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ABSTRACT

Many would say that children are society’s most precious resource. So, how should it invest in them? To
gain insight into this question, a dynamic general equilibrium model is developed where children differ by
ability. Parents invest time and money in their offspring, depending on their altruism. This allows their
children to grow up as more productive adults. First, the efficient allocation for the framework is charac-
terized. Next, this is compared with the case of incomplete financial markets. Then, the situation where
childcare markets are also lacking is examined. Additionally, the effects of impure altruism are analyzed.

*This research is based on the last notes of S. Rao Aiyagari (available on request). His coauthors miss him and were
looking forward to working with him. We wonder how this research would have developed if he was still alive.  The
views expressed herein are those of the authors and not necessarily those of the Federal Reserve Bank of Minneapo-
lis or the Federal Reserve System.
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4 Lqwurgxfwlrq

Lq wkh X1V1 hfrqrp| d pdoh lq wkh wrs 8wk shufhqwloh hduqv derxw ;19 wlphv

wkh lqfrph ri rqh lq wkh erwwrp 8wk1 Wkh udwlr ri wkh wrs 8wk shufhqwloh wr

wkh erwwrp 8wk lq DITW vfruhv +d phdvxuh ri delolw|, lv 7161 Khqfh/ lqfrph

lv pruh vnhzhg wkdq delolw|1 \rx fdqqrw frqfoxgh/ krzhyhu/ wkdw lqfrph lv

qrw ghwhuplqhg vroho| e| delolw|1 Shukdsv surgxfwlylw| lv d qrqolqhdu ixqfwlrq

ri delolw|1 Wkh fruuhodwlrq ehwzhhq d idwkhu*v dqg d vrq*v lqfrph lv dovr kljk/

derxw 31951 Xqohvv rqh eholhyhv wkdw wkh wudqvplvvlrq ri jhqhwlf idfwruv dfurvv

jhqhudwlrqv lv yhu| kljk/ idfwruv rwkhu wkdq rqh*v lqqdwh delolw| pxvw eh dw

zrun lq ghwhuplqlqj d shuvrq*v lqfrph1 Lq idfw/ dffruglqj wr Khuqqvwhlq

dqg Pxuud| +4<<7, wkh lqwhujhqhudwlrqdo fruuhodwlrq lq DITW vfruhv olhv

vrphzkhuh ehwzhhq 317 dqg 31;1 Exw zkhwkhu ru qrw DITW vfruhv phdvxuh

lqwulqvlf delolw| lv d frqwuryhuvldo vxemhfw1 Iru lqvwdqfh/ Qhdo dqg Mrkqvrq

+4<<9, �qg wkdw DITW vfruhv duh lq xhqfhg e| idplo| edfnjurxqg dqg vfkrro

hqylurqphqwv1

Dq reylrxv idfwru lq xhqflqj hduqlqjv pd| eh lqyhvwphqwv e| sduhqwv lq

wkh kxpdq fdslwdo ri wkhlu fkloguhq1 Srru sduhqwv kdyh ohvv zkhuhzlwkdo wr

lqyhvw lq wkhlu fkloguhq wkdq gr ulfk rqhv1 Wkh| dovr fdq*w eruurz djdlqvw wkhlu

r�vsulqj*v lqfrph lq rughu wr �qdqfh wkhlu nlg*v kxpdq fdslwdo irupdwlrq1

Wklv zloo ohdg wr sduhqwdo edfnjurxqg ehlqj dq lpsruwdqw ghwhuplqdqw lq

lqfrph/ ehvlghv delolw|14 Wkhuh pd| eh sxeolf surjudpv wkdw fdq zhljkw

djdlqvw vxfk lpshuihfwlrqv1 Lw lv lpsruwdqw wr lqyhvw lq fkloguhq/ krzhyhu/

4�+W,kh glvdgydqwdjhv |rxqj eodfn zrunhuv qrz idfh lq wkh oderu pdunhw dulvh prvwo|

iurp wkh revwdfohv wkh| idfhg dv fkloguhq lq dftxlulqj surgxfwlyh kxpdq fdslwdo�/ vd| Qhdo

dqg Mrkqvrq +4<<9/ s1 ;:4,



Hiilflhqw Lqyhvwphqw lq Fkloguhq 5

zkloh wkh| duh vwloo |rxqj1 Wr txrwh Khfnpdq +4<<</ s1 <9,/

�Wkh uhdvrq lv wklv= Frjqlwlyh delolw| lv iruphg hduo| lq olih dqg

ehfrphv ohvv pdoohdeoh dv fkloguhq djh1 E| djh 47/ edvlf frjql0

wlyh delolwlhv vhhp wr eh idluo| zhoo vhw1 Vlqfh delolw| surprwhv

dfdghplf surjuhvv/ vxffhvvixo lqwhuyhqwlrqv hduo| lq wkh olih f|foh

ri ohduqlqj ohdg wr kljkhu ryhudoo dfklhyhphqw1 E| wkh wlph lq0

glylgxdov �qlvk kljk vfkrro/ vfkrodvwlf delolw| lv ghwhuplqhg/ dqg

wxlwlrq srolf| zloo kdyh olwwoh h�hfw rq froohjh dwwhqgdqfh1�

Dqg/ Fxuulh dqg Wkrpdv +4<<;, �qg wkdw vfkrro whvw vfruhv dw wkh djh ri :

duh vljql�fdqw ghwhuplqdqwv ri ixwxuh oderu pdunhw rxwfrphv1 Wkhuhiruh/ wkh

irfxv ri wkh fxuuhqw dqdo|vlv lv rq fkloguhq zkhuh vxfk pdunhw lpshuihfwlrqv

duh olnho| wr zhljk wkh khdylhvw/ dv rssrvhg wr |rxqj dgxowv1

Vr/ zkdw ghwhuplqhv sduhqwdo lqyhvwphqw lq fkloguhqB Wkh dqvzhu wr wklv

txhvwlrq zloo ghshqg xsrq krz wkh zruog lv ylhzhg1 Wr jdlq vrph lqvljkw

lqwr wklv lvvxh/ dq ryhuodsslqj jhqhudwlrqv prgho lv frqvwuxfwhg zkhuh fklo0

guhq gl�hu e| delolw|/ zklfk kdv d udqgrp frpsrqhqw wr lw1 Lq olqh zlwk wkh

fodvvlf sdshuv e| Ehfnhu dqg Wrphv +4<<6, dqg Orxu| +4<;4,/ wkh surgxfwly0

lw| ri dq dgxow lv ghwhuplqhg e| klv delolw| dqg wkh dprxqw ri kxpdq fdslwdo

lqyhvwphqw wkdw klv sduhqwv xqghuwrrn zkhq kh zdv d fklog1 Wkh dprxqw

wkdw d sduhqw lqyhvwv lq d fklog ghshqgv rq krz dowuxlvwlf sduhqwv duh wrzdug

fkloguhq/ dv zhoo dv xsrq wkh dvvxphg vwuxfwxuh ri pdunhwv1

Vhyhudo gl�huhqw pdunhw vwuxfwxuhv duh dqdo|}hg1 Wr ehjlq zlwk/ wkh hi0

�flhqw htxloleulxp lv prghoohg1 Wkhq/ d zruog zlwk lqfrpsohwh �qdqfldo

pdunhwv lv hqwhuwdlqhg1 Wkhuh duh wzr vrxufhv ri lqfrpsohwhqhvv1 Iluvw/
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sduhqwv duh xqdeoh wr sxufkdvh lqvxudqfh rq wkh delolw| ri wkhlu judqgfklo0

guhq1 Vhfrqg/ wkh| idfh eruurzlqj frqvwudlqwv zkhq hgxfdwlqj wkhlu fkloguhq1

Vshfl�fdoo|/ d sduhqw fdqqrw sdvv rq dq| ghewv wr klv r�vsulqj1 Wkh dqdo|vlv

khuh kdv wkh  dyru ri Dl|djdul +4<<7, dqg Odlwqhu +4<<5,/ zkr dqdo|}h wkh

ehkdylru ri vdylqjv lq dq hfrqrp| zlwk lqfrpsohwh �qdqfldo pdunhwv dqg

lglrv|qfudwlf ulvn1 Zkloh wkh irfxv lv gl�huhqw/ wkh zrun khuh lv dovr uhodwhg

wr Nqrzohv* +4<<<, vwxg| ri wkh lpsolfdwlrqv ri wkh Eduur2Ehfnhu ihuwlolw|

prgho/ zkhuh sduhqwv ghflgh xsrq erwk wkh txdolw| dqg txdqwlw| ri fkloguhq/

iru prgholqj wkh glvwulexwlrq ri lqfrph1 Qh{w/ wkh odfn ri fklogfduh pdunhwv

lv lqwurgxfhg lqwr wkh hqylurqphqw zlwk lqfrpsohwh �qdqfldo pdunhwv1 Lq wklv

vlwxdwlrq d sduhqw pxvw xvh klv rzq wlph wr lpsuryh wkh kxpdq fdslwdo ri

klv fklog1

Wkh lpsolfdwlrqv ri wkhvh ydu|lqj vwuxfwxuhv rq h!flhqf|/ rxwsxw/ dqg

wkh glvwulexwlrq ri lqfrph duh fdwdorjxhg1 Lq wkh vfhqdulrv prghoohg/ lpsxuh

dowuxlvp wrzdugv fkloguhq kdv wkh eljjhvw dgyhuvh lpsdfw rq lqyhvwphqw lq

fkloguhq1 Wklv pd| eh wurxeolqj iru hfrqrplvwv1 Wkh idfw wkdw wdvwhv duh

lqwhughshqghqw/ lq wkh vhqvh wkdw d fklog*v zhoiduh hqwhuv d sduhqw*v xwlolw|

ixqfwlrq/ grhv qrw lpso| wkdw dq htxloleulxp odfnv Sduhwr rswlpdolw|/ d srlqw

pdgh e| Ehujvwurp +4<<:,1 Krz d sduhqw vkrxog oryh klv r�vsulqj wdnhv

rqh rxwvlgh ri wkh uhdop ri hfrqrplfv1 Wdvwhv pd| hyroyh ryhu wlph/ wkrxjk/

vlqfh d olwwoh ryhu rqh kxqguhg |hduv fkloguhq zhuh wkrxjkw ri dv fdslwdo dvvhwv/

h{shfwhg wr zrun zkhq |rxqj dqg wr surylgh rog0djh vxssruw wr wkhlu sduhqwv

zkhq jurzq xs1
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5 Hqylurqphqw

Jhqhudwlrqdo Vwuxfwxuh= Wkh hqylurqphqw lv d glvfuhwh0wlph lq�qlwh0krul}rq

hfrqrp| zlwk shulrgv ghqrwhg e| | 5 ifc�c 2c �c ���j1 Lq hdfk shulrg wkhuh lv

d frqwlqxxp ri fkloguhq1 Dgxowv olyh iru wzr shulrgv1 Lq wkh �uvw shulrg ri

olih wkh| duh |rxqj/ zkloh lq wkh vhfrqg shulrg wkh| duh rog1 Dw wkh hqg ri

hdfk shulrg | wkh rog dgxowv glh1 Wkh| duh uhsodfhg e| d qhz jhqhudwlrq ri

fkloguhq vsdzqhg e| wkh shulrg0| jhqhudwlrq ri |rxqj dgxowv1 Wkhvh fkloguhq

zloo ehfrph |rxqj dgxowv lq shulrg |n� zkr zloo wkhq kdyh wkhlu rzq fkloguhq1

Olih jrhv rq lq wkh ixwxuh lq vlplodu idvklrq1

Delolw| dqg Surgxfwlylw|= Fkloguhq duh glvwulexwhg dffruglqj wr lqqdwh

delolw|/ @1 D fklog*v delolw| pd| eh d ixqfwlrq ri klv sduhqw*v delolw|/ @
3�/ lq

olqh zlwk wkh fxpxodwlyh glvwulexwlrq ixqfwlrq/ �E@m@
3��1 Wkh glvwulexwlrq

ixqfwlrq � lv wdnhq dv d sulplwlyh1 Wkh delolw| ri d fklog lv shuihfwo| nqrzq

lq shulrg |1 Wkh lqlwldo glvwulexwlrq iru delolwlhv zloo eh jlyhq e| �f ' �

zkhuh �E%� '
U
�E%m@�_�E@�1 Wkdw lv/ lqlwldo delolwlhv duh gudzq iurp wkh

vwdwlrqdu| glvwulexwlrq dvvrfldwhg zlwk � vr wkdw �| ' � iru doo |1

Dgxowv gl�hu dffruglqj wr wkhlu surgxfwlylwlhv/ Z1 Sduhqwv fdq lq xhqfh

wkh surgxfwlylw| ri wkhlu r�vsulqj e| lqyhvwlqj wlph dqg prqh| lq wkhp1

Wkhuh lv d �{hg frvw � dvvrfldwhg zlwk hgxfdwlqj d fklog1 Qrz/ frqvlghu d

|rxqj sduhqw zkr lqyhvwv ? xqlwv ri fklogfduh wlph dqg 6 xqlwv ri uhvrxufhv

+lq dgglwlrq wr wkh �{hg frvw �, lq klv fklog1 Wkh fklog zloo jurz xs qh{w

shulrg zlwk surgxfwlylw|/ Z�/ dv ghvfulehg e|

Z�
' ME@c ?c6�c +4,

zkhuh ME@c ?c6� ' @ li hlwkhu ? ' f ru 6 ' f1 Wkh ixqfwlrq M lv wdnhq
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dv d sulplwlyh> dvvxph wkdw M lv vwulfwo| lqfuhdvlqj lq doo lwv dujxphqwv1

