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Abstract

We propose a medel in which an unanticipated reduction in the money
supply leads to a contemporaneous increase in inventories followed by
periods with lower output. This persistent real effect does not
recquire price-rigidity or real shocks and confusion. It is obtained
in a model in which markets are cleared and agents are price-takers.

Earlier versions were presented at the International Society for
Inventories Research, Boston, January 1994, The University of Iowa,
The University of Western Ontario, NBER economic fluctuations summer
meetings, the summer conference at North-Western on applied general
equilibrium analysis, the Federal Reserve Bank of Minneapolis and the
Bank of Israel. We benefited from many comments provided by the
participants of these seminars. The comments of V.V.Chari led to a
change in the way we model the money transfer process.



NTRODUCTION

Uncertain and sequential trading (UST) models are based on
ideas in Prescott {1975) and Butters {1977). Prescott considers an
environment in which sellers set prices before they know how many
buyers will eventually appear. He assumes that less expensive goods
will be sold before more expensive ones. Free entry implies that in
equilibrium there will be a distribution of prices rather than a
single price even though the product isrhomogeneous. Butters stresses
the trade-off between the level of prices and the probability that a
sale will be realized. In both models sellers commit to prices before
the realization of demand. In the UST approach taken by Eden (1990)
an equilibrium distribution of prices is obtained even though sellers
are allowed to change their prices during trade.

Recently Eden (1994) and Lucas and Woodford (1994} study money
non-neutrality in models which utilize the above idea. Eden (1394}
considers a UST overlapping generations model, in which buvers (the
0ld) receive monetary transfers in a sequential manner. They spend
the money immediately and therefore from the point of view of the
sellers (the young) purchasing power arrives sequentially. Sellers
make contingent plans which specify the quantity that they will sell
to each baﬁch of dollars that may arrive. They choose not to sell
everything they produced to the first batch that arrived because they
speculate on the event that more batches of deollars will arrive and
will buy at a higher price. Accordingly, when the realized money
supply is low, some goods are not sold (and are lost).

Lucas and Woodford (19%94) study an infinite-horizon, cash-in-

advance model. In their framework, trade is sequential but the



transfer of money is not: trade starts only after buyers know the
total amount of money transferred. Sellers who do not know that
amount, choose to put different price tags on various units so that
goods offered at low prices are rationed if the money supply is high.
As they point out the source of non-neutrality is different from the
source 1ir Lucas (1972). In particular, in Lucas (1972) in addition to
the monetary shocks there are real shocks, so that in contras:t to
Lucas and Woodford (1%94), producers cannot assess correctly the real
rate c¢cf return on money.

In the above mcdels there are no real shocks and no confusion.
Money is non-neutral because prices at the beginning of the trading
process cannot depend on information that becomes public only at the
end of the process. Unlike in fixed price models, here sellers have
no incentive to change prices during trade.

The persistence of the real effect of monetary shocks is absent
in Lucas (1972). This motivated Blinder and Fischer (1981) to
consider inventories as a propagation mechanism. 3Building on Lucas'
confusion hypothesis, an unanticipated increase in the money supply
is interpreted in part as a real demand shock. Firms increase sales
and to restore inventories to their target-level, output increases as
well. However, to rationalize the existence of inventories, Blinder
and Fischer require that firms have monopoly power.

This paper combines the money non-neutrality analysis in Eden
{1994} with the Bental and Eden (1993) UST analysis of inventories,
to get persistent real effects of unanticipated monetary shocks.

Following Lucas {1980), we employ a cash-in-advance eccnomy
populated by infinitely lived househelds. which consist of two people:
a seller (producer) and a buyer. At the beginning of each period the

household has money and inventories. The seller takes the inventories



and goes to work. The seller produces some additional cutput and
tries to sell some or all of the accumulated stock. The buyer takes
the money and goes shopping. On the way to the shopping location, the
buyer may réceive a menetary transfer. Once the buyer arrives at the
marketplace he spends part or all cof the money he has and returns
home.! The housebold consumes whatever the buyer managed to buy. The
only uncertainty in the model is about the number of buyers that will
receive the transfer payment.

The seller stays in one location. He knows that a certain
minimal amount of money will arrive. We say that this minimal amount
buys in the first market. With some probability, more buyers will get
a transfer and more money will arrive. The additional money, if it
arrives opens the second market and sco on. The seller, after having
produced, allocates the available supply (output + beginning of
preriod inventories) among all potential markets. If a particular
mérket opens the seller sells the supply allocated to that market for
cash. If that market does not open, the supply is carried over to the
following period as inventories. Inventories may also be held for
purely speculative reasons.

A low realization of the money supply at time t, will cause an
increase in time t + 1 inventories and a reduction in output. As in
Bental and Eden (1993), the reduction of output is smaller in
absolute value than the increase in inventories. Therefore, total
supply rises and inventories at t + 2 will be higher on average.
Thus, a monetary shock may have long lasting effects, and a causality

test will reveal that money "causes" output. However, this

1 1ike Eden {1990} and Bental and Eden (1993) and unlike Eden (1994)

we do not allow here more than one trip per period to the market.



