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Nh|qhvldq Frqxqguxp= Pxowlsolflw| dqg

Wlph Frqvlvwhqw Vwdelol}dwlrq

Eloo GxsruW

Devwudfw

Wklv sdshu lghqwl�hv d qryho irup ri g|qdplf lqfrqvlvwhqf| ri vwdelol}d0

wlrq srolf| lq lqfuhdvlqj uhwxuqv prghov wkdw jhqhudwh pxowlsoh htxloleuld1

Zh suhvhqw d wzr0shulrg yhuvlrq ri wkh Ehqkdele0Iduphu +4<<7, h{whuqdol0

wlhv prgho dqg ghulyh forvhg0irup vroxwlrqv iru doo hqgrjhqrxv yduldeohv lq

hyhu| shuihfw iruhvljkw htxloleulxp1 Zh surylgh frqglwlrqv xqghu zklfk wkh

vwdelol}dwlrq srolf| wkdw pd{lpl}hv wlph }hur frqvxphu zhoiduh lv qrw wlph

frqvlvwhqw1 Ixuwkhupruh/ zh fkdudfwhul}h wkh wlph frqvlvwhqw vwdelol}dwlrq

srolf|1 Rxu uhvxowv fdvw grxewv rq wkh xvhixoqhvv ri jryhuqphqw frruglqdwlrq

ri hfrqrplf dfwlylw| zkhq wkh jryhuqphqw odfnv d frpplwphqw phfkdqlvp1

Zlwkrxw frpplwphqw/ d ehqhyrohqw jryhuqphqw fdq uxoh rxw pxowlsolflw|

rqo| e| hqvxulqj wkdw d sduhwr grplqdwhg htxloleulxp rewdlqv1

Prghov wkdw glvsod| pxowlsoh/ vhoi0ixo�oolqj udwlrqdo h{shfwdwlrqv htxloleuld

surylgh dq lqwhuhvwlqj phfkdqlvp iru xqghuvwdqglqj exvlqhvv f|fohv1 Uhfhqw

zrun rq pxowlsoh/ vhoi0ixo�oolqj udwlrqdo h{shfwdwlrqv htxloleuld lqfoxghv D}dul0

WDvvlvwdqw Surihvvru ri Ilqdqfh/ Wkh Zkduwrq Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld1

Dgguhvv= 5655 Vwhlqehuj Kdoo0Glhwulfk Kdoo/ Sklodghoskld SD 4<4370969:/ +548, ;<;0:967/ +548,

;<;09533 ID[/ gxsruCzkduwrq1xshqq1hgx1 Wkh dxwkru zrxog olnh wr wkdqn Dqguhz Deho/ Kdo

Froh/ Uxvvhoo Frrshu/ Mrdr Jrphv/ Urehuw Kdoo/ Sdxo Nohlq/ Qdud|dqd Nrfkhuodnrwd/ Hoohq Pf0

Judwwdq/ Mrvh0Ylfwru Ulrv0Uxoo/ Ulfkdug Urjhuvrq dqg Wkrpdv Vdujhqw iru khosixo frpphqwv/

dv zhoo dv vhplqdu sduwlflsdqwv dw wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ QEHU Vxpphu

Lqvwlwxwh dqg Zkduwrq1 Wklv yhuvlrq= Mxo| 59/ 4<<<1
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dglv +4<;4,/ Iduphu dqg Zrrgirug +4<;7,/ Krzlww dqg PfDihh +4<<5,/ Nl|rwdnl

+4<;;,/ Vkohlihu +4<;9,/ Zhlo +4<;<, dqg Zrrgirug +4<;;,1 Wkhvh prghov gr qrw

uhtxluh odujh vkrfnv wr frqvxphu suhihuhqfhv ru whfkqrorj|/ dv lq uhdo exvlqhvv

f|foh prghov/ ru odujh h{rjhqrxv udqgrp srolf| huuruv/ dv lq prqhwdu| prghov/

lq rughu wr jhqhudwh hfrqrplf  xfwxdwlrqv1 Lq dgglwlrq/ pxowlsolflw| pd| surylgh

d uroh iru jryhuqphqw lqwhuyhqwlrq1 Dv Ehqkdele dqg Iduphu +4<<7/ s1 73, srlqw

rxw/ �lw pd| eh lpsruwdqw wr h{soruh wkh srvvlelolw| wkdw vrph fodvvhv ri srolf|

lqwhuyhqwlrqv pd| eh dvvrfldwhg zlwk kljkhu hfrqrplf zhoiduh1� Lq d vlplodu yhlq/

Zrrgirug +4<<4/ s1 :<, vwdwhv �lw uhpdlqv srvvleoh wr glvwlqjxlvk srolf| uhjlphv

ru lqvwlwxwlrqdo duudqjhphqwv wkdw doorz iru vxqvsrw htxloleuld iurp wkrvh wkdw

gr qrw/ dqg wkh fkrlfh ri srolflhv ru lqvwlwxwlrqv ri wkh odwwhu vruw wr uxoh rxw

rqh srvvleoh vrxufh ri djjuhjdwh lqvwdelolw| pd| lwvhoi eh dq dssursuldwh remhfw

ri sxeolf srolf|1�

Lq wklv sdshu/ zh frqvlghu d jryhuqphqw wkdw fdqqrw ohy| wd{hv/ exw lqvwhdg

fdq frruglqdwh h{shfwdwlrqv ri krxvhkrogv lq wkh hfrqrp|1 Wkh jryhuqphqw

cvhohfwv* iurp wkh vhw ri htxloleuld wr pd{lpl}h frqvxphu zhoiduh1 Rqh pd| wklqn

ri wklv srolf| dv d vljqdo wkdw krxvhkrogv xvh wr frruglqdwh h{shfwdwlrqv1 Wkh lghd

ri jryhuqphqw srolf| frruglqdwlqj htxloleuld zlwkrxw d�hfwlqj sulfhv ru exgjhw

vhwv ri krxvhkrogv lv qrw qhz wr xv14 Li d ehqhyrohqw jryhuqphqw kdv dffhvv wr

wrrov wkdw doorz lw wr slfn rqh ri wkh pxowlsoh htxloleuld/ lw zloo slfn wkh htxloleulxp

wkdw lqyroyhv wkh kljkhvw frqvxphu zhoiduh1 Zh vkrz wkdw lq d wzr0shulrg yhuvlrq

ri wkh Ehqkdele0Iduphu prgho/ d srolf| wkdw slfnv wkh htxloleulxp zlwk wkh

kljkhvw wlph }hur frqvxphu zhoiduh pd| qrw eh wlph frqvlvwhqw1 Lq dgglwlrq/ zh

vkrz wkdw rxu uhvxowv dsso| li wkh jryhuqphqw vhohfwv d oderu lqfrph wd{ lqvwhdg

4Hydqv/ Krqndsrkmd/ Urphu +4<<</ s1 83;, vwxg| d prgho zkhuh �zkhq �upv pdnh lq0

yhvwphqw ghflvlrqv/ wkh| sd| fduhixo dwwhqwlrq wr h{shfwdwlrqv derxw ixwxuh hfrqrplf dfwlylw|

dqg xqghuvwdqg wkdw wkh h{shfwdwlrqv ri rwkhu �upv zloo ghwhuplqh zkdw wdnhv sodfh1 Dq0

qrxqfhphqwv derxw prqhwdu| srolf| duh rqh h{dpsoh ri d yduldeoh wkdw frxog frruglqdwh wkh

h{shfwdwlrqv wkdw gl�huhqw �upv irup1� Lq d jurzwk prgho zlwk pxwolsoh htxloleuld/ Pdwvx|dpd

+4<<4, ghvfulehv wkh uroh iru jryhuqphqw lq surprwlqj frq�ghqfh dqg rswlplvp lq wkh sulydwh

vhfwru1
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ri frruglqdwlqj krxvhkrog h{shfwdwlrqv1

Lq wkh Ehqkdele0Iduphu prgho/ h{whuqdo uhwxuqv wr oderu jhqhudwhv lqfuhdvlqj

vrfldo uhwxuqv wr oderu1 Li h{whuqdo h�hfwv duh vx!flhqwo| vwurqj/ wkhuh lv dq

xszdug vorslqj oderu ghpdqg fxuyh1 Wklv fdq ohdg wr pxowlsoh htxloleuld gxh

wr vhoi0ixo�oolqj udwlrqdo h{shfwdwlrqv1 Lq dgglwlrq/ h{whuqdo uhwxuqv wr fdslwdo

ohdg wr dq xqghuvxsso| ri fdslwdo lq htxloleulxp1 Jryhuqphqw pdqlsxodwlrq ri

krxvhkrog h{shfwdwlrqv lq wkh ixwxuh d�hfwv vdylqjv dqg oderu vxsso| ghflvlrqv

lq wkh suhvhqw1

Lq dgglwlrq wr jhqhudwlqj pxowlsolflw|/ lqfuhdvlqj uhwxuqv kdv lpsolfdwlrqv iru

rswlpdo uhvrxufh doorfdwlrqv1 Lpsruwdqwo|/ lqfuhdvlqj uhwxuqv fdq lpso| wkdw dq

rswlpdo doorfdwlrq lqyroyhv surgxfwlrq exqfklqj1 Surgxfwlrq exqfklqj dqg wkh

xqghuvxsso| ri vdylqjv duh hvvhqwldo lq h{sodlqlqj wkh wlph frqvlvwhqf| sureohp

lq vwdelol}dwlrq srolf|1 Ohw xv vnhwfk rxw wkh prgho dqg wkh lqwxlwlrq iru wkh

pdlq uhvxow1

Rxu prgho kdv wzr shulrgv1 Wkhuh lv d oderu vxsso| ghflvlrq lq erwk shulrgv

dqg d fdslwdo dffxpxodwlrq ghflvlrq ehwzhhq shulrgv1 Wkh rswlpdo jryhuqphqw

srolf| xqghu frpplwphqw wdnhv wkh iroorzlqj irup1 Wkh jryhuqphqw vhohfwv dq

htxloleulxp zlwk kljk lqlwldo shulrg oderu vxsso| dqg orz �qdo shulrg oderu vxs0

so|1 Wkh jryhuqphqw fkrrvhv dq htxloleulxp zlwk kljk oderu vxsso| lq wkh lqlwldo

shulrg ehfdxvh oderu h{whuqdolwlhv ohdg wr dq xqghuvxsso| ri oderu lq htxloleulxp1

