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Section 1. Introduction

Neoclassical models of growth have proved to be useful
in both theoretical and empirical analysis. The key source of
growth in per capita output in such models is exogenous technolog-
ical change which is often assumed to be di.;.embodied. Casual
empiricism suggests that actual technological change is embodied
in very specific types of skills as well as specific types of
physical capital. The Schumpet:eri;an notion of "e¢reative destruc-
tion" relies heavily on capi-tai specificities. In a world charac-
terized by such specificities we would expect that new, more
productive technologies will advance more slowly that they would
in a ﬁorld Wwhere all capital is costlessly transferable.

In this paper, we.construct a model in which we consider
the polaf extreme of costlessly trénsferable capital. Insteald,
decisions on investment are irreversible. The first model of this
kind of 'putty clay' capital was by Sclow [1960] who examined
situations where the types of ecapital could be aggregated and
economy wide output represented by a single production function.

OQur interest is in developing a model in which we can
analyze the interaction between capital specificities and the rate
of advance of new teechnologyT It is undeniable that dramatic
advances in technology (the invention of computers and word pro-
cessors comes to mind) achieve large scale use only after a pro-
longed period of time. Even after a long period of time we still
find the abacus or the typewriter useful for some purposes. In
addition, as Mansfield [1968] points out "it took 20 yeaf‘s or more

for all of the major firms (in several industries) to install



centralized traffic control, car retarders, by-product coke ovens
and continuous annealing:" It is important to note that none of
these inventions were patentable by their users.

Clearly, the fact that the capital goods have already
been produced implies that, it would not be rational simply to
destroy them. We are interested, however, in going a step fur-
ther. We wish to examine circumstances under which even though in
a sense newer technologies are superior, resources are used to
create capital which is specific to older technologies. Continu-
ing with our earlier example we want to understand not only why
Lypewriters are used but why they continue to be produced.

One possible explanation for this phenomenon is that an
important component of capital is in the form of human capital.
The skills inveolved in a preoduction process are sometimes trans-
ferable only to a limited extent to new production processes. In
addition, it is often true these skills are acquired only by
participation in the production process itself.

These considerations prompt us to develop a model of
human capital which is acquired in the process of production and
is specific to the particular technology of production. In order
to focus our attention on this problem we abstraét from physical
capital entirely. The learning of new skills or the transfer of
existing knowledge presumably occurs laréely from older workers to
younger workers.

We try to capture these phencmena in an overlapping
generations model in which a new generation is born in each period

and lives for two periods. There is a single commodity produced
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in each pericd. At the beginning of each period, a new technology
becomes available which is more productive than any of the pre-
existing technologies. We assume that this exogenous technical
change is deterministic and that the new technology is more pro-
ductive by a constant factor than the technology that became
available one periéd earlier.

Young workers must decide which vintage of technology
they should enter. Once they have entered a particular vintage,
they acquire skills which are specific to that vintage and they
are committed to that vintage for the rest of their lives. All
workers in a given vintage acquire the same skills. The preexist-
ing distribution of old workers implies a distribution for the
marginal productivity of young workers across different vin-
tages. The implied wage profiles over time and across vintaées
will, of course, in equilibrium equate the present value of wages
across vintages for a given generation of workers. The existence
of complementarities in production between skilled and unskilled
workers then, in general, will attract unskilied workers to vin-
tages that have skilled workers. Thus in equilibrium old technol-
ogies continue to be used.

We establish that, for such a model, a unique stationary
competitive equilibrium exists and is Pareto optimal. The sta-
ticnary equilibrium is characterized by an endogencus distribution
of skilled workers across vintages. This distribution is single-
peaked. Under fairly general conditions we show that there is a
lag between the time that a technology appears and the peak level

of output from the use of that technology. The wage rates for
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unskilled workers increases monotonically with the age of the
vintage while the wage rates for skilled workers declires moncton-
ically with the age of the vintage.

We also examine the effect of a change in; the rate of
exogenous technologicél change., In a stationary state, is also
the growth rate of the economy. We show that an increase in this
growth rate shifts the associated stationary distribution to more
recent vintages. Furthermore, it reduces the time lag between the
introduction of new technologies and the peak of their usage. In
other words, in faster growing economies new technologies diffuse
more rapidly.

We also show that an inerease in the growth rate causes
wage profiles over time for any given generation to become flat-
ter. In a sense, therefore, the return form investing in huﬁan
capital by working in newer vintages where current wages are lower
falls for each individual. However, since the distribufion of
skilled workers also shifts to newer vintages in which futurse
income is larger the effect on overall investment in human capital
is ambiguous.