Ixuwkhupruh/ dvvxph wkdw M�2/ M��/ dqg M2� : f1 Zkhq uhvrxufhv duh

lqyhvwhg lq d fklog kh zloo eh odehohg dv vnloohg1 Rwkhuzlvh/ kh zloo eh fdoohg

xqvnloohg1

Jrrgv Surgxfwlrq= Hdfk |rxqj dgxow kdv rqh xqlw ri wlph1 Kh fdq vshqg

klv wlph hlwkhu pdqxidfwxulqj jrrgv ru vxsso|lqj fklogfduh vhuylfhv1 Li dq

dgxow vshqgv rqh xqlw ri wlph pdnlqj jrrgv wkhq kh fdq vxsso| Z h!flhqf|

xqlwv ri oderu lq surgxfwlrq1 Vxssrvh wklv dgxow guhz wkh delolw| ohyho @
3�

odvw shulrg1 D xqlw ri wlph lq fklogfduh wkhq jhqhudwhv @
3� h!flhqf| xqlwv ri

oderu lq wklv dfwlylw|1 Vnloohg djhqwv kdyh d frpsdudwlyh dgydqwdjh lq pdq0

xidfwxulqj jrrgv vlqfh iru wkhp Z : @
3� zkloh iru xqvnloohg djhqwv Z ' @

3�1

Rog dgxowv fdq*w zrun1 Rxwsxw/ L/ lv surgxfhg dffruglqj wr wkh frqvwdqw0

uhwxuqv0wr0vfdoh surgxfwlrq ixqfwlrq

L ' �E!c *�c

zkhuh ! dqg * duh wkh djjuhjdwh txdqwlwlhv ri fdslwdo dqg oderu xvhg lq sur0

gxfwlrq1 Djjuhjdwh oderu lv wkh vxp ryhu wkh h!flhqf| xqlwv ri h�ruw vxssolhg

e| lqglylgxdov wr pdqxidfwxulqj1

Rxwsxw fdq eh xvhg iru frqvxpswlrq/ U/ lqyhvwphqw lq fdslwdo jrrgv/ �/

dqg lqyhvwphqw lq fkloguhq/ 41 Lq rwkhu zrugv

Un �n4 ' L�

Fdslwdo jrrgv dffxpxodwh dffruglqj wr wkh odz ri prwlrq

!
�
' E�� B�!n �� +5,
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6 H!flhqf|

Ohw �| EZ� ghqrwh wkh glvwulexwlrq ri dgxowv dffruglqj wr surgxfwlylw| lq

shulrg |1 �f lv d jlyhq lqlwldo frqglwlrq zkloh ixwxuh �*v zloo eh ghwhuplqhg

hqgrjhqrxvo| lq d pdqqhu glvfxvvhg ehorz1 Wkh dprxqw ri wlph wkdw dq

dgxow ri surgxfwlylw| Z vshqgv lq surgxfwlrq lq shulrg | zloo eh uhsuhvhqwhg

e| u|EZ�1 Lq vlplodu idvklrq/�| E@� zloo vshfli| wkh dprxqw ri jrrgv lqyhvwhg

+lq dgglwlrq wr wkh �{hg frvw �, lq shulrg | rq d fklog ri delolw| @1 Olnhzlvh

�| E@� zloo ghqrwh wkh txdqwlw| ri dgxow wlph vshqw lq shulrg | rq d w|sh0@

fklog1

Jlyhq wklv qrwdwlrq/ wkh surgxfwlylw| glvwulexwlrqv hyroyh dv iroorzv=

�|n� EZ� ' 6 i@ G M E@c�| E@� c�| E@�� � Zj c +6,

zkhuh 6 lv wkh phdvxuh rq wkh vhw ri delolwlhv fruuhvsrqglqj wr wkh vwdwlrqdu|

glvwulexwlrq/ �15 Ohw

V| ' i@ G M E@c�| E@� c�| E@�� : @jc

vr wkdw V| uhsuhvhqwv wkh vhw ri fkloguhq lq shulrg | wkdw ehfrph vnloohg lq

|n �1 Wkh vhw ri xqvnloohg fkloguhq/ X|/ zloo eh jlyhq e| wkh frpsohphqw ri

wklv vhw vr wkdw X| ' V
S

|
1

Wkh dprxqw ri jrrgv lqyhvwhg lq fkloguhq lv jlyhq e| 4 '

U
4
d� E@� n

�o_� E@�/ vr wkh uhvrxufh frqvwudlqw iru wklv hfrqrp| uhdgv

Un �n

]
4

d� E@� n �o_� E@� � �E!c *�� +7,

5
Ohw �

3 @ K+d>Q+d,> H+d,, � J+d,1 Qrz/ vxssrvh wkdw J kdv d frqwlqxrxvo|

gl�huhqwldeoh lqyhuvh dqg wkdw D kdv d frqwlqxrxv ghqvlw|/ D41 Wkhq/ �4+�
3, @

D4+J�4+�3,,mJ�4
4

+�3,m1
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Ilqdoo|/ wkh dprxqw ri oderu wkdw lv xvhg lq surgxfwlrq +phdvxuhg lq h!flhqf|

xqlwv, pxvw eh ohvv wkdq wkh wrwdo vxsso| ri lw ohvv wkh dprxqw wkdw lv xvhg

lq fklogfduh vr wkdw

* '

]
Z_� EZ��

]
4

�E@�_� E@� �

Vlploduo|/ wkh dprxqw ghpdqghg iru fklogfduh lq dq| shulrg | pxvw eh ohvv

wkdq wkh wrwdo dprxqw ri xqvnloohg djhqwv vr wkdw

]
4|

�|E@�_� E@� �

]
F|3�

@_� E@� 1 +8,

614 Fkdudfwhul}lqj H!flhqw Doorfdwlrqv

H!flhqf| phdqv wkdw lw lv qrw srvvleoh wr kdyh pruh frqvxpswlrq dw vrph

gdwh zlwkrxw kdylqj ohvv frqvxpswlrq dw vrph rwkhu1 Wkh sureohp ri h!flhqw

lqyhvwphqw lq fkloguhq lv wr ghwhuplqh wkh vfkhgxohv u| EZ� c �| E@� dqg�| E@�

lq hdfk shulrg jlyhq wklv h!flhqf| fulwhulrq1

Fkdudfwhul}lqj wkh vfkhgxoh u| lv vwudljkwiruzdug1 Dvvxplqj wkdw wkhuh

duh d vx!flhqw qxpehu ri xqvnloohg djhqwv wr phhw wkh hfrqrp|*v fklogfduh

uhtxluhphqwv/ lw*v reylrxv wkdw wkhuh vkrxog eh vrph ZW
|
vxfk wkdw

u| EZ� ' �/ li Z| � Z
W

|
c

u| EZ� � �/ li Z| � Z
W

|
1

+9,

Wklv iroorzv ehfdxvh vnloohg djhqwv kdyh d frpsdudwlyh dgydqwdjh lq jrrgv

surgxfwlrq> wkdw lv/ wkhlu surgxfwlylw| lq jrrgv surgxfwlrq/ Z|/ h{fhhgv wkhlu

surgxfwlylw| lq fklogfduh/ @|3�1 Qrz/ vlqfh Z|n� ' ME@c�|E@�c�|E@��/ lw

wudqvsluhv wkdw dq| fxwr� uxoh iru Z|n�/ ru Z
W

|n� zloo dprxqw wr d fxwr� uxoh

iru @|/ ru @
W

|
1



Hiilflhqw Lqyhvwphqw lq Fkloguhq ;

Lq oljkw ri wkh deryh/ uhzulwh +7, dv

U|n�|n

]
@
W

|

d�| E@�n�o_� E@� � �E!|c

]
Z_�| EZ��

]
@
W

|

�| E@� _� E@���+:,

Revhuyh wkdw rxwsxw qh{w shulrg/ L|n�/ fdq eh uhzulwwhq wr rewdlq

L|n� ' �E!|n�c

]
@
W

|

ME@c�|E@�c�|E@��_�E@� n

]
@
W

|

@_�E@��

]
@
W

|n�

�|n� E@� _� E@��1

Ohw iR|j|Df
eh d vhtxhqfh ri ch!flhqf| sulfhv* zlwk R| : f iru doo |1 Wkhq

dq| doorfdwlrq zklfk pd{lpl}hv
S

|Df
R|U| lv h!flhqw1 Lqwhusuhw R|*R|n� ' o|

dv wkh jurvv lqwhuhvw udwh iurp | wr | n �1 Wkh sulpdu| lqwhuhvw khuh lv lq

vwhdg| vwdwhv1 Zlwkrxw orvv ri jhqhudolw|/ orrn dw wkh sureohp ri pd{lpl}lqj

ER|U|nR|n�U|n�� zlwk uhvshfw wr @W
|n�

c�| E@�/�| E@�/ dqg !|n� dqg wkhq orrn dw

wkh vwhdg|0vwdwh yhuvlrqv ri wkh �uvw0rughu qhfhvvdu| frqglwlrqv fkdudfwhul}lqj

wkh vroxwlrq1

Wkhuhiruh/ wkh sureohp ri h!flhqw lqyhvwphqw lq fkloguhq lv wr pd{lpl}h

R|i�E!|c

]
Z_�| EZ��

]
@
W

|

�| E@� _� E@��� �| �

]
@
W

|

d�| E@� n �o_� E@�j

nR|n�i�E!|n�c

]
@
W

|

ME@c�|E@�c�|E@��_�E@� n

]
@
W

|

@_�E@�

�

]
@
W

|n�

�|n� E@� _� E@��� �|n� �

]
@
W

|n�

d�|n� E@� n �o_� E@�j�

vxemhfw wr +5,1 Wkh �uvw0rughu qhfhvvdu| frqglwlrqv dvvrfldwhg zlwk wkh deryh

sureohp duh=

@
W

|
G R|d�2E�|��|E@W| � n�|E@W| � n �o� R|n��2E�| n ��dME�|n ��� @

W

|
o ' fc +;,

�|E@� G �R|�2E�|� n R|n��2E�|n ��M2E�|n �� ' f +iru �| E@� : f,c +<,

�|E@� G �R| n R|n��2E�|n ��M�E�|n �� ' f +iru �| E@� : f,c +43,



Hiilflhqw Lqyhvwphqw lq Fkloguhq <

!|n�G R| ' R|n�d��E�|n �� n E� � B�o� +44,

Wkh vwhdg| vwdwh lv fkdudfwhul}hg e| wkh iroorzlqj htxdwlrqv=

�E@W�n �n� E@W�� '
�ME@Wc� E@W�c�E@W��

o
�

�@W

o
c +45,

M2E@c� E@�c�E@�� � o/ zlwk htxdolw| li � E@� : fc +46,

�M�E@c�E@�c� E@�� � o/ zlwk htxdolw| li � E@� : fc +47,

o ' ��E��n E�� B�� +48,

Khuh

� ' �2E�� +49,

uhsuhvhqwv wkh zdjh udwh iru dq h!flhqf| xqlw ri oderu1 Htxdwlrq +45, vwdwhv

wkdw wkh frvw ri ehfrplqj vnloohg/ � E@W� n � n �E@W��/ vkrxog htxdo wkh

ehqh�w ru wkh glvfrxqwhg vnloo suhplxp/ �ME@Wc�E@W�c�E@W��*o��ZW*o/ dw

wkh fxwr� ohyho ri delolw|/ @W1 Djdlq qrwh wkdw htxdwlrq +45, fdq htxlydohqwo|

eh wkrxjkw ri dv gh�qlqj d fxwr� uxoh iru surgxfwlylw|/ ZW/ zklfk lv gh�qhg

e| Z
W

' ME@Wc �E@W�c�E@W��1 Qh{w/ vrflhw| vkrxog lqyhvw wlph lq d fklog xs

xqwlo wkh srlqw zkhuh wkh glvfrxqwhg pdujlqdo uhwxuq �M2E@c �E@�c� E@��*o

htxdov wkh frvw ri wkh h{wud fklogfduh/ �1 Wklv lv zkdw +46, vwdwhv1 Frqglwlrq

+47, vwdwhv d vlplodu frqglwlrq iru uhvrxufhv1 Odvw/ +48, lv d vwdqgdug frqglwlrq

htxdwlqj wkh pdujlqdo surgxfw ri fdslwdo wr wkh lqwhuhvw udwh1

Wkh vroxwlrq kdv wkh iroorzlqj ihdwxuh1 Dv qrwhg/ vnloohg dgxowv vshqg

doo wkhlu wlph surgxflqj1 Vrph xqvnloohg dgxowv zloo ghyrwh wkhlu wlph wr

surgxflqj zkloh rwkhuv zloo vshqg lw wdnlqj fduh ri fkloguhq1 Vrph fkloguhq
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zloo kdyh srvlwlyh dprxqwv ri dgxow wlph dqg jrrgv lqyhvwhg lq wkhp dqg zloo

+zkhq wkh| ehfrph dgxowv, zrun ixoo wlph lq surgxfwlrq dv vnloohg djhqwv1

Wkh uhvw ri wkh fkloguhq zloo kdyh }hur dgxow wlph dqg jrrgv lqyhvwhg lq

wkhp dqg zloo +zkhq wkh| ehfrph dgxowv, zrun dv xqvnloohg djhqwv hlwkhu

lq surgxfwlrq ru wdnlqj fduh ri wkh qh{w jhqhudwlrq ri fkloguhq1 Edvlfdoo|/

wkh deryh frqfoxvlrq lv d uhvxow ri wkh dvvxpswlrq wkdw vnloohg djhqwv kdyh d

frpsdudwlyh dgydqwdjh lq pdqxidfwxulqj jrrgv1

7 Pdunhw Duudqjhphqwv

Fdq wkh h!flhqw doorfdwlrq eh vxssruwhg dv d frpshwlwlyh htxloleulxpB Wr

dqvzhu wklv txhvwlrq/ vrphwklqj kdv wr eh vdlg derxw suhihuhqfhv1 Dvvxph

wkdw dgxowv duh pdwfkhg rqh0wr0rqh zlwk fkloguhq dqg wkdw hdfk dgxow fduhv

derxw klv fklog dowuxlvwlfdoo|1 Hdfk |rxqj dgxow kdv suhihuhqfhv ri wkh irup

LES+� n q.dLESJ�� n wT �oc f 	 q 	 �c f 	 w � �c +4:,

zkhuh S
+ dqg S

J� duh klv frqvxpswlrqv zkhq |rxqj dqg rog1 Khuh T � ghqrwhv

wkh h{shfwhg olihwlph xwlolw| wkdw klv fklog zloo uhdol}h xsrq jurzlqj xs1 Wkh

|rxqj dgxow dwwdfkhv wkh zhljkw w wr klv r�vsulqj*v h{shfwhg olihwlph xwlolw|

dqg kh glvfrxqwv wkh ixwxuh dw udwh q�6 7 Wkh dqdo|vlv suhvxphv wkdw fkloguhq

6Wkhvh duh vlplodu wr wkh suhihuhqfhv frqvlghuhg lq d fodvvlf sdshu e| Skhosv dqg Sroodn

