total hours worked than is the 
Kydland-Prescott model. But Hansen's model cannot cap-
ture the observed variability in consumption and produc-
tivity and the low correlation between productivity and 
hours worked. So, while altering the labor choice ap-
pears to be a good solution, it leaves several problems un-
resolved. 

Recently, a different extension of the Kydland-Prescott 
model has been proposed by Chang (1992), Braun (1994), 
McGrattan (1994a), and others. These researchers note 
that the standard Kydland-Prescott model ignores fiscal 
shocks, which are an important source of aggregate fluctu-
ations. They therefore add fiscal shocks (such as changes 
in tax rates and government consumption) to the standard 
model to see if the model can then better mimic the vari-

*The author thanks Rao Aiyagari, Toni Braun, Bob King, Kathy Mack, Art Rol-
nick, Dave Runkle, Martie Starr, and Chuck Whiteman for comments on earlier drafts. 
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ability in consumption, hours worked, and productivity as 
well as the observed near-zero correlation between pro-
ductivity and hours worked. It can. Why? Because house-
holds alter their investment and labor decisions in re-
sponse to changes in tax rates: they substitute between 
taxable and nontaxable activities and thereby affect the 
variability of consumption, hours worked, investment, and 
output. 

Here, I begin with an examination of the U.S. data pat-
terns. Then, after describing a version of the standard 
Kydland-Prescott model, an extension by Hansen, and an 
extension by Braun (1994) and others, I compare the pre-
dictions of all three to the data. 

Patterns in the Data 
Since the goal of business cycle studies is to account for 
fluctuations in the aggregate data, examining these data 
for the United States before trying to construct models to 
explain them seems logical. In this section, I describe the 
general patterns of gross national product (GNP), its com-
ponents, and hours worked; then I present several specific 
series of the tax rates on labor and capital and government 
consumption. 

Gross National Product and Its Components . . . 
I plot quarterly GNP in constant 1982 dollars for the post-
World War II sample in Chart 1. Along with GNP, I plot 
a trend that captures the low frequencies of this series. 
Since business cycle theories are being used to explain the 
higher frequencies, many researchers focus their attention 
on the difference between the actual and trend series. For 
GNP, the maximum deviation is around 6 percent. The 
sample begins with the post-World War II recession, fol-
lowed by an increase in output due to the Korean War. 
Other large deviations occur at the end of the sample dur-
ing the time of the oil crises and during the Reagan years. 

Chart 2 presents the ratios of the major components of 
GNP (private and government consumption and invest-
ment) to GNP itself. The levels of and variations in the 
components of GNP should be comparable to the data an-
alogues. In this chart, private consumption is the ratio of 
consumer nondurables plus services to GNP, investment 
is the ratio of fixed investment plus consumer durables to 
GNP, and government consumption is the ratio of govern-
ment purchases to GNP. For the postwar sample, private 
consumption averages 54 percent of GNP, investment av-
erages 23 percent of GNP, and government consumption 
averages 22 percent of GNP. The remaining 1 percent is 
attributable to net exports and inventories. Regarding the 

Charts 1 - 3 
U.S. GNP and Its Components 
Quarterly, 1947:1-1987:4 
Chart 1 Per Capita GNP in Logarithms 

In Constant 1982 Dollars 

Chart 2 Ratios of GNP Components to Total GNP 
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cyclical behavior of these series, note that private con-
sumption is less volatile than investment and that the ratio 
of government consumption to GNP varies considerably 
over the sample. The most striking periods are the war 
years. Around 1950, government consumption greatly in-
creased because of the Korean War, and in the late 1960s 
and early 1970s, it increased because of the Vietnam War. 

In Chart 3, I plot deviations from trend of GNP and 
total hours worked (both in logarithms). Notice that the 
percentage deviation for the two is similar in magnitude. 
Notice also that the two are positively correlated. If the 
same plot is made for capital stock, another factor of pro-
duction, the deviations are much smaller relative to output. 

. . . And Fiscal Variables 
Models with fiscal variables also consider tax rates and 
government consumption. In Chart 4, I plot measures of 
the effective marginal tax rates on labor and capital in-
come. The tax series are constructed using Joines' (1981) 
definition. He uses data on income reported in the Statis-
tics of Income (IRS, various years) to determine the pro-
portion of income that is attributable to capital and the 
proportion that is attributable to labor. He then computes 
estimates of effective marginal tax rates on these factor in-
comes. (See Joines 1981 for details and McGrattan 1994a, 
Appendix A, for the estimates used in these plots.) 

Other researchers have constructed different measures 
for tax rates. For example, Barro and Sakahasul (1986) re-
port estimates of the average marginal tax rates from the 
U.S. federal individual income tax returns for 1947-83. 
Their estimates are averages of tax rates listed in the in-
come tax schedule, and their series has the same cyclical 
pattern as the series in Chart 4, but it has a higher mean 
and a higher growth rate over the sample. Seater (1985) 
uses a definition that is similar to Joines' (1981) to obtain 
a measure of the effective marginal tax rate on income due 
to federal taxes. Again, its cyclical pattern is the same as 
that of the series in Chart 4, but it has a lower mean. For 
the tax on capital, Judd (1992) computes a rate that has 
very different properties than the rate computed by Joines' 
definition. (See Chart 4.) In Judd's case, the tax rate is ap-
proximately white noise, which is a sequence of uncorre-
lated random variables. I argue later in the paper (and in 
Appendix A) that the choice of process for the rate has 
important implications for the effect of capital taxes on 
aggregate fluctuations. If the tax rate on capital is white 
noise, then the variation in output and employment due to 
capital taxes is zero. 