We also examine the effect of a change in the rate at
which individuals discount future consumption. An increase in the
discount factor can be interpreted as an increase in the arrival
rate of new technologies. We show that an inerease in the dis-
count factor results in more rapid diffusion of new technolo-
gies. Rosenberg [1976] advanced the conjecture that if technolog-
ical advance is expected to be unusually rapid or if new technolo-

gies are substantially better than old technologies that firms



might well delay the adoption of new technologies to wait for yet
better ones in the future. This model suggests that this conjec-
ture ignores the important possibility that in such environments,
even though futurertechnologies are much better, new technologies
made available today are better than those discovered in the
past. In our equilibrium model, at least in the steady state, we
show that these tradeoffs are decisively resolved in the direction
of more rapid adoption. It is of course possible that considera-
tions of uncertainty in technological advance might reverse thesé
results,

We examine the effect of population growth and show that
more rapid growth rates in population increase the rate of adop-
tion of new technologies in the steady state. We also -show that
an increase in population growth rates reduces the average wage’of
unskilled workers while raising the average wage of skilled work-
ers.

Jugenfelt [1986] develops a related model in which
capital specificities arise solely because of the faet that work-
ers must be trained to produce new products. The key variable in
his model is the length of training time. He shows that an in-
crease in this variable leads to an increase in the number of old
products which continue to be produced. Since there are no com-
plementarities in his model it cannot generate the result that
resources are invested to create capital which is specific to old
technologies,

We present the model in Section 2. In Section 3 we

prove that a stationary equilibrium exists and is unique. In
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section 4§ we characterize the equilibrium and prove some compara-
tive steady state results. In section 5 we show that the station-
ary competitive equilibrium is Pareto optimal. Some concluding

remarks are contained in section 6.

Section 2. The Model

We consider an overlapping generations model of agents
who live for two periods. The set of agents born in each period
is given by the interval [0,1] with uniform distribution. Our
structure has the following features: i) Exogenous technical
change causes new’technologies to appear in every period. ii)
Individuals investments specific to a vintage so that the new
technologies are diffused over time by the optimal decisions of
agents. In our model, these investments take the form of human
capital.

A new technology appears in every period. This technol-

ogy is given by the production function
YOE(N,2)

where t denotes the period in which the technology appeared, N is
the input of unskilled workers and Z is the input of experienced

workers.

{(4.1) The following assumptions are made on the production

funetion.

i. f has constant returns to scale

ii. f(N,0) = uON where wy 2 0
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iii. £(-,Z) is strictly increasing and strictly concave for each

Z >0,

in every period there are two generations of workers who
live for two periods each, the experienced {old) and the unskilled
{(young). Young workers can choose to work in only one vintage.
Experience is acquired by working in a firm in a particular vin-
tage as an unskilled worker when young and is specific to the
vintage corresponding to the firm's technology. The amount of
expertise acquired by two young agents working in a firm of the
same vintage is exactly the same. This will simplify the decision
problem of young agents--as will be detailed later--who will just
have to choose which vintage to enter on the basis of the wage
offered and the valvation that the market will give to their

specific expertise in the following per;od. We also assume that

(4.2) 01d agents have zero productivity in the unskilled tasks.
This is an assumption of convenience. It simplifies the
analysis and most of our results also hold when old agents are
allowed to perform the tasks of young, unskilled workers.
Agents have preferences defined over the two periods

they live given by utility function

+ Be., where © < B ¢ 1.

uley,e,) = ¢y 2

As usual in growth models some bound on the rate of
technological change must be given. The following assumption
plays a key role only in the issue of the optimality of the equi-

iibrium:



{(a.3) gy < 1.

As we mentioned earlier, when they are young, agents can
work in only one vintage. In the foliowing period, they will have
acquired expertise in that vintage. Hence in each period there is
a distribution of old agents across existing vintages. To make
this precise, it will be convenient to introduce the followiné
notation:

The letter 't' will index time and the letter 'r' will
index the vintage of the technology, with the following interpre-
fation:

When referring in period t to technology of vintage r,
we will be referring to the technology that appeared v periods be-
fore. For example r = 2 indicates the vintage that appeared in
t - 2. Notice also that the. same vintage in period t + 1 will
have t = 3.

Let e be the distribution of experience of old agents
across vintages t € (0,1,2,...}. Thus ut(r) indicates the number
(more precisely mass) of old agents with experience in vintage
1. These are the old people who young worked in the vintage that
appeared in t - tv. Since there are no experienced workers in the

'just born' vintage, u (0) = O for all t. We will often refer

to My as the state of the economy.

The existence of ¢onstant returns to scale makes irrele-
vant the number and distribution of property rights of firms in
each vintage. For simplieity, and without loss of generality, we
will assume that each old agent in a particular vintage 'runs' a

Firm and competitively hires young agents.



Let W(t,T,ut) indicate the minimum wage needed to at-~
tract unskilled workers to vintage t at period t when the state of
the economy is Yy - 01d agents with skills solve the following

problem:

) v(t,r,ut) = max yt‘rf(n,T) - wlt,t,u, )n.

Y

nz0 t
As a consequence of (A.1) there is a unique solution to the above
problem which will be denoted by n(t,t,ut).

