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• Model 
 
  ○ General equilibrium monetary model 
 
  ○ Interest differentials variable and persistent 
 
  ○ Exchange rates approximately random walks 
 
  ○ Interest differentials all driven by risk 
 



 
 

• Overall, the new view of finance amounts to a  profound change.  

 We have to get used to the fact that most returns and price variation  

 comes from variation in risk premia (Cochrane 2001). 
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• *,t ti i  nominal interest rates in dollars and euros (compounded) 
 
• Log dollar return on euro bonds 
 
  *

1log logt t t ti E e e++ −  
 
• Excess return of euro bonds over dollar bonds 
 
  *

1log logt t t t t tp i E e e i+≡ + − −  
 
• If et a random walk, then the interest differentials driven by variations 
 in excess returns 
 
  [ ]*
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Our view: Interest rate differentials all driven by risk _____________ 
 
• *,t ti i  nominal interest rates in dollars and euros (compounded) 
 
• Log dollar return on euro bonds 
 
  *

1log logt t t ti E e e++ −  
 
• Excess return is a risk premium 
 
  *

1log logt t t t t tp i E e e i+≡ + − −  
 
• If et a random walk, then the interest differentials are risk premia 
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Our view: Interest rate differentials all driven by risk _____________ 
 
• *,t ti i  nominal interest rates in dollars and euros (compounded) 
 
• Log dollar return on euro bonds 
 
  *

1log logt t t ti E e e++ −  
 
• Excess return is a risk premium 
 
  *

1log logt t t t t tp i E e e i+≡ + − −  
 
• For intuition  
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• Implies 
 
  *var( ) var( )t t tp i i≥ −  
 
• Intuition 
 
  *

1[ log log ]t t t t t ti i E e e p+− = − −  



Risk varies even more than interest differentials __________________ 
 
• High interest rate currencies tend to appreciate 
 
  *

1cov( , log log ) 0t t t ti i e e+− − ≤  
 
 or 
 
  *

1cov( , log log ) 0t t t t ti i E e e+− − ≤  
 
• Implies 
 
  *var( ) var( )t t tp i i≥ −  
 
• Data: In Fama regression typical estimate b < 0  
 
  *

1 1log log ( )t t t t te e a b i i u+ +− = + − +  
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Model ______________________________________________________ 
 
 
• General equilibrium model 
 
 ○ generates time-varying risk 
 
 ○ intuition from pen and paper 
 
 ○ direction for research, not quantitative solution to puzzle 
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Model _____________________________________________________ 
 
 
• Standard pure exchange CIA model:  2 countries, 2 currencies except 
 
• No trade in goods 
 
• Real fixed cost to transfer cash b/w asset and goods markets 
 
 ○ each household has a constant fixed cost γ over time 
 
 ○ ( )fγ γ∼  across households 
 
• Only shocks are money growth shocks 
 
 ○ ( )tsµ  home, *( )tsµ  foreign 



 
 
 
 
 
 

 
 

 
 

 
 

 
 

 
 
  

 
 
 
 

 
 

 
 

 

If transfer x, pay fixed cost γ. 

Real balances 

 n = P−1 y /P 

Shopper 

Endowment 
sold for cash 
       Py 

Asset Market Constraint 

B = Ç qB′ + P(x+γ) if cash transferred 

B = Ç qB′ if not 

Worker 

Starting 
cash 

 P−1y 

Ending 
cash 
  Py 

Starting  
bonds  
   B 

Ending 
bonds 
   B′ 

Asset Market 

Goods Market 

Cash-in-Advance Constraint  

c = n + x      if cash transferred 
c = n         if not 

Money  
shock 

    µ 
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 ○ consumption of active ( pay γ) 
 
   ( )t

Ac s  regardless of γ  
 
 ○ Micro evidence 
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Choose ( ), ( )Ac µ γ µ  to solve 
 
   max ( ( )) ( ( )) ( / )[1 ( ( ))]AU c F U y Fµ γ µ + µ − γ µ  
 
s.t. 
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0
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y
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γ µ ⎛ ⎞µ γ µ + γ γ γ + − γ µ =⎜ ⎟µ⎝ ⎠
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• Proposition 2 
 
 As µ increases, more households become active ( ( ) 0)′γ µ >  
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Now _______________________________________________________ 
 
 
• Pricing kernel for nominal assets 
 
 ○ Formulas for interest rates, exchange rates, risk premia 
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• Any asset with dollar return 1tR +  at t + 1 
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• Dollar bond: Pays 1 exp( )t tR i+ =  in all states at t + 1 so 

  11 exp( )t t tE m i+=    or   1logt t ti E m += −  
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• Any asset with dollar return 1tR +  at t + 1 

  1 11 t t tE m R+ +=  
 
• Dollar bond: Pays 1 exp( )t tR i+ =  in all states at t + 1 so 

  11 exp( )t t tE m i+=    or   1logt t ti E m += −  
 
• Euro bond 

  * *
1logt t ti E m += −  



Formulas for expected depreciation and risk premium _____________ 
 
 
• State-by-state arbitrage 
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• Exchange rate depreciation 
 