“causation” cannot be used by a policy maker, since agents use the

correct probabilities that markets will open.
2. THE MODEL

There are N households. Each househeld consists of two people:
a seller and buyer. The typical household is similar te the one
described in Lucas and Stokey (1983). It engages in production and
shopping for consumption goods. Labor (Ly) is the oniy input and
output equals labor input.

The amount of money available to household h at the beginning
of periocd t {MZI equals the proceeds of period t-1 sales and any
amount carried over from that pericd. At the beginning of period t
the buyer takes the Mt dollars and goes shopping. On the way to the
market the buyer may receive a transfer of T, dollars. In general,
n&t all buyers will receive a transfer payment.

Buyers arrive in the market seguentially in an order that is
randomly determined. At the beginning of the period, a buyer does not
know the order at which he will arrive at the market-place. The order
of arrival is identically and independently distributed across
periods. The amount of money that a buyer can spend is M: if he 4did
not get a transfer and M? + Ty if he did. Upon arrival, each buyer
sees all the available selling cffers. He chooses whether to spend,
on the basis of the lowest price offer. Cheaper goods are bought
first and therefore buyers that arrive late may face a higher price.

We assume that utility is linear in consumption and therefore

the decision whether or not to buy does not depend on the household's

wealth. Furthermore, in equilibrium, if a buyer chooses to spend he

spends the entire amount available.
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The number of buyers that will get a transfer is Nz, where the
index ;t is an identically and independently distributed (i.i.d.)
random variable that can take the realizations: 1,...,S8. It is

assumed that 0 £ N;y < N < ...< Ng = N. The probability that

s¢ = s is denoted by llg and the probability that ;t z2 s is denoted

The total amount of dollars at the beginning of period t

N _h
n=1"c -

{before the beginning of the transfer process) is: My = T We
assume that the transfer payment that a buyer may get is proporticnal
to the current mcney supply: Ty = AM.. The total amount available for
spending depends on the realization of ;:- It is:

My + NgTe = {1 + ANgIMp if Ng buyers got the transfer. Information
about the realization of ;t becomes public in a sequential manner.
Everyone knows that at least 4;p = My + N3T¢ dollars will be
available for spending. So the first real news come when additicnal
AZ:‘= (N3 - N3)Ty dollars arrive {(with probability q3). At this stage
everyone knows that ;t 2 2. Then, if additional Aj¢ = (Ni - N3)T:
dollars arrive everyone learns that 5; 2 3 and s¢ on.

From the sellers' point of view purchasing power arrives in
batches. The first batch of Ajy = My + N3T. dollars arrives with
certainty. Buyers whe own the dollars in the first batch spend

Diy € A;r and return home. Since there is no wealth effect, the
choice of D;. does not depend on the identity of the owners of the
first batch of dollars.

The second batch of purchasing power consists of
Azr = (N3 - N;)T¢ dollars and will arrive.with probability gs. The

buyers who own the dollars in the second batch spend Dz, € A,. and go

home. In general, for s > 1, the purchasing power of



Age = (Kg - Ng_1)T,, will arrive with probability g and the owners of
dollars in this hatch will spend Dg,. € A5 dollars out of it and then
go home.

It is assumed that each buyer can make only one trip to the
market and does not hang around: He finishes shopping and goes home.

The probability that the dollars of buyer h are in batch j is
equal to the fracticn of dollars in batch j ocut of the post-transfer
money supply. The probability that a dollar is in bartch 1, given that
exactly 1 batch of dollars arrives is: v, = 1. The probability that a
dollar is in batch j., given that exactly s > 1 batches of dollars
arrive {(j € s) is: u';.' = Aje/(My + NgTy) =
= (Nj - Ny MM/ ({1 « ANgIM¢) = (Nj - Nj_y1)A/7(1 + ANg) . Note that
given our assumption about the transfer payment these probabilities
do not depend on the beginning of period money supply.

Given that s batches arrive, the probability that buyer h will
get a transfer is: ¢g = Ng/N. This probability does not depend on the
buyer's place in the line (the order at which the buyer arr:ves). In
every batch of dollars that arrives there are typically buyers who
have received a transfer and others whe have not.

A buyer in batch j spends:

hi

(1} xjt

h .
s M.+ 1T,

dollars, where i = 1 if the buyer got a transfer and zero otherwise.
The amount of consumption and nominal balances that the buyer brings

home in this case are:

hi hi hi h . hi
(2) Sje = X5/ Pie Yie = Mo+ iTe - X5y -



Given that s batches arrive, the expected consumption for a

) .o hl
buyer in batch j is thus: [¢5cjt + (l-¢s)c?g].
At the beginning of the period the seller {(producer) chooses
the amount of labor which given the beginning of periocd inventories

{I.) determines total supply (ke):
{3) ke = Le + Ig.