+4<9;,1 Hdfk jhqhudwlrq dvvljqv d pruh sulpdo uroh wr lwv rzq xwlolw| ylv ã ylv lwv r�vsulqj*v1

Wkhvh suhihuhqfhv duh qrq0vwdwlrqdu|/ krzhyhu/ vlqfh wkh qh{w jhqhudwlrq zloo dvvljq d

sulpdo uroh wr lwv rzq xwlolw|1 Dv Skhosv dqg Sroodn +4<9;, qrwh/ Iudqn S1 Udpvh| whuphg

wkh sudfwlfh ri glvfrxqwlqj wkh qh{w jhqhudwlrq*v xwlolw| �hwklfdoo| lqghihqvleoh1�
7Wkh zrug �lpsxuh� dulvhv iurp Hgjhzruwk +4;;4/ s1 49, zkr vdlg �+i,ru ehwzhhq wkh

wzr h{wuhphv ri Sxuh Hjrlvwlf dqg Sxuh Xqlyhuvdolvwlf wkhuh pd| eh dq lqgh�qlwh qxpehu
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fdqqrw wudqvdfw iru wkhpvhoyhv1 Khqfh/ wkhuh zrxog eh qr lqyhvwphqw lq d

fklog li lw zdv qrw iru klv sduhqw*v dowuxlvp +lh/ li lw zdvq*w iru wkh idfw wkdw

w : f,1

Wkhuh duh rqh0shulrg dkhdg frpsohwh lqvxudqfh pdunhwv vr wkdw dq dgxow

fdq lqvxuh djdlqvw wkh delolw| ohyho ri klv judqgfklog qh{w shulrg1 Vlqfh wkh

irfxv ri wkh dqdo|vlv lv rq vwhdg| vwdwhv/ doo sulfhv zloo eh dvvxphg wr eh

frqvwdqw ryhu wlph1 Ohw ^ E@�m@� ghqrwh wkh sulfh ri d fodlp zklfk gholyhuv

rqh xqlw ri frqvxpswlrq qh{w shulrg li wkh judqgfklog*v delolw| ohyho lv @� dqg

qrwklqj rwkhuzlvh/ frqglwlrqhg rq wkh |rxqj dgxow kdylqj d fklog ri delolw| @1

Wkh txdqwlw| ri vxfk fodlpv wkdw wkh |rxqj dgxow sxufkdvhv lv rE@�m@�1 Odvw/

wkh |rxqj dgxow fdq ohdyh/ zkhq rog/ d ehtxhvw wr klv r�vsulqj/ li kh ghvluhv1

Lq sduwlfxodu/ li kh zdqwv klv r�vsulqj wr uhfhlyh K� xqlwv ri frqvxpswlrq lq d

ehtxhvw wkhq kh zloo kdyh wr sxw dvlgh K�*o� xqlwv ri frqvxpswlrq zkhq rog/

zkhuh o� lv wkh pdunhw udwh ri lqwhuhvw rq d rqh0shulrg erqg1 Wklv ehtxhvw

fdq eh qhjdwlyh1

Wkh g|qdplf0surjudpplqj sureohp idflqj d |rxqj dgxow fdq qrz eh

zulwwhq dv

T EZc @c K� ' 4@ 
rE@� �@�c6c?

�
L ES+� n q

]
a EZ�

c @�c r E@�m@� n K��� E@
�m@� _@�

�
c+4;,

vxemhfw wr +4, dqg

S
+
n6n �UEZ�� n �?n

]
^ E@�m@� r E@�m@� _@� ' �Zc +4<,

ri lpsxuh phwkrgv> zkhuhlq wkh kdsslqhvv ri rwkhuv dv frpsduhg e| wkh djhqw +lq d fdop

prphqw, zlwk klv rzq/ qhlwkhu frxqwv iru qrwklqj/ qrw +vlf, |hw cfrxqwv iru rqh/* exw frxqwv

iru d iudfwlrq1�
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zkhuh wkh lqglfdwru ixqfwlrq U lv gh�qhg vr wkdw

UEZ�� '

;?
=

�/ Z
� : @c

f/ rwkhuzlvh1

Khuh

aEZ�c @�c rE@�m@�n K� '4@ 
K�

iLESJ��n wT EZ�c @�c K��jc +53,

vxemhfw wr

S
J�
n K�*o� ' rE@�m@� n K� +54,

Zkhq wkh djhqw lv rog kh zloo kdyh d zhdowk ohyho ri rE@�m@�nK dqg d judqgfklog

ri delolw| @
�1 Dw wklv wlph wkh djhqw zloo kdyh wr ghflgh krz pxfk wr ohdyh wr

klv dgxow fklog lq ehtxhvwv ru K�1 Sureohp +53, ghvfulehv wkh ghflvlrq pdnlqj

dw wklv vwdjh ri olih1 Wkhuhiruh/ aE�� lv wkh lqgluhfw xwlolw| ixqfwlrq iru dq rog

dgxow18 9

Wkh �uvw0rughu qhfhvvdu| frqglwlrqv dvvrfldwhg zlwk wklv sureohp duh=

L�ES+� ' qM�E@c ?c6�
U
a� EZ�

c @�c r E@�m@� n K��� E@�m@� _@�/

zkhq 6 : fc
+55,

L�ES
+�� ' qM2E@c ?c6�

U
a� EZ

�
c @�c r E@�m@� n K��� E@

�m@� _@�/

zkhq ? : fc

+56,

8Revhuyh wkdw hdfk sduhqw dvvxphv klv r�vsulqj zloo gr zkdw lv lq wkh ghvfhqghqw*v ehvw

lqwhuhvw1 Wkdw lv/ zkloh wkh sduhqw grhvq*w dvvljq d sulpdo uroh wr wkh r�vsulqjv xwlolw| kh

fruuhfwo| dvvxphv wkdw klv r�vsulqj zloo1 Wkh uhvxowlqj htxloleulxp lv wlph frqvlvwhqw1
9Wkh irupv ri sureohpv +4;, dqg +53, zrxog ehfrph pruh frpsolfdwhg li fkloguhq

ryhuodsshg pruh shulrgv zlwk wkhlu sduhqwv/ dqg2ru li fkloguhq dovr fduhg derxw wkhlu

sduhqwv1 Vwudwhjlf frqvlghudwlrqv ehwzhhq sduhqwv dqg fkloguhq zrxog wkhq hphujh1 Vhh

Odlwqhu +4<<:, iru d uhylhz ri wklv olwhudwxuh1
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L�ES
+�^ E@�m@� ' qa�EZ

�
c @

�
c r E@�m@�n K���E@

�m@�c +57,

dqg

L�ES
J��*o� ' wT�EZ

�c @�c K��1 +58,

Odvw/ dq dssolfdwlrq ri wkh Ehqyhqlvwh dqg Vfkhlqnpdq dqg hqyhorsh wkh0

ruhpv wr +4;, dqg +53, |lhogv

T�EZc @c K� ' L�ES
+��c +59,

T�EZc @c K� ' q

]
a� EZ

�
c @�c r E@�m@� n K��� E@

�m@� _@�c +5:,

a� EZ
�
c @�c r E@�m@� n K� ' wT�EZ

�c @�c K��c +5;,

dqg

a� EZ
�
c @�c r E@�m@� n K� ' L�ES

J��� +5<,

Qrz/ lq d shuihfwo| srrohg vwhdg| vwdwh doo |rxqj djhqwv zloo frqvxph

wkh vdph dprxqw/ S+1 Olnhzlvh/ doo rog djhqwv zloo kdyh wkh lghqwlfdo ohyho ri

frqvxpswlrq/ SJ1 Iurp +58,/ +5:,/ dqg +5<, lw wkhq wudqvsluhv wkdw

o ' �*Eqw�� +63,

Li w ' � wkhq o ' �*q/ wkh vwdqgdug uhvxow iru wkh qhrfodvvlfdo jurzwk prgho1

Dowhuqdwlyho|/ zkhq wkh sduhqw fduhv pruh derxw klv rzq xwlolw| wkdq klv

r�vsulqjv/ ru zkhq w 	 �/ lw kdsshqv wkdw o : �*q1 Lq d shuihfwo| srrohg

htxloleulxp lqvxudqfh zloo vhoo dw lwv dfwxduldoo| idlu sulfh

^E@�m@� ' ��E@
�m@�*o� +64,



Hiilflhqw Lqyhvwphqw lq Fkloguhq 47

Iurp +57, wklv zloo lpso| wkdw

L�ES
+� ' qoL�ES

J��

Wkhuhiruh/ S+ 	 SJ zkhq w 	 �1 Zkhq sduhqwv fduh ohvv derxw wkhlu r�vsulqj

wkdq wkhpvhoyhv wkh| sodfh d kljkhu zhljkw rq suhvhqw frqvxpswlrq uhodwlyh

wr wkh g|qdvw|*v ixwxuh frqvxpswlrq1 Wklv glvvxdghv vdylqjv dqg gulyhv xs

wkh lqwhuhvw udwh1

E| xvlqj +59,/ +5;,/ dqg +63, lq +55,/ dqg +56,/ lw fdq eh ghgxfhg wkdw:

6c ? U f dv �?n6n � T �dME@c ?c6�� @o*oc

:Ghulylqj wkh wkuhvkrog frqglwlrq lv d olwwoh ohvv vwudljkwiruzdug1 Vxevwlwxwlqj htxdwlrq

+4<, lqwr +54, jlyhv d |rxqj djhqw*v olihwlph exgjhw frqvwudlqw1

f
| .p. !L+�3, . zq.

]
t+d3md,^fr3@u . e3@u`gd3 @ z� .

]
t+d3md,egd3=

Vr/ doo d |rxqj djhqw fduhv derxw lv wkh suhvhqw0ydoxh ri klv lqfrph/ z�.
U
t+d3md,egd3/ qrw

krz lw lv vsolw xs ehwzhhq zdjhv dqg ehtxhvwv1 Khqfh/ wkh |rxqj djhqw*v ydoxh ixqfwlrq

frxog eh uhzulwwhq dv Y +�> d> e, @ Y +z� .
U
t+d3md,egd3> d,1 Lq d shuihfwo|0srrohg vwhdg|

vwdwh wklv ixuwkhu vlpsol�hv wr Y +�> d> e, @ Y +z+� � d, . zd . e@u> d,/ vlqfh t+d3md, @

D4+d3md,@u1 Qrz lpdjlqh vroylqj sureohp +4;, vxemhfw wr wkh dgglwlrqdo frqvwudlqw wkdw

p>q A 3> lh/ wkdw wkh djhqw*v fklog ehfrphv vnloohg1 Ohw p dqg q ghqrwh wkh rswlpdo

vroxwlrqv iru prqh| dqg wlph1 Khqfh �3 @ K+d>q>p, A d1 Lw frvwv zq .p. ! lq whupv

ri fxuuhqw uhvrxufhv wr surylgh dq lqglylgxdo*v fklog zlwk dq h{wud z^K+d> q>p,� d` xqlwv

ri oderu lqfrph1 Qrz/ jlyhq wkh irup ri wkh ydoxh ixqfwlrq/ z^K+d> q>p, � d` lq oderu

lqfrph lv zruwk wkh vdph wr wkh fklog dv uz^K+d>q>p,�d` lq ehtxhvwv= Exw/ dv lv hylghqw

iurp wkh olihwlph exgjhw frqvwudlqw/ ohdylqj e
3 @ uz^K+d>q>p, � d` lq ehtxhvwv frvwv

rqo|
U
t+d3md,z^K+d>q>p, � d`gd3

@ z^K+d> q>p, � d`@u lq whupv ri fxuuhqw uhvrxufhv1

Wkhuhiruh/ lq rughu wr vnloo wkh fklog lw pxvw wudqvsluh wkdw

zq.p. ! ? z^K+d>q>p, � d`@u=
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� ' M�E@c?c6��*o/ zkhq 6 : f/

dqg

� ' M2E@c?c6�*o/ zkhq ? : f�

Wkhvh duh wkh vdph frqglwlrqv dv +45,/ +46, dqg +47,1 Wkhuhiruh/ wkh h!flhqw

doorfdwlrq fdq eh vxssruwhg e| d frpshwlwlyh htxloleulxp zlwk frpsohwh lq0

vxudqfh pdunhwv1 Pdunhwv duh vwloo h!flhqw hyhq zkhq sduhqwv gr qrw fduh

derxw wkhlu r�vsulqjv dv pxfk dv wkhpvhoyhv1

714 Qxphulfdo H{dpsoh

Dq h{dpsoh ri wkh h!flhqw pdunhwv htxloleulxpzloo qrz eh surylghg1 Fhuwdlq

dvshfwv ri wklv h{dpsoh zloo eh pdlqwdlqhg lq vxevhtxhqw h{dpsohv1 Wkh

fkrlfh ri sdudphwhu ydoxhv zloo eh glvfxvvhg lq juhdwhu ghwdlo odwhu rq1 Wdnh

wkh xqlw ri wlph iru d shulrg wr eh 53 |hduv1

Wdvwhv= Vxssrvh wkdw sduhqwv fduh derxw wkhlu fkloguhq dv pxfk dv wkh|

fduh derxw wkhpvhoyhv> l1h1/ ohw w ' �1 Wkh glvfrxqw idfwru lv vhw vr wkdw

q ' f�b�2f ' f��D1 Iurp +63, wklv lpsolhv wkdw lq wkh h!flhqw pdunhwv fdvh/

wkh +dqqxdol}hg, lqwhuhvw udwh zloo eh <1< shufhqw1

Surgxfwlrq= Ohw surgxfwlrq eh jlyhq e| d Free0Grxjodv surgxfwlrq ixqf0

wlrq vr wkdw

L ' �E!c *� ' 5!k*�3k�

Lq wkh XV1 hfrqrp| oderu*v vkduh ri lqfrph lv derxw 97 shufhqw1 Vr/ vhw

k ' f��S1 Lq wkh XV1 fdslwdo ghsuhfldwhv derxw 43 shufhqw d |hdu lpso|lqj

wkdw B ' �� E�� f��f�2f ' f�Hb1



Hiilflhqw Lqyhvwphqw lq Fkloguhq 49

Delolw| dqg Surgxfwlylw|= Dvvxph delolwlhv olh lq wkh glvfuhwh vhw D '

