
 
 
 

Bank of Portugal Lectures Summer 2006 
 
 

International Business Cycles 

With and Without Frictions 
 
 

Based on work by Kehoe and Perri 
 



Anomalies in IRBC complete markets models 
 
 

1) The consumption anomaly 
 

Data      Model 
Corr(Yus  Yeu) > Corr(Cus Ceu) Opposite 

 
 
2) The inputs anomaly 
 

Data      Model 
Corr(Invus  Inveu) > 0 
 
Corr(Empus Empeu)  > 0 

 
     Opposite 

 
 

 
 
 
 
 



• Objective of this paper:  
Develop a model that explains (1) and (2) 
 

What causes the anomalies ? 
 

• Key reason: 
Assumption of complete Internantional 
financial markets 

 
 

Risk Sharing and Productive efficiency 
 
 

         Investment 
 
 
   
FF 
 
 
 
 
             Consumption 

Country 
with High 
Productivity 

Country  
with Low 
productivity 



 
Solution 
Frictions in international capital markets 
 
Exogenous or Endogenous ? 
 
• Exogenous incomplete markets 

Restricts the menu of tradable assets 
Can solve (1) but not (2) 
 

• Endogenous incomplete markets 
Asset Markets unrestricted but 
debt constrained  
• Contracts can be enforced only through 

exclusion from credit market 
• Every allocation has to make every 

country in every state at least as happy as 
in autarky 

 
• Results 

Endogenous incomplete can solve  
(1) and (2) 

 



 
OUTLINE 
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  -Enforcement 
  -Bond 
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• Findings 
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The economy

• Two countries: i = 1, 2. One Good

• Finitely many events st

• st = (s0, .., st) is an history

• π(st) = t0 probability of s
t

• Immobile labor, mobile capital

• Preferences:
∞X
t=0

X
st

βtπ(st)U(ci(s
t), li(s

t))

• Technology: CRS



F (ki(s
t−1), Ai(st)li(st))

• Ai(st) is a country specific technology shock



• Capital Accumulation Equation

ki(s
t) = (1− δ)ki(s

t−1) + xi(st)

• World Resource Constraint

X
i

ci(s
t) + xi(s

t) ≤X
i

F (ki(s
t−1), Ai(st)li(st))

Note: ki(s
t−1) is capital in place in i

at the beginning of t



Complete Markets allocation

Max weighted sum of utilities

s.t.

World resource constraint



Enforcement constraints

∞X
r=t

X
sr

βr−tπ(sr|st)U(ci(sr), li(sr)) ≥ V i(ki(s
t−1), st)

i = 1, 2 ∀st

where the value of Autarky is

V i(ki(s
t−1), st) = max

∞X
t=r

X
sr

βtπ(sr|st)U(ci(sr), li(sr))

s.t.closed economy BC

ci(s
r)+ki(s

r) ≤ F (ki(sr−1), Ai(sr)li(sr))+(1−δ)ki(sr−1)

• Idea behind enforcement constraints



Efficient Allocations with enforcement constraints

Allocations {ci(st), li(st), ki(st)} , that solve

maxλ1

∞X
t=0

X
st

βtπ(st)U(c1(s
t), l1(s

t)) +

λ2

∞X
t=0

X
st

βtπ(st)U(c2(s
t), l2(s

t))

Subject to:

• Resource Constraint ∀ st

• Enforcement Constraints ∀ st i = 1, 2

Non standard D.P. problem



A little bit of algebra
∞X
t=0

βtλU(ct, lt)+
∞X
t=0

βtµt

∞X
r=t

βr−tU(ct, lt)− V (kt)


(L1)

Where βtµt is the multiplier of date t enforcement

constraint

∞X
t=0

βtλU(ct, lt)+
∞X
t=0

µt

∞X
r=t

βrU(ct, lt)−
∞X
t=0

µtβ
tV (kt)

(L2)



λU(c0, l0)+λβU(c1, l1)+λβ
2U(c2, l2) · · ·+λβtU(ct, lt)+· · ·

µ0U(c0, l0)+µ0βU(c1, l1)+µ0β
2U(c2, l2)+· · ·+µ0βtU(ct, lt)+· · ·

µ1βU(c1, l1)+µ1β
2U(c2, l2)+· · ·+µ1βtU(ct, lt)+· · ·

µ2β
2U(c2, l2)+· · ·+µ2βtU(ct, lt)+· · ·

... ... ... ...

µtβ
tU(ct, lt)+· · ·

−µ0V (k0)−µ1βV (k1)−µ2β2V (k2)−· · ·−µtβtV (kt)−· · ·
Let Mt−1 = λ+ µ0 + ..+ µt−1 M−1 = λ

∞X
t=0

βt {Mt−1U(ct, lt) + µt [U(ct, lt)− V (kt)]} (L3)



Lagrangean:

∞X
t=0

X
st

X
i

βtπ(st)[Mi(s
t−1)U(ci(st), li(st)) +

µi(s
t)[U(ci(s

t), li(s
t))− Vi(ki(st−1), st)]]

plus resource constraint terms.

Weights

Mi(s
t) =Mi(s

t−1) + µi(st)

Mi(s
−1) = λi.



F.O.C.