Recall that f(N,0) = w.N. Consequently, in any vintage

0
t at any time t a young worker can always assure himself of a wage
equal to Yt'rmo. We therefore have
(2) w(t, ) 2 v T
!)t = Q'

In particular, in any vintage where there are no skilled
workers, (2) must hold with equality if the mass of young workers
entering that vintage is positive. Hence in the newest vintage,

for example, if w(t,O,ut) > ytw then no young workers enter there

0
because the minimum wage required to attract them to the newest
technology exceeds the feasible wage.

We will now analyze the decision problem faced by young
agents born in period t. If they decide to enter vintage t, their

earnings in the following period will be v{(t+1,1+1,u ) since in

£+
the following period they will be skilled in vintage t + 1. Young
agents will be assumed to have perfect foresight on the returns to
experience in each vintage. 3ince they maximize discounted earn-

ings, for them to be indifferent as to which vintage to enter the

following must be satisfied:
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w(t,1,ut) + Bv(t+1,2,ut+}) = w{t,O,ut) + Bv(t+1,1,ut+1)
(3)  w(t,2,u.) + Bv(t+1}3,ut+T) = w(t, ) + ev(est, 2,0 o)
w(t,r,ut) + 8V(t+1,r+1,ut+1) = w(t,r-?,ut) + Bv(t+1,r,ut+1)

for all r.

Let N(t,T,ut) denote the mass of young workers who enter
vintage t at time t. If pt(T) > 0, it follows that a necessary
condition for market equilibrium is that N(t,r,pt) =
n(t,T,ut)nt(T). Of course in such a case the mass of skilled

workers in vintage t + 1 at time t + 1 {t+1), is now given by

* Bead
the mass of young workers at vintage r at time ¢, N(t,f,ut)-

In order to complete the deseription of the environment,
we will assume that at period O there is a set of old agents
indexed by [0,7] with uniform distribution. We assume also that
they have experience.on a set of existing technologies and that
the corresponding distribution of expertise is given by Mg Thus
uo(r) is the mass of those ﬁorkers experienced in vintage -,

i.e., the vintage with production function y'rf(n,z).

We can now define an equilibrium for this economy.

Definition: A competitive equilibrium for this economy is:

a. a wage function w(t,r,ut)
b. an employment fuﬁction n(t,r,ut)

)

c. the mass of young werkers who enter each vintage, N(t,r,ut

d. a sequence of distribution functions {ut} such that:

i. n(t,r,pt) shows the right side of (1).
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ii, w(t,r,u_ ) makes young agents indifferent as to which

!Ut

vintage to enter, i.e., w(t,t,n_ ) satisfies equations
g £

{(2) and (3).

iii. z n(t,r,ut) = 1 where N(t,T,ut) > 0 and ut(r) > 0
F=1 . l t-t
implies W(t,T.ut) =Y ug.

iv. {t) = n(t,1~1,ut) for T 2 1, and N(t,t,ut) =

Mt

ut(T)n(b,t,ut) if ut(t) > Q,

Conditions i, and 1ii. state that agents make their
decisions optimally. Condition iii. is the labor market clearing
condition. Condition iv, states that the law of motion for My is
preciéely the one generated by the optimal rules described.

In the rest of the paper we will concentrate our atten-

tion on the stationary equilibrium, i.e., a competitive equilfb-

rium with the additional condition:

=z u for all t.

We will establish that a stationary distribution exists
and is unique, Then we will analyze the properties the economy

has if it were at a stationary equilibrium.

Section 3. Existence of a Stationary Equilibrium

We will first establish some necessary and sufficient
conditions for the existence of a stationary equilibrium. Then we
will show that under the assumptions made, these conditions are
satisfied by a unique set of equilibrium values. Since in the
stationary equilibrium My is constant, we will suppress u_ as an

L
argument to the functions defined above.
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Proposition 1

Suppose w*(-), n*{.), N*(-), u*¥{-) is a stationary
equilibrium., Then

1. u¥(z) > O‘implies u*(t') > 0 all ' £ =.

2. N%{.) is independent of t and N*{t,0) > 0 all t.

3. n*(t,t) is independent of t.

n

4, wh(t,r) th*(O,T) for all t.

5. v%(t,T) ytv*(O,T) all ¢t.

"

Proof

1. Suppose u*{r} = O and p*(r+1) > 0. Then, for all t, N*(t,t)

> 0. Therefore w*(t,t) = yt'rwo. Recall that w*(t,t+1) 2

Tt-(T+1)m0. Therefore w*(t,t+1) 2 yw*(t,t) all t. From (1)
it then follows that for all t, v*(t,t+1) < v*(t ). Using

equation (3) we have that

wh(t, 1) + BVE(E+T,1+1) = wH(t,1-1) + Bv¥(t+1,1).

t-1

Therefore wH*{t,t) = v~ w. > w*(t,t=1).