The seller makes a contingent plan on how to sell the available
supply, which specifies the amount that the seller will sell to batch
3 if it arrives.

We assume that the amount of dollars that arrive at the market
place is observed by everyone, and say that the arrival of a batch of .
dollars opens a new market. We describe the contingent plan of the
selier by the guantities that the seller chooses to sell in each
market that opens. If batch j of dollars arrives but is not used for
spending, we say that market j is open but not active. We later show
that this does not occur: In equilibrium all markets which open are
active,.

The seller allocates the available supply to the S markets. In
addition socme of the supply may be carried to the next period for
purely speculative reasons. We say that this amount is allocated to
market S+1 which opens, this period, with probability zero. Thus, the

seller chooses the supply to market i (kj¢} subject to:

(4) yS+l

i=1 kit = kt'

It is assumed that inventories depreciate at the rate



0 £ 85<1. If j markets open. the next-period inventories are:

S+1

I oo -
1 =il - 8ii.n

t+l

(5) Kip.

In addition, the seller will contribute to the beginning of next

periocd's money balances the sum of:

(6) M1,y = Z1., Pickic

It is assumed that the household is risk neutral and its single
period utility is ¢.- v(Ly) where v{ ) measures the disutility of

work in terms of current consumption. We assume that the marginal

cost schedule starts at zero and is strictly increasing: v'( } > 0,
v'{0) = 0, v"( ) » 0. Furthermore, we assume that sup(v"{ )] is
finite.

The household has a discount factor of B. Taking prices, the
conditional probabilities of buying in market j, and the probability
of a transfer payment as given, the household chooses 0 S L, S1, kje

hi s
and xj: to maximize:
{7 EXeBt{ce- vILy)), s.t. (1) - (6).

We assume that given the information available at time t, the
household can form point estimates of the prices in all markets at

any period t + t as a function of the sequence of realizations of
St. Sps],--. Sgsr. In particular, its point estimate of the prices

next period given that s markets were opened this period is:

-] 5

(P1t+l' ""p8t+1)'

-



Let V{(Iy,Mg; Pip.....Pgc) denote the expected utility of a

household that starts period t with I, units of inventories and M.

dollars given that prices in the S markets are (Pjy¢,....Pst). The
Bellman equation which defines V{ ) is:

h
(8) V(It,Mt; Plt"’"lpst) =

s s s hi ho
max zs=1n52j=1ujt[¢5cjt + (1—¢s)cjt] - v{Lg)
S s s ., .5 s hl = [
* Bl TIeX VS 0V h0 Moy + Yoei Pregnr oo Psean!
s S ho s - .
+ (l - ¢S)V(It+1' Mt+1 + th; Plt+l"°.‘PSt+1)}.

s.t. {1} - (&6).

We now turn to the first order conditions associated with (8},

under the assumption that the seller be ready to sell in each of the

S markets and produce a strictly positive amount .l

Arbitrage conditi . It is assumed that the househeold can form a
point estimate about the maximum expected amount of consumption,
discounted to t+l, that a dollar held by the buyer at t + 1 in market

j* will buy, if exactly s markets are opened at t. These expectations

5

are denoted by: ( St+1)'

s
Rigsrr ---R

1 Thus we derive the first order condition for a solution kg > 0 for
all s € S, but allow kg = 0 in case there is no demand. If sellers
were allowed to set prices, like in Lucas and Woodford (19%4), this
restriction on pricing strategies means that a seller must be
willing to sell a strictly positive amount at each price he
advertises. In equilibrium, the seller's supply to any particular

market is perfectly elastic.

10



Given these expectations the maximum expected present value of
consurption (expected discounted consumption) that a dollar can buy

if its owner is currently in market j is Rjr which satisfies:

s

v }
jre+l

s s -
(9) Rie = max(1/Pj . st=j(ns/qjlzs,=lns.zs. SR

jr=1

= max{1/Pjc . PZjel).

To understand the second term in the max expression, note that
the probability that the buyer will find himself in market j' at time
t+1 depends on the number of markets opened at t+l (s']). Therefore we
take expectations over j' and s' te get the maximum expected
consumption, discounted to t+l, given that s markets are opened at c:

'S

s _ S s' s
X5 = BZS.=1n5-Zj VI RS,y

L=1Y5 Since [lg/qj is the probability that

exactly s 2 j markets open at t given that market j has already
opened, the expected discounted consumption that a dollar will buy,
if it is not spent at time t in market j, is:
Bzjc = 2:=j(ﬂs/qj)x3. If the dollar is spent at time t in market j it
yields 1/Pj units of consumption. And therefore Rje is the maximum
discounted consumption that a dollar can buy if at time t the buyer
is in market j.