In Chart 5,1 plot quarterly government consumption in 

Charts 4 -5 
U.S. Tax Rates and Government Consumption 
Quarterly, 1947:1-1987:4 
Chart 4 Effective Marginal Tax Rates on Labor and Capital 

Chart 5 Per Capita Government Consumption In Logarithms 
In Constant 1982 Dollars 

constant 1982 dollars and its trend for the post-World 
War II period. This plot shows that movements in the ra-
tio of government consumption to GNP (in Chart 2) are 
not due solely to movements in GNP. As in the case of 
the tax rates of Chart 4, government consumption fluctu-
ates significantly and the series is highly serially correlat-
ed. Also, the effects of shocks to government consumption 
depend crucially on how persistent the changes are. 

The Standard Model's Predictions . . . 
As is common in most modern business cycle studies, I 
begin with Kydland and Prescott's 1982 model. In this 
section, I describe a variant of that standard model (similar 
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to the one described in Prescott 1986) to illustrate what 
the model can and cannot do well. 

The model economy is populated by a large number of 
identical households that make consumption, investment, 
and labor decisions over time. Each household's objective 
is to choose sequences of consumption, {c,)7=o> a n d hours 
of leisure, {/,}7=o> that maximize expected discounted util-
ity: 

(i) 

where x0 denotes the initial conditions that the household 
takes as given when forming expectations and (3 (such that 
0 < P < 1) is the subjective discount factor. 

The households maximize utility subject to several con-
straints. The first is their budget constraint, 

(2) ct + it < rtkt + wtnt 

which states that expenditures in time period t on private 
consumption goods, cr and investment goods, /,, cannot 
exceed the household's income. Households have two 
sources of income. One is the income from renting capital 
to firms. By period t, the capital stock that has accumulat-
ed is kt; the rental income is rtkr The other source of in-
come is wage income. Households allocate one unit of 
time between leisure or work. The fraction of that one unit 
of time spent on leisure activities is lt and the fraction 
spent on work is nr If the household earns wt per unit of 
time worked in t, then wtnt is its wage income. 

A second constraint for the household is the following 
capital accumulation equation. I assume that capital in the 
next period is equal to new investment plus what remains 
after depreciation: 

(3) kt+l = (1-5)*, + it 

where 8 is the rate of depreciation. The initial capital 
stock, k0, is assumed to be known to the households. That 
is, k0 is one element of the vector x0 in equation (1). 

In this model, households behave competitively and 
take prices of inputs as given. Therefore, in terms of their 
budget constraint in period t in (2), households take the 
prices, rt and wt, as given. These variables, which are in-
dexed by t, are assumed to be known to the household 
prior to making decisions in period t. To make their opti-
mization problem well posed, I assume that when house-
holds form expectations, they know the relationship be-

tween the economy's state and the prices. To derive this 
relationship, I next describe the firms. 

Here, firms operate in competitive markets and there-
fore take prices as given when solving their own con-
strained maximization problem. Each firm's objective in 
period t is to maximize profits (where some given produc-
tion technology is assumed); that is, 

(4) maxK ^ , - rtKj -

subject to 

(5) yt = \f(K,,r|,) 

where Kt is the per capita capital stock and r\t is the per 
capita number of hours worked in period t. The firm sells 
yt goods, where the price per unit is equal to one. The cost 
of the capital and labor inputs is equal to rtk, + wtr\t, 
where rt and wt are taken as given by the firm. Output of 
the firm depends not only on capital and labor inputs but 
also on the level of technology For example, new in-
ventions or discoveries would lead to higher levels of 
technology. The firm optimally chooses capital and labor 
so that marginal products are equal to the price per unit of 
input; that is, 

( 6 ) rt = \ [ d f ( k , , t i , ) / 9 k J 

( 7 ) wt = \ [ d f ( K , , t i , ) / 3 T I , ] . 

Given the expressions for the rental and wage rates in 
(6) and (7), I can define the state of the economy as (k,, 
Xt). Note that I have not included per capita hours worked 
in this list of state variables for a simple reason. If prices 
are functions of K, and then the decisions of an indi-
vidual household are functions of k;, and its own capi-
tal stock, kr Thus the number of hours that the household 
works is given by some function, nt = n(krKtX{)- Assum-
ing that households are identical implies that kt = Kt and 
that r\t can be written as a function of Kr and that is, r\t 

= r^K,,^,) = niK^KfXt). Substituting the per capita hours 
worked function into the marginal conditions for the firm 
implies that factor prices can be written as functions of xt 

and That is, prices can be written as functions of the 
proposed state vector. 

To complete the description of the household's prob-
lem, I must specify a process for technology, which is the 
only source of fluctuations in the standard model. I as-
sume that the process for technology is a first-order auto-
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regressive process, 

(8) Xt+l = (1-pjX + px\ + eKt+l 

where - 1 < p^ < 1 and EX t is a serially uncorrelated vari-
able drawn from a normal distribution with mean 0 and 
variance 

The decision making of the household can now be sum-
marized by a well-posed constrained optimization prob-
lem. This problem can be stated as follows: Choose ct = 
ciKfXt), it = /(K,,^), and nt = n ( t h a t maximize (1), 
with x0 = (Aq^Kq), subject to the following constraints: 

(9) ct + it < rtkt + wtnt 

(10) l t = l ~ n t 

(11) k = 

(12) t i ^ T K K , ^ ) 

and subject to the capital accumulation equation in (3), the 
price functions in (6) and (7), the law of motion for the 
exogenous state in (8), the law of motion for per capita 
capital stock h (which is assumed to be known), and the 
function that relates the states and the per capita hours 
worked r\ (which is also assumed to be known). 

An equilibrium for this economy is a set of decision 
functions for the household, c ( k t , i ( k t ,Kt and 
n(kt,k,,A,,); a set of decision functions for the firm, K(Kr ,Xt), 
r^K,,^), and pricing functions, r(x; and 
w ( k , ,A,f); and a law of motion for per capita capital stock, 
K,+1 = h(Kt such that the following hold true: 

• The household's decision functions are optimal given 
the pricing functions and the law of motion for per 
capita capital stock. 