0
Yt-(T—T)w S Yt-tw

9 2 We have established a

But w*{t,t~1) 2 o'

contradiction,
2. Since u*(t+1) = N*¥(t,t), it follows that N*{.-} is independent
of t. Suppose N*(t,0} = 0. Then u*{1) = 0 and u*(-) = 0 for

all t. But ) N*¥(-) = 1. Thus N*(t,0) > 0 all ¢t.
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3. Recall that N*(t,r) = n*(t,t)u*(t) if u¥(t) > 0O and N¥*(-) is
independent of t. Hence, n*(-} is independent of t. Further-
more, from part (1) it follows that N*¥{t,r) > 0 implies u¥*(<t)

> 0.

4, Note that

argmax ytf(n,1) - w{t,)n

argmax f(n,1) - Lﬂigtlll n,

Y

n{t, )

Th

Since n{-) is independent of =<, either, n(-) is =zero
or w(t,r)/yt is independent of t. Hence w{t,t} = ytw(O,r) for all

t such that n*(t) > 0. Furthermore, for all t such that n*(t) > O

v{t,t) = max ytf(n,1) - th(D,r)n

YtV(O,T).

Let T be the smallest value of t such that n#*(t) = 0,

Or, n®(T-1) > 0 and n*(T) = 0. It follows from equations {(3) that
w(t+1,T-1) + gv(t+1,1) = y[w(t,T-1)+8v(t,T}].

Therefore v(t+1,T)} = yv(t,T).

For all + 2 T, it is clear that w¥(t,t) can be set equal
to ytw(O,r) without loss of generality.

As a consequence of the above proposition, we c¢an sim-
plify considerably the notation employed from now on. We have
suppressed the M argunents and we can now suppress the ¢ argu-

'

ments from the functions used. This leaves us only with 't' as

the only argument. We will thus define:
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n_ = n{t,t,u)
W= w(t,t,u)
v s v(t,T,u)
n_ = u(r).

Given these facts it is now possible to rewrite equation
(3). It will be convenient to write the profit v, as a function
of the wage w_.. Then using equation {(3) and Proposition 1 we have
that a necessary condition.for a stationary equilibrium is that

there exist sequences {wr} which satisfy:

u

W, - BYva(we) Wy + syv1(w1)

(%) Wy + Byv3(w3) =W, o+ Byvz(wz)
W+ syvr+1(w1+1) =W, o+ var(wr) for all =
subject to w_ 2 T'Two where vt(w) = max y'Tf(n,1) - Wh.
n
Suppose for the moment we could find a sequence {wt}:_1

that satisfied eguation (4) with Wo = wg. This would imply a
sequence {nr}:_1 given by n_ = argmax vy 'e(n, 1) - W n, the optimal
input decision if there are specialized workers in vintage <.

Market clearing and Proposition 1 require that

(5) Z nu_ = 1 - NO'

Using the fact that Mopq T MO and uy = Ng, given Ny (or u1} We
obtain by induction the whole sequence {ur} by setting uf(z) =
-1
Wy I Then
' T
T'=1
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(6 W= (u1TI'I=1nT)nT =u, 1 n

and thus equation {5) can be rewritten as

@ T
(1) ) z T n =1 ~yu,.
1T=1 tt=] *. 1

If My = Q the left side is equal to zero and the right side equals
one, If My equals one then the right side equals zero. The left
side is continuous and nondecreasing in Hy and the right side is
strictly decreasing. Hence as long as equation (7) is well-de-
fined, then given {nr} there exists a unique Hy consistent with
this equation. As will be shown in Proposition Y4, n_ decreases

T

monotonically to zera. Hence there is a T such that n, < 1 and so

s T T T @ T
u1T§1 TIII=1nT ) u1f§1 TI'I=1nT ¥ FT1?=1HT1=;+1 T’ET+1?T
T T . T @
* “TTZ:? ‘rl;[:‘ln‘t : uTTI‘IﬂnI‘rzOnT

so that equation (7) is well-defined.
This suggests the following procedure for finding an

equilibrium:

Step 1. Obtain a selution to equation (4)
Step 2. Find the corresponding input demands {nt}

Step 3. Find My from eguation (7).
This is summarized in the following proposition.

Praposgition 2

w¥(-), n*(.), N2(-), and u* is a stationary equilibrium

if and only if there exist {wt},{nr} and u, such that
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1*(1) is given by equation (6)
n*¥(t,t,u} = n, for all t
N®(t) = u,

t
wh(t,t,u) = YW for all t

{wT} satisfies equation. (4) and Wy = wy. The optimal
input decisions are given by n_ given w_ and My and

{n_} satisfy equation (7).

Proof. That these conditions are sufficient can easily be
checked. By Proposition 1, w*(t,t,u) = th*(o,r,u). Hence we can
" set w. = w*(t,7,u) and also by Proposition 1 wy = wy. The con-
struction above shows that the rest of the conditions follow from

this one. 1

The next proposition states the existence and uniqueness

of a solution to equation (l).

Proposition 3

There is a unique sequence {wt} which shows equation

().
Proaf. See Appendix

Theorem 1. There exists a unique stationary competitive equilib-

rium for the economy described in section 2.