i@�c @2c ���c @6j dqg hyroyh lq olqh dffruglqj zlwk d 60vwdwh Pdunry fkdlq1 Lq

sduwlfxodu/ vxssrvh wkdw

��� ' �hd@� ' @� m@ ' @�o1

Wkh Pdunry fkdlq iru delolw| lv wxqhg/ iroorzlqj wkh surfhgxuh ri Wdxfkhq

+4<;9,/ wr pdwfk wkh vwrfkdvwlf surfhvv *? @
�
' 
E��i�ni *? @nj

s
� � i

2l/

zkhuh 
 ' �*E� � f��D�/ i ' f��D/ j ' f�eD dqg l � � Efc ��1

Qh{w/ olwwoh lv nqrzq derxw wkh surgxfwlrq ixqfwlrq iru kxpdq fdslwdo

dffxpxodwlrq1 Vxssrvh wkdw

ME@c ?c6� ' @�d�?0 n E� � � �60o4*0 n @c 0 � �� +65,

Iru qrz vlpso| dvvxph wkdw � ' ��DD/ � ' f�SD/ 0 ' f��2/ dqg 4 ' f��S1 Wkh

�{hg frvw ri ehfrplqj vnloohg lv vhw vr wkdw � ' f����

Dojrulwkp= Wkh htxloleulxp lv frpsxwhg dv iroorzv= Wr ehjlq zlwk qrwh

iurp +63, wkdw jlyhq d ydoxh iru �*Eqw� wkh lqwhuhvw udwh lv nqrzq1 Vlqfh wkh

surgxfwlrq ixqfwlrq h{klelwv frqvwdqw uhwxuqv wr vfdoh wklv lpsolhv iurp +48,

wkdw !** lv nqrzq wrr/ vlqfh ��E�� lv krprjhqhrxv ri ghjuhh }hur1 Frqvh0

txhqwo|/ wkh htxloleulxp zdjh udwh � ' �2E�� lv dovr nqrzq/ vlqfh �2E�� dovr

ghshqgv vroho| rq wkh !** udwlr1 Jlyhq �/ htxdwlrqv +46, dqg +47, fdq wkhq

eh xvhg wr frpsxwh �E@� dqg�E@� iru hdfk ydoxh ri @1 Wkh vroxwlrqv iru �/

�E@�/ dqg �E@� duh wkhq xvhg wr fdofxodwh wkh wkuhvkrog ohyho ri delolw|/ @W/

xvlqj +45,1 Odvw/ iru wkh htxloleulxp wr eh phdqlqjixo/ wkh fklogfduh pdunhw

fohdulqj frqglwlrq +8, pxvw krog1
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71414 Uhvxowv

Wkh xsvkrw ri wkh h{dpsoh lv vkrzq lq Iljxuh 4/ zklfk sorwv wkh delolw| dqg

zdjh glvwulexwlrqv iru wkh srsxodwlrq1 Qrwh wkdw wkh wkuhvkrog ohyho ri delolw|

olhv dw derxw wkh 9wk ghfloh> lh/ rqo| wkh wrs 73 shufhqw ehfrph vnloohg1 Wkhuh

lv d mxps lq wkh surgxfwlylw| glvwulexwlrq dw wklv srlqw1 Dovr/ revhuyh wkdw

wkh surgxfwlylw| glvwulexwlrq lv pruh vnhzhg wkdq wkh delolw| rqh1 Iru ixwxuh

uhihuhqfh/ ohw Z ghqrwh wkh vhw ri surgxfwlylwlhv wkdw rewdlqv lq wkh h!flhqw

pdunhwv htxloleulxp1 Wkh idfw wkdw kljk delolw| lqglylgxdov kdyh pruh wlph

dqg uhvrxufhv lqyhvwhg lq wkhp dpsol�hv zdjh lqhtxdolw|1 Wklv lvq*w dq lvvxh

lq dq h!flhqw pdunhwv htxloleulxp/ vlqfh doo dfwruv hqmr| wkh vdph ohyho ri

frqvxpswlrq1

Lpsxuh Dowuxlvp= Qrz frqvlghu wkh fdvh zkhuh dowuxlvp lv lpsxuh1 Vshfli0

lfdoo|/ ohw w ' f�D1 Zkhq sduhqwv fduh ohvv derxw wkhlu fkloguhq wkh| ohdyh

ohvv lq ehtxhvwv1 Khqfh/ djjuhjdwh vdylqjv zloo eh ohvv dqg wkh vwhdg|0vwdwh

lqwhuhvw udwh kljkhu1 Wklv idfw fdq eh vhhq lpphgldwho| iurp +63,1 Wkh +dq0

qxdol}hg, lqwhuhvw udwh ulvhv iurp <1< wr 4615 shufhqw1 Wkh fdslwdo0oderu udwlr

gursv e| d idfwru ri 7281 Dgglwlrqdoo|/ rqh zrxog h{shfw wkdw qrz sduhqwv

zrxog lqyhvw ohvv lq wkhlu fkloguhq wrr1 Wkh| gr1 Wkh djjuhjdwh dprxqwv

ri wlph dqg prqh| lqyhvwhg lq fkloguhq idoo <817 shufhqw dqg <61; shufhqw

uhvshfwlyho|1 Dv d uhvxow/ rxwsxw gursv e| d idfwru ri 5261 Wklv wudqvodwhv

lqwr d ghfuhdvh lq frqvxpswlrq1 Zkhq dowuxlvp lv sxuh lqglylgxdov frqvxph

dq htxdo dprxqw lq hdfk shulrg/ vlqfh wkh lqwhuhvw udwh lv htxdo wr wkh udwh ri

wlph suhihuhqfh1 Zkhq dowuxlvp lv lpsxuh wkhlu frqvxpswlrq sur�oh vorshv

xs ryhu wlph/ vlqfh wkh lqwhuhvw udwh lv kljkhu wkdq wkhlu glvfrxqw idfwru1 Frq0

vxpswlrq zkhq |rxqj idoov e| d zkrsslqj :3 shufhqw/ zkloh rog frqvxpswlrq
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gursv e| 8: shufhqw1 Zkloh wklv htxloleulxp pd| vhhp kruuli|lqj uhodwlyh wr

wkh suhylrxv rqh/ uhphpehu wkdw lw lv vwloo h!flhqw1 Odvw/ revhuyh iurp Iljxuh

4 wkdw lqhtxdolw| lv uhgxfhg1

Wkh vwdqgdug ryhuodsslqj jhqhudwlrqv prgho= Frqvlghu wkh fdvh zkhuh

w ' f1 Qrz/ dv w $ f htxdwlrq +63, lpsolhv wkdw o $ 41 Wklv lvq*w wkh

vwdqgdug ryhuodsslqj jhqhudwlrqv prgho/ krzhyhu/ dv pljkw dsshdu dw �uvw

jodqfh1 Dv wkh rog fduh ohvv derxw wkhlu r�vsulqj wkh| eruurz pruh djdlqvw

wkhlu fkloguhq*v lqfrph1 Wklv gulyhv xs wkh lqwhuhvw udwh1 Lq wkh vwdqgdug

ryhuodsslqj jhqhudwlrqv prgho wkh rog fdq*w eruurz djdlqvw wkhlu r�vsulqj*v

lqfrph> wkdw lv/ w ' f dqg K
� � f1 Lq wklv vhwwlqj qr sduhqw zloo lqyhvw lq klv

fklog1 Khqfh/ wkh vwhdg|0vwdwh vxsso| ri oderu zloo eh * ' .d@o� Qh{w/ hdfk

dgxow zloo vdyh dffruglqj wr 4@ 
r
iL E�@ � r*o� n qLEr�j1 Wklv |lhogv wkh

vwdqgdug h!flhqf| frqglwlrq L�E�@ � r*o� ' qoL�Er�1 Ghqrwh wkh vroxwlrq

iru vdylqjv e| r ' 7E@(�c o� @ �@*dEqo�3�*>no
3�o1 Wkh vwhdg|0vwdwh vwrfn ri

fdslwdo lv wkhq jlyhq e| ! ' .d7E@(�c o�*oo1 Wklv doorzv wkh zdjh dqg lqwhuhvw

udwhv wr eh h{suhvvhg dv � ' �2Eo.E@�*.Er�� @ E��k�d.Er�*Eo.E@��ok dqg

o ' ��Eo.E@�*.Er�� n E� � B� @ kdo.E@�*.Er�o�3k n E� � B�1 Ilqdoo|/ lw lv

hdv| wr ghgxfh wkdw .d@o*.dro ' dEqo�3�*>no
3�o*� @ idEqo�3�*>no

3�o*dE��

k�o3koj�*E�3k�1 Wkhuhiruh/ o ' odk*E�� k�odEqo�3�*> n o
3�o n E� � B�1

Lq wkh vwdqgdug ryhuodsslqj jhqhudwlrqv prgho wkh lqwhuhvw udwh lv 915

shufhqw/ ehorz wkh <1< shufhqw iru wkh h!flhqw pdunhwv htxloleulxp1 Wkh

fdslwdo2oderu udwlr lv kljkhu e| d idfwru ri 61 Wkh fdslwdo vwrfn lv rqo| voljkwo|

kljkhu/ wkrxjk/ derxw 59 shufhqw1 Wkh uhdvrq lv wkdw wkh djjuhjdwh vwrfn ri

oderu lv pxfk vpdoohu +8; shufhqw ru vr,/ vlqfh wkhuh lv qr lqyhvwphqw lq

fkloguhq1 Wklv wudqvodwhv lqwr djjuhjdwh frqvxpswlrq ehlqj 7; shufhqw orzhu1
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Wkh frh!flhqw ri yduldwlrq lq oderu lqfrph lv wkh vdph dv wkh frh!flhqw ri

yduldwlrq lq delolw|/ ru 3178� Wkhuhiruh/ zdjh lqhtxdolw| lv pxfk orzhu lq wkh

vwdqgdug ryhuodsslqj jhqhudwlrqv prgho1

Zlwk wkh h!flhqw pdunhwv htxloleulxp lq plqg/ lw lv qrz srvvleoh wr

glvfxvv ydulrxv vrxufhv ri lqh!flhqflhv lq d ghfhqwudol}hg v|vwhp1

8 Odfn ri Lqvxudqfh dqg Ordq Pdunhwv

Wkh lghdol}hg zruog prghohg deryh dvvxphv wkdw hdfk sduhqw fdq ex| lqvxu0

dqfh rq wkh delolw| ri klv judqgfklog1 Wkrvh sduhqwv zkr gudz d orz0delolw|

fklog duh frpshqvdwhg zlwk d fdvk sd|phqw �qdqfhg e| suhplxpv sdlg e|

sduhqwv zlwk d kljk0delolw| nlg1 Ixuwkhu/ lw dovr dvvxphv wkdw hdfk sduhqw fdq

sdvv rq d ghew wr klv fklog1 Lw*v wlph wr frph grzq iurp wklv uduh�hg shdn1

Vxssrvh wkdw sduhqwv fdq qr orqjhu ex| ru vhoo lqvxudqfh1 Lqvwhdg wkh|

duh iuhh wr wudgh rqh0shulrg erqgv vxemhfw wr wkh surylvr wkdw wkh| fdqqrw

sdvv rq dq| ghewv wr wkhlu r�vsulqj1 Khqfh/ wkh| fdq vhoi lqvxuh djdlqvw

wkh delolw| ri wkhlu ghvfhqghqwv e| dffxpxodwlqj d vwrfnsloh ri dvvhwv1 Ohw

K ghqrwh wkh +qrqqhjdwlyh, ehtxhvw d |rxqj dgxow lqkhulwv xsrq klv sduhqwv

ghdwk dqg K
� uhsuhvhqw wkh dprxqw wkdw kh zloo ohdyh klv fklog1 Wkh dprxqw

ri vdylqjv wkdw d |rxqj dgxow fduulhv ryhu iru klv rog djh zloo eh jlyhq e| r1

Wkh qrq0qhjdwlylw| ri ehtxhvwv uxohv rxw d fuhglw pdunhw1 Dgxowv zlwk orz

surgxfwlylw| dqg kljk delolw| fkloguhq duh xqdeoh wr eruurz lq rughu wr xq0

ghuwdnh wkh h!flhqw dprxqw ri lqyhvwphqw lq wkhlu fkloguhq1 Sxeolf hgxfdwlrq

pljkw plwljdwh wklv lqh!flhqf| vrphzkdw1 Iru lqvwdqfh/ li d fklog*v delolw| lv

fxuuhqwo| qrw nqrzq dqg lv lqghshqghqwo| glvwulexwhg dfurvv jhqhudwlrqv/ ru

li wkh surgxfwlylw| ri lqyhvwphqw lv lqghshqghqw ri wkh fklog*v delolw| ohyho/
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wkhq h!flhqf| glfwdwhv d xqlirup ohyho ri lqyhvwphqw lq doo fkloguhq uhjdugohvv

ri delolw|1 Eruurzlqj frqvwudlqhg dgxowv pd| xqghuwdnh orzhu lqyhvwphqwv1;

Diwhu wkh eluwk ri klv fklog/ d |rxqj dgxow*v vwdwh ri wkh zruog zloo eh

jlyhq e| klv surgxfwlylw|/ Z/ wkh delolw| ri klv r�vsulqj/ @/ dqg wkh ehtxhvw

kh zloo uhfhlyh iurp klv sduhqw/ K1 Dw wklv vwdjh/ wkh rqo| udqgrpqhvv lq klv

olih zloo eh wkh delolw| ohyho ri judqgfklog/ @�
1 Wkh g|qdplf surjudpplqj

sureohp idflqj d |rxqj dgxow lv

T EZc @c K� ' 4@ 
rD3Kc?c6

iLES+� n q

]
aEZ�c @�c Kn r���E@

�m@�_@�jc +66,

vxemhfw wr +4, dqg

S
+
n6n �UEZ�� n �?n r*o ' �Z�

Khuh

aEZ�c @�c rn K� '4@ 
K�Df

iL ESJ��n T EZ�c @�c K��jc +67,

vxemhfw wr

S
J�
n K

�*o ' rn K�

Zkhq wkh djhqw lv rog kh zloo kdyh d zhdowk ohyho ri r n K/ d jurzq fklog

zlwk surgxfwlylw| Z
�/ dqg d judqgfklog ri delolw| @

�1 Dw wklv wlph wkh djhqw

zloo kdyh wr ghflgh krz pxfk wr ohdyh wr klv dgxow fklog lq ehtxhvwv ru K
�1

Sureohp +67, ghvfulehv wkh ghflvlrq pdnlqj dw wklv wlph1 Wkhuhiruh/ aE�� lv

;Eruurzlqj frqvwudlqwv pd| eh d idfwru lq olplwlqj froohjh dwwhqgdqfh/ wrr1 Wkh vlw0

xdwlrq khuh lv gl�huhqw iru wzr uhdvrqv= �uvw/ d |rxqj dgxow lv suhvxpdeo| qrz ghflglqj

derxw klv rzq hgxfdwlrqdo lqsxwv dqg/ vhfrqg/ lv eruurzlqj djdlqvw klv rzq ixwxuh lq0

frph1 Fdxfxww dqg Nxpdu +4<<<, vwxg| wkh lpsdfw wkdw wxlwlrq vxevlglhv kdyh rq froohjh

hquroophqw lq wkh suhvhqfh ri eruurzlqj frqvwudlqwv1
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wkh lqgluhfw xwlolw| ixqfwlrq iru dq rog dgxow1 Ghqrwh wkh ghflvlrq uxohv iru r/