Zk| grhv wkh jryhuqphqw dqqrxqfh wkdw htxloleulxp oderu vxsso| zloo eh orz

lq wkh �qdo shulrgB Li krxvhkrogv eholhyh wkdw oderu vxsso| zloo eh orz lq wkh

�qdo shulrg/ lq wkh prgho wkh| uhvsrqg e| lqfuhdvlqj oderu vxsso| dqg vdylqjv

lq wkh lqlwldo shulrg15 Zlwk oderu dqg fdslwdo h{whuqdolwlhv/ wklv eulqjv wkh lql0

wldo shulrg yduldeohv forvhu wr wkh sduhwr rswlpdo ohyho1 Krxvhkrogv vwloo hqmr|

kljk frqvxpswlrq lq wkh �qdo shulrg wkurxjk dffxpxodwhg fdslwdo1 Surgxfwlrq

lv exqfkhg lq wkh lqlwldo shulrg1

5Wkh uhvxow wkdw lqlwldo shulrg oderu vxsso| dqg vdylqjv lqfuhdvhv lq uhvsrqvh wr d ghfuhdvh

lq ixwxuh oderu vxsso| ghshqgv xsrq wkh sduwlfxodu vwdqfh wdnh rq suhihuhqfhv dqg whfkqrorj|/

dv zh h{sodlq ehorz1
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Qrz lpdjlqh wkh jryhuqphqw hqwhuv wkh �qdo shulrg dqg lv doorzhg wr uhrs0

wlpl}h1 Zlwk lqfuhdvlqj uhwxuqv/ lw zrxog olnh wr vhohfw dq htxloleulxp zlwk kljk

�qdo shulrg oderu vxsso| lq rughu wr wdnh dgydqwdjh ri wkh frqyh{ surgxfwlrq

whfkqrorj|1 Lq dgglwlrq/ wkh ehqh�wv ri kljk lqlwldo shulrg vdylqjv dqg oderu lq0

sxw fdqqrw eh uhyhuvhg> wkhuhiruh/ wkh ehqhyrohqw jryhuqphqw kdv qr lqfhqwlyh wr

vwlfn wr wkh suhylrxvo| dqqrxqfhg orz �qdo shulrg oderu vxsso|1 Iruzdug orrnlqj

krxvhkrogv uhdol}h wkdw d jryhuqphqw dfwlqj vhtxhqwldoo| fdqqrw fuhgleo| frp0

plw wr d srolf| lqwhuyhqwlrq wkdw lv zhoiduh0pd{lpl}lqj dprqj wkh hqwluh fodvv ri

srolf| lqwhuyhqwlrqv1

Lq wkh qh{w vhfwlrq/ zh suhvhqw d wzr0shulrg frpshwlwlyh prgho zlwk h{whuqdo

uhwxuqv dqg fkdudfwhul}h wkh shuihfw iruhvljkw htxloleuld1 Lq vhfwlrq 5/ zh fkdudf0

whul}h wkh rswlpdo vwdelol}dwlrq srolf| zlwk dqg zlwkrxw frpplwphqw dqg uhlq0

whusuhw rxu vwdelol}dwlrq srolf| dv d fhuwdlq vwdwh0frqwlqjhqw wd{ srolf|1 Vhfwlrq

6 glvfxvvhv vhyhudo dvshfwv dqg lpsolfdwlrqv ri rxu uhvxowv1 Vhfwlrq 7 frqfoxghv1

4 Wzr0Shulrg Ehqkdele0Iduphu Prgho

Lq wklv vhfwlrq/ zh suhvhqw d wzr0shulrg htxloleulxp prgho zlwk lqfuhdvlqj uh0

wxuqv/ surgxfwlrq h{whuqdolwlhv dqg fdslwdo dffxpxodwlrq1 Zh surylgh forvhg0irup

vroxwlrqv iru wkh hqwluh vhw ri shuihfw iruhvljkw htxloleuld1

Krxvhkrog Sureohp

Wkh hfrqrp| frqvlvwv ri d odujh qxpehu ri lghqwlfdo krxvhkrogv zkr olyh

iru wzr shulrgv1 Krxvhkrogv ghulyh xwlolw| iurp frqvxpswlrq dqg qrw zrunlqj

dffruglqj wr
�[

|'f

^x +f|,� y +q|,` +4,

zkhuh f| dqg q| ghqrwh shulrg w frqvxpswlrq dqg oderu vxsso|1 Hdfk krxvhkrog

lv hqgrzhg zlwk dq lqlwldo txdqwlw| ri fdslwdo nf dqg d vkduh lq wkh uhsuhvhqwdwlyh

�up ri wkh hfrqrp|1 Hdfk vkduh sd|v sur�w �| lq shulrg w1

Lq dgglwlrq wr fkrrvlqj frqvxpswlrq dqg ohlvxuh/ djhqwv pd| dovr krog fdslwdo

n�/ ehwzhhq shulrgv }hur dqg rqh1 Hdfk krxvhkrog pd{lpl}hv +4, e| fkrlfh ri
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iff> f�> n�> qf> q�j vxemhfw wr=

n|n� @ u|n| . �n| .z|q| . �| � f| +5,

iru w @ 3> 4/ zkhuh nf @ 4> n2 @ 31 Jlyhq rxu �qlwh krul}rq/ wkhuh lv qr lqfhqwlyh

wr krog fdslwdo sdvw shulrg 41 Ilqdoo|/ krxvhkrogv kdyh udwlrqdo h{shfwdwlrqv

uhjduglqj dqg wdnh dv jlyhq z| dqg u|/ wkh shulrg w zdjh dqg uhdo lqwhuhvw udwh1

Rswlpl}dwlrq e| krxvhkrogv dw dq lqwhulru uhtxluhv

y� +q|,

x� +f|,
@ z|

iru w @ 3> 4/
x� +ff,

x� +f�,
@ u� . �

dqg wkdw wkh exgjhw frqvwudlqw +5, lv vdwlv�hg zlwk htxdolw| iru w @ 3> 41

Wklv frpsohwhv rxu ghvfulswlrq ri wkh krxvhkrog sureohp dqg wkh dvvrfldwhg

qhfhvvdu| frqglwlrqv iru rswlpl}dwlrq1 Qh{w/ frqvlghu wkh �up*v sureohp1

Ilup Sureohp

Wkh djjuhjdwh surgxfwlrq ixqfwlrq lv

|| @ +n|,
k +q|,

q +6,

zkhuh �>� A 3 dqg � . � A 41 Wklv surgxfwlrq whfkqrorj| h{klelwv lqfuhdvlqj

uhwxuqv0wr0vfdoh1 Wkh djjuhjdwh surgxfwlrq ixqfwlrq lv gl�huhqw iurp wkdw idfhg

e| lqglylgxdo �upv1

Wkh hfrqrp| frqvlvwv ri d odujh qxpehu ri lghqwlfdo �upv/ hdfk ri zklfk

surgxfhv rxwsxw dffruglqj d surgxfwlrq ixqfwlrq zlwk h{whuqdolwlhv1 Zh dvvxph

wkdw li dyhudjh hfrqrp|0zlgh ohyho ri oderu lv srvlwlyh/ wkh �up0ohyho surgxfwlrq

ixqfwlrq lv

|| @ +n|,
@ +q|,

K ��n|�k3@
+�q|,

q3K

zkhuh �n| dqg �q| uhsuhvhqw wkh dyhudjh hfrqrp|0zlgh ohyhov ri fdslwdo dqg oderu1

Li �q| @ 3/ �up0ohyho surgxfwlrq lv jlyhq e| || @ +n|,
k +q|,

q1 Wklv whfkqlfdo

dvvxpswlrq uxohv rxw }hur oderu vxsso| htxloleuld1 Vlqfh wkhuh duh d odujh qxpehu
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ri �upv/ iurp wkh shuvshfwlyh ri d vlqjoh �up/ wkhvh h{whuqdo h�hfwv duh h{rjhqrxv1

Zh vwxg| v|pphwulf htxloleuld zkhuh n| @ �n| dqg q| @ �q|1 Ilqdoo|/ hdfk �up

sulydwho| idfhv frqvwdqw uhwxuqv0wr0vfdoh/ d. e @ 4/ dqg d> e A 31

Lq hdfk shulrg/ d �up fkrrvhv fdslwdo dqg oderu wr pd{lpl}h sur�wv/ jlyhq

e|

�| @ || � u|n| �z|q| +7,

wdnlqj u| dqg z| dv jlyhq1 Sur�w pd{lpl}dwlrq lpsolhv

u|n| @ d|| +8,

z|q| @ e|| +9,

iru w @ 3> 41 Wklv frpsohwhv rxu ghvfulswlrq ri wkh �up sureohp dqg wkh dvvrfldwhg

qhfhvvdu| frqglwlrqv iru sur�w pd{lpl}dwlrq1

Htxloleulxp

Zh vxppdul}h wkh qhfhvvdu| frqglwlrqv wkdw wkh hqgrjhqrxv yduldeohv iqf> q�> ff> f�> n�j
pxvw vdwlvi| lq dq| shuihfw iruhvljkw htxloleulxp +SIH, e| vxevwlwxwlqj rxw idfwru

sulfhv xvlqj +8, dqg +9,1 Wkhvh frqglwlrqv duh

y� +q|, @ ex� +f|, +n|,
k +q|,

q3� iru w @ 3> 4 +:,

x� +ff, @ x� +f�,
�
d +n�,

k3� +q�,
q . �

�
+;,

dv zhoo dv wkh uhvrxufh frqvwudlqw

n|n� @ +n|,
k +q|,

q . �n| � f| iru w @ 3> 4 +<,

zkhuh nf @ 4 dqg n2 @ 31

Qh{w/ zh pdnh ixqfwlrqdo irup dvvxpswlrqv lq rughu wr frqvwuxfw forvhg0irup

h{suhvvlrqv iru wkh hqwluh vhw ri SIH1 Ohw xv dvvxph � @ 4/ � @ 5/ x +f, @ orj +f,