U1c (s
t)

U2c (s
t)
=
M2(s

t)

M1(st)
, (ci(s

t))

−U
i
l (s

t)

Uic(s
t)
= Fi(st), (li(st))

Uic(s
t) = β

X
st+1

π(st+1|st) (ki(st))

"
Mi(s

t+1)

Mi(st)
Uic(s

t+1)[Fik(s
t+1) + 1− δ]−µi(s

t+1)

Mi(st)
V i1(s

t+1)

#

∞X
r=t

X
sr

π(sr|st)βr−tUi(sr) ≥ V i(st) (µi(st))

plus complementary slackness conditions.



Multipliers’ normalization

vi(s
t) =

µi(s
t)

Mi(st)

Mi(s
t) =

Mi(s
t−1)

1− vi(st)

z(st) =
M2(s

t)

M1(st)
Relative weight of 2

z(st) =
(1− v1(st))
(1− v2(st))

z(st−1).



• F.O.C.

U1c (s
t)

U2c (s
t)
= z(st), (ci(s

t))

• Reduce risk sharing

−U
i
l (s

t)

Uic(s
t)
= Fi2(s

t), (li(s
t))

Ui1(s
t) = β

X
π(st+1|st) (ki(s

t))

"
Ui1(s

t+1)

1− vi(st+1)
[Fi1(s

t+1) + 1− δ]− vi(s
t+1)

1− vi(st+1)
V i1(s

t+1)

#



• Reduce Productive Efficiency

Plus enforcement constraints and complementary slack-

ness

• F.O.C. Interpretation



Model Solution

State : St = (z(s
t−1), k1(st−1), k2(st−1), A1(st), A2(st))

Find stationary decision rules

ci(St), li(St), ki(St) , vi(St)

that satisfy:

F.O.C., Resource Constraint, Enforcement Constraints,

Complementary Slackness

Solution Method

• Grid over the state space and piecewise bi-linear
approximation of value functions and policy func-
tions

• Backward Recursion from t=T

t≥ T : No enforcement constraints



A bond economy

• Agents’ problem

max
∞X
t=0

X
st

βtπ(st)U(ci(s
t), li(s

t)) i = 1, 2

s.t.

ci(s
t) + xi(s

t) + q(st)bi(s
t)

≤ w(st)li(s
t) + ri(s

t)ki(s
t−1) + bi(st−1)

ki(s
t) = (1− δ)ki(s

t−1) + xi(st)

−b̄ ≤ bi(st) ≤ b̄

bi(s
t) =uncontingent bond maturing at time t+ 1

q(st) = price of bond



• Market clearing

b1(s
t) + b2(s

t) = 0.



Parameter values

• Preferences

U(c, l) =
(cγ(1− l)1−γ)

(1− σ)
1−σ

β = 0.99 γ = 0.34 σ = 2.0

• Technology
F (k,Al) = kα(Al)1−α.

α = 0.36

k0 = (1− δ)k + x

δ = 0.025



• Process for Shocks

• Backus, Kehoe, Kydland (without capital):
logA1t+1
logA2t+1

=
a1 a2
a3 a4

logA1t
logA2t

+
ε1t+1
ε2t+1

with

a2 = a3 = 0.088

a1 = a4 = 0.906

• Kolmann (with capital)

a2 = a3 = 0

a1 = a4 = .95

• VAR(1) −→ 9 States MARKOV CHAIN



Decentralization of the efficient allocation

with enforcement constraints

Country 1 private agents

• Budget constraint
c1(s

t) + k1(s
t) +

X
st+1

q(st, st+1)b1(s
t, st+1) + T1(s

t

= (r1(s
t) + 1− δ)(1− τk1(s

t))k1(s
t−1)

+w1(s
t)l1(s

t) + b1(s
t)χ(b1(s

t), st, st+1)

Country 1 Goverment

• Tax on payments to foreigners

χ(b1(s
t), st, st+1) =

(
(1− τb1(s

t, st+1)) if b2(s
t) > 0

0 if b2(s
t) ≤ 0

• Capital tax & Lump sum transfers

τk1(s
t) T1(s

t)



Sustainable equilibrium

Agents are competitive

Governments are not competitive

• Sequential optimality of goverments

• Sequential optimality of private agents

• Market equilibrium

Proposition:

Autarky: Worst sustainable equilibrium.

Proposition:

Any allocation that satisfies:



• Enforcement constraints

• Resource constraint

is sustainable.

We focus on equal weights, efficient outcomes.



Bond taxes and multipliers

Planner

∀ st+1 in which C1 constraint is binding:
U1c (s

t+1)

U2c (s
t+1)

=
h
1− ν1(s

t+1)
i U1c (st)
U2c (s

t)

Equilibrium

∀ st+1 : b1(st, st+1) < 0

U1c (s
t+1)

U2c (s
t+1)

=
h
1− τ1(s

t+1, st)
i U1c (st)
U2c (s

t)

If C1 constraint is binding in st+1:

C1 is a debtor in st+1 and



in st C1 tax payments to foreigners in st+1

Set

τ1(s
t+1, st) = ν1(s

t+1)

Intuition



Capital tax and multipliers

Planner

Uic(s
t) = β

X
π(st+1|st)

"
Uic(s

t+1)

1− vi(st+1)
[Fik(s

t+1) + 1− δ]− vi(s
t+1)

1− vi(st+1)
V ik(s

t+1)

#

Equilibrium

Uic(s
t) = β

X
π(st+1|st)

Uic(s
t+1)[Fik(s

t+1) + 1− δ](1− τ1k(s
t))

If C1 constraint is binding for some st+1:

C1 tax or subsidize capital income st+1

Intuition
