?/ 6/ dqg K� wkdw dulvh rxw ri wkhvh sureohpv e| r ' 7EZc @c K�/ ? ' �EZc @c K�/

6 '� EZc @c K�/ dqg K� ' �EZ�c @�c rn K�1

Li wkh |rxqj dgxow fkrrvhv qrw wr hgxfdwh klv r�vsulqj wkhq Z
�
' @ dqg

6 ' ? ' f1 Li wkh djhqw fkrrvhv wr hgxfdwh klv r�vsulqj wkhq Z� : @ dqg 6c

? : f1 Wkh �uvw0rughu qhfhvvdu| frqglwlrqv iru wkh |rxqj dgxow duh

L�ES
+� ' oq

]
a�EZ

�c @�c K����E@
�m@�_@�c

L�ES
+�� ' qM2E@c ?c6�

]
a�EZ

�
c @�c K����E@

�m@�_@�c

dqg

L�ES
+� ' qM�E@c ?c6�

]
a�EZ

�
c@�c K����E@

�m@�_@�
�

Wkh odvw wzr htxdwlrqv lpso| wkdw

�M�E@c ?c6� ' M2E@c ?c6�� +68,

Htxdwlrq +68, lv dovr lpsolhg e| +<, dqg +43,1 Wkhuhiruh/ zkloh wkh odfn ri

lqvxudqfh pljkw lq xhqfh wkh ohyho ri lqyhvwphqw lq d fklog dv phdvxuhg e|

wkh dwwdlqhg ohyho ri surgxfwlylw|/ Z�/ lw grhv qrw glvwruw wkh ghflvlrq derxw

zkhwkhu wr lqyhvw wlph/ ?/ ru fdvk/ 61

Djdlq irfxv rq d vwdwlrqdu| htxloleulxp iru wkh hfrqrp|1 Lq d frpshwlwlyh

htxloleulxp wkh lqwhuhvw dqg zdjh udwhv zloo rqfh djdlq eh jlyhq e| +48, dqg

+49,1 Lq d vwdwlrqdu| htxloleulxp wkh wlph0vhulhv phdq ri vrph yduldeoh iru

wkh djhqw zloo dovr htxdo wkh furvv0vhfwlrqdo dyhudjh dfurvv djhqwv dw dq| srlqw
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lq wlph1 Wkh djjuhjdwh vxssolhv ri fdslwdo dqg oderu zloo eh jlyhq e|<

* ' .dZo�.d?oc

! ' .dr*o n K*oo�

814 Qxphulfdo H{dpsoh

Vhwxs= Dq h{dpsoh ri wkh lqfrpsohwh pdunhwv htxloleulxp zloo qrz eh frp0

sxwhg1 Dw wklv srlqw wkh prphqwdu| xwlolw| ixqfwlrq qhhgv wr eh sdudphwhu0

l}hg/ vr ohw

LES� '
S
�3>

� �

�� >
�

Ohw wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq dvvxph d vwdqgdug ydoxh ri 5/

vr wkdw > ' 21 Uhwdlq wkh vshfl�fdwlrq ri wdvwhv/ whfkqrorj|/ delolw| dqg

surgxfwlylw| iurp wkh suhylrxv h{dpsoh1 Khqfh/ k ' f��S/ q ' f��D/ w ' �/

B ' f�Hb/ � ' ��DD/ � ' f�SD/ 0 ' f��2/ 4 ' f��S/ dqg � ' f����

Dojrulwkp= Sureohpv +66, dqg +67, duh frpsxwhg rq d glvfuhwh vsdfh1

Vshfl�fdoo|/ dvvxph wkdw Z 5 S � iZ�c ���Z%j � D^Z/ rnK 5 V � iv�c ���v+j/

<
OhwG

|+�> d> e, uhsuhvhqw wkh vwdwlrqdu| glvwulexwlrq dfurvv |rxqj djhqwv1 Qrz/ wkh glv0

wulexwlrq D+d3md, dqg wkh ghflvlrq0uxohvP+�> d> e,/ Q+�> d> e,/ V+�> d> e,/ dqg E+�3> d3> v.e,

gh�qh d wudqvlwlrq rshudwru W|+�3> d3> e3m�> d> e,1 Wkh vwdwlrqdu| glvwulexwlrq G| pxvw vroyh

G
|+�3> d3> e3, @

U
W
|+�3> d3> e3m�> d> e,gG|+�> d> e,= Khqfh/ o @

U
^� �Q+�> d> e,`gG|+�> d> e,1

Odvw/ wkh glvwulexwlrq ryhu rog djhqwv/Gr+�> d> v
�4.e

�4,/ zloo eh gh�qhg e|Gr+�3> d3> v.e,

@
U
W r+�3> d3> v . em�> d> e,gG|+�> d> e,/ zkhuh wkh irup ri wudqvlwlrq rshudwru/ W r/ zloo

ghshqg rq D/ P / Q / dqg V1 Wkhuhiruh/ n @ ^
U
V+�> d> e,gG|+�> d> e, .

U
E+�3> d3> v .

e,gGr+�3> d3> v. e,`@u1
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dqg K 5 E � iK�c ���c K5j1 Sureohp +66, fdq eh uhzulwwhq dv

T EZ�c @�c K&� ' 4@ 
vM4 cZ�M�

iLE�Z n K&*o � �E@�c Z
�(��� v*o� +69,

nq

6[

,'�

aEZ�c @,c rn K&���,jc

zkhuh

�E@c Z�(�� '

;?
=

4�?
6c?

i6n �n �? G Z�
' ME@c ?c6�jc li Z�

: @c

f/ li Z�
' @ �

+6:,

Revhuyh wkdw htxdwlrqv +4, dqg +68, vroyh +6:,1 Dovr/ qrwh wkdw lw lv hdv| wr

uhfryhu wkh vroxwlrq iru r iurp wkh deryh sureohp vlqfh r ' v� K&1 Olnhzlvh/

sureohp +67, uhdgv

aEZ�c @� c D&� '4@ 
K�M�

iL Ev& � K
�*o�n T EZ�c @� c K

��j� +6;,

Qrz/ wr frpsxwh wkh vroxwlrq iru a rqh qhhgv wr nqrz wkh vroxwlrq iru T

dqg ylfh yhuvd1 Wklv lv d �{hg0srlqw sureohp1 Wklv sureohp lv vroyhg xvlqj

wkh iroorzlqj lwhudwlyh vfkhph1 Vxssrvh wkdw rqh hqwhuv vrph lwhudwlrq � zlwk

d jxhvv iru T / ghqrwhg e| T �
1 Jlyhq wkh lqwhuhvw udwh/ o/ dqg wkh jxhvv/ T �/

rqh fdq wkhq vroyh +6;, wr rewdlq d jxhvv iru a / uhsuhvhqwhg e| a
� 1 Wkhq d

uhylvhg jxhvv iru T / ru T �n�
/ fdq eh rewdlqhg e| frpsxwlqj wkh vroxwlrq wr

+69,/ jlyhq a
�
/ o dqg �1 Dqg vr wkh dojrulwkp jrhv rq xqwlo T �n�

$ T
�
dqg

a
�n�
$ a

�
1 Ri frxuvh rqh qhhgv wr frpsxwh wkh vroxwlrqv iru wkh htxloleulxp

lqwhuhvw dqg zdjh udwhv/ o dqg �1 Wkh ghwdlov ri wkh dojrulwkp duh lq wkh

Dsshqgl{1
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81414 Uhvxowv

Suhfdxwlrqdu| Vdylqjv= Wr ehjlq zlwk/ wkh +dqqxdol}hg, lqwhuhvw udwh lq wkh

lqfrpsohwh pdunhwv hfrqrp| lv 813 shufhqw1 Wklv lv vrphzkdw vk| ri wkh 91<

shufhqw ulvn| uhwxuq rq fdslwdo uhsruwhg e| Frroh| dqg Suhvfrww +4<<8,143

Lw lv dovr ohvv wkdq wkh +dqqxdol}hg, glvfrxqw idfwru ri q32f ' f�b�1 Wkh

lqyhvwphqw0wr0JGS udwlr lv 3146 forvh/ wr wkh 3144 revhuyhg lq wkh srvwzdu

XV1 Dv kdv ehhq qrwhg e| Dl|djdul +4<<7, dqg Odlwqhu +4<<5,/ lq hfrqrplhv

zlwk xqlqvxuhg lglrv|qfudwlf ulvn lqglylgxdov zloo whqg wr hqjdjh lq suhfdx0

wlrqdu| vdylqj1 Wkdw lv/ wkh| exlog xs ex�hu vwrfnv ri �qdqfldo dvvhwv wr vhoi

lqvxuh djdlqvw d uxq ri edg oxfn1 Wkhvh suhfdxwlrqdu| vdylqjv gulyh grzq

wkh lqwhuhvw udwh1 Dv d uhvxow ri wklv suhfdxwlrqdu| vdylqjv/ wkh fdslwdo vwrfn

lq wkh lqfrpsohwh pdunhwv hfrqrp| lv urxjko| 7 wlphv kljkhu wkdq lq wkh

h!flhqw pdunhwv fdvh1 Lq wkh prgho/ K*EK n r� ' �*�> wkdw lv/ rqh wklug ri

wrwdo zhdowk lv pdgh xs e| lqwhujhqhudwlrqdo wudqvihuv1 Prgljoldql +4<;;,

uhsruwv wkdw hvwlpdwhv ri wklv qxpehu iru wkh XV udqjh iurp 428 wr 7281

Dgglwlrqdoo|/ lqglylgxdov lqyhvw :3 shufhqw pruh prqh| lq fkloguhq/ exw

derxw wkh vdph dprxqw ri wlph dv ehiruh1 Qrz/ :7 shufhqw ri fkloguhq ehfrph

vnloohg dv rssrvhg wr 74 shufhqw suhylrxvo|1 Wkhuhiruh/ eruurzlqj frqvwudlqwv

+lq wkh suhvhqfh ri lglrv|qfudwlf ulvn, gr qrw qhfhvvdulo| ohdg wr xqghulqyhvw0

phqw lq fkloguhq/ dv lv w|slfdoo| suhvxphg144 Lw grhv ohdg wr plvlqyhvwphqw/

krzhyhu1 Wkh wrwdo vxsso| ri oderu lq pdunhw surgxfwlrq lv qrz 314 shu0

43Lw lv deryh wkh 31; shufhqw vdih uhwxuq fdofxodwhg e| Phkud dqg Suhvfrww +4<;8,/

krzhyhu1 Zklfk udwh ri uhwxuq lv ehwwhu wr xvh iru wkh fxuuhqw prgho lv xqfohdu1
44Wklv vhhpv wr ghulyh iurp wkh kljkhu ohyho ri sk|vlfdo zhdowk lq hfrqrp|1 Khqfh/

sduhqwv fdq lqyhvw pruh fdvk lq wkhlu nlgv1 Dgglwlrqdoo|/ dv wkh lqwhuhvw udwhv idoo sduhqwv

vxevwlwxwh rxw ri sk|vlfdo fdslwdo dqg lqwr kxpdq fdslwdo1
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fhqw orzhu1 Wklv wudqvsluhv ehfdxvh kxpdq fdslwdo lqyhvwphqw lv qrw gluhfwhg

wrzdug wkh prvw deoh lqglylgxdov1

Wr vhh wkh h�hfw wkdw lglrv|qfudwlf ulvn kdv rq suhfdxwlrqdu| vdylqjv/ fxw

wkh vwdqgdug ghyldwlrq ri wkh delolw| vkrfn e| kdoi vr wkdw j ' f�221 Wkh

phdq ohyho ri delolw| uhpdlqv xqfkdqjhg1 Wkh lqwhuhvw udwh ulvhv iurp 813

wr 915 shufhqw/ zkloh wkh fdslwdo vwrfn gursv e| 79 shufhqw1 Erwk wkh wlph

dqg prqh| lqyhvwhg lq fkloguhq idoov +616 dqg :15 shufhqw,1 Wkh qxpehu ri

fkloguhq zkr ehfrph vnloohg dovr ghfuhdvhv e| 618 shufhqwdjh srlqwv1

Lqhtxdolw|= Iljxuh 5 sorwv wkh glvwulexwlrqv ri delolw| dqg surgxfwlylw|1

Wkh glvwulexwlrq ri surgxfwlylwlhv lv dssur{lpdwho| orjqrupdo dqg uhvhpeohv

wkh XV hduqlqjv glvwulexwlrq � dv grfxphqwhg e| Nqrzohv +4<<<,1 Wkh fr0

h!flhqw ri yduldwlrq lq surgxfwlylw| lv derxw 31:;/ forvh wr wkh 31:: revhuyhg

lq wkh gdwd1 Olnhzlvh/ wkh Jlql frh!flhqw iru wkh glvwulexwlrq ri lqfrph lq

wkh prgho lv 316< yhuvxv 3168 lq gdwd1 Vrorq +4<<5, uhsruwv wkdw iru wkh XV

wkh fruuhodwlrq ri hduqlqjv dfurvv jhqhudwlrqv lv derxw 3185> lq wkh prgho lw lv

3197145 Wkh glvwulexwlrq ri surgxfwlylwlhv grhv qrw dulvh lq d vwudljkwiruzdug

pdqqhu iurp wkh glvwulexwlrq ri delolwlhv1 Wkh glvwulexwlrq ri surgxfwlylwlhv

lv pruh vnhzhg wkdq wkh glvwulexwlrq ri delolwlhv/ dv fdq eh vhhq iurp Iljxuh

51 Wkh pdwfk ehwzhhq wkh prgho dqg wkh XV gdwd lv rewdlqhg e| slfnlqj wkh

sdudphwhuv jryhuqlqj wkh delolw| glvwulexwlrq lq frqmxqfwlrq zlwk wkh sdudp0

hwhuv jryhuqlqj wkh surgxfwlrq ri kxpdq fdslwdo1 Wkh fkrlfh ri sdudphwhu

ydoxhv iru wkh kxpdq fdslwdo surgxfwlrq ixqfwlrq vhhpv uhdvrqdeoh1 Lw lp0

solhv wkdw 48 shufhqw ri wrwdo wlph lv vshqw qxuwxulqj fkloguhq1 Lq wkh XV/ d

sduhqw vshqgv derxw 8 krxuv d zhhn rq gluhfw fklog fduh/ dffruglqj wr Kloo

45Iru d uhylhz ri wklv olwhudwxuh/ vhh Vwrnh| +4<<;,1
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dqg Vwd�rug +4<;8,1 Kh ru vkh zrunv derxw 5: krxuv d zhhn1 Khqfh/ derxw