  *

1 1 1log log log logt t t te e m m+ + +− = −  
 
• Risk premium 
 
  * *
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Formulas for expected depreciation and risk premium _____________ 
 
 
• State-by-state arbitrage 
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• Exchange rate depreciation 
 
  *

1 1 1log log log logt t t te e m m+ + +− = −  
 
• Risk premium 
 
  * *

1 1 1 1log log ( log log )t t t t t t t t tp E m E m E m E m+ + + += − − −  
 
Risk from Jensen inequality terms 



Recap ______________________________________________________ 
 
 
• Pricing kernel for nominal assets 
 
 ○ Formulas for interest rates, exchange rates, risk premia 
 
 
Now 
 
• How money shocks effect pricing kernel 
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How money shocks effect marginal utility ________________________ 
 
 
• How does marginal utility change with money growth? 
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• Key to generating variable risk premia 
 
 ○ Log ( )Ac µ  concave in log µ 
 
 ○ Marginal utility of active households more sensitive to money  

  growth at low levels of money growth 
 
 ○ Variability of pricing kernel decreases with µ 
 



 

The Log of the Consumption of Active Households 
 

lo
g

 o
f 

c A
 

 

log cA(µ) 

log  µ 



Second-order approximation to pricing kernel ____________________ 
 
 
• Approximate marginal utility 
 

  2ˆ ˆlog ( ( )) log ( ( ))
2A t A t tU c U c
η′ ′µ = µ − φµ + µ  



Second-order approximation to pricing kernel ____________________ 
 
 
• Approximate marginal utility 
 

  2ˆ ˆlog ( ( )) log ( ( ))
2A t A t tU c U c
η′ ′µ = µ − φµ + µ  

where 

  
log ( ( )) log ( )

log log
A Ad U c d c

d d

′ µ µφ ≡ − = σ
µ µ

 

 

  
2 2

2 2

log ( ( )) log ( )

( log ) ( log )
A Ad U c d c

d d

′ µ µη ≡ = − σ
µ µ

 

 



Second-order approximation to pricing kernel ____________________ 
 
 
• Approximate marginal utility 
 

  2ˆ ˆlog ( ( )) log ( ( ))
2A t A t tU c U c
η′ ′µ = µ − φµ + µ  

 
 
• Implied pricing kernel 
 

   2 2
1 1 1 1ˆ ˆ ˆ ˆ ˆlog log

2 2t t t t t tm + + + +
⎛ ⎞β η η= − φµ + µ + φµ − µ − µ⎜ ⎟µ⎝ ⎠

 



Shock processes _____________________________________________ 
 
 
• Shock processes 
 
   1 1 1ˆ ˆ ,t t t tE+ + +µ = µ + ε      * * *

1 1 1ˆ ˆt t t tE+ + +µ = µ + ε  
 
key:  *,t tε ε  constant conditional variances (also normal and independent) 
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• Pricing kernel for nominal assets 
 
• How money shocks effect pricing kernel 
 
Now 
 
• How model can qualitatively account for data 
 
 ○ Proposition with sufficient conditions 
 
 ○ Numerical example 
 
 ○ Cross country implications 
 
 ○ Long-term forward premium 
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How model can qualitatively account for data ____________________ 
 
 
• 2 steps 
 
 ○ money growth µ ↑ ⇒ risk premium falls (a lot) 
 
 ○ money growth µ ↑ ⇒ expected depreciation falls (a little) 
 
 
• Then money growth µ ↑ ⇒ interest differential rises 
 
  *

1[ log ]t t t t t ti i E e e p+− = − −  
 



Step 1: Risk premium falls with money growth _____________ 
 
 

The Log of the Consumption of Active Households 
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Step 1:  Risk premium falls with money growth __________________ 
 
• Proposition 4.  Under second-order approximation 
 

  *
1 12

1 1
[var log var log ]

2 1t t t t tp m m+ +
ε

= −
− ησ

 

 
  2 2

1 1ˆvar (log ) [ (1 ) ]t t t tm E+ + ε= − + φ + η µ σ +  constant 
 



Step 1:  Risk premium falls with money growth __________________ 
 
• Proposition 4.  Under second-order approximation 
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1 1ˆvar (log ) [ (1 ) ]t t t tm E+ + ε= − + φ + η µ σ +  constant 
 
• Risk premium falls with money growth 
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 ○ when 0η >   (log ( )Ac µ  concave in log )µ  
 
 ○ and money growth persistent 1ˆ ˆ( / 0)t t tdE d+µ µ >  



Step 2: Expected nominal depreciation falls with money growth _____ 
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• money growth µ ↑ implies 
 
 ○ an expected real appreciation  
 
 ○ inflation differential ↑ 
 
 ○ need expected real appreciation to dominate 
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    Nominal        Real   Inflation 
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• money growth µ ↑ implies 
 