Proof. Follows immediately from Propositions 2 and 3.
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Section 4. Properties of the Equilibrium

The first question to be asked is about the distribution
of skilled workers across vintages. We show in Proposition 4 that
the wage rate of unskilled workers, Wos is increasing in the age
of the vintage and that the wage paid to skilled workers, Vs is
decreasing in the age of the vintage. Since productivity is
decreasing with the age of the .vintage it follows that n_ is

decreasing in T,

Proposition 4

In a steady state, wage rates for unskilled workers
increase with the vintage and wages of skilled workers decrease

{n all
T

with the vintage. Formally, L > Wor Vog < v, L

T.

Proof'. Suppose for T, Moot < L From equation (4) it follows

that v (w (wr+1). From the definition of v(-) we then

2! 2V

have that th { W

42 By lnduction yws

< Wg all s 2 t+1. We

T+1° +1

-5
also have that vy fT(ns’1) = Wg. Therefore, f1(ns+1,1} <
f1(ns,1). Since f(-,1) is strictly concave, n, is a strictly
inereasing sequence. Furthermore, since vs(-) is nondecreasing,

ng cannot be bounded from above. Hence, ng is an unbounded,

increasing sequence. This clearly conflicts with the fact that

+1 t+1

have that v < v_. By definition of n, n <n_.J
T+ T T+ T

Y u_ = 1 and u = n_p_. Hence, w > w_. From equation (i) we
. T T T T T

We show in Proposition 5 beleow that if -an Inada
condition is satisfied then all vintages are used in a stationary

equilibrium.
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Proposgition 5

If £,(0,1) = = then u_> 0 for all r. Otherwise there
exists some T such that We 0 if and only if t < T,
Proof. Let T be the smallest number suchjthat wp = 0. Recall
that in a statiopary gquilibrium Wp = u1T§1nT and Wy = Nd. . We
have already established that Ny > 0. :£onsequently if g 7 0
then Moo ® 0 for all ' 2 T and n_._q = 0. 1Ir f1(0,1) = = then for

any finite w n._1>0.

=1’

On the other hand, suppose that f,(0,1) < =. A& neces-
sary condition for an equilibrium is that if n_> 0 then W=
y’rf1(nt,1) < Y_Tf1(0,1). Consequently W, must  converge to

zera, However since wT is an 1inereasing sequence it must he

bounded away frem zero. O

Clearly, the first part of Proposition Y4 depends critic-
ally on assumption A.Z2. If old agents could work as unskilled
workers in any vintage then the wages of unskilled workers cannot
exceed the wages of skilled workers. Therefore we would need to
impose the condition that v, zZ W for all t, t'. In this case the
number of vintages will be finite. Other than that, none of our
results change. We have established in Propositibn 3 that there
is a unique solution to equation (4). Let T max[vr, max ws].
We have also shown in Proposition 4 that'ws is inereasing i: s and
Vg s decreasing in s. Furthermore, vg decreases monotonically to
zero. Hence, there is some T such that v, < W all r > T. If we
allow old workers to work anywhere they choose, equation (#) would

read Wt swa+1 = constant, It is straightforward to verify that

all our propositions go through with minor modifications.
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It is of interest to examine the shape of the distribu-
tion of skilled workers as well as the distribution of output. We
establish below that employment of skilled workers will rise and

then fall with the age of the vintage.

Proposition 6. (Single peakedness)

There exists T such that for all - ¢ T, Mo 2 B4 and
for + > T, L < Bepe Furthermore, if wy = 0 and Ry <

f1(1,1)/f2(1,1) then T 2 2.

Proof. We have established that n_ is decreasing in 1. Let T be
the smallest t such thatn < 1. Recall that u = u n .
) T T -1 -1

Consequently, for t = T, u_ =

<
. LI and for t > T, uo S

=1

We have from equation (3) and wy = O that
Byv1(w1) =W, + BYVQ(”Q)-

By the definition of v(-) and the fact that w, =

1_1f1(n1,1) we have that
1
a{e(ny, D-f(ny, Dnyf 2 2 £,(ny, 1),

Therefore

Byfz(HT,i)

(8) f1(n1,1) 2

The numerator of thls inequality is increasing in n, and the
denominator is decreasing. Hence, if

f1(1,1)
(9) By £ 3

NEND

then ny > 1. 0
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We have established that under mild conditions the peak
of the distribution of skilled workers will occur for some
T 2 2. In order to obtain sharper results about the peak of this
distribution as well as results about the peak of theldistribution
of output, we considef a particular production function. Assume
that the production function is Cobb-Douglas: f(N,Z) = N“ZT'“.
It is plausible to assume that a < 1/2. Inequality (9) which
guarantees that T 2 2 can then be written as 8y(l-a)/a < 1. In

Proposition 5 below we strengthen this condition to ensure that T

1A%

3 and the peak of the distribution of output occurs at vintage =

1\

2.

Proposition 7

If gy(1-a)/a + y[8y(1-a)/a}'™® < 1 then T > 3 and the

peak of the output distribution occurs at a vintage t 2z 2.