From the seller's point of view, the expected purchasing power
of a dollar earned at time t, given that market j opened at time t
is:

s' ‘s

P _ <5 S5 s
{13) z’t = Zs=j(n3/q])zs,=lﬂ,-2j,=l'uj 'Rj't“'l'
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Note that Zj. was implicitly defined in (9) as the expected
purchasing power of a dollar held by the buyer in market 3 at time ¢,
if the buyer chooses not to spend it.

The e#pected consumption from a unit of ocutput supplied to
market 1 is: Pi1¢Z1¢.- In equilibrium marginal cost must equal the

present value of the ensuing expected future consumption:
(11) v (Lt) = ﬂpltz‘]_c.

Let ng denote the probability that market s will open, given

that market s-1 opens. The expected pay-off from not selling one unit

s-1

t+l)' The first

when market s-1 opens is: RgPgeZgr + (1-Mg) (1 - &§)v' (L
element represents the present value ¢f expected purchasing power
which results from & sale in market s if it opens. The second element
rgflects the substitution between inventories and next period
production: An addition of a unit to inventories can be used to cut
production by {1 - & units. The second element is therefore the
present value of inventories if market s does not open. The arbitrage
condition is:

s—

{12) Pg-1tZs-1t = MePseZgr + (l-Tg) {1 - 5)V'{Lt+i) ; for all s > 1,

where Ls-1

e+l is the amount of labor that the household plans to supply

at time t+l, if exactly s-1 markets open this period.

An alternative to selling one unit in market S when it opens is
to held it as inventories and use it next period to reduce
production. The value of inventories is (1 - 5)V'(L§+l) and the

arbitrage condition is:



p
L

S . - : .
(L3) PgeZse 2 (1 - &) v' (L ;) with strict equality if kg > O.
The buyer chooses to spend the entire amount in market s if
the purchasing power of a dollar is higher than the expected

purchasing power of this dollar in the next period. To simplify, we

alse assume that he spends the entire amount in case of indifference.

Thus,

{14) DSC = 0, 1 £ stt > l/PSC and DSE = Ast :Lf BZS'C S 1/P5t

The market clearing conditions are:

Dst/Pgr = Kgr ; for all s.

[
un
—

Eguilib:ium requires (1il) - {13).

We will show that there exists an egquilibrium in which the
beginning of period inventories and money supply are sufficien:
statistics for information available at time t. Within this class, we
restrict our attencion o prices that can be multiplicatively
decomposed into two elements: a normalized price pg(I.) and the

beginning of period money M¢:

{16) PSC = ps(I[}Mt.

ic is useful to think of rthe whole money supply (M) as a
normalized dollar. The price in terms of a normalized dellar in
market s is pg{It) o -Pgp/My. -We use 85 =.1 + (Nj/N}A to denote the
gross rate of change in the money supply. Thus, Mg, = Gth, when Ny

buyers got a transfer at time t. For notational convenience we set



=
&Y

80=D.
e define the expected purchasing power of a normalized dollar
{held by a buyer) at time t in market j, rj(It), and the expected

purchasing power of a normalized dollar earned (by a seller} in

market j at time t, zj(It), by:

(17) rj(Ie) =
S S s
= max{1/pj(Tc) , BZ__;(Ms/az) 2y, qMs 3]

1 '

5 s
'=1Uj (X (It+l)/95}

= max{l/pj(It) f sz(It)}'

Note that ryj{(I¢)/M¢ = R4y and z2j(I¢) /Me = Z4p. This can be shown
by dividing {17) by M. and comparing with (%9).
Expressing conditions {(11) to (14) in terms of normalized

dollars leads to:

(111) VLI ) = Ppy(Tedzy{Ie)s

(12') Pe-1(Ie)Z2g-1{It) = Meps{Ie}ze(Ie) + {1-mg) (1l -~ S)V'(L(Iili)) ;
s

{13") PsiIglzglIe) 2 (1 - v (L1 B

L+l

with strict equality if kg.1 > 0.

(14"} der = 0 if Pzg(Ig) > 1/pg(Iy) and

dgp = Dge/Me = (8g - 85_3) if ﬁzs(It) £ 1/pglIe).

We now turn to define a temporary equilibrium that takes

expectations about future magnitudes as given, in a particular form.



We assume that next period's labor supply can be specified as a
strictly decreasing function of the beginning of next period’'s
inventories, L(I), and define next period's marginal cost by:

wi{I) = v' (L(I}), where ®{I) is strictly decreasing in I. Likewise,
we assume that the expected purchasing power of a normalized dollar
{held by a buyer) next period in market j is a function of the
beginning of next period's inventories, aj(I). We assume that the
@;(I) functions are strictly increasing and define a temporary
equilibrium as follows,

The vector

(p1. . Ps. L. ki, =, kg. kgep, dy. «, dg, Ty, =, Yg, 2Z1. . 2Zg) is a
temporary eguilabrium for given I., strictly increasing

a),....0ag. and strictly decreasing W if it satisfies identities (3)-
{5):; the arbitrage conditions (11') - (14'); the market-clearing

conditiens.,

(18) a,/p, = k, .
And
(17') ry =

S S s’ 5' s
= max{1/p;j . BZSsj(ns/qj)}:s,ﬂn,.zj,=1uj,uj.(Iul)/es}

= max{l/pj . sz}.