• The firm's decision functions are optimal given the 
pricing functions; that is, they satisfy (6) and (7). 

• Markets clear for labor, capital, and goods; that is, 

(13) /KK^K^^TICK,,^) 

(14) Kt=K(KtfXt) 

(15) c(K,,K,,?g + i(Kt,Kt,\) = y(Kt,\\ 

• Expectations are rational; that is, 

(16) h(K th) = (l-8)Kt + i{Kt,Ktb). 

One of Kydland and Prescott's (1982) objectives was 
to quantify the responses of output, consumption, invest-
ment, and hours worked to technology shocks. To mimic 
their calculations, I must choose functional forms for util-
ity, u{ •), and production, /(•) , to parameterize the model 
and to compute the equilibrium decision functions of the 
household. Kydland and Prescott (1982) describe a meth-
od that can be used to approximate the decision functions. 
Their approximation yields a linear relationship between 
each decision variable and the capital stock and technol-
ogy shock. Here, I use their method of approximation.2 

For utility and production, I choose 

(17) u(c,l) = log(c) + ^og(/) 

(18) f(k,n) = kQnl~e. 

Therefore, the parameters of the model are the parameters 
for the technology shock, the discount factor, (3, 
the depreciation rate, 8, the weight on leisure in utility, y, 
and capital's share of income, 0. Since the mean of the 
technology shock only affects the scale of output, con-
sumption, investment, and the capital stock, I set X = 1. 
To obtain the coefficient on technology, px, in (8), I con-
struct a least-squares estimate by regressing \ on its 
lagged value. The time series for the technology shock is 
taken to be \ = yt/(kd

tn)~e). Since the trend in technology 
is positive, the trend must be removed. This is done by re-
gressing the logarithm of the technology shock [log(?i,)] 
on a constant and a time trend and subtracting the esti-
mated trend. For the variance of e t, I use the variance 
from the data, namely, o x = 0.0096. (I match correlations 
of the model series with those in the data after logging 
and detrending both, using the detrending method from 
Prescott 1986.) I set the discount factor, (3, equal to 0.99. 
A value of 0.99 implies an average annual interest rate of 
4 percent. To get an estimate of the depreciation rate, 8, 
I project it - (kt+l-kt) on kr The least-squares estimate is 
0.023. I choose the capital's share of income, 0, and the 
weight on leisure in utility, 7, so that the sample means of 
the data and the model are equated.3 The data that I use 

1 In McGrattan 1994a, I explicitly account for growth in the time series of the mod-
el and data. Here, I am implicitly assuming that the model time series are fluctuations 
around some growth trend. Therefore, I assume - 1 < px < 1. 

2See McGrattan 1994a and 1994b for more details on the numerical methods for 
computing equilibria in the models of this article. 

3 In McGrattan 1994a, I describe how to compute maximum likelihood estimates 
for a similar model. In that case, all first and second moments of the data are used 

6 



El len R. M c G r a t t a n 
B u s i n e s s Cyc le M o d e l s 

to determine 0 and y are the capital/output ratio and hours 
worked as a fraction of total hours available. I also use the 
estimates for (3 and 8. For output, I use the sum of private 
consumption and investment, since this model assumes 
that output does not include government consumption. 
The average level of the capital/output ratio over the sam-
ple 1947-87 is 10.70. If I use Hill's (1985) estimate of 
1,134 hours per quarter of discretionary time, then the av-
erage fraction of work time over the sample is 0.266. 
From these estimates, I calculate a value of 0.355 for 9, 
which is approximately equal to [1 - (3(l-5)]/(3 times the 
capital/output ratio. The estimate of y is (l-9)( 1/^-1) -f 
(1 -5k/y), which is equal to 2.36, where n is the fraction of 
work time and k/y is the capital/output ratio. 

Now that I have a specification for the utility and pro-
duction functions and parameters, the model can be simu-
lated. I begin by generating a realization for the stochastic 
process {8^} of length T. With the sequence (EX t, t = 1,2, 
...,7), I can generate a sequence of technology shocks, 
given some initial value A,0. The sequence of technology 
shocks, along with an initial condition for the capital 
stock, can then be used in conjunction with the decision 
functions to generate sequences for k(, cr it, nt, and yr 

In Table 1,1 report the results from simulating the stan-
dard model. If statistics for U.S. data (in the first column) 
are compared to statistics for the standard model (in the 
second column), these numbers suggest that the standard 
model can account for the observed variability in output, 
investment, and capital stock. For example, the standard 
deviation of output is 1.81 in the data and 1.83, on aver-
age, for the simulated time series. The main failures of the 
model are its inability to generate the observed variability 
in consumption, hours worked, and productivity and its 
inability to generate a near-zero correlation between hours 
worked and productivity. The standard deviation of con-
sumption is only 0.67 percent for the standard model; it is 
0.91 percent for the data. For hours worked, the model 
only captures 60 percent of the observed variability: the 
model predicts a standard deviation of 0.89 percent while 
the data shows a deviation of 1.52 percent. As a result, 
productivity (which is defined as output per hour of work) 
varies too little in the simulations. 

. . . Improve Slightly With Indivisible L a b o r . . . 
Hansen (1985) notes the failures of the Kydland-Prescott 
model to explain key labor statistics and suggests that they 
may be due to the way the labor choice is modeled. Be-
cause the standard model fails to capture certain key fea-

Table 1 

U.S. Data vs. The Standard Kydland-Prescott Model 
and Hansen's Extension 

Model 
U.S. Data* 

Statistic 1947:1-1987:4 Standard! Hansen** 

Standard Deviation of 
Output 1.81 1.83 (.20) 2.27 (.24) 
Consumption .91 .67 (.09) .77 (.10) 
Investment 5.11 5.69 (.72) 7.33 (.96) 
Capital Stock .45 .45 (.08) .57 (.11) 
Hours Worked 1.52 .89 (.09) 1.57 (.16) 
Productivity 1.32 •97 (.11) .78 (.10) 

Correlation Between Hours 
Worked and Productivity -.195 .94 (.01) .84 (.03) 

*The data sources are listed in Appendix B. The series are logged and detrended. 
tThe standard deviations are sample means of statistics computed for each of 100 simulations. Standard 

deviations are reported in parentheses. Parameters used for the simulation are 6 = 0.355, y = 2.36, k = 
1, px = 0.974, ax = 0.0096, p = 0.99, and 5 = 0.023. Each simulation consists of 164 periods. Before 
the standard deviations were computed, the simulated time series were logged and detrended using the 
same procedure used for the U.S. data. See Prescott 1986 for details about the detrending procedure. 