Proof. It follows from inequality (8) that n; 2 o/8v(1-a). Since

a <1, n?—T < [a/37(1-a)

Wy o+ Byve(wz). Hence using the fact that We = 7'rf1(nT,1) we have

121, From equation () we have that Wy <

that
na-1 < Ynu-—1 . 8x{1-a) ne
1 o 2
It follows that
(10) na-1 < Y[sx(T-a)’1-u . By(1-a} n.
2 o a 2
Suppose that n, < 1. Then the right side of inequality (10) is at

most 1. Hence ng'1 <1sony, > 1,
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Note that output at vintage +t is given by
Y_Tf(utnt’uf)' Therefeore output at vintage 2 is greater than

output at vintage 1 if and only if

) -1
{11) ¥ f(uznz,uz) > f(ulni,u1).
Since wu, = u,n,, inequality (11) is satisfied iff y"n; > n?'1
Recall however that Wy 2 Wy Hence uy"‘ng'1 = an?*1. But n, >
-1 a a-1
ngy > 1. Therefore vy n2 > n, . O

It is of interest to examine the.effect of a change in
the rate of technological change on the stationary distributioen.
Our main result is that when ¥' > y then the distribution corre-
sponding to the higher growth rate, say u', will be dominated in
the sense of stochastic dominance by the original disﬁribution.
In other words, when the growth rate increases the distribution of
skilled workers is concentrated among more recent vintages. This
also implies that the rate of diffusion of new technologies is

higher if the economy grows more rapidly.

Proposition 8

Consider two economies with y' > y and associated sta-
tionary distributions u' and u respectively. Then n{t,u'} <

n{t,u) for all t such that n(<t,u) > Q. Furthermore,

wit,u') 2 [$T]Tw(r,u).

Proof. See Appendizx.

We use this result to prove:
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Proposition 9

Consider two economies with y' > y. Let u', u denote
the respective stationary distributions. Then u stochastically

dominates u', 1l.e.,

Wt~

t
n < z n' for all t.
1Y = T

T

Proof. From Proposition 8 we have that n{(t,u') < n(t,u). Hence
if u'(1) < p(1) then pg'(t) < u(tr) for all t > 1 and hence 2 ntu;
=1

¢ 1 -y, and thus u} > u,. Let T = {min tzy'(t)<u(t)}. Then T 2
t t

2. For t < T, Z p'{z) > 2 p{t). Sinece n{t,u') < n{t,u) for all
=1 r=1

t and w'(T) < w(T), by counstruction u'(t) < u(t) for all t 2 T.

But then for any t =2 T,
-t t
Yttty =1 - Fan) > 1 - §oa(t) = o),
=1 ™t ot =1

which establishes the result. O

Our next result shows that the earnings profile becomes
flatter as the growth rate of the economy increases. From Propo-

sition 8
wit,u') 2 [?T]TW(Tgu}-

But

vi(w) = max ¢ "% (n) - wn < [ivlt[y'tf(n)~wn] < [%T]tvt(w).
n

Since v' > ¥,

(w! ) yv_ (W

]
T+1" 1+ T4 1
W' W
T

y'v

)
(12) T+ 1 .

T
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This establishes that the earnings profile becomes flat-
ter with a higher growth rate. One measure of investment in human
capital is foregone earnings. If an individual Jjoins a suffi-
ciently old vintage we have shown that future earnings will be
close to zero and current wages will be high. This individual
would then be making very small investments in human capital. The
present value of income is equated across vintages. Hence indi-
viduals who join new vintages will be making large investments in
human capital. These can be measured Ey the ratio of future
earnings to the wage that implies no investment. Of course the
latter equals the present wvalue of earnings. Inequality (12)
impliés that this measure of Iinvestment in human capital de-
clines. However, note that aggregate investment in human capital
does not necessarily fall since the distribution of skill levels
shifts to vintages with higher rates of investment,

We now examine the effect of a change in the discount
factor on the stationary distribution. If we had assumed that the
economy was populated by z single consumer with preferences of the
form i Btc

tl
t=0
the discount factor would be a decrease in the length of time

then the obvious interpretation of an increase in

between the arrival of new technologies. As we show in section 5,
if 8y < 1, then the equilibrium in the model maximizes the infi-
nite stream of output discounted at a rate 8. Hence, it is possi-
ble to reinterpret our model as consisting of infinitely Llived
identical agents who maximize the discounted stream of consump-
tion., We show in Prapositions 10 and 11 below that an inerease in

the discount factor results in a more rapid rate of diffusion.
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Proposition 10

Consider two economies with B' > B with associated
stationary distributions u' and u respectively. Let w(t,u') and
w{t,u) denote the wage rates in vintage t and n(t,u'), n(t,u)
denote the input decisions in vintage t in the two economies.