We show later that a temporary equilibrium exists when the functions

(.} and ® belong to a set that will be specified soon.

Lemma 1: At a temporary equilibrium we must have p; € p; € «. < pg;
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\%)

zy 2 237 we 2 Zg; P12y < p222 £ - € pg2g, and rp 2 rp; 2 ..

v

Isg.

Procf: Omitting time index we see that (5) implies
Il 2 12 > ... 2 I5, Since ® is strictly decreasing, it follows that

®W(I¥) € @(I%?) € .. £ @(IS) and condition (12') implies:

(13 Dg-1Z5-1 S TMgpszs + {(1l-mg) (1 - B)w(I%);

Using (13'), {19} leads to:

(20} Ps-12Zg-1 S PsZs.

Since (12') implies that pg-12Zs-1 is a weighted average of pgzg and

(L ~ 8)w(I%-1), condition (20) implies
(21 ‘ Ps-12s-1 2 (1 - 8)(15-1).

We can now proceed by induction, replacing S by s and showing that if

{21} holds for s, then

(22) Ps-125-1 < PsZs.

and (21) holds for s - 1.

S s' s' s ; 2
s = B ) . 1> s 2 IS
Let x st' lﬂs ZJ, luj,aj (I l)/es . Since I+ 2 I<4 2 2 I

it follows that x! 2 x2 2 .. 2 x5. Since z3 = Z§=j(ﬂ5/qj)xs, it
follows that zy 2 23 ..., 2 zg. This and (22) implies pg.1 £ Psg.

Finally since pg.1 € ps and x3°! 2 x® it follows that rg.i; 2 rg. D



We now show that 1f w < 1, then in a temporary equilibrium all
markets which open are active. We later show that, once expectatcions
are endogenous, there exists a stationary equilibrium with the
property ﬁ 1. The intuition is that in a stationary equilibrium,
increasing output by cne unit will lead to an increase in consumption
by at most one unit in the future. Therefore, the present value of
rhe addition to consumption is less than a unit. Since the marginail
cost 15 equal to the expected present value of the additional

consumption, it must be less than unity.

Lemma 2: If ®w S 1, then in a temporary equilibrium l/pj 2 PBzj for

all 3 $ S and all markets which open are active.

Proof: Suppose first that market s-1 is not active. Then it must be
the case that market § is not active. To show this claim, note that
by Lemma 1, pgzg increases with s and since the buyer will spend only
if Bpgzg € 1, it follows that if buyers do not spend in market s-1,
they do not spend in market s.

Next, we show that if markets j > s are not active, then
pPjzy = (1 - S5)w(I®) is a constant for all j 2 s. To show this claim,
note that if markets j > s are not active, then IS = I5*l = = 1S,
Corndition (12') can therefore be written as:
Pj-124-1 - (1-my) (1 - BIW(I®)}/®”y = pjz;j. A solution to these

equations is:

{23) Pj-1Z3-1 = (1 - S)w(1%), for all j > s.

Without limiting generality, we assume that there exists an

index s € S such that all markets j € s are active if they open



]

(dj > 0) and all markets j > s are not active even when they open.
For all j £ s, (14') implies that 1/p; 2 Pzj.

For j » s, (23) and o £ 1 imply
1/py = Zj/(i - 3w(I%) > zj. Thus 1/pjy 2 Pzj, and condition (14°)

implies that d5 > 0, for all 1 £ j < s. D

The implication of Lemma 2 is that if the household wants to
save it uses purely speculative inventories (supply to market S+1)

and not money. Thus, inventories weakly dominate money. .-

We now endogenize the functions oy and ®. We look for a vector
of functions {p3 (I}, «., pglI), L(I), ky(I), ., kg(I), kgsq(I),
41 (I}, «- dg(I}, @1{I), .., ag(I), (I}, z3{I), -, 2g(I)) that
satisfies identities (3)-(5), arbitrage conditions (11'}-(14"'},

market-clearing conditions:

{15") dg(I¢) /ps{Ie) = kg{Iy) for all s £ S;

And for all I.,

(24) (1) =

= max(1/pj(Io) , BEg; (Me/a) Xy, 1 Me X5, 105, 050 (15,11 /0,);
(25) v LIL)) = o(Ie);
And

S S ! !
(26) z3(1e) = Zo_ o (Me/gX], (Mo 35, 07 05110, 1)/8,.



we call! such a vector a stat:onary eguilibrium. Note that

o 303

](IT.) = max{l/p](It) . Bz](It)}'

We use the following notaticn:
Pmin = the lowest possible price in the first market:
zZmax = Dighest expected purchasing power of a dollar earned in the
first market:
Imax = the maximum amount of inventories:
p' = a cutoff price: if the price in the first market is bhelow p' the

entire new output is sold in the first market.