dqg y +q, @ q1 Lq wklv fdvh/ rxu qhfhvvdu| frqglwlrqv ehfrph

f| @ en|q| iru w @ 3> 4 +43,

f� @ ff
�
d +q�,

2 . �
�

+44,
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f� @ n� +q�,
2 . �n� +45,

ff . n� @ nf +qf,
2 . �nf +46,

Zh zloo vkruwo| vwxg| wkh rswlpdo srolf| zkhq wkh jryhuqphqw lv deoh wr vhohfw

dprqj htxloleulxp uhvrxufh doorfdwlrqv1 Wkh jryhuqphqw zloo pd{lpl}h +4, vxe0

mhfw wr wkh uhvrxufh frqvwudlqwv +45, dqg +46,/ dv zhoo dv wkh frqvwudlqw wkdw wkh

oderu vxsso| fkrlfh lv frqvlvwhqw zlwk dq htxloleulxp lq erwk shulrgv +43,/ dqg

wkdw wkh fdslwdo doorfdwlrq lv frqvlvwhqw zlwk dq htxloleulxp +44,1 Wklv Udpvh|

sureohp lv qrq0vwdqgdug rqo| lq wkdw wkh jryhuqphqw grhv qrw vhohfw iurp d vhw

ri wd{ lqvwuxphqwv/ exw iurp dprqj d vhw ri htxloleuld1

Ri frxuvh/ wkh jryhuqphqw fkrlfh ri htxloleuld lv wulyldo li wkh htxloleulxp

lv xqltxh1 Lw lv wkhuhiruh lpsruwdqw wr hvwdeolvk wkdw wkhuh lv qrw qhfhvvdulo| d

xqltxh SIH1 Vxevwlwxwlqj rxw f� lq +45, xvlqj +43, dw w @ 4/ zh kdyh

n� +q�,
2 � en�q� . �n� @ 3

Vlqfh n� pxvw eh srvlwlyh li frqvxpswlrq lv srvlwlyh dw w @ 4/ zh pd| fdqfho n�1

Zh duh ohiw zlwk d txdgudwlf htxdwlrq lq q�1

+q�,
2 � eq� . � @ 3 +47,

Dsso|lqj wkh txdgudwlf irupxod wr +47,/ wkhuh duh wzr srvvleoh ydoxhv ri oderu

vxsso| dw w @ 4=

q�
� @

4

5

�
e.

s
e2 � 7�

�
+48,

q,
� @

4

5

�
e�

s
e2 � 7�

�
+49,

Lq rughu iru q�
� > q

,
� wr eh uhdo ydoxhg/ zh dvvxph wkdw e

2 A 7�16 Qrwh wkdw q� grhv

qrw ghshqg rq n�1 D odujhu fdslwdo n� lqgxfhv d srvlwlyh lqfrph h�hfw lq wkh
6Jlyhq wkdw K 	 �/ lw pd| vhhp wkdw wkh uhwhqwlrq udwh B zrxog kdyh wr eh xquhdolvwlfdoo| orz

lq rughu wr jhqhudwh pxowlsoh htxloleulxp1 Wzr frpphqwv duh lq rughu1 Iluvw/ wkh uhwhqwlrq udwh

lq rxu wzr shulrg prgho lv gl!fxow wr frpsduh zlwk wkh vdph sdudphwhu lq dq lq�qlwh krul}rq

prgho1 Vhfrqg/ rxu dqdo|vlv vhwv rxw wr ghvfuleh d qhz phfkdqlvp iru wlph lqfrqvlvwhqf| ri

jryhuqphqw srolf|1 Vhyhudo xquhdolvwlf dvvxpswlrqv/ vxfk dv wkh djjuhjdwh surgxfwlrq ixqfwlrq

+6, dqg d orz uhwhqwlrq udwh/ duh dgrswhg lq rughu wr ghulyh forvhg irup vroxwlrqv dqg dqdo|wlf

uhvxowv1

:



�qdo shulrg/ ehfdxvh xqghsuhfldwhg fdslwdo lv frqvxphg/ zklfk whqgv wr uhgxfh

q�1 Rq wkh rwkhu kdqg/ d odujhu fdslwdo vwrfn udlvhv wkh pdujlqdo surgxfw ri

oderu/ zklfk whqgv wr lqfuhdvh q�1 Wkhvh wzr h�hfwv h{dfwo| fdqfho rxw zlwk orj

xwlolw| lq frqvxpswlrq dqg frqvwdqw vrfldo uhwxuqv wr fdslwdo1 Wklv lv lpsruwdqw

ehfdxvh wkh jryhuqphqw fkrlfh ri oderu vxsso| hqwhulqj lqwr wkh �qdo shulrg zloo

eh lqghshqghqw ri lqlwldo shulrg dfwlrqv ri wkh jryhuqphqw ru krxvhkrogv1

Dw w @ 4/ oderu vxsso| zloo hlwkhu eh kljk ru orz dqg ohvv wkdq e/ zklfk zh

vwdwh dv d ohppd1

Ohppd 4= 3 ? q,
� ? e@5 ? q�

� ? e ? 41

Surri ri Ohppd 4 = Doo surriv duh lq wkh dsshqgl{1

Ohppd 4 zloo eh xvhixo lq fkdudfwhul}lqj wkh lqlwldo shulrg oderu vxsso|1 Lq

sduwlfxodu/ li krxvhkrogv h{shfw wkdw z� zloo eh orz ehfdxvh djjuhjdwh oderu

vxsso| lv orz dw wlph rqh/ wkhq wkh| zloo lqfuhdvh wlph }hur oderu vxsso| ehfdxvh

ri d zhdowk h�hfw1 Vlqfh wkh surgxfwlrq ri rxwsxw lv frqyh{ lq oderu/ wrwdo rxwsxw

dfurvv wkh wzr shulrgv pd| eh odujhvw li oderu vxsso| lv exqfkhg lq wkh lqlwldo

shulrg1

Qh{w/ zh fkdudfwhul}h oderu vxsso| dw w @ 31 Vxevwlwxwlqj +43, dqg +46, lqwr

+44, jlyhv xv d txdgudwlf htxdwlrq lq qf1

q� +qf,
2 �

k
eq� . � . d +q�,

2
l
qf . �q� @ 3

Iru d jlyhq ydoxh ri q�/ wzr glvwlqfw ydoxhv iru qf vroyh wklv txdgudwlf htxdwlrq1

Vlqfh wkhuh duh wzr srwhqwldo ydoxhv iru q�/ wkhuh duh d wrwdo ri irxu srvvleoh

ydoxhv ri oderu vxsso| dw w @ 3/ zklfk zh ghqrwh q��
f iru l @ k> o dqg m @ k> o1

Ohwwlqj �� @ eq�
� . � . d

�
q�
�

�2
/ wkh irxu htxloleulxp shulrg }hur ydoxhv ri oderu

vxsso| duh

q��
f @

4

5q�
�

#
�� .

u�
��
�2 � 7�

�
q�
�

�2$
+4:,

q,�
f @

4

5q�
�

#
�� �

u�
��
�2 � 7�

�
q�
�

�2$
+4;,

;



iru m @ k> o1 Vxppdul}lqj/ wkhuh duh irxu htxloleuld/ hdfk ri zklfk lv ghvfulehg

e| d sdlu
�
q��
f > q

�
�

�
iru l @ k> o dqg m @ k> o17

Lw lv d vwudljkwiruzdug wr vkrz wkdw q�,
f A q��

f e| h{dplqlqj +4:, dqg +4;,1

Wklv surylghv d sduwldo h{sodqdwlrq ri zk| wkh surgxfwlrq exqfklqj htxloleulxp

pd{lpl}hv wlph }hur krxvhkrog zhoiduh1 H{shfwdwlrq ri q,
� lqvwhdg ri q�

� ohdgv

wr juhdwhu oderu vxsso| lq wkh lqlwldo shulrg1 Wkh lqwxlwlrq iru wklv lqhtxdolw|

lv qrw vwudljkwiruzdug1 Uhfdoo wkdw e| htxdwlrq +47,/ �qdo shulrg oderu vxsso|

grhv qrw ghshqg rq n�1 Wklv rffxuuhg ehfdxvh wkhuh zhuh r�vhwwlqj lqfrph dqg

vxevwlwxwlrq h�hfwv rq �qdo shulrg oderu vxsso|1

Rqh pljkw h{shfw wkdw wkhvh r�vhwwlqj lqfrph dqg vxevwlwxwlrq h�hfwv zrxog

lpso| wkdw qf dqg n� gr qrw ghshqg rq q�1 Zk| lv wklv qrw wkh fdvhB Iluvw/

dqqrxqflqj wkdw oderu vxsso| zloo eh orzhu lq wkh ixwxuh shulrg uhgxfhv lqfrph

lq wkh ixwxuh shulrg1 Wklv lqfrph h�hfw whqgv wr lqfuhdvh qf dqg n�1 Wklv h�hfw

zdv hpskdvl}hg lq wkh lqwurgxfwlrq1 Rq wkh rwkhu kdqg/ dqqrxqflqj d orz ixwxuh

oderu vxsso| dovr uhgxfhv wkh uhdo lqwhuhvw udwh vlqfh wkh ixwxuh pdujlqdo surgxfw

ri fdslwdo zloo eh orzhu li ixwxuh oderu vxsso| lv orz1 Wklv h�hfw whqgv wr uhgxfh

qf dqg n�1 Krzhyhu/ wklv h�hfw lv vpdoohu lq pdjqlwxgh wkdq wkh rssrvlqj lqfrph

h�hfw ehfdxvh wkhuh duh fdslwdo h{whuqdolwlhv1 Htxdwlrq +44, ghprqvwudwhv wkdw

rqo| sduw ri wkh uhwxuqv wr fdslwdo/ lq wkh irup ri kljkhu oderu surgxfwlylw|/ duh

lqwhuqdol}hg> wkhuhiruh/ rqo| sduw ri wklv uhdo lqwhuhvw udwh h�hfw lv lqwhuqdo wr wkh