Then w{t,u') > w(t,n) and n{t,u’') < n{t,ux) all .
Proof. See Appendix. [
We then have

Proposition 11

-Let uw' and y denote the steady state distributions for
two economies characterized by discount factors B8' and B respec-

tively. Then p stochastically dominates u'.
Proof. Parallels Proposition 9 exactly and is omitted. 0O

With some minor modifications, it is straightforward to
incorporate population growth in our analysis. Let Lt denote the
mass of young workers at time t. We will assume that Lie1 =
(1+X)Lt s0 that the rate of population growth is x. The only
modification we need to make is our definition of competitive

equilibrium is to note that Z N{t,t,u_ )} = (1+x)t. The definition

=0
of a stationary equilibrium now, in analogous fashion, is that

t

(13) ut+1(r) = (1+k)ut(r).

Thus, the relative proportions of skilled workers across
vintageés remains unchanged. Note that the present value condi-

tions in equation (#) remain unchanged. We have established that
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these have a unique solution. Obviously this scolution depends
only on 8, A, and f(-,-). Hence, the distribution of wage rates
and consequently employment decisions, n, remain unchanged. From

the definition of an equilibrium,

ut+1(1+1) = n(T)ut(T)

w(eet) = T2y (o,

Let n'(t) = n(1)/1+x. The equilibrium condition at time O is then

-]
(14) .

z 1.11_’1'1:r +u, o= 1.

=0

An increase in the rate of population growth implies a
reduction in n'. From the proof in Proposition 9 we have that

this results in a change in the distribution towards newer vin-
tages. Hence there are relatively more skilled workers in new
vintages in economies with rapid growth in population. Obviously
there are relatively more unskilled workers in newer vintages as
well. Since wage rates for unskilled workers are increasing with
the age of the vintage, the average wage rate of unskilled workers
falls with an increase in the growth rate of the population.
Furthermore, the rate of human capital accumulation 1is also

higher.

Section 5, OQOptimality of the Competitive Equilibrium

In this section, we establish that if the growth rate of
the economy is not too large, the competitive equilibrium is

Pareto optimal. We will need to assume

(4.3} By < 1.
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This is a standard condition in models of economic
growth. We need to ensure that the discounted consumption stream
is bounded to ensure that our social welfare function is well-
defined. Let ¢, = (clt'°2t) denote the consumption when young and
old of a representative agent born at time t. We have assumed
that U(cqyg,Cay) =.°1t + Bcyy. The initial old care only about
consumption in the first period denoted by 2, -1: Let ¢ =
(°2,-1’(°t):=0)‘ We will assume that a planner has preferences

given by

@
(14) W(e) = 02,*1 + E atu(c1t,c2t).
i t=0

Let yr = cppq + cqp. Thus y, denotes the total output
at time t., The planner is assumed to have available a total 1a§or
endowment of two units in each period. Let N(t,r) denote labor
allocated to vintage r at time t in the unskilled task. Let
z{t,t) denote skilled labor allocated to vintage t at time t. In

keeping with our assumptiohs, z{t,t} = N{t-1,t-1). Also

E N(t,t) < 1 all t. The problem faced by the planner is then
t=0

(15) max ) Btyt
t=0

fOTIE(NCE, £)  N(b-1,7=1) )

(16) s.t. 0 sy, <
0

T

W ~18

(17) ) N(t,{) < 1allt
=0

(18) N{t-1,0) = 0 all t

(19) N(t,t) = 0 all <, all t
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given N{(-1,1).

Let Ay denote the Lagrange multiplier on constraint
{(17). The necessary first order conditions are then given by
(20) 8% e, (N0t T, N (k-1 1-1))

8" e (et e ) (e D) = 2

Let Xt = (sy)'rkt. Then equation (20) can be rewritten to read

(21) Y-Tf1[N(t,r),N(t-1,r—1)] + sy“fz(N(t+1,T+1),N(t,r)] -

1]

Let w(t,t) = Y-Tf1(N(t,t),N(t—1,t-1)] and  v(t,t)
Y_TfZ[N(t,r),N(tﬂ1,r—1)].

Equation (21) is then obviously identical to equation
(4). The fact that f(-,-)} is homogenous of degree one implies
that f1(-,-) and f2(-,-) are homogenous of deg?ee Zero. Let

n{t,t) = N{t,7r)/N{(t-1,r~1}, Euler's Theorem implies that
£5(n(t,7),1) = £(n(t, ), 1) - n(t,0f, (n(t,1),1].
Hence,
v(t,t) = f(n(t,t),1) - w(t,t)n(t,).

It is clear that the competitive equilibrium solves the
same problem as does the planner. Note that consumers are indif-
ferent in the competitive equilibrium about the timing of their
consumptions. Hence, the competitive equilibrium is Pareto opti-

mal.

>
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Section 6. Conecluding Remarks

We have presented a model of investment ir technology
specific human capital. The central result is that such specifi-
cities lead to a lag between the time that a new technology be-
comes available and the peak of its usage.. In that sense, this
model 1is consistent with the slow diffusion of new technologies.
It is certainly true that slow diffusion can be a consequence of
the fact that consumers must learn how to use new products. Our
focus, however, is on the fact that producers must acquire the
skills necessary to produce the new product cheaply. In our model
the marginal product of investment in such human capital is high
when older workers already possess the required level of skill.