Since M¢/M¢,; = 1/8, the money supply this period will
constitute on average E(1/8) of the next period money supply. a
normalized dollar earned in the first market will become on average
E(Ué) normalized dollars next period.

If the lowest possible price in the first market is ppip the
expected purchasing power of E{1/08) normalized deollars must be
smaller than: zpax = E{1/8)/ppnin. because the probability that the
dollars will be spent in the first market is liess than unity and
prices in other markets are higher. Suppose that inventories cannot

exceed Imay, then we can define Bmin, and ;m,x as the solution to:
(27) V' (y)/BZmax = Pmin i 9,/Pmin = ¥ * Imaxi Zmax = E(1/8) /DPmin-
Note that 6;/p is the lowest total demand. v'(y)/Pzpax is the

" lowest margihal cost scheddle. Given zZpay and Ipax: & solution to the - - - --

first two equations in (27) is a lower bound on the price in the

“/



first market. This is because not all the supply goes to the first

market.

We now define the cutoff price éﬁ by the solution to:
(28) V' (x)/Bzmax = P': (b} 8y/p" = x.

Note that when the price in the first market is p £ p' the
amount produced is always sold and therefore inventories do not grow.

We define the maximum amount of inventories by:

(29) es/p' = Imax.
We can now define: Bmin' 61. Emax' ;max as a solution to (27) - {29}).

These definitions are illustrated by Figure 1.

price v /fiZ

// nax
5 > xagg

(.70

1 quantity
max -

!

L)
N

nin

Figure 1

When @ £ 1, the following condition insures that inventories

do not exceed Ipax:

(30) P'Zmin > (1 - 8).



This condition implies that there is no supply to market S+1 when the
price in the first market is above p'. To show this we use the
assumption that the highest marginal cost is unity. Therefore, the
largest posﬁible benefit from a unit in market S+1 (speculative
inver-ories) is: (1 - 8). When the price in the current pericd's
first market 1is ﬁ? prices in other current markets are higher (see
Lerma 1) and the benefit from selling a unit in any current market is
higher than the left hand side of (30}). This means that when the
first market price is higher than ﬁn, kKgep = 0.

Thus, whenever speculation ocgurs, p S éﬁ and Figure 1 implies
that demand in the first market exceeds the entire current output and
therefore, I.,; < I.. When the price in the first market is p > 62
there is no speculation and therefore Lemma 1 and the market clearing
conditions imply that the total supply over all markets must be
smaller than 8s/p and, using {29). cthis is less than Iy,x.

To prove existence of a stationary equilibrium, we consider the

following set of functions:

A= (A= (), =, Gg, ®) : Gg (s = 1,...,5) from (0, I to
(0. 1/5m1n]f © from [0, Emax] to [0 . 1] all are continuous and
differentiable almost everywhere with 0 < a_ £ 1/({minj (85-85.1)]

and -~-supiv*) S ' < 0}.

Theorem: There exists a stationary equilibrium with

(g1}, -, GglI), ()] e A.

‘The outline of..the proof is as _follows: We choose functions from A

and I, € (0, I,,.]. We then solve for a temporary equilibrium. In

particular, we relate r, and v'( } to I,. We show that these
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relationships define functions which are in A. Thus we create a
mapping from A into itself. Since A is compact (by Ascoli‘s theorem)
and convex, we can use Schauder's fixed point theorem to argue that
the mapping-has a fixed point, A. Thus there exists a stationary

equilibrium with (@] (I}, w. Og(I), ®(I)] = A(I).

Proof: WwWe pick A € A and choose the price in the last market, pg.
arbitrarily. We compute prices and the demand in all § + 1 markets as
a function of pg and A under the assumption that the arbitrage
conditions are satisfied. In particular, arbitrage condition {11'}
allows us to compute piz; and therefore the supply decision (10').
This leads to supply and demand schedules as a function of pg and
their intersection is a temporary equilibrium.

We start with an algorithm to compute demand and prices. The
f;rst step is to deal with speculative inventories. Then we enter a

‘ . . . i
recursion which at each stage s, starts with p;, dj, It+1 and z; for

. s
i » s, and computes pg. &g, It+l and zg.

Speculative inventories must satisfy the Kuhn-Tucker condition

(12'). We use (26) to write

{31) zZg = Z:.=lﬂs-2§,=1u§",aj~((1-5)ks+1))/65,

and we use the function ®{ ) for the next period's marginal cost, to

rewrite (13') as:

S Me.X3 a5 ((1-8)kguy)) /8 2 (1 - B)@((1-81kg,y)

(32)  psZ..y s X

S
195

with equality if kg, > 0.

22
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We denote the scolution to (32} by kg.1{Pg: A). Whenever

{(1-8)kguy (Pgi A) > Imax, we S€T: Kg,j(pg; A) = Imax/(1-8). We use
s s
zslps: A) = I, M5 Z 21595 ((1=8)ke g (psi A)))/0s.