�up1 Iru h{dpsoh/ zlwkrxw h{whuqdo uhwxuqv wr fdslwdo lq wklv prgho/ qf zrxog

qrw ghshqg rq q�1

Wkh uhpdlqlqj hqgrjhqrxv yduldeohv iru d sduwlfxodu htxloleulxp pd| eh fdo0

fxodwhg xvlqj wkh deryh qhfhvvdu| frqglwlrqv1 Wkh odz ri prwlrq iru frqvxpswlrq

lv

f��f @ eq��
f +4<,

f��� @ eq�
�

��
q��
f

�2 � eq��
f . �

�
+53,

7Wlph }hur oderu lv srvlwlyh lq hyhu| htxloleulxp e| vwudljkwiruzdug h{dplqdwlrq ri +4:, dqg

+4;,1

<



Wklv frpsohwhv rxu fkdudfwhul}dwlrq ri wkh prgho*v shuihfw iruhvljkw htxloleuld1

Lq wkh qh{w vhfwlrq/ zh suhvhqw wkh rswlpdo vwdelol}dwlrq srolf| zlwk dqg zlwkrxw

frpplwphqw1 Zh zloo pdnh uhshdwhg xvh ri rxu h{suhvvlrqv iru wkh htxloleulxp

ydoxhv ri frqvxpswlrq dqg oderu ghulyhg deryh1

5 Rswlpdo Vwdelol}dwlrq Srolf|

Lq wkh suhylrxv vhfwlrq/ zh surylghg frqglwlrqv xqghu zklfk wkhuh h{lvwv pxowlsoh

htxloleuld gxh wr lqfuhdvlqj uhwxuqv1 Dv glvfxvvhg lq wkh lqwurgxfwlrq/ htxloleulxp

pxowlsolflw| pd| surylgh d mxvwl�fdwlrq iru jryhuqphqw lqwhuyhqwlrq1 Zh vwxg|

wkh srolf| ri d ehqhyrohqw jryhuqphqw wkdw vhohfwv iurp dprqj wkh vhw ri shuihfw

iruhvljkw htxloleuld zlwk dqg zlwkrxw frpplwphqw1 Wkh wlplqj ri ghflvlrqv lq

erwk fdvhv lv suhvhqwhg lq Gldjudp 41

514 Zlwkrxw Frpplwphqw

Zlwkrxw frpplwphqw/ zh vroyh wkh jryhuqphqw*v sureohp e| zrunlqj edfnzdugv1

Iluvw/ frqvlghu wkh rswlpdo jryhuqphqw srolf| lq wkh �qdo shulrg1

Ilqdo Shulrg

Hqwhulqj shulrg rqh/ n� lv jlyhq e| suhylrxv dfwlrqv ri krxvhkrogv/ �upv dqg

wkh jryhuqphqw1 Wdnlqj n� dv jlyhq/ wkh jryhuqphqw fkrrvhv d ydoxh ri q� wr

pd{lpl}h frqvxphu zhoiduh dw w @ 4 wkdw lv frqvlvwhqw zlwk htxloleulxp1 Ohw }�

ghqrwh wkh xwlolw| ri wkh uhsuhvhqwdwlyh krxvhkrog hqwhulqj wkh �qdo shulrg zlwk

fdslwdo n�/ zkhuh wkh jryhuqphqw ehkdyhv rswlpdoo|=

}� +n�, @ pd{
?�Mi?�� c?,�j

iorj +f�,� q�j +54,

zkhuh f� @ en�q�1 Wklv uhvwulfwlrq iru f� lv wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw

+43, dw w @ 41

Li q� zhuh d frqwlqxrxv fkrlfh yduldeoh/ wkh ydoxh ixqfwlrq zrxog eh pd{l0

pl}hg dw oderu htxdo wr rqh1 Qrwh wkdw wklv lv lqghshqghqw ri wkh ydoxh ri n� iru

uhdvrqv ghvfulehg lq vhfwlrq 41 Lq dgglwlrq/ wkh remhfwlyh lv frqfdyh dqg lqfuhdv0

lqj lq q� iru q� � 41 Vlqfh erwk fkrlfhv iru oderu
q
q�
� > q

,
�

r
duh ohvv wkdq rqh e|

43



ohppd 4/ wkh rswlpl}lqj jryhuqphqw zloo fkrrvh wkh odujhu ydoxh q�
� 1

Wkh lqwxlwlrq iru wklv uhvxow lv vwudljkwiruzdug1 Vlqfh wkhuh duh srvlwlyh h{0

whuqdo uhwxuqv wr oderu/ sduw ri surgxfwlyh oderu h�ruw lv qrw lqwhuqdol}hg wr wkh

�up1 Dw wlph rqh/ hyhu| htxloleulxp ydoxh ri oderu vxsso| lv/ wkhuhiruh/ ohvv wkdq

wkh sduhwr rswlpdo fkrlfh ri q�1 Iurp dprqj wkh htxloleulxp ydoxhv ri oderu/

q�
� dqg q,

�/ d kljkhu oderu vxsso| lv suhihuuhg1 Kdylqj fkrvhq wkh rswlpdo �qdo

shulrg srolf|/ frqvlghu wkh rswlpdo lqlwldo shulrg srolf|1

Lqlwldo Shulrg

Dw wlph }hur/ wkh jryhuqphqw fkrrvhv oderu vxsso| qf wr pd{lpl}h

}f @ pd{
?fMi?��f c?,�

f
j
orj +ff, . orj +f�,� qf � q�

� +55,

vxemhfw wr +4<, dqg +53,/ zklfk gh�qh wkh odz ri prwlrq iru frqvxpswlrq1 Wkh

wlph }hur jryhuqphqw wdnhv wkh rswlpdo oderu vxsso| ghflvlrq lq wkh �qdo shulrg

dv jlyhq dw q�
� 1 Vxevwlwxwlqj +4<, dqg +53, lqwr +55,/ zh kdyh

}f @ pd{
?fMi?��f c?,�

f j
orj +eqf, . orj

�
eq�

�

k
+qf,

2 � eqf . �
l�

� qf � q�
�

Qh{w/ zh pxvw �qg wkh rswlpdo qf1 Wkh qh{w wkuhh ohppdv zloo eh xvhixo1

Ohppd 5= Iru qf 5 ^e> 5e,/ X +qf> q�, lv lqfuhdvlqj qf1

Wkh lqwxlwlrq iru Ohppd 5 lv vwudljkwiruzdug1 Vlqfh wkhuh lv dq xqghuvxsso|

ri oderu gxh wr srvlwlyh oderu h{whuqdolwlhv lq erwk shulrgv/ hyhu| htxloleulxp

lqyroyhv wrr olwwoh oderu vxsso| uhodwlyh wr wkh sduhwr rswlpdo doorfdwlrq1 Wkh rqo|

fdyhdw wr wklv vwdwhphqw lv wkdw iru yhu| orz ohyhov ri qf/ X pd| eh ghfuhdvlqj lq

qf1 Zkhq qf lv yhu| orz/ wkh pdujlqdo surgxfw ri oderu lv orz dqg wkh pdujlqdo

glvxwlow| ri zrunlqj lv rqh1 Wklv grhv qrw rffxu lq wkh uhohydqw uhjlrq qf 5 ^e> 5e,1

Wkh qh{w ohppd surylghv wkuhh lqhtxdolwlhv frqfhuqlqj lqlwldo shulrg oderu vxsso|

lq wkh dowhuqdwlyh htxloleuld1

Ohppd 6= +l, q,�
f ? e@5> +ll, q��

f A e> +lll, q��
f ? 5e1
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Ohppd 7= X +e> q�, A X +qf> q�, li 3 ? qf ? e1

Wkhruhp 4= Wkh wlph frqvlvwhqw rswlpdo jryhuqphqw vwdelol}dwlrq srolf| lv�
q��
f > q�

�

�
1

Lw zdv suhylrxvo| hvwdeolvkhg wkdw dw wlph rqh/ d jryhuqphqw wkdw pd{lpl}hv

krxvhkrog zhoiduh fkrrvhv wkh htxloleuld zlwk kljk oderu vxsso|1 Dw wlph }hur/

wkh jryhuqphqw pxvw fkrrvh oderu vxsso| wkdw lv frqvlvwhqw zlwk erwk htxlole0

ulxp dv zhoo dv kljk wlph rqh oderu vxsso|1 Wkh jryhuqphqw pd| vhohfw hlwkhu

q,�
f ru q��

f 1 Wrjhwkhu Ohppdv 5 dqg 7 vkrz wkdw lq d uhohydqw udqjh/ kljkhu

oderu vxsso| lv suhihuuhg wr orzhu oderu vxsso|1 Wklv rffxuv ehfdxvh srvlwlyh

oderu h{whuqdolwlhv ohdg wr dq xqghuvxsso| ri oderu lq hyhu| htxloleulxp1 Ilqdoo|/

Ohppd 6 ghprqvwudwhv wkdw q,�
f lv ohvv wkdq q��

f dqg wkdw erwk q,�
f dqg q��

f duh

lq wkh uhohydqw udqjh ri oderu vxsso| ydoxhv1 Wkhuhiruh/ wkh zhoiduh0pd{lpl}lqj

wlph frqvlvwhqw htxloleulxp lqyroyhv kljk oderu vxsso| lq erwk shulrgv1

Lq wkh qh{w vhfwlrq/ zh vkrz wkdw xqghu frpplwphqw wkh wlph }hur zhoiduh0

pd{lpl}lqj htxloleulxp lqyroyhv kljk lqlwldo dqg orz ixwxuh oderu vxsso|1

515 Xqghu Frpplwphqw

Iluvw/ frqvlghu wkh sureohp ri d ehqhyrohqw jryhuqphqw xqghu frpplwphqw1 Zlwk

frpplwphqw/ wkh jryhuqphqw vhohfwv +qf> q�, iurp wkh hqwluh vhw ri SIH lq rughu

wr pd{lpl}h

orj +ff, . orj +f�,� qf � q�

vxemhfw wr +4<,/ +53, dqg wkh uhvwulfwlrq +qf> q�, 5
q�

q��
f > q

�
�

�r
�'�c,(�'�c,

1 Vxevwl0

wxwlqj rxw +4<, dqg +53,/ wkh jryhuqphqw remhfwlyh ixqfwlrq lv

X +qf> q�, @ orj +eqf, . orj +eq�, . orj
�
+qf,

2 � eqf . �
�
� qf � q�

Qrwh wkdw X�2 @ 31

Ohppd 8= +l, q,,
f ? q�,

f > +ll, q
,�
f ? q��

f > +lll, q�,
f A e> +ly, q�,

f ? 5e1

Wkh iroorzlqj wkhruhp surylghv frqglwlrqv xqghu zklfk d ehqhyrohqw jry0

huqphqw xqghu frpplwphqw zrxog fkrrvh wkh surgxfwlrq exqfklqj htxloleulxp1
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Wkh pdlq h{suhvvlrq lq Wkhruhp 5 wkdw pxvw eh fkhfnhg lv +56,/ zklfk ghwhu0

plqhv zkhwkhu kljkhu xwlolw| lv dfklhyhg xqghu
�
q�,
f > q

,
�

�
wkdq

�
q��
f > q�

�

�
1 Wklv

h{suhvvlrq lv frpsolfdwhg1

Wkhruhp 5= Wkh wlph }hur rswlpdo jryhuqphqw vwdelol}dwlrq srolf| xqghu frp0

plwphqw lv
�
q�,
f > q

,
�

�
li dqg rqo| li

n�,� !,

n��� !�
A h{s

�
e
s
e2 � 7� � e2 . 7�

��*2 q
h{s

k
e2 +7� e,

s
e2 � 7�

lr�*e
+56,

zkhuh !� @ �� .