D*EDn2.���ffI ' 49 shufhqw ri d sduhqw*v wlph lv vshqw rq fklogfduh/ derxw

wkh vdph dv lq wkh prgho1

Grhv wkh suhvhqfh ri lqfrpsohwh lqvxudqfh lqfuhdvh lqfrph lqhtxdolw|B

Wkh dqvzhu lv qr1 Wkhuh lv ohvv lqhtxdolw| lq surgxfwlylw| dfurvv lqglylgxdov

lq wkh lqfrpsohwh pdunhwv zruog uhodwlyh wr wkh h!flhqw rqh1 Wklv lv uhdglo|

vhhq e| frpsdulqj Iljxuhv 4 dqg 51 Wkh Jlql frh!flhqw lq wkh h!flhqw pdu0

nhwv fdvh lv 3184/ dv rssrvhg wr 316< khuh1 Wkh udwlr ri surgxfwlylwlhv hduqhg

e| wkh wrs 8 shufhqw uhodwlyh wr wkh erwwrp 8 shufhqw lv 5318:/ frpsduhg zlwk

5:148 iru wkh h!flhqw pdunhwv zruog1 Lq wkh h!flhqw pdunhwv zruog lqhtxdolw|

lvq*w d sureohp> krzhyhu/ vlqfh hyhu|erg| hqmr|v wkh vdph frqvxpswlrq gxh

wr shuihfw ulvn vkdulqj1 Wkhuh pd| eh uhdvrqv zk| lqhtxdolw| pd| eh ohvv

lq wkh lqfrpsohwh pdunhwv zruog1 Iluvw/ eruurzlqj frqvwudlqwv pd| uhgxfh

wkh delolw| ri sduhqwv wr lqyhvw lq wkhlu kljko| wdohqwhg fkloguhq/ dujxlqj iru

orzhu glvshuvlrq1 Vhfrqg/ jlyhq wkh odfn ri lqvxudqfh pdunhwv/ sduhqwv pd|

zdqw wr lqyhvw pruh lq wkhlu fkloguhq*v kxpdq fdslwdo +luuhjdugohvv ri delolw|,

wr lqvxuh djdlqvw lglrv|qfudwlf ulvn � uhfdoo wkdw wkh lqwhuhvw udwh lv orzhu lq

wklv zruog1

Zhoiduh Jdlq iurp Frpsohwlqj Pdunhwv= Vr/ zkdw lv wkh zhoiduh orvv wkdw

dulvhv iurp wkh xqlqvxuhg lglrv|qfudwlf ulvnB Vrph fduh pxvw eh h{huflvhg

zkhq dvvhvvlqj wklv1 Vwhdg|0vwdwh rxwsxw lv ;5 shufhqw kljkhu lq wkh lqfrp0

sohwh pdunhwv hfrqrp|/ dv frpsduhg zlwk wkh h!flhqw rqh1 Dyhudjh frq0

vxpswlrq lv 68 shufhqw kljkhu wrr1 Xwlolw| lv kljkhu dv d frqvhtxhqfh1 Vxuho|/

wkh dyhudjh djhqw fdq*w eh ehwwhu r� lq wkh lqfrpsohwh pdunhwv hfrqrp| dv

rssrvhg wr wkh h!flhqw rqh1 Wkh dqvzhu wr wklv dssduhqw frqwudglfwlrq olhv
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lq wkh frpsdulvrq ri vwhdg| vwdwhv1 Uhfdoo wkdw lq wkh lqfrpsohwh pdunhwv

hfrqrp| wkhuh lv ryhudffxpxodwlrq gxh wr suhfdxwlrqdu| vdylqjv1 Wklv ohdgv

wr kljk ohyhov ri rxwsxw/ dyhudjh frqvxpswlrq/ dqg xwlolw|1

Qrz lpdjlqh vwduwlqj wkh h!flhqw pdunhwv hfrqrp| iurp wkh vwhdg|0vwdwh

fdslwdo vwrfn dqg surgxfwlylw| glvwulexwlrq wkdw rewdlq lq wkh lqfrpsohwh

pdunhwv hfrqrp|1 Ryhu wlph wklv hfrqrp| zloo frqyhujh wr wkh h!flhqw

pdunhwv vwhdg| vwdwh1 Zrxog dq djhqw suhihu wkh xwlolw| uhdol}hg lq wklv

hfrqrp| ru wkh dyhudjh ohyho ri h{shfwhg xwlolw| ohyho wkdw rewdlqv lq wkh

lqfrpsohwh pdunhwv hfrqrp|B Ohw iS+| c S
J
|j
"

|'f eh wkh sdwk ri frqvxpswlrqv

wkdw zloo dulvh lq wkh h!flhqw pdunhwv hfrqrp| dqg .dT o ghqrwh wkh dyhudjh

ohyho ri h{shfwhg xwlolw| lq wkh lqfrpsohwh pdunhwv hfrqrp|1 Wkh djhqw zrxog

eh zloolqj wr lqfuhdvh klv frqvxpswlrq lq hdfk shulrg e| d idfwru ri b dqg

vwloo eh kdss| wr olyh lq wkh h!flhqw pdunhwv hfrqrp|/ zkhuh

b ' i
.dT o n d� n qo*dE� � >�E�� qw�o

S
"

|'f
Eqw�|dES+| �

�3> n qESJ|n��
�3>o*E� � >�

j�*E�3>� � ��

Revhuyh wkdw dv wkh ohyho ri h{shfwhg xwlolw| lq wkh lqfrpsohwh pdunhwv hfrq0

rp|/ .dT o/ lqfuhdvhv wkh iudfwlrq ri h!flhqw pdunhwv frqvxpswlrq wkdw wkh

djhqw zrxog eh zloolqj wr jlyh xs/ ru b/ idoov1 Fohduo| vroylqj iru b uhtxluhv

frpsxwlqj wkh wudqvlwlrqdo g|qdplfv iru wkh h!flhqw pdunhwv hfrqrp|1 Wkh

dojrulwkp xvhg wr gr wklv lv ghwdlohg lq wkh dsshqgl{1

Lw wxuqv rxw wkdw b ' �f�S�/ vr wkdw dq lqglylgxdo zrxog suhihu wr olyh lq

wkh h!flhqw pdunhwv hfrqrp|1 Dorqj wkh wudqvlwlrq sdwk iurp wkh lqfrpsohwh

wr frpsohwh pdunhwv hfrqrp| wkh lqglylgxdo whpsrudulo| lqfuhdvhv klv frq0

vxpswlrq dv wkh hfrqrp| uxqv grzq lwv vwrfnv ri sk|vlfdo dqg kxpdq fdslwdo1

Wkh wlph sdwk iru djjuhjdwh frqvxpswlrq lv vkrzq lq Iljxuh 6/ zklfk dovr
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sorwv wkh hyroxwlrq ri wkh hfrqrp|*v surgxfwlylw| glvwulexwlrq146 Wkh udslg

frqyhujhqfh wr wkh h!flhqw0pdunhwv vwhdg| vwdwh vkrxog eh h{shfwhg jlyhq

wkdw d shulrg lv 53 |hduv1

Lpsxuh dowuxlvp/ djdlq= Rqfh djdlq vhw w ' f�D/ lpso|lqj wkdw sduhqwv

fduh ohvv derxw wkhlu fkloguhq wkdq wkhpvhoyhv1 Krz grhv wkh qhz htxloleulxp

frpsduh zlwk wkh lqfrpsohwh pdunhwv hfrqrp| zlwk sxuh dowuxlvp1 Wkh

dprxqw ri wlph wkdw sduhqwv lqyhvw lq wkhlu fkloguhqv* kxpdq fdslwdo idoov

e| <3 shufhqw/ zkloh wkh dprxqw ri jrrgv idoov e| ;7 shufhqw1 Wkh| dovr

ohdyh ;< shufhqw ohvv lq ehtxhvwv1 Wkh idfw wkdw sduhqwv duh lqyhvwlqj ohvv

lq wkh ixwxuh ohdgv wr d ulvh lq wkh htxloleulxp lqwhuhvw udwh iurp 813 wr

913 shufhqw dv wkh djjuhjdwh fdslwdo vwrfn gursv e| 95 shufhqw1 Wkh fxw lq

kxpdq fdslwdo lqyhvwphqw ohdgv wr 7; shufhqw ohvv h!flhqf| xqlwv ri oderu

ehlqj xvhg lq surgxfwlrq1 Wkh qhw uhvxow ri doo wklv lv wkdw rxwsxw ghfolqhv

e| 87 shufhqw1 Dv w $ f wkh prgho frqyhujhv wr wkh vwdqgdug ryhuodsslqj

jhqhudwlrqv vwuxfwxuh glvfxvvhg lq wkh suhylrxv vhfwlrq1

9 Odfn ri Fklog0Fduh Idflolwlhv

Wkh h!flhqw htxloleulxp suhvxphv wkdw dq h!flhqw fklogfduh pdunhw h{lvwv1

Vxssrvh qrw1 Wkhq/ hdfk sduhqw pxvw lqyhvw klv rzq wlph lq klv fklog1 Frq0

vlghu d sduhqw ri surgxfwlylw| Z zlwk ehtxhvw K zkr kdv d fklog ri delolw|

@1 Dvvxph wkdw d sduhqw ri surgxfwlylw| Z kdv d surgxfwlylw| � EZ� lq qxu0

wxulqj klv rzq fklog1 Iru lqvwdqfh/ rq wkh rqh kdqg/ Z ' � EZ� uhsuhvhqwv d

�txdolw|0wlph� zruog zkhuh d sduhqw*v surgxfwlylw| lq fklogfduh lv wkh vdph

46Wkh ohiw sdqho vkrzv krz wkh surgxfwlylw| glvwulexwlrq hyroyhv ryhu wlph1 Wkh � � � � �

olqh vkrzv wkh surgxfwlylw| glvwulexwlrq diwhu rqh shulrg1
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dv lq wkh pdunhw1 Rq wkh rwkhu kdqg/

� EZ� '

;?
=

Zc Z � R
W

/

R
W

c rwkhuzlvh/
+6<,

frxog eh wkrxjkw ri dv d zruog zkhuh fklogfduh lv d +uhodwlyho|, orz0surgxfwlylw|

rffxsdwlrq wkdw kljk0surgxfwlylw| djhqwv kdyh qr uhdo dgydqwdjh dw1 Qrz/ lw

pxvw wudqvsluh wkdw

?*� EZ� n , ' ��

D qrq0h{lvwhqw +ru edgo| ixqfwlrqlqj, oderu pdunhw lq fklogfduh zloo irufh

kljko| surgxfwlyh dgxowv wr ghyrwh wlph wr fklogfduh lqvwhdg ri surgxfwlrq1

Wkh g|qdplf surjudpplqj sureohp idflqj d |rxqj dgxow lv

T EZc@c K� ' 4@ 
rD3Kc?c6
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Rqfh djdlq aE�� lv gh�qhg e| +67,�

Wkh �uvw0rughu qhfhvvdu| frqglwlrqv iru wkh |rxqj dgxow duh
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Wkh odvw wzr htxdwlrqv lpso| wkdw

d�Z*� EZ�oM�E@c ?c6� ' M2E@c ?c6�� +73,

Htxdwlrq +73, lv vlplodu wr +68,/ zlwk rqh h{fhswlrq1 Qrz/ wkh sduhqw*v

uhodwlyh surgxfwlylw| ohyho lq qxuwxulqj/ Z*� EZ�/ d�hfwv wkh ghflvlrq derxw

krz pxfk wlph wr lqyhvw lq fklogfduh1 Wkh pruh surgxfwlyh wkh djhqw lv

lq wkh pdunhw ylv ã ylv dw krph/ wkh pruh v2kh zloo idyru lqyhvwlqj prqh|

dv rssrvhg wr wlph lq klv2khu fklog/ rwkhu wklqjv htxdo1 Qrwh wkdw lq wkh

txdolw|0wlph zruog wkh devhqfh ri d fklogfduh pdunhw zloo qrw pdwwhu1 Hdfk

sduhqw fdq hdvlo| udlvh klv rzq fklog dqg wkhuh lv qr frvw dgydqwdjh lq ohwwlqj

vrphrqh hovh gr lw1

914 Qxphulfdo H{dpsoh

Wkh fdvh zkhuh fklogfduh lv d +uhodwlyho|, orz0surgxfwlylw| rffxsdwlrq lv qrz

frqvlghuhg1 Wkh sdudphwhul}dwlrq iurp wkh lqfrpsohwh pdunhwv fdvh +zlwk

sxuh dowuxlvp, zloo eh uhwdlqhg1 Wkh vdph qxphulfdo dojrulwkp xvhg wr vroyh

wkh lqfrpsohwh pdunhwv fdvh lv hpsor|hg khuh1 Doo wkdw uhpdlqv wr eh vshf0

l�hg lv wkh wkuhvkrog ohyho ri surgxfwlylw|/ R
W

/ lq +6<,1 Lw lv dvvxphg wkdw

wklv wkuhvkrog olhv dw derxw wkh 83wk shufhqwloh lq surgxfwlylw|/ lpso|lqj wkdw

R
W

' H�D1

Ehiruh surfhhglqj/ qrwh wkdw wkh txdolw|0wlph fdvh lv mxvw vlpso| xqlq0

whuhvwlqj1 Li dq lqglylgxdo lv htxdoo| surgxfwlyh lq fklogfduh dv pdunhw zrun

wkhq kh zrxog eh lqgl�huhqw ehwzhhq xvlqj klv rzq wlph lq fklogfduh ru xvlqj

lw dw zrun1 Frqvlghu d shuvrq ri surgxfwlylw| Z1 Wr ex| Z xqlwv ri txdolw|

wlph lq fklogfduh rq wkh pdunhw +li lw zdv dydlodeoh, zrxog frvw � xqlwv ri
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frqvxpswlrq1 Wkh djhqw frxog vxsso| wkh vdph dprxqw ri txdolw| wlph klp0

vhoi dqg orvh � lq zdjh lqfrph1 Khqfh/ wkh odfn ri d fklogfduh pdunhw zrxog

eh lqfrqvhtxhqwldo1

91414 Uhvxowv

Frqvxpswlrq dqg rxwsxw erwk idoo 819 shufhqw/ uhodwlyh wr wkh lqfrpsohwh

pdunhwv fdvh zlwk fklogfduh1 Wklv lv fdxvhg e| d 87 shufhqw gurs lq fklogfduh

wlph1 Wkh dprxqw ri jrrgv lqyhvwhg lq fkloguhq rqo| ghfuhdvhv e| : shufhqw/

wkrxjk1 Wkh qxpehu ri fkloguhq uhfhlylqj qr lqyhvwphqw ulvhv voljkwo| iurp

58 wr 5: shufhqw1 Qrz/ wkh gurs lq frqvxpswlrq dqg rxwsxw pd| vhhp vpdoo1

Wklv wudqvsluhv iru wzr uhdvrqv1 Iluvw/ wkh kxpdq fdslwdo surgxfwlrq ixqfwlrq

+65, lv yhu| frqfdyh1 Vhfrqg/ qrwh wkdw wkh zhoiduh orvv iurp dq lqh!flhqw

fklogfduh pdunhw dulvhv ehfdxvh kljk surgxfwlylw| lqglylgxdov pxvw vshqg

wkhlu wlph lqh!flhqwo| dw krph udlvlqj wkhlu nlgv dv rssrvhg wr zrunlqj1

Wkhuh zloo eh qr orvv iru wkrvh djhqwv zlwk Z � R
W

1 Iru dq lqglylgxdo zlwk

surgxfwlylw| Z : RW wkh orvv zloo eh �EZ*RW��� shu xqlw ri fklogfduh wlph1 Vr/

d odujh gurs lq frqvxpswlrq dqg rxwsxw zloo uhtxluh wkdw Z� R
W lv odujh dqg

srvlwlyh iru d vljql�fdqw iudfwlrq ri wkh srsxodwlrq1 Wklv vhhpv xqolnho| jlyhq

wkh vkdsh ri wkh lqfrph glvwulexwlrq dqg wkh dyhudjh hduqlqjv ri fklogfduh

vshfldolvwv � Iljxuh 7 sruwud|v wkh vlwxdwlrq xvlqj gdwd jhqhudwhg iurp wkh

prgho147 Khuh wkh mdjjhg vrolg olqh vkrzv wkh glvwruwlrq/ EZ*RW���/ zhljkwhg

47Rqh frxog dujxh wkdw wkh pdunhw vhfwru lv pruh h!flhqw dw surylglqj fklogfduh wkdq

wkh krph vhfwru/ vd| gxh wr hfrqrplhv ri vfdoh ru vshfldol}dwlrq1 Vxssrvh wkdw wkh pdunhw

vhfwru lv wzlfh dv h!flhqw dw orrnlqj diwhu fkloguhq uhodwlyh wr wkh krph vhfwru1 Wr fdswxuh

wklv/ ohw S +�, @ �@5/ iru � � s�/ dqg S +�, @ s�@5/ rwkhuzlvh1 Qrz/ wkhuh lv d <3 shufhqw
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e| wkh qxpehu ri d�hfwhg djhqwv1

: Frqfoxvlrqv

Zkhq glvfxvvlqj wkh lpsdfw ri lpshuihfw �qdqfldo pdunhwv/ Duwkxu Rnxq

+4<:8/ sjv1 ;30;4, rqfh vdlg wkdw �wkh prvw lpsruwdqw frqvhtxhqfh lv wkh

lqdghtxdwh ghyhorsphqw ri wkh kxpdq uhvrxufhv ri wkh fkloguhq ri srru idp0

lolhv � zklfk/ L zrxog mxgjh/ lv rqh ri wkh prvw vhulrxv lqh!flhqflhv ri wkh

Dphulfdq hfrqrp| wrgd|1� Wr h{dplqh wklv fodlp/ d jhqhudo htxloleulxp

prgho zdv ghyhorshg zkhuh fkloguhq gl�hu e| delolw|1 Sduhqwv frxog lqyhvw

wlph dqg jrrgv lq wkh ghyhorsphqw ri wkhlu fkloguhq*v kxpdq fdslwdo1 Lq d

zruog zlwk shuihfw �qdqfldo pdunhwv sduhqwdo lqyhvwphqw lq d fklog zrxog

eh d ixqfwlrq vroho| ri wkh nlg*v delolw|1 Ilqdqfldo pdunhwv duhq*w frpsohwh/

krzhyhu/ lq wkh uhdo zruog1 Iluvw/ lghdoo| dq lqglylgxdo zrxog olnh wr lqvxuh

djdlqvw klv judqgfklog*v delolw|/ dv orqj dv wkhuh lv vrph udqgrpqhvv lq lw1

Vhfrqg/ d sduhqw fdqqrw eruurz djdlqvw klv fklog*v ixwxuh lqfrph lq rughu wr

hgxfdwh klp wrgd|1 Jlyhq wklv/ wkh dqdo|vlv lv qrw dv vwudljkwiruzdug dv Rnxq

+4<:8, dqg rwkhuv suhvxph1 Lq idfw lq wkh qxphulfdo h{dpsoh suhvhqwhg wkh

devhqfh ri lqvxudqfh pdunhwv dqg wkh suhvhqfh ri eruurzlqj frqvwudlqwv glg

qrw ohdg wr xqghulqyhvwphqw lq fkloguhq � pruh prqh| zdv lqyhvwhg lq nlgv1

Wkh lqyhvwphqw zdv lqh!flhqw/ krzhyhu/ lq wkdw lw zdv qrw gluhfwhg wrzdug

gurs lq fklogfduh wlph/ zkloh wkh dprxqw ri jrrgv lqyhvwhg idoov e| 47 shufhqw/ uhodwlyh wr

wkh lqfrpsohwh pdunhwv fdvh zlwk fklogfduh1 Frqvxpswlrq dqg rxwsxw duh uhgxfhg e| 4515

dqg 4516 shufhqw1 Ri frxuvh/ rqh frxog mxvw dv hdvlo| dujxh wkdw wkh pdunhw vhfwru lv ohvv

h!flhqw dw surylglqj fklogfduh wkdq wkh krph vhfwru/ gxh wr lqfhqwlyh dqg rwkhu sureohpv1

Iru lqvwdqfh/ d gd|fduh surylghu pd| qrw fduh derxw |rxu fkloguhq dv pxfk dv |rx gr1
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wkh fkloguhq zlwk wkh kljkhvw delolw|1

Dqrwkhu pdunhw idloxuh pd| eh wkh odfn ri fklogfduh pdunhwv1 Wklv wrr

lv pruh sureohpdwlf wkdq lv w|slfdoo| eholhyhg1 Iru wklv pdunhw idloxuh wr eh

vhyhuh/ wkh uhwxuqv lq whupv ri d fklog*v surgxfwlylw| wr dq h{wud xqlw ri lq0

yhvwphqw lq wlph fdqqrw idoo r� wrr gudpdwlfdoo| zlwk wkh ohyho ri lqyhvwphqw1

Dgglwlrqdoo|/ wkhuh pxvw eh d vljql�fdqw qxpehu ri lqglylgxdov zkrvh sur0

gxfwlylw| dw zrun lv juhdwhu wkdq wkh surgxfwlylw| ri wkh fklogfduh vshfldolvw

zkr zloo orrn diwhu wkhlu fklog1 Wklv vhhpv xqolnho| wr eh fdvh1 Dv vxfk/ lw

lv olnho| wr eh ulfk shrsoh +grfwruv/ odz|huv/ hwf1, dqg qrw srru rqhv +mdql0

wruv/ uhvwdxudqw zdlwuhvvhv/ hwf1,/ wkdw zloo ehqh�w wkh prvw iurp frpsohwlqj

fklogfduh pdunhwv1

Shukdsv wkh sureohp ri xqghulqyhvwphqw lq fkloguhq lv wkdw dowuxlvp lv

lpsxuh= wkdw lv/ sduhqwv gr qrw fduh derxw wkhlu fkloguhq dv pxfk dv wkh| fduh

derxw wkhpvhoyhv1 Sduhqwv lqyhvw pxfk ohvv lq wkhlu fkloguhq zkhq dowuxlvp

lv lpsxuh1 Lpsxuh dowuxlvp/ krzhyhu/ fdq*w eh odehoohg d pdunhw idloxuh lq

wkh wudglwlrqdo vhqvh1 Wkh htxloleulxp pd| vwloo eh Sduhwr rswlpdo1 Wkhuh

lv olwwoh dq hfrqrplvw fdq vd| derxw krz jrrgv +khuh fkloguhq, vkrxog +dv

rssrvhg wr gr, idfwru lqwr d shuvrq*v wdvwhv1 Wklv lv d prudo txhvwlrq wkdw

vrflhw| pd| kdyh wr wdnh d vwdqg rq1

Vr/ zkdw idfwruv duh rplwwhg iurp wkh dqdo|vlv wkdw frxog fkdqjh wkhvh

uhvxowvB Wkhuh duh pdq|/ ri frxuvh/ exw wkh prvw reylrxv lv wkh xvh ri d

xqlvh{ prgho1 Lpdjlqh d zruog zkhuh dgxow pdohv dqg ihpdohv duh frqwlq0

xdoo| ghflglqj zkhwkhu ru qrw wr pdwfk dqg kdyh fkloguhq1 Dq lqglylgxdo*v

fkrlfh derxw zkrp wr pduu|/ glyrufh/ ru zrun/ pd| qrw eh lq klv fklog*v

ehvw lqwhuhvwv1 Wkhvh ghflvlrqv pd| lqwhudfw zlwk pdunhw lpshuihfwlrqv/ wrr1
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Iru h{dpsoh/ frqvlghu d zruog zkhuh wkh ulvn ri pdulwdo euhdnxs lv kljk ^dv

grfxphqwhg lq Fxehggx dqg Ulrv0Uxoo +4<<:,` dqg zkhuh glyrufh fdq*w eh

ixoo| lqvxuhg djdlqvw1 D pduulhg zrpdq pd| eh uhoxfwdqw wr jlyh xs zrunlqj/

dqg orrn diwhu khu fkloguhq/ iru ihdu ri orvlqj oderu pdunhw h{shulhqfh wkdw

pljkw eh ydoxdeoh odwhu rq1 Ru wkh odfn ri d zhoo0ixqfwlrqlqj fklogfduh pdunhw

pd| lqwhudfw zlwk d sduhqw*v ghflvlrqv derxw krz pxfk wr lqyhvw lq klv ru

khu gdxjkwhu/ ru zlwk d zrpdq*v ghflvlrq wr jhw pduulhg dqg kdyh fkloguhq/

ru glyrufh1 Iru lqvwdqfh/ li zrphq qhhg wr udlvh fkloguhq dw krph/ shukdsv

sduhqwv zloo lqyhvw ohvv lq wkh kxpdq fdslwdo ri jluov uhodwlyh wr er|v1 Ru/

shukdsv vnloohg ihpdohv zloo ghflgh wr kdyh ohvv/ ru qr/ fkloguhq1

Uhihuhqfhv

Dl|djdul/ V1 Udr/ �Xqlqvxuhg Lglrv|qfudwlf Ulvn dqg Djjuhjdwh Vdy0
lqjv1� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43</ qr1 7 +Dxjxvw 4<<7,= 98<0
9;71

Ehfnhu/ Jdu| V1 dqg Wrphv/ Qljho1 �Kxpdq Fdslwdo dqg wkh Ulvh dqg

Idoo ri Idplolhv1� lq Kxpdq Fdslwdo/ Jdu| V1 Ehfnhu1 Fklfdjr= Wkh

Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<<61

Ehujvwurp/ Wkhrgruh F1 �D Vxuyh| ri Wkhrulhv ri wkh Idplo|1� LqKdqg0

errn ri Srsxodwlrq dqg Idplo| Hfrqrplfv/ hg1 Urehuw Urvhq}zhlj dqg

Rghg Vwdun1 Dpvwhugdp= Hovhylhu Vflhqfh/ 4<<:1

Fdxfxww/ Hol}dehwk P1 dqg Nulvkqd E1 Nxpdu1 �Kljkhu Hgxfdwlrq

Vxevlglhv dqg Khwhurjhqhlw|= D G|qdplf Dqdo|vlv1� Pdqxvfulsw1

Urfkhvwhu= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Urfkhvwhu/ 4<<<1

Frroh|/ Wkrpdv I1 dqg Hgzdug F1 Suhvfrww1 �Hfrqrplf Jurzwk dqg

Exvlqhvv F|fohv1� Lq Iurqwlhuv ri Exvlqhvv F|fohv Uhvhdufk / hg1

Wkrpdv I1 Frroh|1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<<8/

406;1
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Fxehggx/ Oxlv dqg Ulrv0Uxoo/ Mrvh0Ylfwru1 �Pdulwdo Ulvn dqg Fdslwdo

