
D Qrwh rq Frqwlqxlw| ri H{shfwhg Xwlolw|

Nduvwhq Mhvnh
Xqlyhuvlw| ri Plqqhvrwd

dqg Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv

Dsulo 4<<<

Devwudfw

Wklv qrwh lv derxw suhihuhqfhv ryhu d vhw ri suredelolw| phdvxuhv
rq d frqwlqxrxv vhw1 Gheuhx ghulyhg frqglwlrqv xqghu zklfk suhihu0
hqfhv duh uhsuhvhqwdeoh e| dq h{shfwhg xwlolw| ixqfwlrq1 Rqh pljkw
dvn zkhq lv dq h{shfwhg xwlolw| ixqfwlrq frqwlqxrxv1 Hylghqwo|/ d
qhfhvvdu| frqglwlrq lv wkdw suhihuhqfhv ryhu ghjhqhudwh phdvxuhv duh
frqwlqxrxv1 Xqiruwxqdwho|/ wklv frqglwlrq lv qrw vx!flhqw/ dv d vlpsoh
h{dpsoh vkrzv1 Lq wklv qrwh zh ghulyh d voljkwo| vwurqjhu frqglwlrq
zklfk zloo hqvxuh h{shfwhg xwlolw| wr eh frqwlqxrxv1

Jlyhq=

� E7c n�n� d qruphg olqhdu vsdfh1

� EE7� Eruho vxevhwv ri 71
� � � 7

� f= vhw ri suredelolw| phdvxuhv rq EE7� zlwk vxssruw � �1

� { ' iBS G S 5 �j � f zkhuh BS sxwv phdvxuh � rq S 5 �1

Vxssrvh dq lqglylgxdo kdv uhjxodu suhihuhqfhv � ryhu wkh suredelolw|
phdvxuhv wkdw vdwlvi| wkh iroorzlqj dvvxpswlrqv iru doo %c %�c %2 5 f=

D4= %� ! %2 li dqg rqo| li k%�nE��k�% ! k%2nE��k�% iru doo k 5 Efc ��
dqg iru doo % 5 f1
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D5= Jlyhq %� ! % ! %2 wkhuh h{lvw kc q 5 Efc �� vxfk wkdw=

% ! k%� n E�� k�%2 a % " q%� n E�� q�%2

D6= iS 5 � G kBSnE��k�_� � q_2nE�� q�_�j 5 EE7� iru doo kc q 5 Efc ��
dqg doo _�c _2c _� 5 {1

Uhvxow e| Gheuhx Jlyhq D4/ D5/ D6/ wkh lqglylgxdo kdv d xwlolw| ixqfwlrq
L G f $ U zklfk lv uhsuhvhqwdeoh e|=

LE%� '

]
�ES�%E_S�

zkhuh � G � $ U1

Wkdw lv/ wkh xwlolw| ixqfwlrq L lv uhsuhvhqwdeoh dv dq h{shfwhg ydoxh ri
�1 Zh zdqw wr �qg vx!flhqw frqglwlrqv iru wkh ixqfwlrq L wr eh frqwlqxrxv/
wkdw lv/ zh zdqw wr dqvzhu wkh txhvwlrq/ zkdw jxdudqwhhv wkdw %? $ % lpsolhv
LE%?�$ LE%�1 Qrwh/ wkdw zh duh ghdolqj zlwk phdvxuhv %? dqg wkxv zh kdyh
wr gh�qh zkdw lw phdqv wkdw d vhtxhqfh ri phdvxuhv %? frqyhujhv wr %1

Gh�qlwlrq 4 Zhdn Frqyhujhqfh= Zh vd| wkdw %? $ % li
]

}ES�%?E_S�$
]

}ES�%E_S�

iru doo erxqghg frqwlqxrxv ixqfwlrqv }1

Li zh fdq �qg frqglwlrqv wkdw pdnh � erxqghg dqg frqwlqxrxv/ wkhq L
zloo eh frqwlqxrxv1

Zh zloo surfhhg dv iroorzv= Iluvw zh �qg d frqglwlrq rq � wkdw pdnhv
� frqwlqxrxv1 Lw zloo eh gl!fxow wr �qg frqglwlrqv rq suhihuhqfhv wkdw zloo
jxdudqwhh wkh h{lvwhqfh ri d erxqghg �1 Krzhyhu/ li � lv frpsdfw/ wkhq d
frqwlqxrxv ixqfwlrq � G � $ U lv qhfhvvdulo| erxqghg1

Vlqfh � lv xwlolw| ri d ghowd phdvxuh/ d qhfhvvdu| frqglwlrq iru d frqwlqxrxv
� zloo gh�qlwho| eh=

D7�= � lv frqwlqxrxv rq {c wkdw lv/ iru doo B� 5 {c wkh vhwv iB G B � B�j dqg
iB G B � B�j duh forvhg rq {1

5



Lv D7� hqrxjk wr jxdudqwhh frqwlqxlw| ri �B Xqiruwxqdwho|/ D7� lv rqo|
qhfhvvdu| exw qrw vx!flhqw dv wkh iroorzlqj frxqwhu h{dpsoh vkrzv= Ohw
� ' dfc �o1 Ohw � G � $ U eh vxfk wkdw=