 ○ an expected real appreciation   (expected real depreciation ↓)  
 
 ○ inflation differential ↑ 
 
 ○ need expected real appreciation to dominate 
 



Step 2: Increase in money growth leads to expected appreciation ___ 
 
 
• Real exchange rate * *( ( )) / ( ( ))t A t A tv U c U c′ ′= µ µ  
 
• For intuition let µt be i.i.d. and suppose µt ↑ 
 
 

log vt 

t t + 1 



Step 2: Increase in money growth leads to expected appreciation ___ 
 
 
• Real exchange rate * *( ( )) / ( ( ))t A t A tv U c U c′ ′= µ µ  
 
• So   log / log log ( ) / logt t At td v d d U c d′µ = − µ = φ 
 
 

log vt 

t t + 1 

φ 



Step 2: Need large enough expected real appreciation _____________ 
 
 
• When tµ  is persistent  
 

  1 1ˆ
log 1 0
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t
t t t
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d v d
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  ○ Need segmentation parameter φ large 
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Conditions for high interest rate currencies to appreciate __________ 
 
• Want increase in money growth to decrease 1log( / )t t tE e e+  
 
  ○ Need segmentation parameter φ large 
 
• Want increase in money growth to increase *

t ti i−  
 
  ○ Need curvature parameter η large 
 
 



Conditions for high interest rate currencies to appreciate __________ 
 
• Want increase in money growth to decrease 1log( / )t t tE e e+  
 
  ○ Need segmentation parameter φ large 
 
• Want increase in money growth to increase *

t ti i−  
 
  ○ Need curvature parameter η large 
 

• Proposition 5:  If        2 1ˆ1
1 1

ˆ
t t

t

dE

d
+

ε
µ+ φ− ησ < <

φ µ
        then  

  ○   tµ ↑ implies *
t ti i− ↑ (first inequality) 

 
  ○   tµ ↑ implies 1log logt t tE e e+ − ↓ (second inequality) 



Numerical Example __________________________________________ 
 
• Money growth 
 
  1 1ˆ ˆ( )t t tg+ +µ = µ + ε     2

1 (0, ),t N+ εε σ∼    *corr( , )t t εε ε = ρ  
 
• Function g chosen so that exchange rate a random walk 
 
  1log logt t tE e e+ =  
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• Money growth 
 
  1 1ˆ ˆ( )t t tg+ +µ = µ + ε     2

1 (0, ),t N+ εε σ∼    *corr( , )t t εε ε = ρ  
 
• Function g chosen so that exchange rate a random walk 
 
  1log logt t tE e e+ =  

 
• Other parameters 
 
 ○ σ = 2, µ = 5% annual 

 ○ Money shocks:  σε = .35%, *corr( , )t tε ε  = 1/2 

 ○ Fixed costs: 12.5% have zero costs, rest have uniform costs on [0, 10%] 

 ○ Gives φ = 10.9, η = 1007 
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Properties of Exchange Rates and Interest Rates 
 
 
Statistics/Variable Data  

Standard Deviations   

Exchange Rates 1(log log )t te e+ −    36  

Interest Rates *( )t ti i−   3.5  

Autocorrelations   

Exchange Rates 1(log log )t te e+ −   .04  

Interest Rates *( )t ti i−   .83  

 
Sources of data: Backus, Foresi, and Telmer (2001) 



Properties of Exchange Rates and Interest Rates 
 
 
Statistics/Variable Data Model 

Standard Deviations   

Exchange Rates 1(log log )t te e+ −    36  58 

Interest Rates *( )t ti i−   3.5  1.3 

Autocorrelations   

Exchange Rates 1(log log )t te e+ −   .04  0 

Interest Rates *( )t ti i−   .83  .92 

 
Sources of data: Backus, Foresi, and Telmer (2001) 



Cross Country Implications ___________________________________ 
 
 
• Empirical studies: Countries with high inflation 
 
 ○ slope coefficient b in Fama regression close to 1 
 
 
• Model’s implications similar 
 
 ○ slope coefficient b in Fama regression is one 
 
 ○ reason 
 
  * high inflation implies market not segmented 
 



Long-Term Forward Premium _________________________________ 
 
 
• Data 
 
 ○ forward premium disappears with long-term bonds 
 
 
• Model 
 
 ○ disappears in model also 
 
 ○ reason 
 
  * real risk doesn’t grow with horizon 
 
  * long-term risk is same as in model with no segmentation 
 



 

The Log of the Consumption of Active Households 
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Conclusion _________________________________________________ 
 
 
• Time-varying risk essential for interest differentials 
 
 
• Showed segmented markets give time-varying risk 
 
 
• Highlighted key forces at work 
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Concavity of log cA(µ) ________________________________________ 
 
 
• Proposition 3 
 
 The log of consumption of active households is strictly increasing 

 and strictly concave in logµ, around 1µ =  
 
 
• Numerical Example 
 