Dffxpxodwlrq1� Vwd� Uhsruw 5681 Plqqhdsrolv= Uhvhdufk Ghsduwphqw/

Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ 4<<:1

Fxuulh/ Mdqhw dqg Gxqfdq Wkrpdv1 �Hduo| Whvw Vfruhv/ Vrflrhfrqrplf

Vwdwxv dqg Ixwxuh1� Zrunlqj Sdshu 9<761 Fdpeulgjh= Qdwlrqdo Exuhdx

ri Hfrqrplf Uhvhdufk/ 4<<<1

Hgjhzruwk/ Iudqflv \1 Pdwkhpdwlfdo Sv|fklfv= Dssolfdwlrqv ri Pdwkh0

pdwlfv wr wkh Prudo Vflhqfhv1 Orqgrq= F1 Nhjdq Sdxo ) Fr1/ 4;;41

Khfnpdq/ Mdphv M1 �Grlqj lw Uljkw= Mre Wudlqlqj dqg Hgxfdwlrq1�

Sxeolf Lqwhuhvw/ 468 +Vsulqj 4<<<,= ;9043:1

Khuuqvwhlq/ Ulfkdug M1 dqg Fkduohv Pxuud|1 Wkh Ehoo Fxuyh= Lqwhool0

jhqfh dqg Fodvv Vwuxfwxuh lq Dphulfdq Olih1 Qhz \run= Wkh Iuhh Suhvv/

4<<71

Kloo/ F1 Uxvvhoo dqg Iudqn S1 Vwd�rug1 �Sduhqwdo Fduh ri Fkloguhq=

Wlph Gldu| Hvwlpdwhv ri Txdqwlw|/ Suhglfwdelolw|/ dqg Ydulhw|1� Lq

Wlph/ Jrrgv/ dqg Zhoo0Ehlqj/ hg1 I1 Wkrpdv Mxvwhu dqg Iudqn S1

Vwd�rug1 Dqq Dueru= Vxuyh| Uhvhdufk Fhqwhu/ Wkh Xqlyhuvlw| ri Plfkl0

jdq/ 4<;81

Nqrzohv/ Mrkq1 �Fdq Sduhqwdo Ghflvlrqv H{sodlq XV Lqfrph Lqhtxdo0

lw|1� Pdqxvfulsw1 Sklodghoskld= Xqlyhuvlw| ri Shqqv|oydqld/ Ghsduw0

phqw ri Hfrqrplfv/ 4<<<1

Odlwqhu/ Mrkq1 �Udqgrp Hduqlqjv Gl�huhqfhv/ Olihwlph Oltxlglw| Frq0

vwudlqwv/ dqg Dowuxlvwlf Lqwhujhqhudwlrqdo Wudqvihuv1� Mrxuqdo ri Hfr0

qrplf Wkhru|/ 8;/ qr 5 +4<<5,= 46804:31

Odlwqhu/ Mrkq1 �Lqwhujhqhudwlrqdo dqg Lqwhukrxvhkrog Hfrqrplf Olqnv1�
Lq Kdqgerrn ri Srsxodwlrq dqg Idplo| Hfrqrplfv/ hg1 Urehuw Urvhq0

}zhlj dqg Rghg Vwdun1 Dpvwhugdp= Hovhylhu Vflhqfh/ 4<<:1

Orxu|/ Johqq F1 �Lqwhujhqhudwlrqdo Wudqvihuv dqg wkh Glvwulexwlrq ri

Hduqlqjv1� Hfrqrphwulfd/ 7</ qr 7 +Mxo| 4<;4,= ;760;9:1

Prgljoldql/ Iudqfr1 �Wkh Uroh ri Lqwhujhqhudwlrqdo Wudqvihu dqg Olih
F|foh Vdylqjv lq wkh Dffxpxodwlrq ri Zhdowk1� Mrxuqdo ri Hfrqrplf

Shuvshfwlyhv/ 5/ qr 5 +Vsulqj 4<;;,= 480731
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Qhdo/ Ghuhn D1 dqg Zlooldp U1 Mrkqvrq1 �Wkh Uroh ri Suhpdunhw Idf0

wruv lq Eodfn0Zklwh Zdjh Gl�huhqfhv1� Mrxuqdo ri Srolwlfdo Hfrqrp|/
437/ qr 8 +Rfwrehu 4<<9,= ;9<0;<81

Rnxq/ Duwkxu P1 Htxdolw| dqg H!flhqf|= Wkh Elj Wudghr�1 Zdvklqj0

wrq/ G1F1= Wkh Eurrnlqj Lqvwlwxwlrq/ 4<:81

Skhosv/ Hgpxqg V1 dqg Urehuw D1 Sroodn1 �Rq Vhfrqg0Ehvw Vdylqj dqg

Jdph0Htxloleulxp Jurzwk1� Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 68/ qr
5 +Dsulo 4<9;,= 4;804<<1

Vrorq/ Jdu| U1 �Lqwhujhqhudwlrqdo Lqfrph Prelolw| lq wkh Xqlwhg
Vwdwhv1� Dphulfdq Hfrqrplf Uhylhz ;5/ qr 5 +Mxqh 4<<5,= 6<6073;1

Vwrnh|/ Qdqf| O1 �Vkluwvohhyhv wr Vkluwvohhyhv= Wkh Hfrqrplfv ri Vrfldo
Prelolw|1� Lq Iurqwlhuv ri Uhvhdufk lq Hfrqrplf Wkhru|= Wkh Qdqf|

O1 Vfkzduw} Phpruldo Ohfwxuhv 4<;604<<:/ hg1 Grqdog S1 Mdfrev/ Hkxg
Ndodl dqg Pruwrq L1 Ndplhq1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/
4<<;1

Wdxfkhq/ Jhrujh1 �Ilqlwh Vwdwh Pdunry0Fkdlq Dssur{lpdwlrqv wr Xql0
yduldwh dqg Yhfwru Dxwruhjuhvvlrqv1� Hfrqrplf Ohwwhuv 53 +4<;9,= 4::0
4;41

D Dsshqgl{= Dojrulwkpv

Lqfrpsohwh Pdunhwv Vwhdg| Vwdwh= Wkh dojrulwkp xvhg wr frpsxwh wkh vrox0

wlrq iru wkh lqfrpsohwh pdunhwv fdvh zloo qrz eh ghvfulehg1 Wkh rwkhu fdvhv

duh frpsxwhg lq d vlplodu pdqqhu1

Frpsxwlqj wkh frpshwlwlyh htxloleulxp iru wkh lqfrpsohwh pdunhw hfrq0

rp| lqyroyhv wkh iroorzlqj vwhsv1 Wr ehjlq zlwk/ gudz d udqgrp wlph vhulhv

ri A revhuydwlrqv iru @ xvlqj wkh glvwulexwlrq ixqfwlrq �1 Fdoo wklv vdpsoh

sdwk i@|j
A

|'f
1
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41 Hqwhu lwhudwlrq � zlwk d jxhvv iru wkh lqwhuhvw dqg zdjh udwhv/ o dqg �/

ghqrwhg e| o� dqg ��1

51 Jlyhq wklv jxhvv/ vroyh wkh fkrlfh sureohpv +66, dqg +67,1

61 Vlpxodwh wkh ghflvlrq uxohv iru +66, dqg +67, A wlphv xvlqj wkh udqgrpo|

jhqhudwhg vdpsoh iru wkh @*v1 Wr gr wklv/ vwduw dw wkh srlqw EZfc @fc Kf�1

Xvh wkh ghflvlrq uxohv iurp sureohp +66, wr jhw rf/ Z�1 Qh{w/ xvh wkh

ghflvlrq uxoh iurp sureohp +67, dw wkh srlqw EZ�c @�c rf n Kf� wr rewdlq

K�1 Wkh ghflvlrq uxohv iru +66, fdq qrz eh hydoxdwhg dw wkh srlqw

EZ�c @�c K�� wr jhw r�/ Z21 Surfhhg grzq wkh uhvw ri wkh vdpsoh sdwk lq

vlplodu pdqqhu1 Froohfw gdwd rq r/ K�/ ?/ dqg Z> wkdw lv wkh vhtxhqfhv

ir|j
A

|'�
/ iK|n�j

A

|'f/ i?|j
A

|'�
/ dqg iZ|j

A

|'�
1 Fdofxodwh .drn K

�o/ .dZo/ dqg

.d?o/ ru wkh vdpsoh phdqv iru rn K
�
/ Z/ dqg ?1

71 Frpsxwh d uhylvhg jxhvv iru wkh lqwhuhvw dqg zdjh udwhv/ o�n� dqg ��n�1

Lq d vwdwlrqdu| frpshwlwlyh htxloleulxp wkh lqwhuhvw dqg zdjh udwhv zloo

eh jlyhq e| wkh frqglwlrqv

o
�n�

' ��E!
�
c *

��� Bc

dqg

��n�
' �2E!

�
c *

��1

Qrz/ lq htxloleulxp djjuhjdwh vdylqjv zloo eh jlyhq e| !�
' .drnK�o*o�

dqg *
�
' .dZo� .d?o�

81 Fkhfn li _�r|Eo�n�c o�� dqg _�r|E��n�
c�

�� idoo ehorz vrph vshfl�hg wro0

hudqfh1 Li vr/ vwrs1 Li qrw/ jr edfn wr vwhs 41
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Wkh fklogfduh pdunhw pxvw fohdu iru dq htxloleulxp wr suhydlo1 Wklv

qhfhvvldwhv fkhfnlqj wkdw wkh iroorzlqj frqglwlrq krogv= .d?o � .d@m@ '

ME@c�EZc @c K�c� EZc @c K�o1

Frpsohwh Pdunhwv Wudqvlwlrqdo G|qdplfv= Ohw wkh lqlwldo djjuhjdwh vwrfn

ri fdslwdo eh uhsuhvhqwhg e| !f dqg wkh lqlwldo glvwulexwlrq ri surgxfwlylwlhv

eh ghqrwhg e| �f1 Uhfdoo wkdw wkhvh vwdwh yduldeohv dulvh iurp wkh lqfrpsohwh0

pdunhwv0hfrqrp| vwhdg| vwdwh1 Wkh jrdo lv wr frpsxwh wkh hfrqrp|*v wudqvl0

wlrq sdwk wr wkh h!flhqw pdunhwv vwhdg| vwdwh1 Vxssrvh wkdw wklv frqyhujhqfh

wdnhv sodfh ehiruh shulrg A / zkhuh A lv vrph vxlwdeo| odujh qxpehu1 Wkhuh0

iruh/ ohw !An�/ *An�/ 4An� dvvxph wkhlu vwhdg|0vwdwh ydoxhv1 Wkh dojrulwkp

zrunv dv iroorzv=

41 Hqwhu lwhudwlrq � zlwk d jxhvv iru wkh wlph sdwkv i!|j
"

|'�
/ i*|j

"

|'�
/ dqg

i4|j
"

|'�
ghqrwhg e| i!�

|j
"

|'�/ i*
�

|j
"

|'�/ dqg i4�

|j
"

|'�
1 Wklv lpsolhv d jxhvv

iru i�|j
"

|'�
/ ghqrwhg e| i��

|j
"

|'�1 Qrwh wkdw &f dqg .fdZo duh wlhg grzq

e| wkh lqlwldo frqglwlrq1

51 Vwduw r� dw shulrg f1 Qrz/ jlyhq �
�

�
/ 4

f

�
/ dqg !
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2
vroyh iru @W

f
/ �fE@�/

�fE@�/ *f/ dqg !� xvlqj
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f
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dqg

d�E!
f
c *f�nE� � B�!f �4f � !�o

3> +76,

' wqd��E!�c *
f

�
� n E� � B�od�E!

�
c *

f

�
�nE�� B�!� �4

f

�
� !

f

2
o3>�

Htxdwlrqv +74, wr +75, ghulyh iurp +;, wr +43,1 Htxdwlrq +76, lv wkh Hx0

ohu htxdwlrq jryhuqlqj fdslwdo dffxpxodwlrq dqg lv d uhzulwwhq yhuvlrq

ri +44,1

+d, Vroylqj wkh deryh v|vwhp ri htxdwlrqv uhtxluhv dq lqqhu orrs1 Wkdw

lv/ jlyhq d jxhvv iru *f dqg !�/ �uvw vroyh iru @Wf/ �fE@�/ �fE@� xvlqj

wkh �uvw wkuhh htxdwlrqv1 Wkhq/ uhylvh wkh jxhvv iru *f dqg !�xvlqj

wkh *f ' .fdZo�
U
@
W

f

�fE@�_�E@� dqg +76,1 Lwhudwh xqwlo frqyhujhqfh

lq wkh dqvzhuv iru @W
f
/ �fE@�/ �fE@�/ *f/ dqg !� lv dfklhyhg1 H{lw

wkh lqqhu orrs1

61 Jlyhq wklv vroxwlrq hqwhu shulrg � zlwk wkh lqlwldo frqglwlrq !� dqg ��1

Jlyhq �
�

2
/ 4

f

�
/ dqg !

�

2
vroyh iru @W

�
/ ��E@�/ ��E@�/ *�/ dqg !2 xvlqj wkh

xsgdwhg yhuvlrq ri +74, wr +76,� Wudyho grzq wkh sdwk lq wklv idvklrq wr

jhw i!|j
A

|'�
/ i*|j

A

|'�
/ dqg i4|j

A

|'�
1 Xvh wklv vroxwlrq wr jhw wkh uhylvhg

jxhvv i!�n�

| jA|'�/ i*
�n�

|
jA
|'�

/ dqg i4�n�

| jA|'�1

71 Uhshdw xqwlo frqyhujhqfh lq i!�

|j
A
|'�/ i*

�

|j
A
|'�/ dqg i4�

|j
A
|'� lv rewdlqhg1

H{lw wkh dojrulwkp1 Dgglwlrqdoo|/ iru wkh htxloleulxp wr eh phdqlqjixo/

lw pxvw dovr eh fkhfnhg wkdw wkh fklogfduh pdunhw0fohdulqj frqglwlrq +8,

dozd|v krogv dorqj wkh htxloleulxp sdwk1
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Iljxuh 4= Delolw| dqg Surgxfwlylw| Glvwulexwlrqv � H!flhqw Pdunhwv Fdvh
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Iljxuh 5= Delolw| dqg Surgxfwlylw| � Lqfrpsohwh Pdunhwv Fdvh
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Iljxuh 6= Wudqvlwlrqdo G|qdplfv � Lpshuihfw wr Shuihfw
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Iljxuh 7= Odfn ri Fklog0Fduh Pdunhw � Glvwruwlrq