"Parameters used for this simulation are the same as in the standard model, except that y = 3.18. 

tures of the U.S. labor market series, Hansen (1985) con-
siders the following extension. He assumes that house-
holds can work a fixed number of hours, N, or none at all. 
In the aggregate, his model predicts that a certain fraction 
of the workforce is employed for N hours per period and 
a certain fraction is unemployed. As I show later, this as-
sumption implies a greater elasticity of labor than that of 
the standard model. 

To avoid problems with nonconvexities, Hansen (1985) 
redefines the household's choice set in terms of lotteries, 
following Rogerson (1988). A lottery is the probability 
of working, and a contract between households and firms 
is the probability of working N hours and not the number 
of hours worked. Suppose that the utility function defined 
over consumption and leisure takes a logarithmic form; 
for example, u(c,l) = log(c) + Alog(/) for A > 0. Then 
the expected utility in period t is given by log(c,) + 

when identifying the parameters. I also show that the contribution of technology shocks 
to fluctuations in output is close to 40 percent for U.S. data, which is significantly 
smaller than Prescott's (1986) estimate of 75 percent. 
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Alog(l-A0ocr where at is the probability in period t of 
working N hours. In the aggregate, at of the households 
work N hours and 1 - at work 0 hours. Thus the per cap-
ita hours worked is given by nt = Nar The optimization 
problem can therefore be specified, as in the previous sec-
tion, with 

(19) u(c,l) = log(c) + y/ 

where y = \og(l-N)/N. Compare (19) with (17). Because 
leisure enters linearly in (19), there will be more substitu-
tion between leisure at different dates in Hansen's model. 
With greater substitution, the model should predict higher 
variability in leisure and hours worked. 

In the third column of Table 1, I report the results of 
simulating the Hansen model with the utility function de-
fined in (19) [rather than (17)]. The parameters used in 
simulating this model remain the same as in the previous 
section, with one exception. The weight on leisure, y, in 
(19) must be set equal to 3.18 in order to match the capi-
tal/output ratio and the fraction of work time for the data 
and the model. Because labor supply is more elastic, the 
variability of the indivisible-labor model is greater than 
that of the divisible-labor model (that is, the standard 
model). Note, in particular, that the number of hours 
worked in Hansen's model has a standard deviation of 
1.57, which is almost twice that of the standard model. 
But Hansen's more accurate approximation of hours 
worked comes at the expense of his figures for output and 
investment, which are too variable. In Hansen's model, 
the standard deviation for output is 2.27 percent, which is 
25 percent higher than that of the data; the standard devia-
tion for investment is 7.33 percent in Hansen's model, 
which is 43 percent higher than that of the data. 

Hansen's model also does not significantly improve the 
predictions for the variability of consumption and produc-
tivity. The standard deviation of consumption is only 0.77 
percent, which is significantly lower than the deviation of 
0.91 percent observed in the data. And the standard devi-
ation of productivity is only 0.78 percent, which is signifi-
cantly lower than the deviation of 1.32 percent observed 
in the data and the deviation of 0.97 percent predicted by 
the standard model. 

Finally, Hansen's model does not predict the near-zero 
correlation between hours worked and productivity. As in 
the standard model, his prediction of 0.84 is too high. This 
result is affected by technology shocks, which only shift 
the labor demand schedule. If the labor supply schedule is 

fixed, then movements in the labor demand schedule gen-
erate a positive correlation between hours worked and real 
wages, which is equal to productivity. 

. . . And Significantly With Fiscal Shocks 
While the Hansen extension better matches the variability 
in hours worked found in U.S. data, it fails to substantive-
ly improve the standard Kydland-Prescott model. Chang 
(1992), Braun (1994), and McGrattan (1994a) are among 
the researchers who have noted that most of the failures 
of the standard model can be reconciled once fiscal shocks 
are included in the model. These researchers show that fis-
cal shocks can better mimic the observed patterns of ag-
gregate fluctuations such as the variability in consumption, 
hours worked, and productivity and the near-zero correla-
tion between hours worked and productivity. They also 
show that households significantly alter their investment 
and labor decisions in response to changes in tax rates. 
Households substitute between taxable activities and non-
taxable activities and, in doing so, affect the variability of 
output, consumption, investment, hours worked, and pro-
ductivity. Changes in government consumption can also 
affect the volatility of these variables since an increase in 
government consumption must be financed by taxes, and 
taxes induce changes in investment and employment. Fur-
thermore, changes in fiscal variables lead to changes in 
households' labor supply, and these changes offset tech-
nologically induced changes in firms' labor demand. Thus 
the correlation between hours worked and productivity is 
not as high as the standard model predicts.4 

Consider the following changes to the models discussed 
in the previous two sections. Assume that preferences can 
depend on government consumption: 

(20) 

where 0 < P < 1. The weight of government consumption 
in utility, 7t, depends on the relative value of private con-
sumption, ct, and public consumption, gr If n = 1, then 
private and public consumption goods are perfect substi-
tutes. Households would react to a one-unit increase in gt 

by lowering ct one unit. If K = 0, then public consumption 
does not affect the utility of the households. In addition to 
changing preferences, we need a new specification for the 
budget constraint that allows for tax payments and gov-

4As in footnote 1,1 assume that the eigenvalues of pv are inside the unit circle. 
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ernment transfers; that is, 

(21) ct + it < rtkt + wtnt + ^ - it(rt-b)kt - (ptwtnt 

where xt is the tax rate on capital income earned in period 
t, cp, is the tax rate on labor income earned in period t, 
and is a transfer payment made by the government in 
period t. 