We now use (14'}), ps and 25(pg; A) to cormpute the demand for
market $. This is denoted by dgipg: A). The level of inventories if
exactly § - 1 markets are opened is:

(33)  IS"lipg: A) = min{(1-8) [(dsipg: A)/ps) + kg, (Pg: A)]. Ipn,.

Thus, ignoring depreciation, inventories equal to the demand in the
markets that are not opened unless they are larger than Ipax. Using

{33), we compute:

S ' '
{34) zg-1(pg; A) = ([ls_1/Qs- 1)25 =1 . §.=1U§.Gj~(15'1(p5; A})/Bg.1
+ (nsqu-llzs. 2 -.Gj*((lqa)ks,l))/es-

We can ncw compute ps.ij. Zrom the arbitrage condition (12'):

(35) Ds-125-1(Pgi A} = MsPszs(Pgi A) + (l-mg) (1-8)w(IS51(pg: A)).

We denote the sclution to (35} by pg.1{pg; A). By reapplying, (14'}
and (33) - (35) we compute pg.2(pg: A).

In general, given pgi{pg: A) and z4(pg: A) we use (1l4') to
compute dg(pg; A). We then use p;(pg: A} and d;(pg: A) for all

i > s-1, to compute:

(33 1 Npgi A) =

mln{(l‘s) [Zi,,-l (dl(ps; A) /px(ps; AY) + ks,l(psi A)]u Im}-

4)
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Using the computation of Is(ps; A) for s 2 j-1 we get:

. s s s' s g
{34*) zj-1(Pg; A)-‘-zs:j_l(ns/Qj-l)Es.=ln5-zj.=1Uj.C(j-(I (pgi A)))/8s.
We can now compute Ps.1(pg; A) by:
(35") Ps-1Zs-1({Pgi A) = Wspgipg: Alzgipg: A)

+ (1-mg) (1-8)e(T5 Y (pg: A)).

Lemma_3: psipg; A) and pgipg: A)zg(pg: A) are both strictly

increasing functions.

Proof: Let pg increase. Since the 0 are increasing and W is
de;reasing, the solution to {32), kg, ipg; A), is {weakly) decreasing
in pg. If kg1 Strictly decreases, then (32) holds with egquality and
since W{ ) is strictly decreasing the value of pgzg (the left hand
side of (32)) must strictly increase. If kg,; does not change, then
zg does not change and therefore pgzg must strictly increase.

From (14') we know that dg cannot increase. Using (33) we
conclude that IS-1( )} decreases and therefore ®(I5"!}) increases.
Using (35) we obtain that pg-1Zs-1 increases. From (34) we infer chat
zg.; decreases so that pg.; must increase. The argument is then

repeated for S$-2, 5-3,...,1. [:]

The aggregate demand is given by:

(36) dipg: A} = Kg,p(Pgi A) + X (dg/pg) -
-



Wwhen pg increases, all pgzg increase (Lemma 3} and therefore (14')
implies that dg cannot increase. Since Lemma 3 also implies that all
prices increase, it follows that the right hand side of (36)

cannot

increase. This implies that d( } is a decreasing function.

The optimal labor supply is determined by:

(37) v’ (L) = Pp,{pg: Alz,(pPgi A).

From this we get:
{38) Lipg: A).

Since Lemma 3 implies that p;z; strictly increases as a function of
ps. the solution to (38) increases. This implies that L{ } is a
strictly increasing function.

The total supply is:
(39) ki(pg, Ipi A) = Lipg: A) + I..
Market clearing conditions require:
(40) dlpg: A) = kipg, I,: A).

Because Emax is finire, {(14') implies that the nominal demand
in the first market is strictly positive for sufficiently small
‘values of pjp.- Thus 4.!{ }.does not_intersect the gquantity axis. Since

the supply is strictly increasing and 4( )} is decreasing, this

guarantees a unique solution to (40), which is denoted by Bs(It; A) .



This is illustrated by Figure 2.

L+ 1+ A1

PS(I:A}

P_(T+AL:A) / / 4
L(I)+I \ k.

L{I+AI)+I

Figure 2
We now solve for the expected purchasing power of a normalized
dollar held by buyers in market j, and the expected purchasing power

of a normalized dollar earned by a seller in market j. These are:

(41) r; =

- s S 5’ s' s
maxflfpj * ﬁzs=j{nslqj)zs.zlns'Zj‘=lvj‘aj‘(It_'_l)/es}.

where X x(ﬁs(It: A}, A).

We now demonstrate that if 0 £ I, < Emax' then
0 S I, < Emax. Lemma 2 implies that market 1 is always active and

therefore:

(42) Teq € I+ L - 6;/py,

(With depreciation the ineguality is strict.)} It follows from the

definition of ﬁj that if ﬁl < ﬁj then



L - 91/51 £ 0 and therefore {42) implies
Ipay R Ifp, 2 ﬁi there is no speculation and therefore Lemma 1
impiies:

(43) d(ps: A) S 8s/Py S 05/p" = Ipax.