u�
��
�2 � 7�

�
q�
�

�2
1

Wkh surri ri wkhruhp 5 frqvlvwv ri wkuhh sdluzlvh wlph }hur xwlolw| frpsdu0

lvrqv ri gl�huhqw htxloleuld1 Ohw X ��
f ghqrwh wkh wlph }hur krxvhkrog xwlolw| ri

htxloleulxp
�
q��
f > q

�
�

�
1 Iluvw/ zh vkrz wkdw X��

f A X ,�
f 1 Ohppdv 5 dqg 7 surylghg

frqglwlrqv xqghu zklfk kljkhu qf kroglqj �{hg q� uhvxowv lq kljkhu krxvhkrog

xwlolw|1 Wkhvh uhvxowv dsso| vlqfh/ e| Ohppd 8+ll,/ q��
f A q,�

f 1 Vhfrqg/ dv d sduw

ri wkh surri ri Wkhruhp 4/ zh hvwdeolvk X�,
f A X ,,

f 1 Uhfdoo wkdw wkhuh duh uhwxuqv

wr oderu wkdw duh qrw lqwhuqdol}hg wr wkh �up1 Lq hyhu| htxloleulxp/ wkhuh lv dq

xqghuvxsso| ri oderu1 Lqwxlwlyho|/ dq htxloleulxp zlwk orz oderu vxsso| lq erwk

shulrgv lv sduhwr grplqdwhg e| dq htxloleulxp zlwk kljk oderu vxsso| lq dw ohdvw

rqh shulrg1

Wkh wklug dqg �qdo uhtxluhg lqhtxdolw| lv X�,
f A X��

f 1 Wklv lqhtxdolw| krogv

li dqg rqo| li +56, lv wuxh1 Ehfdxvh ri h{whuqdo uhwxuqv wr oderu/ wkhuh lv wrr

olwwoh oderu dqg rxwsxw lq hyhu| htxloleulxp1 Dw �uvw orrn/ lw pd| vhhp wkdw

wkh htxloleulxp wkdw
�
q��
f > q�

�

�
jhqhudwhv wkh juhdwhvw wrwdo rxwsxw1 Wklv lv qrw

qhfhvvdulo| wuxh1 Lpdjlqh d krxvhkrog dw wlph }hur kdv d fkdqjh lq h{shfwdwlrqv

wkdw zdjhv dw wlph rqh zloo eh orz lqvwhdg ri kljk1 Wkh uhgxfwlrq lq shupdqhqw

lqfrph lqgxfhv wkh krxvhkrog wr lqfuhdvh wlph }hur oderu vxsso|1 Lq idfw/ lw lv

srvvleoh wr vkrz wkdw q�,
f A q��

f 1 Ehfdxvh ri lqfuhdvlqj uhwxuqv wr oderu/ d kljkhu

qf lqfuhdvhv wkh pdujlqdo surgxfw ri oderu dqg wkhuhiruh wkh zdjh1 Wkxv/ wkh

lqfrph h�hfw ri d idoolqj ixwxuh zdjh lv dpsol�hg e| wkh vxevwlwxwlrq h�hfw1
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Qrw hyhu| sdudphwhu frq�jxudwlrq jhqhudwhv d wlph frqvlvwhqf| sureohp1 Lq

Vhfwlrq 6/ zh frpsxwh qxphulfdoo| zklfk ydoxhv ri wkh xqghuo|lqj sdudphwhuv

+e> �, lpso| X�,
f A X��

f 1 Li X�,
f ? X��

f ru/ htxlydohqwo|/ +56, krogv/ wkhq wkh

kljkhvw wlph }hur xwlolw| htxloleulxp lv
�
q��
f > q�

�

�
dqg wkhuh lv qr wlph frqvlvwhqf|

sureohp1

Lq sduw/ wkhruhp 5 krogv ehfdxvh d ehqhyrohqw vwdelol}dwlrq dxwkrulw| uhfrj0

ql}hv wkh xvhixoqhvv ri surgxfwlrq exqfklqj zkhq wkhuh lv lqfuhdvlqj uhwxuqv wr

oderu1 Lw pd| qrw eh reylrxv zk| kljk oderu lv suhihuuhg lq wkh lqlwldo shulrg

ryhu kljk oderu lq wkh �qdo shulrg1 Zk| lv X�,
f 9@ X ,�

f B Zkhq oderu lv kljk lq

wkh lqlwldo shulrg/ wkh fdslwdo vwrfn lv kljk ehwzhhq wkh lqlwldo dqg �qdo shulrgv1

Wklv kdv wzr h�hfwv1 Iluvw/ lw doorzv wkh krxvhkrog wr vdyh rxwsxw dfurvv shulrgv1

Vhfrqg/ d kljk fdslwdo vwrfn lq wkh �qdo shulrg udlvhv wkh surgxfwlylw| ri oderu lq

wkh �qdo shulrg1 Wklv vhfrqg fkdqqho lv qrw rshudwlyh li surgxfwlrq lv exqfkhg

lq wkh �qdo shulrg> wkhuhiruh/ wkh zhoiduh pd{lpl}lqj htxloleulxp frqfhqwudwhv

surgxfwlrq lq wkh lqlwldo shulrg lqvwhdg ri wkh �qdo shulrg1

Ohw xv wdnh d vdpsoh sdudphwhu frq�jxudwlrq1 Frqvlghu wkh iroorzlqj vh0

ohfwlrq ri xqghuo|lqj sdudphwhu ydoxhv= e @ 3=:> � @ 3=41 Lq wklv fdvh/ wkh

dvvxpswlrqv ri wkhruhp 4 fohduo| krog dqg wkh wlph frqvlvwhqw vwudwhj| lqyroyhv

kljk oderu vxsso| lq erwk shulrgv1 Lq dgglwlrq/ wkh dvvxpswlrqv ri wkhruhp

5 krog dqg wkh rswlpdo srolf| zlwk frpplwphqw lv
�
q�,
f > q

,
�

�
1 Wdeoh 4 olvwv

wkh hqgrjhqrxv yduldeohv dqg wlph }hur krxvhkrog xwlolw| lq hyhu| htxloleulxp1

Oderu vxsso| lq wkh kljk0kljk htxloleulxp lv
�
q��
f > q�

�

�
@ +3=<7> 3=83,/ zlwk

wlph }hur xwlolw| X��
f @ �7=441 Oderu vxsso| lq wkh kljk0orz htxloleulxp lv�

q�,
f > q

,
�

�
@ +4=4:> 3=53,/ zlwk wlph }hur xwlolw| X�,

f @ �6=<91

Wkh kljkhvw xwlolw| htxloleulxp lqyroyhv kljk lqlwldo oderu vxsso| dqg orz

ixwxuh oderu vxsso|1 Wklv lv frqvlvwhqw zlwk surgxfwlrq exqfklqj�kljkhu oderu

vxsso| lqfuhdvhv wkh pdujlqdo surgxfw ri oderu ehfdxvh ri lqfuhdvlqj uhwxuqv1

Lw vkrxog qrw eh vxusulvlqj wkdw wklv htxloleulxp jlyhv wkh kljkhvw xwlolw|1 Dv

h{sodlqhg lq Wkhruhp 4/ wklv htxloleulxp lv qrw wlph frqvlvwhqw ehfdxvh wkh wlph

rqh jryhuqphqw/ li jlyhq wkh rssruwxqlw| wr ghyldwh/ zloo fkrrvh kljk oderu vxsso|
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lq rughu wr wdnh dgydqwdjh ri lqfuhdvlqj uhwxuqv1