The government is assumed to finance expenditures 
with taxes on capital and labor. If revenues exceed expen-
ditures, households receive the surplus as transfers; that is, 

t > 0. If revenues from taxes on capital and labor fall 
short of expenditures, then households pay a lump-sum 
tax in the period of the positive deficit. The tax is essen-
tially a negative transfer. Thus per capita government 
transfers in period t are given by 

(22) = Tt{r , - 8 ) k , + (f),w,r|, - gr 

As in the case of prices, the government transfers can be 
written as a function of per capita capital stock and hours 
worked. In addition, the transfers depend on the tax rates, 
government consumption, and (via prices) the technology 
shock. 

Since fiscal variables are now included in the model, 
the state of the economy is given by (k^v,), where vt = 
(\,gt,xr(pt). Again, I have not included per capita hours 
worked in this list of state variables. In the standard model 
section, I had to specify a process for the technology 
shock. Here, I must specify a process for technology, gov-
ernment consumption, and the tax rates on capital and 
labor, which are the four sources of fluctuations in this 
economy. I assume that the process governing the exoge-
nous state vector, v, = [ \ , g t , i s a first-order autore-
gressive process, 

(23) v,+1 = ( / - p v ) v + p vv, + £,+1 

where £, is drawn from a normal distribution with mean 
0 and variance £ [that is, £, ~ N(0,E)] and is serially 
uncorrected. (See Appendix B.) 

The decision making of the household can now be 
summarized by another well-posed constrained optimiza-
tion problem (similar to the problem posed in the standard 
model section). This problem can be stated as follows: 
Choose ct = c(Kfyt), it = / ( k , , v , ) , and nt = n(Ktyt) that 
maximize (20), with x0 = (£0Ao>go>To>cPo>Ko)> subject to 
the following constraints: 

(24) ct + it < (1 -it)rtkt + (1-cp)wtnt + Xtdkt 

+ Tt(r ' - 8 ) k , + <ptwtK]t - gt 

(25) l = \-nt 

( 2 6 ) k , + 1 = h ^ y , ) 

(27) vt = (\,gt,xt, <pf) 

( 2 8 ) t i , = TKK,,V,) 

and subject to the capital accumulation equation in (3), the 
price functions in (6) and (7), the law of motion for the 
exogenous states in (23), the law of motion for per capita 
capital stock h (which is assumed to be known), and the 
function that relates the states and the per capita hours 
worked r| (which is also assumed to be known). 

An equilibrium for this economy is a set of decision 
functions for the household, c(kt,K,,v,), i(krK(yf), and 
az(£, ,k , ,v , ) ; a set of decision functions for the firm, k ( k , ,vf), 
tKk^v,), and ;y(K,,v,); pricing functions, r(Kr,v/) and 
w ( k , , v , ) ; a law of motion for per capita capital stock, k / + 1 

= h(Ktyt); and the government transfer function, ^(k 
such that the following hold true: 

• The household's decision functions are optimal given 
the pricing functions, the law of motion for per capita 
capital stock, and the government transfer function. 

• The firm's decision functions are optimal given the 
pricing functions; that is, they satisfy (6) and (7). 

• The government satisfies its budget constraint each 
period; that is, it satisfies (22). 

• Markets clear for labor, capital, and goods; that is, 

( 2 9 ) = r | ( K , , v , ) 

(30) K, = K(K,,V,) 

(31) c(K,,K,,V,) + /(K,,K,,V,) +g t = yiK.y). 

• Expectations are rational; that is, 

(32) /*(k,,V,) = ( 1 - 5 ) K , + I ( K ^ , V , ) . 

When tax rates and government consumption are set equal 
to zero in all periods, the equilibrium is that defined in the 
standard model section. 

In Appendix A, I discuss the optimal labor and invest-
ment decision functions that are derived analytically for 
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the model with utility given by (19).51 show that the rela-
tive importance of fiscal variables for cyclical variation 
depends crucially on certain parameters. For example, the 
effect of government consumption depends on how substi-
tutable public and private consumption are. If they are 
perfect substitutes, then changes in government consump-
tion have no effect at all. The effect of government con-
sumption also depends on how serially correlated it is. 
The response of investment to government consumption 
could be negligible, even if it is highly persistent. The ef-
fect of the capital tax also depends on my assumption 
about serial correlation. If changes in the tax rate are as-
sumed to be temporary, as Judd (1992) argues, then the 
tax rate on capital has no effect on investment or labor 
and hence on fluctuations. But if high rates today are like-
ly to be followed by high rates tomorrow, then investment 
and hours both fall in response to the increased tax rate. 
Later, I report simulation results for several parameteriza-
tions of the model. However, the formulas reported in 
Appendix A can be used to determine the predictions of 
the model for any parameterization. 

To obtain parameters for the simulation, I follow the 
procedure outlined in the standard model section. The 
main differences, in this case, are the definition of output 
and the inclusion of n. Output now includes government 
consumption. I set n = 0 because McGrattan's (1994a) es-
timate for k is insignificantly different from zero. The av-
erage level of the capital/output ratio over the sample 
1947-87 is 8.3 when government consumption is includ-
ed. Thus, to equate the capital/output ratio and the fraction 
of work time for the model and the data, I set 0 = 0.359 
and y = 2.33 for the utility function of (17) or y = 3.22 for 
the utility function of (19). 