This and (40) leads to ki(psg. Iy: A) € I,,.., which implies
Ieo; S Igaxe

Thus, we solved for a temporary equilibrium for each choice of
A € A and for given I, and showed that at the sclution of the
temporary equilibrium, the end-of-period inventories (I.,;) cannot
exceed imax-

We now turn to show that [;1,...‘25, v' (L)) e A. Since Lemma 2
says that all markets which open are active d{ ) is continuous and
differetiable almost everywhere. The same is true for the supply ki }
and therefore ﬁs(It:A) is continuous and differetiable almost
everywhere. This implies that ;s = 1/p3{55(1t:A): A} is continuous
and differetiable almost everywhere.

We now show that 0 < ;s s 1/5min- The lower bound is obvious.
For the upper bound notice that from (27} and from I, S Emax ic
follows that p, 2 ﬁmin. By Lemma 2, ;3 = 1/py. Using Lemma 1 and p; 2
Pmin leads to: 1/Py € 1/p S 1/Ppin-

We now show that v'(i) $ 1. Since Lemma 2 says that in a
termporary equilibrium all markets which open are active, it follows
that Pp,z; S 1. Since v' = fp;2; it follows that v' S 1.

We now show that the derivatives of ;3 and v‘(i) with respect
"to I have the same bounds as the derivatives of @, -and-®. For -this- .-
purpose let L{I) = L(ﬁs{I:A]:A) denote the level of temporary

equilibrium output when inventories are I. Note that an increase in



inventories by dI units will move the supply schedule k{ ) to the
right by exactly dI units (see Figure 5}. Since d( ) is decreasing,

L(T+dI) < L(I) + dI, and the increase in the temporary equilibrium

level of supply, dL = £(T+dar) - L(I}., is smaller than dI. Thus
dL dk
(44) A -1 < at < 0 and 0 < a1 © 1.

Since we showed that all prices are monotonically related to

pg. the supply to all markets must increase and therefore

dke
(45) 0 < o5 < L.

Using Lemma 2, we can write the market clearing condition as:

(46) (85 - B5-1)rg = ks.

Differentiating (46) with respect to I leads to:

~ dk
(47) 0 S (drgsdl) = T2/(8s - Bs1) € 1/(min;(8; - B5.1)).
o dL .
The condition -1 < a1 < 0, implies that
dv’ A dL
- 1] € =— = gy = <
suplv''] = "4 v LI gy < 0.

-~

We have shown that A is in A and that I, is in the domain of A. Thus
we have mapped A into itself. Since A is convex and, by Ascoli’s
theorem, compact, we can use Schauder’s fixed-point theorem to argue
that the mapping hés a fixed point. Thus there exists a stationary

equilibrium with [£1(I). . £g(I), v (L{D}] e A. [_]
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CONCLUDING REMARKS

The data generated by our model may look as if prices are
inicially rigid and then overshoot. A low realization of 8 does not
affect prices initially (in the period it occurs). But prices decline
more than predicted by the naive quantity theory in the following
period because the accumulated inventories reduce normalized prices.

It is natural to define real balances in our model as the money
supply divided by an index of gouted prices in all markets, including
prices in markets which do not open.l A low realization of 8 is first
assoicated with a decline in real balances because the ex-transfer
money supply is relatively low. At the beginning of next period,
inventories rise and normalized prices decline. This means that real
bglances go up. Thus, a monetary contraction is associated with a
decline in real balances which is followed by an increase in real
balances. Similarly, the initial reduction in consumption which
occurs when the realization of 8 is low, is followed, on average, by
an increase in consumption.

Gertler and Cilchrist (1994), in an extensive study, observed
that inventories tend to rise after a monetary contraction (a “"Romer
date”) before returning to a steady-state level. The buildup of
inventories which follows a monetary contraction tends to be larger
and the adjustment seems to last longer in large firms than in

smaller ones.

1 The consumer price index attempts to measure actual price offers

and does not restrict attention to goods that were actually sold.
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In our model, the behavior of inventories in response to an
unanticipated monetary contraction (low realization of 8) is similar
to that described in general terms by Gertler and Gilchrist (1994).
Their main emphasis is on the different behavior of small ana large
firms with the latter having bigger and longer lasting deviations of
inventories from their course. We believe that our model, with the
proper extension, may also accomodate this difference. For if
households have different time preference parameters, aone would
expect that the less patient households will supply markets which are
more iikely to open.l The missing link will then be to show that
large firms are more likely to be the more patient ones. But this is

plausible if large firms have easier access to credit markets.

1 A high discount rate makes inventories less valuable and therefore
high-indexed markets relatively less attractive. The same holds for
carrying costs. Eden and Horowitz (1994) show that in equilibrium,

goods with higher carrying costs are supplied to lower indexed

markets.
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