Lw lv lpsruwdqw qrw wr irfxv rq wrwdo oderu vxsso| dfurvv erwk shulrgv dv

d phdvxuh ri hfrqrplf dfwlylw|1 Qrwh wkdw wrwdo oderu h�ruw lv juhdwhu lq wkh

kljk0kljk htxloleulxp/ wkdw lv q��
f . q�

� A q�,
f . q,

�1 Wklv grhv qrw frqwudglfw

wkhruhp 5/ ehfdxvh krxvhkrogv duh uhdoo| frqfhuqhg derxw lv wrwdo rxwsxw +zlwk

vrph hpskdvlv rq lwv wlph sur�oh,1 Li wkh surgxfwlrq ixqfwlrq lv frqyh{ lq oderu/

wkhq dq xqhyhqo| glvwulexwhg oderu vxsso| zlwk d orzhu wrwdo pd| jhqhudwh pruh

rxwsxw wkdq dq hyhqo| glvwulexwhg oderu vxsso| zlwk d kljkhu wrwdo1 Lq dgglwlrq/

wkh fdslwdo vwrfn lv pxfk odujhu lq wkh surgxfwlrq exqfklqj htxloleulxp/ zklfk

lv zhoiduh lpsurylqj ehfdxvh ri wkh h{whuqdo h�hfwv ri fdslwdo1

516 Vwdelol}dwlrq Srolf| dv d Vwdwh0Frqwlqjhqw Wd{ Srolf|

Lq d wzr0shulrg jurzwk prgho zlwk h{whuqdo uhwxuqv wr fdslwdo dqg oderu/ d srolf|

wkdw frruglqdwhv wkh h{shfwdwlrqv ri krxvhkrogv wr pd{lpl}h frqvxphu zhoiduh

pd| qrw eh wlph frqvlvwhqw1 Ghvslwh vhyhudo h{dpsohv ri prghov zkhuh wklv nlqg

ri vwdelol}dwlrq srolf| lv glvfxvvhg/ qrwdeo| Hydqv hw do +4<<;, dqg Pdwvx|dpd

+4<<4,/ wkh uhdghu pd| txhvwlrq wkh uhdolvp ru zrundelolw| ri wklv nlqg ri vwdel0

ol}dwlrq srolf|1 Lqvwhdg/ vhyhudo dxwkruv kdyh vwxglhg wd{ srolflhv wkdw uxoh rxw

pxowlsolflw| lq htxloleulxp prghov/ vxfk dv Fkulvwldqr dqg Kduulvrq +4<<<, dqg

Jxr dqg Odqvlqj +4<<;,1 Lq wklv vhfwlrq/ zh ghvfuleh krz rxu vwdelol}dwlrq srolf|

fdq eh uhlqwhusuhwhg dv d fhuwdlq w|sh ri vwdwh frqwlqjhqw oderu wd{ srolf|1

Dvvxph wkh jryhuqphqw vhohfwv d wd{ rq oderu � | @ � | +q|, iru w @ 3> 4 dv

d ixqfwlrq ri lqglylgxdo oderu vxsso|1 Lq dgglwlrq/ dvvxph wkdw wkh jryhuqphqw

fdqqrw eruurz ru ohqg/ pd| rqo| lvvxh oxps0vxp uhedwhv dqg fdqqrw froohfw

oxps0vxp wd{hv1 Wkhvh dvvxpswlrqv wrjhwkhu lpso| � | � 3 lq rughu wkdw wkh

jryhuqphqw exgjhw frqvwudlqw lv vdwlv�hg1 Ohw wkh jryhuqphqw fkrrvh d vhw ri

ixqfwlrqv +�f> � �, wr pd{lpl}h krxvhkrog zhoiduh vxemhfw wr wkh frqvwudlqw wkdw

wkh htxloleulxp lpsolhg e| wkh fkrlfh ri � | +q|, iru w @ 3> 4 lv xqltxh1

Iluvw/ frqvlghu wkh wlph frqvlvwhqw vroxwlrq wr wklv sureohp1 Hqwhulqj wkh �qdo

shulrg/ wkh jryhuqphqw zrxog qrw lpsrvh d wd{ rq oderu vxsso| lq htxloleulxp
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vlqfh hyhu| htxloleulxp q� lqyroyhv wrr olwwoh oderu vxsso| lq wkh �qdo shulrg18

Dowkrxjk wkh jryhuqphqw zloo qrw wd{ oderu lq htxloleulxp/ lw zrxog suhihu q�
�

rewdlq1 Lw fdq dffrpsolvk wklv e| vhwwlqj ��
�
q,
�

�
yhu| kljk1 Wklv pdnhv wkh orz

oderu vxsso| lqfrqvlvwhqw zlwk frqvxphu rswlpl}dwlrq dqg/ wkhuhiruh/ htxlole0

ulxp1 Zlwkrxw frpplwphqw/ wkh wd{ srolf| jxdudqwhhv �qdo shulrg oderu htxdov

q�
� 1

Zrunlqj edfnzdugv/ wkh lqlwldo shulrg jryhuqphqw pd{lpl}hv wlph }hur xwlolw|

vxemhfw wr wkh frqvwudlqw wkdw htxloleulxp wd{hv zloo eh }hur dw w @ 4 dqg wkdw

q� @ q�
� 1 E| wkh vdph dujxphqw dv deryh/ wkh jryhuqphqw zloo qrw wd{ lqlwldo

shulrg oderu lq htxloleulxp dqg lw suhihuv q��
f wr q,�

f 1 Lw fdq dffrpsolvk wklv

e| vhwwlqj �f
�
q,�
f

�
yhu| kljk dqg �f

�
q��
f

�
@ 31 Wkhuhiruh/ wkh wlph frqvlvwhqw

doorfdwlrq zkhuh wkh jryhuqphqw frruglqdwhv krxvhkrogv h{shfwdwlrqv lv lghqwlfdo

wr wkh wlph frqvlvwhqw doorfdwlrq zkhuh wkh jryhuqphqw vhohfwv d vwdwh0frqwlqjhqw

wd{ srolf|1

Qh{w/ frqvlghu wkh vroxwlrq wr wkh jryhuqphqw sureohp zlwk frpplwphqw1

Wkh doorfdwlrq
�
q�,
f > q

,
�

�
lv ihdvleoh xqghu wklv srolf|1 Wklv htxloleulxp rewdlqv li

wkh jryhuqphqw vhwv �f
�
q�,
f

�
@ ��

�
q,
�

�
@ 3 dqg � | yhu| kljk dw doo rwkhu ydoxhv ri

oderu vxsso|1 Wklv ghprqvwudwhv wkdw wkhuh lv d wlph frqvlvwhqf| sureohp zkhq

jryhuqphqw fkrrvhv d wd{ srolf|1 Wkhuh h{lvwv d ihdvleoh doorfdwlrq zlwk frp0

plwphqw
�
q�,
f > q

,
�

�
zklfk grplqdwhv wkh rswlpdo doorfdwlrq zlwkrxw frpplwphqw�

q��
f > q�

�

�
1

Lq idfw/ dowkrxjk
�
q�,
f > q

,
�

�
lv ihdvleoh xqghu frpplwphqw/ lw pd| qrw eh rs0

wlpdo1 Xqghu frpplwphqw/ wkh jryhuqphqw pd| zdqw wr kdyh d srvlwlyh �qdo

shulrg oderu wd{ lq htxloleulxp vlqfh d ydoxh ri q� ehorz q,
� pd| lqgxfh juhdwhu

lqlwldo shulrg vdylqjv dqg oderu lqsxw wkdw lqfuhdvhv zhoiduh1 Wklv lpsolhv wkdw

xvlqj wd{ srolf| lqvwhdg ri htxloleulxp vhohfwlrq dv wkh srolf| lqvwuxphqw pd|

pdjqli| wkh wlph frqvlvwhqf| sureohp e| lqfuhdvlqj zhoiduh xqghu frpplwphqw

8Wkh jryhuqphqw zrxog olnh wr vxevlgl}h oderu lq htxloleulxp ehfdxvh ri wkh h{whuqdolw|1

Wklv lv uxohg rxw e| rxu dvvvxpswlrqv wkdw wkh jryhuphqw pd| qrw eruurz ru lvvxh oxps vxp

wd{hv1
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dqg ohdylqj zhoiduh xqfkdqjhg zlwkrxw frpplwphqw1

6 Ixuwkhu H{sorudwlrq

Xvlqj d glvfuhwh wlph/ �qlwh krul}rq prgho/ zh kdyh dqdo|wlfdoo| fkdudfwhul}hg

wkh hqgrjhqrxv yduldeohv lq hyhu| SIH ri wkh prgho1 Vlqfh wkhuh duh rqo| wzr iuhh

sdudphwhuv ri wkh prgho/ wkh ghsuhfldwlrq udwh +4� �, dqg wkh sulydwh uhwxuqv wr

oderu e/ lw lv hdv| wr wudfh rxw doo ri wkh sdudphwhu frq�jxudwlrqv wkdw jhqhudwh

wlph lqfrqvlvwhqf|1

Iljxuh 6 lghqwl�hv wkh kljkhvw wlph }hur xwlolw| htxloleulxp iru doo frq�jx0

udwlrqv ri e dqg �1 Ydoxhv ri � duh rq wkh yhuwlfdo d{lv dqg ydoxhv ri e duh rq

wkh krul}rqwdo d{lv1 Dq c{* ghqrwhv d +e> �, sdlu zlwk kljkhvw xwlolw| rffxuulqj

dw
�
q�,
f > q

,
�

�
dqg dq cr* ghqrwhv d +e> �, sdlu zlwk kljkhvw xwlolw| rffxuulqj dw�

q��
f > q�

�

�
1 Wkh xsshu ohiw vlgh ri wkh judsk lv eodqn1 Lq wklv udqjh/ e2 ? 7�

dqg wkhuh duh qr htxloleuld zkhuh krxvhkrogv duh dw dq lqwhulru vroxwlrq1 Dovr/

wkhuh lv qr uhjlrq zkhuh wkh rwkhu wzr htxloleuld/ erwk ri zklfk lqyroyh orz wlph

}hur oderu vxsso|/ pd{lpl}h wlph }hur zhoiduh1 Ryhu wkh hqwluh uhjlrq/ Wkhr0

uhp 4 ghprqvwudwhv wkdw wkh wlph frqvlvwhqw zhoiduh0pd{lpl}lqj htxloleulxp lv�
q��
f > q�

�

�
1

Iurp Iljxuh 6/ zh vhh wkdw wkh uhjlrq zkhuh
�
q��
f > q�

�

�
pd{lpl}hv wlph }hur

xwlolw| xqghu frpplwphqw lqyroyhv e| orz ydoxhv ri e dqg �1 Iluvw/ frqvlghu wkh

sulydwh uhwxuqv wr oderu/ e1 D orz ydoxh ri e lpsolhv wkdw htxloleulxp oderu vxsso|

lv orz1 Li oderu vxsso| lv vx!flhqwo| forvh wr }hur/ wkhq wkh pdujlqdo surgxfw ri

oderu ehfrphv forvh wr olqhdu1 Li surgxfwlrq lv forvh wr olqhdu lq oderu/ wkhq wkh

lqfhqwlyhv iru surgxfwlrq exqfklqj duh glplqlvkhg1 Iru vx!flhqwo| vpdoo e/ li

pxowlsoh htxloleuld h{lvw/ wkhq wkh kljkhvw zhoiduh htxloleulxp lv
�
q��
f > q�

�

�
1

Vhfrqg/ frqvlghu wkh fdslwdo ghsuhfldwlrq udwh +4� �,1 Rqh ihdwxuh ri wkh

Ehqkdele0Iduphu prgho lq glvfuhwh wlph lv wkdw li fdslwdo ghsuhfldwhv ixoo| diwhu

rqh shulrg/ wkhq wkh prgho zloo qrw h{klelw pxowlsoh htxloleuld1 Kljk ghsuhfldwlrq

uhpryhv wkh wlph frqvlvwhqf| sureohp/ ehfdxvh li � lv forvh wr }hur wkhq wkh wlph