To obtain the parameters of the technology and fiscal 
shock equations in (23), I start by assuming that pv is di-
agonal. Let pg, pT, and be the diagonal elements. 
For each diagonal element, I construct a least-squares esti-
mate by regressing gt, Tt, or <p, on its lagged value. 
The series for the technology shock is again taken to be 
Xt = yt/(ke

tn)~e), where yt includes government consump-
tion. Since the exogenous states have time trends, these 
trends must be removed. This is done by regressing each 
of the four exogenous states (in logarithms) on a constant 
and a time trend and subtracting the estimated trend. The 
constant vector in equation (17), [v = (X,g ,t,cp)'], is chosen 
so that X = l , g / y = 0.225, t = 0.5, and cp = 0.23. For the 
elements of the covariance matrix, I use variances and 
covariances from the data. (Again, I match correlations of 

the model series with those in the data after logging and 
detrending both, using the method of detrending from 
Prescott 1986.) The parameter estimates appear in the foot-
note of Table 2. 

The results from simulating the model with variable tax 
rates and government consumption are presented in Table 
2. Compare the first column of statistics for U.S. data with 
the second column of statistics for the divisible-labor 
model with utility function defined by (17). Recall that the 
main failures of the standard model are its inability to 
generate the observed variability in consumption, hours 
worked, and productivity and its inability to generate a 
near-zero correlation between hours worked and pro-
ductivity. With fiscal shocks included, the model is in 
much better agreement with the data; consumption, hours 
worked, and productivity are more variable. The standard 
deviation for consumption is 0.98 percent, which is close 
to that observed in the data (0.91). The standard deviation 
of hours worked is 1.31, which is significantly higher than 
that predicted by the standard model (0.89). Even if I take 
into account the standard deviations of the simulated se-
ries, I find a significant improvement. 

The third column of Table 2 has statistics for the indi-
visible-labor model with utility defined by (19). Note that 
a larger elasticity of labor supply and variable labor tax 
rates imply that the standard deviation of hours worked is 
2.03, which is significantly higher than that of the data. 
Similarly, the output and investment are too variable in 
this case. 

In Table 3, I report statistics for the model with con-
stant tax rates and government consumption. In this case, 
I set pv = 0 and E = 0. An earlier comparison of statistics 
for the United States and the standard model (in Table 1) 
revealed that the variability of consumption, hours worked, 
and productivity is too low in the standard model. But the 
variability of hours worked is even lower if the fiscal 
variables (tax rates and government consumption) are set 
equal to their sample means, because the response of in-
vestment and labor to technology shocks depends on the 
level of the fiscal variables. For example, the higher the 
tax rate on labor, the smaller the incentive to increase 
hours worked in response to a positive technology shock. 
If I hold the fiscal variables constant in the indivisible-
labor model, I get a similar result. The higher the fiscal 
variables, the smaller the response of output, investment, 

5 A similar set of equations can be derived for the specification of (17). They are 
more complicated and yield similar results to those derived here. 
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Tables 2-3 
U.S. Data vs. More Extensions of the Standard Kydland-Prescott Model 

Table 2 
Models With Variable Tax Rates 
and Government Consumption 

Model 

U.S. Data* Divisible Indivisible 
Statistic 1947:1-1987:4 Laborf Labor** 

Standard Deviation of 
Output 1.81 1.83 (.21) 2.23 (.26) 
Consumption .91 .98 (.12) 1.03 (.13) 
Investment 5.11 5.53 (.77) 7.24(1.10) 
Capital Stock .45 .44 (.09) .57 (.12) 
Hours Worked 1.52 1.31 (.15) 2.03 (.23) 
Productivity 1.32 1.11 (.13) 1.10 (.14) 

Correlation Between Hours 
Worked and Productivity - .195 .14 (.13) - .08 (.12) 

The data sources are listed in Appendix B. The series are logged and detrended. 
tSee the second footnote in Table _1 for a description of the simulation. Parameters used for this sim-

ulation are 9 = 0.359, y = 2.33, X = 1, g = 0.195, t = 0.5, ^ = 0.23, p x = 0.974, p = 0.969, 
p t = 0.976, p „ = 0.970, a , , = 0.0096, a 2 1 = 0.0033, c 2 2 = 0.0061, a 3 1 = 0.0012, a 3 2 = 0.0003, 
c 3 3 = 0.0108, c 4 1 = 0.0005, a 4 2 = 0.0018, a 4 3 = 0.0035, a 4 4 = 0.0034, p = 0.99, and 5 = 0.023. 
Note that I = B-B' and CT; / is the /,/th element of B. 

"Parameters used for this simulation are the same as in the divisible-labor model, except that y = 3.22. 

and hours worked to technology shocks. These results 
suggest that adding constant fiscal variables will generate 
worse agreement with U.S. data than the standard model. 

In summary, what I find is that the model with divisi-
ble labor [that is, utility defined by (17)] and variable tax 
rates and government consumption does a better job than 
the standard model or Hansen's (1985) indivisible-labor 
model in accounting for fluctuations in output and em-
ployment. Furthermore, by adding constant tax rates and 
government consumption to the standard model, I show 
that the contribution of technology shocks to fluctuations 
in output and employment is significantly less than pre-
dicted by Kydland and Prescott (1982). 

Conclusion 
The two extensions of the standard Kydland-Prescott 
(1982) business cycle model explored here make different 

Table 3 
Models With Constant Tax Rates 
and Government Consumption 

Model 

U.S. Data* Divisible Indivisible 
Statistic 1947:1-1987:4 Laborf Labor** 

Standard Deviation of 
Output 1.81 1.49 (.16) 1.65(.18) 
Consumption .91 1.01 (.11) 1.05(.12) 
Investment 5.11 4.86 (.64) 5.65(.76) 
Capital Stock .45 .39 (.07) .45(.08) 
Hours Worked 1.52 .37 (.04) .63(.07) 
Productivity 1.32 1.14 (.13) 1.06(.12) 

Correlation Between Hours 
Worked and Productivity - .195 .93 (.02) .91 (.02) 

*The data sources are listed in Appendix B. The series are logged and detrended. 
tSee the second footnote in Table 1 for a description of the simulation. Parameters used for this sim-

ulation are the same as those in the second footnote of Table 2, except that = pT = p^ = 0 and a,y = 
0 for (ij) * (1,1). 