�ES� '

�
S li f � S 	 �
2 li S ' �

gh�qh � rq f dv=

% � %� / LE%� '

]
�ES�%E_S� �

]
�ES�%�E_S� ' LE%��

iru doo %c %� 5 f1 E| frqvwuxfwlrq/ L lv uhsuhvhqwdeoh dv dq h{shfwhg xwlolw|
ixqfwlrq1 Qrwh wkdw � lv frqwlqxrxv rq � vlqfh zhdn orzhu dqg xsshu frqwrxu
vhwv duh forvhg1 Krzhyhu/ wkhuh h{lvwv qr frqwlqxrxv � vxfk wkdw

U
�ES�%E_S� lv

d xwlolw| ixqfwlrq iru � rq f/ ehfdxvh rqo| lqfuhdvlqj d!qh wudqvirupdwlrqv
ri � zloo zrun dqg wkh| zloo vwloo kdyh d glvfrqwlqxlw| dw S ' �1 Wdnh iru
h{dpsoh % 5 f sxwwlqj pdvv f�b rq � dqg pdvv f�� rq f/ dqg %? ' B

�3
�

?

1
Wkhq/ hylghqwo|/ % " %? iru doo ?1 Krzhyhu/ zlwk d frqwlqxrxv �=

]
�ES�%?E_S�$ �E�� : f�b�E�� n f���Ef�

Khqfh/
U
�ES�%E_S� fdqqrw eh d xwlolw| ixqfwlrq iru � rq f/ ehfdxvh lw udqnv

% dqg %? lqfruuhfwo| li ? lv odujh hqrxjk1 Wkh h{dpsoh vkrzv wkdw zh qhhg
d vwurqjhu dvvxpswlrq wkdq D71 Ohw xv wu|=

D7= Ohw oc o�c o��c o? 5 { iru doo ? ' �c 2c � � �/ zkhuh o? $ o dv ?$41 Wkhq/
iru doo k 5 dfc �o=

ko? n E�� k�o� � o�� ;? ', ko n E�� k�o� � o��

dqg
ko? n E�� k�o� � o�� ;? ', ko n E�� k�o� � o��

Qrwh wkdw D7� lv mxvw d vshfldo fdvh ri D7 li zh vhw k ' �1 Frqglwlrq D7 lv
vwurqjhu lq wkh vhqvh wkdw lw uhtxluhv frqwlqxlw| ri suhihuhqfhv iru d yhu| vpdoo
fodvv ri qrq0ghjhqhudwh suredelolw| phdvxuhv/ lq sduwlfxodu/ suredelolw| phd0
vxuhv wkdw duh frqvwuxfwhg dv d pl{ ri wzr ghjhqhudwh suredelolw| phdvxuhv
kdylqj suredelolw| k dqg �� k/ uhvshfwlyho|1
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Sursrvlwlrq 5 D7 lqghhg jxdudqwhhv frqwlqxlw| ri �1

Surri1 Il{ o 5 {1 Ohw 7 ' io?j"?'�/ o? 5 { iru doo ? dqg o? $ o1 Vxssrvh/
e| zd| ri jhwwlqj d frqwudglfwlrq wkdw= *�4

?<"

�Eo?� 9' �Eo�/ wkdw lv/ wkhuh h{lvwv

d l : f dqg d vxevhtxhqfh 7� ' io?&j"&'� ri 7 vxfk wkdw=

�Eo?&� *5 d�Eo�� lc �Eo� n lo ;&

Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw 7� lv vxfk wkdw �Eo?&� 	 �Eo�� l iru
doo &1 Slfn o�c o�� vxfk wkdw=

t�T
&

�Eo?&� � �Eo��� 	 �Eo��

Gh�qh= �f ' t�T
&

�Eo?&�c �� ' �Eo��c �2 ' �Eo���1 Ohw

k '
�� � �2
�� � �f

Qrwh wkdw f 	 k � �1 Wkhq iru doo &=

k�Eo?&� n E�� k��Eo�� � �� � �2
�� � �f

�f n
�2 � �f
�� � �f

��

' �2 ' �Eo���

Khqfh/ iru doo &= ko?& n E�� k�o� � o��� Exw o?& $ o dv & $4 dqg=

k�Eo� n E�� k��Eo�� � kE�f n l� n ��

' k�f n E�� k��� n kl

' �2 n kl

: �2 ' �Eo���

Vr/ ko n E� � k�o� " o��1 Wklv lv d ylrodwlrq wr wkh �uvw sduw ri D71 Li zh
dvvxphg �Eo?&� : �Eo�n l iru doo &/ wkhq zh frxog kdyh jrwwhq d ylrodwlrq wr
wkh vhfrqg sduw ri D7 diwhu wkh vdph nlqg ri uhdvrqlqj1

Sursrvlwlrq 6 Li lq dgglwlrq wr D40D7/ � lv frpsdfw/ wkhq L lv frqwlqxrxv1

Surri1 Wklv iroorzv iurp edvlf uhdo dqdo|vlv1
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