}hur zhoiduh pd{lpl}lqj htxloleulxp zlwk dqg zlwkrxw frpplwphqw lv
�
q��
f > q�

�

�
1
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Kljk ghsuhfldwlrq uhgxfhv wkh delolw| ri fdslwdo wr vprrwk frqvxpswlrq ehwzhhq

shulrgv }hur dqg rqh1 Wklv pdnhv wkh surgxfwlrq exqfklqj ri wkh
�
q�,
f > q

,
�

�
htxloleulxp ohvv dwwudfwlyh wr d ehqhyrohqw jryhuqphqw1 Lq wkh h{wuhph fdvh

zkhuh � @ 3/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh htxloleulxp lv xqltxh dqg

qf @ e. +4� e, e> q� @ e1

Dq dgydqwdjh ri xvlqj d wzr shulrg prgho zlwk uhvwulfwlyh dvvxpswlrqv jry0

huqlqj surgxfwlrq dqg suhihuhqfh sdudphwhuv lv wkdw zh duh deoh wr suryh uhvxowv

uhjduglqj wkh wlph frqvlvwhqf| ri rswlpdo vwdelol}dwlrq srolf|1 Lq vrph uhvshfwv

wkh prgho lv qrw vwdqgdug1 Iru h{dpsoh/ Ehqkdele dqg Iduphu +4<<6, dqg Jxr

dqg Odqvlqj +4<<;, frqvlghu dq lq�qlwh krul}rq/ frqwlqxrxv wlph prgho1 Fkulv0

wldqr dqg Kduulvrq +4<<9, vwxg| d glvfuhwh wlph lq�qlwh krul}rq prgho1 Lq qxphu0

lfdo vlpxodwlrqv qrw uhsruwhg lq wklv sdshu/ zh ghprqvwudwh wkdw wklv w|sh ri wlph

frqvlvwhqf| sureohp dulvhv lq wklv Ehqkdele0Iduphu prgho li wlph lv frqwlqxrxv

dqg wkh krul}rq lv lq�qlwh1

7 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh lghqwl�hg d qhz irup ri wlph lqfrqvlvwhqf| lq d vwdqgdug

prgho ri hqgrjhqrxv  xfwxdwlrqv1 Lq d g|qdplf jurzwk prgho zlwk h{whuqdo uh0

wxuqv wr fdslwdo dqg oderu/ d vwdelol}dwlrq srolf| wkdw vhohfwv wkh htxloleulxp zlwk

kljkhvw wlph }hur xwlolw| pd| qrw eh wlph frqvlvwhqw1 Wkdw lv/ li wkh jryhuqphqw

lv deoh wr uhylvlw lwv vwdelol}dwlrq sodq dw d ixwxuh gdwh/ lw pd| zlvk wr fkdqjh lwv

sodq1 Rxu h{shfwdwlrq frruglqdwlrq srolf| zdv uhlqwhusuhwhg dv d wd{ srolf|1 Lq

wklv fdvh/ wkh wlph frqvlvwhqf| sureohp uhpdlqv dqg pd| eh dpsol�hg1

Rxu uhvxow lv lpsruwdqw ehfdxvh lw fdvwv grxew rq wkh xvhixoqhvv ri vwdelol}d0

wlrq srolf| wr uhpryh  xfwxdwlrqv lq d fodvv ri cdqlpdo vslulw* prghov1 Lq wklv

prgho/ lw lv srvvleoh iru wkh jryhuqphqw wr vwdelol}h wkh hfrqrp| e| vhohfwlqj dq

htxloleulxp> krzhyhu/ zlwkrxw d frpplwphqw phfkdqlvp/ wkh vwdelol}dwlrq srolf|

jxdudqwhhv wkdw wkh kljkhvw wlph0}hur xwlolw| htxloleulxp fdqqrw eh uhdfkhg dqg

d sduhwr lqihulru htxloleulxp lv fkrvhq lqvwhdg1

Wklv srwhqwldoo| ohdyhv wkh jryhuqphqw zlwk d gl!fxow frqxqguxp= li lw
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fkrrvhv wr vwdelol}h wkh hfrqrp| e| vhohfwlqj dq htxloleulxp/ lw zloo hqvxuh wkdw

d sduhwr lqihulru htxloleulxp rffxuv zlwk suredelolw| rqh1 Li wkh jryhuqphqw lv

deoh wr �zdon dzd|� iurp frqgxfwlqj d vwdelol}dwlrq srolf|/ wkhq wkhuh pd| eh

vrph fkdqfh wkdw krxvhkrogv dqg �upv zloo kdyh h{shfwdwlrqv wkdw lpso| wkh

kljkhvw wlph0}hur xwlolw| htxloleulxp rewdlqv1 Vwdwhg dqrwkhu zd|/ lpdjlqh wkdw

wkh jryhuqphqw eholhyhv wkdw krxvhkrogv kdyh vx!flhqwo| rswlplvwlf h{shfwdwlrqv

vr wkdw wkhuh lv d vwurqj fkdqfh d kljk xwlolw| htxloleulxp rewdlqv lq devhqfh ri

jryhuqphqw lqwhuyhqwlrq1 Lq wklv fdvh/ wkh jryhuqphqw pd| suhihu wr frqgxfw qr

vwdelol}dwlrq srolf| li lw fdq ihdvleo| gr vr1
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8 Dsshqgl{= Surriv ri Wkhruhpv dqg Ohppdv

Surri ri Ohppd 4= Wklv krogv e| +47,/ dqg ehfdxvh � A 31

Surri ri Ohppd 5= Qrz zh zrxog olnh wr uhsuhvhqw vrph ihdwxuhv ri krxvhkrog

xwlolw| dv d ixqfwlrq ri qf1 Vlqfh xwlolw| lv vhsdudeoh iurp q�/ lw lv vx!flhqw wr

vwxg|

aX +qf, @ orj +qf, . orj
�
q2f � eqf . �

�
� qf

Zh nqrz wkdw qf fdq rqo| wdnh rq rqh ri irxu ydoxhv> krzhyhu/ lw zloo eh lpsruwdqw

wr ghyhors vrph idfwv derxw wkh ixqfwlrq aX 1 Ehfdxvh xwlolw| lv xqd�hfwhg xs wr

d prqrwrqh wudqvirupdwlrq/ zh pd| htxlydohqwo| vwxg| Y +qf, @ h{s
�
aX +qf,

�
1

Qrwh wkdw

Y +qf, @
�
q2f � eqf . �

�
^qf h{s +�qf,`

Wdnlqj wkh �uvw ghulydwlyh=

Y � +qf, @ h{s +�qf,
k
�q�f . +e. 6,q2f � +5e. �,qf . �

l

Ohwwlqj i +qf, @ �q�f . +e. 6,q2f � +5e. �,qf . �/ lw lv fohdu wkdw i +qf, A 3

lpsolhv Y � +qf, A 31

Qrwh wkdw i lv d fxelf htxdwlrq zlwk d qhjdwlyh vljq rq wkh +qf,
� whup1 Wklv

lpsolhv i kdv rqo| rqh uhjlrq zkhuh i lv lqfuhdvlqj1 Vhh Iljxuh 41 Hydoxdwlqj

wkh ixqfwlrq dqg lwv �uvw ghulydwlyh dw qf @ e/ zh kdyh i +e, @ e2 . � +4� e, A 3

dqg i � +e, @ e +7� e,�� A 31 Wkhuhiruh/ i lv srvlwlyh dw qf @ e dqg lw ehorqjv wr

wkh lqfuhdvlqj uhjlrq ri i 1 Iru dq| { A e/ li i � +{, A 3 lw pxvw eh wkh fdvh wkdw

i +qf, A 3 iru doo qf 5 +e> {,1 Vlpsoh dojheud vkrzv wkdw i � +5e, @ 5 +8� 7e,�� A

31

Surri ri Ohppd 6= +l, Qrwh iurp +4;, wkdw

q,�
f @

e

5
.

4

5
�

�
q�
�

�
� 4

5

t�
e.�

�
q�
�

��2 � 7�

zkhuh �+q, @ +4� e,q. �@q1 Wkh frqmhfwxuhg lqhtxdolw| krogv li

�
�
q�
�

�
?

t�
e.�

�
q�
�

��2 � 7�
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Wdnlqj wkh vtxduh ri erwk vlghv/ wklv lv htxlydohqw wr

�
�
q�
�

�2
? e2 . 5e�

�
q�
�

�
.�

�
q�
�

�2 � 7�

Vlpsoli|lqj/

7� ? e2 . 5e�
�
q�
�

�
Vlqfh e2 A 7� e| dvvxpswlrq dqg � A 3/ wklv lqhtxdolw| krogv1

+ll, q��
f A e1 Iurp +4:, wkh gh�qlwlrq ri q��

f / wkh lqhtxdolw| krogv dv orqj dv

e

5
.

4

5
�

�
q�
�

�
.

4

5

t�
e.�

�
q�
�

��2 � 7� A e

Vlpsoli|lqj t�
e.�

�
q�
�

��2 � 7� A e��
�
q�
�

�
Vtxdulqj erwk vlghv dqg vlpsoli|lqj/

e�
�
q�
�

�
A �

Iurp wkh gh�qlwlrq ri �
�
q�
�

�
/ wklv ehfrphv

dq�
� .

�

q�
�

A
�

e

Zh nqrz wkdw 3 ? q�
� ? e zklfk jxdudqwhhv wkdw wkh lqhtxdolw| krogv1

+lll, Surri e| frqwudglfwlrq1 Dvvxph q��
f � 5e1 Iurp +4:, dqg +4;,/ qrwh wkdw

q��
f . q,�

f @ 5| zkhuh | @ �
2

k
e. �@q�

� . dq�
�

l
1 Wkhq/

q,�
f @ e.