"Parameters used for this simulation are the same as in the divisible-labor model, except that y = 3.22. 

assumptions. And their results vaiy in how much they 
move business cycle research toward the goal of produc-
ing a model that reliably mimics the cyclical patterns in 
U.S. data. In the first extension, Hansen (1985) assumes 
that some fraction of the population works and some frac-
tion does not. The result is that although his model cap-
tures the response of labor to technology shocks, it fails to 
capture the observed variability in consumption and the 
near-zero correlation between hours worked and produc-
tivity. In the second extension, I assume that agents substi-
tute between taxable and nontaxable activities in response 
to fiscal shocks. The result is a model that can account for 
most of the observed variability in consumption and hours 
worked. Adding fiscal shocks to the standard Kydland-
Prescott model significantly improves its ability to mimic 
the fluctuations of U.S. aggregate data. 
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Appendix A 
Labor and Investment Decision Functions 

This appendix describes the optimal investment and labor deci-
sion functions for one of the model economies in the preceding 
paper. [See the section in the preceding paper on the model with 
fiscal shocks and the utility function given in (19).] This econ-
omy has four sources of fluctuations. Technology shocks, which 
are the sole source of fluctuations in the standard model, are 
one source. Government consumption and two tax rates—one 
on capital and the other on labor—are the other three sources of 
fluctuations in this economy. 

The accompanying table displays the investment and labor 
decision functions for this model economy. To simplify the 
analysis, I assume that pv of (23) in the preceding paper is diag-
onal with diagonal elements equal to p^, p r pT, and p9. Note 
that the approximate decision functions for investment and labor 
are linear. The tilde (~) over the variable implies that it is nor-
malized by its mean; that is, kt = kjk.x The normalization of the 
state and decision variables by their mean allows for a simple 
interpretation of the coefficients. The coefficients measure the 
percentage change in investment or labor in response to a one 
percent change in one of the state variables. For example, if the 
government consumption is one percent above its average level 
and the capital stock, k, the technology shock, X, the capital tax 
rate, x, and the labor tax rate, cp, are equal to their average lev-
els, that is, kt = k, \ = X, xr = x, and (p, = cp, then hours worked 
will have increased by b5 percent. 

The coefficients in the investment and labor decision rules 
of the table are functions of the underlying parameters of prefer-
ences (p,y,7c), technology ( 6 , 5 , a n d government policy 
(g,x,(p,p?,px,p(p). From these parameters, I can construct the 
average rate of return on capital, r, the average level of the 
capital stock, k, the average hours worked, n, and the average 
level of output, y. To simplify the formulas, I also include inter-
mediate parameters ((), \|/, and 

Households' response to a technology shock, the first source 
of fluctuations in the model, changes when other shocks are in-
cluded. That is, the signs and relative magnitudes of the coeffi-
cients affect the estimates of the contribution of the technology 
shock and of fiscal variables to aggregate fluctuations. For ex-
ample, the magnitudes of the coefficients on the technology 
shock, X, are quite different for the models with and without 
fiscal shocks. If I use the parameterization of Table 1 from the 
preceding paper, then a2 = 5.16 and b2 = 1.25. But if I use the 
parameterization of Table 2 from the preceding paper, then a2 

= 4.00 and b2 = 0.49. Thus, if tax rates and government con-

sumption are included, the model predicts a much smaller in-
crease in investment and hours worked to an increase in the 
technology shock. In effect, households are less willing to in-
crease investment and hours worked when these activities are 
being taxed. 

A second source of fluctuations is variation in government 
consumption. The coefficients a3 and b3 in the accompanying 
table can be used to determine the effects of a change in gov-
ernment consumption. A one percent change in government con-
sumption, with all other state variables fixed, leads to an a3 per-
cent increase in investment and a b3 percent increase in hours 
worked. Suppose, for example, that n is strictly less than one. 
In this case, whether the response of investment to an increase 
in government consumption is positive or negative depends on 
the sign of £ - p?. If I use the parameterization of Table 2 from 
the preceding paper, £ = 0.963, which is not much different 
from p̂ , = 0.969. Thus the response of investment to an increase 
in government consumption is small but positive. The response 
of hours worked to an increase in government consumption is 
also positive. If I use the parameterization of Table 2 from the 
preceding paper, I find b3 = 0.275. Thus a one percent increase 
in government consumption leads to a little more than a one-
fourth percent increase in hours worked. Note that if increases 
in government consumption were temporary (so pg = 0), then 
the model would predict a smaller response in hours worked 
and less variation in hours over the cycle. 

If n = 1, households do not adjust investment and hours 
worked in response to shocks to government consumption. This 
result can be easily explained by considering the household's 
utility function. If k = 1, then what matters to the household is 
the sum of private and public consumption. Thus households re-
spond to increases in gt with offsetting decreases in ct while 
leaving investment and hours worked unaffected. The more 
variation in gt, the more variation in cr In this case, government 
consumption affects investment and labor only indirectly. The 
average level of consumption, g, affects the responses of these 
decision variables to other shocks. 

A third source of fluctuations is variation in the tax rate on 
capital. The coefficients on the tax rate in the investment and 

11 use the terms mean and average and the overbar symbol (-) to denote the steady-
state value of variables for the nonstochastic version of the model. The steady states are 
solutions to the first-order conditions of the firm and household problems, if I assume 
that e, = 0 for all t. 
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Investment and Hours Worked Functions 

Investment Function: ft = a0 + axkt + a2Ht + a3gt + a4tt + a5(pt 

Hours Worked Function: nt = b0 + b]kt + b2Ht + b3gt + b4tt + b5(pt 

Coefficients and Their Corresponding Expressions 

a, = (£- l+8)/8 

a2 = £f{ 1 - px + p,Pr( l -x) [ l - 5k/y - (1-tt)^]}/[5e2(v|/-p^)] 

= -gr(C-pp(l-7c)/[j8e(\|/-pg)] 

= -TpT£r<|>( 1 -(3)/[8e2( 1 -T)(\|/-px)] 

a 5 = - [ ( p ( i - 0 ) / ( l - ( p ) ] ( ^ { i - P q ) + P ( p p r ( l - x ) [ l - 8k /y - ( l - 7 i ) ^ ] } / [ 8 0 2 ( v - P ( p ) ] ) 

bx = i -

b2 = + CPJI " P( l -8+8t) ] - ^ ( v - O J / t ^ y - p x ) ] 

b3 = g(\\r-Q(l-n)m(V-pg)] 

b4 = - t p ^ ( l - p ) / [ 0 ( l - t ) ( V - p T ) ] 

b5 = -{(p(l-0)/(l-cp)}{0(v|/-p tp) + Cp<p[l - P( 1-8+8?)] - e r k v - O l / t e ^ - p . p ) ] - cp/(l-cp) 

Intermediate Expressions 

k = e[(l-cp)(l-G)X,1/(1-e)(r/ere/(1-e) h- yg(l-7r)]/[y(r-5e>I 

n = ( r / W / ( ] - e ) k 

r = [1 - P(1-8+8T)]/[P(1-T)] 

y = W " e 

C = [i + pci-tMi-eve]-1 < I 

<|> = 1 - e + 0[1 - 8% - (l-n)g/y] > 0 

\|/ = y/k + 1 - 8 > 1 

labor decision functions are given by a4 and b4 in the accom-
panying table. These formulas imply that investment and hours 
worked decrease in response to an increase in the tax rate on 
capital. As in the case of government consumption, the effects 
of the capital tax rate depend on how persistent the changes are. 
If changes in the tax rate are temporary (so pT = 0), as Judd 
(1992) has argued, then the coefficients on the tax rate in both 
the investment and labor equations are zero. In that case, the tax 

on capital can significantly affect fluctuations only if the aver-
age level, ?, has a big effect on the other coefficients in the de-
cision functions. 

Suppose, instead, that changes in tax rates are not temporary 
(so pT > 0). If I use the parameterization of Table 2 from the 
preceding paper, then a4 = -0.880 and b4 = -0.215. As expect-
ed, tax rates on capital have a negative effect on both invest-
ment and hours worked. If the tax rate were 10.0 percent above 
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its average value (that is, at 0.55 rather than 0.50), then invest-
ment would be 8.8 percent below average and hours worked 
would be 2.2 percent below average. 

The effect of changing capital tax rates also depends cru-
cially on the discount factor, (3, which is a difficult parameter to 
estimate. If households are very patient and thus put close to 
equal weight on present and future consumption (so p is close 
to 1), then they respond very little to changes in the tax on cap-
ital. That is, they do not adjust their saving behavior in response 
to shocks in tax rates on capital. 

A fourth source of fluctuations in the model economy is 
variation in the tax rate on labor. Shocks to the labor tax rate 
cause fluctuations in investment and labor if the coefficients a5 

and b5 in the investment and labor decision functions are non-
zero. If I use the parameterization of Table 2 from the preceding 
paper, then these coefficients are a5 = -0.814 and b5 = -0.404. 
Thus a 10.0 percent increase in the labor tax rate has a similar 
effect on investment as a 10.0 percent increase in the capital tax 
rate. 

The response of hours worked, however, is much larger for 
an increase in the labor tax rate than an increase in the capital 
tax rate. One interesting feature of this model is that the formu-
las for the coefficients on the labor tax rate (a5,b5) are very sim-
ilar to the coefficients on the technology shock (a2,b2) when p^ 
= p9. Therefore, if technology shocks have a large impact on in-
vestment and hours worked, then labor tax rates must also have 
a large impact on these decisions. 
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Appendix B 
The Data Used in This Study 

The data used in the preceding paper are real aggregate data of 
the United States for the sample 1947:1-1987:4. All annual se-
ries (that is, capital and tax rates) are log-linearly interpolated to 
obtain quarterly observations. The final numbers were obtained 
by dividing the series listed by the population series given in the 
accompanying table. 

Data Definitions and Sources 

Variable Definition 

ct Personal consumption expenditures 
of nondurable goods and services 

it Private fixed investment plus personal 
consumption expenditures of durable goods 

gt Government purchases of goods 
and services 

Vt ct + it + gt 

nt Total man-hours employed per week 

kt Constant-dollar net stock of fixed private 
capital plus net stock of durable goods 

Population Civilian noninstitutional population, 
Measure 16 years and older 

Tf, cpt Effective marginal tax rates on labor 
and capital (annual) in Chart 4 

Source 

U.S. Department of Commerce or Citicorp's Citibase 
variables GCN82 and GCS82 

U.S. Department of Commerce or Citicorp's Citibase 
variables GIF82 and GCD82 

U.S. Department of Commerce or Citicorp's Citibase 
variable GGE82 

U.S. Department of Labor, household survey, 
or Citicorp's Citibase variable LHOURS 

Musgrave 1986, Tables 4 (row 1) and 20 (column 1), 
with updates in Musgrave 1987 and Survey of Current 
Business 1988 (Summary fixed reproducible tangible 
wealth series, 1925-87) 

U.S. Department of Labor or Citicorp's Citibase variable P16 

IRS and U.S. Department of Health and Human Services 
Rates are constructed using definitions of Joines 1981, series MTRK1 and 
MTRL1. The series that are plotted in Chart 4 are also given in Table A.1 of 
McGrattan 1994a. 
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