�

q�
�

. dq�
� � q��

f +57,

Zh zloo vkrz wkdw q��
f � 5e lpsolhv q,�

f ? 31 Iurp +57,/ lw lv fohdu wkdw li q��
f @ 5e

lpsolhv q,�
f ? 3/ wkhq q��

f A 5e zloo dovr lpso| q,�
f ? 31 Ohwwlqj q��

f @ 5e/ zh

kdyh

q,�
f @ �e.

�

q�
�

. dq�
�

Vlqfh zh duh lqwhuhvwhg lq hvwdeolvklqj wkh vljq ri q,�
f xqghu wkh frqwudglfwlrq/

zh fdq pxowlso| wkh deryh h{suhvvlrq e| q�
� 1 Wkhq/

vjq
k
q,�
f

l
@ vjq

�
d
�
q�
�

�2 � eq�
� . �

�
+58,
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Wkh txdgudwlf whup lqvlgh wkh eudfnhwv ri wkh uljkw0kdqg vlgh ri +58, lv vlplodu

wr wkh txdgudwlf htxdwlrq +47, wkdw ghwhuplqhv wkh ydoxh ri q�
� 1 Lq idfw wkhvh wzr

txdgudwlf htxdwlrqv gl�hu rqo| lq wkh frh!flhqw pxowlso|lqj wkh vtxduhg whup1

Ohw xv gh�qh wkhvh wzr txdgudwlf ixqfwlrqv=

I +q, @ dq2 � eq. �

J +q, @ q2 � eq. �

Iljxuh 7 sorwv I dqg J1 Iluvw/ I olhv ehorz J ehfdxvh d ? 41 Vhfrqg/

J
�
q�
�

�
@ 3 vlqfh q�

� lv gh�qhg e| +47,1 Vlqfh I olhv ehqhdwk J/ wklv lpsolhv

wkdw I
�
q�
�

�
? 31 Iurp +5;,/ krzhyhu/ q,�

f lv qhjdwlyh1 H{dplqlqj +4;,/lw lv fohdu

q,�
f lv srvlwlyh1 Zh kdyh uhdfkhg wkh ghvluhg frqwudglfwlrq1 Qrwh wkdw dvvxplqj

q��
f A 5e zloo qrw uhyhuvh wkh vljq ri q,�

f 1

Surri ri Ohppd 7= Lw lv pruh frqyhqlhqw wr vwxg| Y +qf, @
�
q2f � eqf . �

�
^qf h{s +�qf,`/

d prqrwrqh wudqvirupdwlrq ri wkh xwlolw| ixqfwlrq zkhuh zh gurs whupv lqyroylqj
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Y +e, @ e� h{s +�e,
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Wkh txdgudwlf whup lqvlgh wkh eudfnhwv ri wkh uljkw0kdqg vlgh ri +5;, lv vlplodu

wr wkh txdgudwlf htxdwlrq +47, wkdw ghwhuplqhv wkh ydoxh ri q,
�1 Lq idfw wkhvh wzr

txdgudwlf htxdwlrqv gl�hu rqo| lq wkh frh!flhqw pxowlso|lqj wkh vtxduhg whup1

Ohw xv gh�qh wkhvh wzr txdgudwlf ixqfwlrqv=

I +q, @ dq2 � eq. �

J +q, @ q2 � eq. �
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9 Eleolrjudsk|

D}duldglv/ Frvwdv +4<;4,/ �Vhoi Ixo�oolqj Surskhflhv/� Mrxuqdo ri Hfrqrplf Wkh0

ru| 58/ 6;30<91

Ehqkdele/ Mhvv dqg Urjhu Iduphu +4<<7,/ �Lqghwhuplqdf| dqg Lqfuhdvlqj Uh0

wxuqv/� Mrxuqdo ri Hfrqrplf Wkhru| 96/ 4<0741

Fkulvwldqr/ Odzuhqfh dqg Vkdurq Kduulvrq +4<<<,/ �Fkdrv/ Vxqvsrwv dqg Dxwr0

pdwlf Vwdelol}huv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1

Frrshu/ Uxvvhoo dqg Dqguhz Mrkq +4<;;,/ �Frruglqdwlqj Frruglqdwlrq Idloxuhv

lq Nh|qhvldq Prghov/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 436/ 7740971

Hydqv/ Jhrujh/ Vhssr Krqndsrkmd dqg Sdxo Urphu +4<<;,/ �Jurzwk F|fohv/�

Dphulfdq Hfrqrplf Uhylhz ;;/ 7<808481

Iduphu/ Urjhu +4<<6,/ Wkh Pdfurhfrqrplfv ri Vhoi0Ixo�oolqj Surskhflhv/ Fdp0

eulgjh/ Pdvvdfkxvhwwv= PLW Suhvv1

Iduphu/ Urjhu dqg Plfkdho Zrrgirug +4<;7,/ �Vhoi0Ixo�oolqj Surskhflhv dqg wkh

Exvlqhvv F|foh/� FDUHVV zrunlqj sdshu ;7045/ Xqlyhuvlw| ri Shqqv|oydqld1

Jxr/ Mdqj0Wlqj dqg Nhylq Odqvlqj +4<<;,/ �Vxqvsrwv dqg Vwdelol}dwlrq Srolf|/�

Mrxuqdo ri Hfrqrplf Wkhru| ;5/ 7;407<31

Kdoo/ Urehuw +4<<4,/ Errpv dqg Uhfhvvlrqv lq d Qrlv| Hfrqrp|/ Qhz Kdyhq=

\doh Xqlyhuvlw| Suhvv1

Krzlww/ Shwhu dqg U1 Suhvwrq PfDihh +4<<5,/ �Dqlpdo Vslulwv/� Dphulfdq Hfr0

qrplf Uhylhz ;5/ 7<608391

Nl|rwdnl/ Qrexklur +4<;;,/ �Pxowlsoh H{shfwdwlrqdo Htxloleuld xqghu Prqrsr0

olvwlf Frpshwlwlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 436/ 9<80:461
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N|godqg/ Ilqq dqg Hgzdug Suhvfrww +4<::,/ �Uxohv Udwkhu wkdq Glvfuhwlrq= Wkh

Lqfrqvlvwhqf| ri Rswlpdo Sodqv/� Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/ 7:607<41

Oxfdv/ Urehuw dqg Qdqf| Vwrnh| +4<;6,/ �Rswlpdo Prqhwdu| dqg Ilvfdo Srolf|

lq dq Hfrqrp| zlwkrxw Fdslwdo/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 45/ 880<61

Pdwvx|dpd/ Nlplqrul +4<<4,/ cLqfuhdvlqj Uhwxuqv/ Lqgxvwuldol}dwlrq dqg Lqgh0

whuplqdf| ri Htxloleulxp/* Txduwhuo| Mrxuqdo ri Hfrqrplfv 439/ 94:09831

Vfkplww0Jurkì/ Vwhskdqlh +4<<7,/ �Frpsdulqj Irxu Prghov ri Djjuhjdwh Ioxf0

wxdwlrqv Gxh wr Vhoi0Ixo�oolqj H{shfwdwlrqv/� Mrxuqdo ri Hfrqrplf Wkhru| :5/

<9047:1

Vkohlihu/ Dqguhl +4<;9,/ �Lpsohphqwdwlrq F|fohv/� Mrxuqdo ri Srolwlfdo Hfrqrp|

<7/ 44960<31

Zhlo/ Sklolssh +4<;<,/ �Lqfuhdvlqj Uhwxuqv dqg Dqlpdo Vslulwv/� Dphulfdq Hfr0

qrplf Uhylhz :</ ;;<0;<71

Zrrgirug/ Plfkdho +4<;:,/ �Wkuhh Txhvwlrqv derxw Vxqvsrw Htxloleuld dv dq

H{sodqdwlrq ri Hfrqrplf Ioxfwxdwlrqv/� Dphulfdq Hfrqrplf Uhylhz Sdshuv dqg

Surfhhglqjv ::/ <60<;1

Zrrgirug/ Plfkdho +4<;;,/ �H{shfwdwlrqv/ Ilqdqfh Frqvwudlqwv dqg Djjuhjdwh

Lqvwdelolw|/� lq Ilqdqfh Frqvwudlqwv/ H{shfwdwlrqv dqg Pdfurhfrqrplfv/ Qhz

\run= R{irug Xqlyhuvlw| Suhvv/ 5630941

Zrrgirug/ Plfkdho +4<<4,/ �Vhoi0Ixo�oolqj H{shfwdwlrqv dqg Ioxfwxdwlrqv lq Dj0

juhjdwh Ghpdqg/� lq Qhz Nh|qhvldq Hfrqrplfv Yro1 5 +hglwhg e| Q1 Juhjru|

Pdqnlz dqg Gdylg Urphu,/ Fdpeulgjh PD= PLW Suhvv/ ::04451
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Diagram 1:  Sequence of Events

Markets              Markets in labor, capital                    Markets in labor, capital
and goods meet (agents use                    and goods meet (agents use
government provided expectations)                    government provided expectations)

Government Announces Announces 
(without commitment) “expectations” “expectations”

for w0, and plan for for w1
future w1 announcement

                                                       

t = 0 t = 1

k1 predetermined

Government Announces 
(with commitment) “expectations” 

for w0, w1
                                                       

Note:  At each node, government chooses policies in order to maximize future utility of households.  Without commitment, time consistency requires
that w1 = w1.
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Fig 3:  Time Consistent and Inconsistent Stabilization
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Table 1:  A Numerical Example

Low Labor at t = 1 High Labor at t = 1

Low Labor
at t = 0

U0 = -8.12
n0 = 0.09; n1 = 0.20

c1 = 0.007; k1 =  0.047

U0 = -7.52
n0 = 0.11; n1 = 0.50

c1 = 0.013; k1 = 0.037

High Labor
at t = 0

U0 = -3.96
n0 = 1.17; n1 = 0.20

c1 = 0.092; k1 = 0.658

U0 = -4.11
n0 = 0.94; n1 = 0.50

c1 = 0.116; k1 = 0.330

Note:  In this example, b = 0.7 and δ = 0.1.  For every equilibrium, c0 = b(n0).