Qur main result is that an increase in the rate of
change of technology implies an increase in the rate of diffu-
sion. We also show that the wage profiles over time are flatter
in older technologies than in newer ones. In that sense, the
value of investing in a newer technology is higher and our model
is one of human capital acecumulation. The equilibrium we describe
is Pareto optimal.

An cobvious extension of our model would be to allow for
uncertainty in the rate of technological innovation. We conjec-
ture that in such a case, a technological innovation which is
substantially bebtter than average will attract a large number of
young workers and lead to larger than average investment in the
newest technology. Since this capital is specific to the technol-
ogy, in subsequent periods relatively few young workers will be
attracted to even newer technologies, These technologies will

then be adopted and diffused at a slower rate than average.
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The assumption of exogenous technical change obviously
does not do justice to the reality of the process of innovation
which requires the use of resources. In addition, it would be of
interest to examine a model where technological innovation as well
as adoption are jointly and endogenously determined. One possible
modification of our model would be to let the productivity of the
newest vintage relative to the previous one, y, be determined by
the number of workers who enter the newest industry. In such a
case workers in the newest vintages can be thought of as engaging
in innovative activity.

An alternative possibility is to think of spillover
effects as implying that if workers are skilled in relatively new
techﬁologies then the productivity of the newest technology is
higher. 1In such a case, the rate of growth of the economy and the
rate of adoption of new technologies are both determined endogen-
ously. The resulting equilibrium is not necessarily Péreto opti-
mal and the model can be used to study the effect of poliey inter-
ventions on the growth rate of the economy.

The existence of this externality may well cause the
equilibrium not to he Pareto optimal. The effects of various
policies to remedy this externality could then be examined. In
any case, wWe conjfecture that an exogenous Improvement in the
technology of innovation will lead, as in this paper, to an in-
crease in the rate of diffusion. The earning profiles will also

likely get flatter with such an improvement.
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Appendix

Proposition 3

There exists a unique sequence {wt} that solves equation

(4).

Proof. To establish this result we will first show that if we
truncate the system at any T and impose vy = O, then there is a
unigue solution to the truncated problem. Then we will show that
the sequence of solutions to the truncated problem converges and
that the limit is a solution to the original problem. Finally we

establish that there is no other solution to eguation (4).

Step 1: Truncated Problem

Consider the problem

Wy o+ vaz(wz) Wy + SYV1(W1)

Wy + Byv3(w3) Wi+ Byvz(wz)

(4') : :
Wp = Wp_y v 8vvplug)

subject to w_ 2 0.

Alternatively, this is equivalent to

Wp = Wy syv1(w1)
Wy = Wy o+ Byv2(w2)
Wp = Wp_g + Byvp(wyp)

subject to w. 2 0.
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Note that we have not imposed the constraint that W2
Y-Tmo- We will show that there is a unique solution to U7,
Furthermore this solution has w_ an increasing funetion of =,
Clearly our solution solves the original probiem.

We will now éhow that the set of wp such that the L in~
duced by backward induction in (4') are all nonnegative is non-
empty. We will proceed by induction. Notice that wp_y = Wp
- 8yvp(wp) and the right side is increasing in wp and goes to
infinity as wp + =. Hence there exists some wy that makes wp_y
> 0. Suppose that for a given wp and for all v 2 t' the induced
W. 1is nonnegative. If we increases, then wy_y increases and

induectively w_ increases for all t 2 t'. Thus, as Wy » =, Wov

given by

Woy_q = W o- BYVT.(WT.)

also goes to = and thus there exists some wp such that L is
nonnegative. Hence there exists some wy such that the induced
sequence {wt}:zo is nonnegative.

Suppose Wy is such that all w_ are nonnegative. Then
Wp_q = Wp - Bva(wT) < wp. By induction we will show that w_ is

inereasing in r. Assuming WwooS W we have that We_q T Wr -

T+1

sva(wT) S Wp - BYVT(WT+1) < Wy o~ BYV {(w ) = W_. Hence W_ in

™+1 "1+

increasing in T.
Suppose that in the above case, wg(wg) > 0. Start
decreasing wr. For any O < ¢ < wglwp) at some point some w_

= €. But in that case the corresponding w, Will be no greater

0

than €. Hence there exists some W such that if Wp = W then wr(w)
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2 0 and mo(wT) £ Wy. As w_ -+ = we already have shown that wo(wr)

We just need to establish -that the mapping wo(wT) is
continuous. We will proceed by induction. For = =T - 1, Wp_1 =
Wp - sva(wT). Since'vT is continuous, wT_1(wT) is a continuous

function. Suppose W is a continuous function of wyp. Then wo o=

+1

(wr+1) which is a continuous function of W and by

NT - BYV

+1 +1

composition of Wrp .
The above implies that for any @y > 0 there exists a
solution to problem equation (U4'). Furthermore, since mo(wT) is

strictly increasing, there is a unique solution to this problem.

Step 2: Convergence of the Truncated Solutions

We proceed to show that these solutions converge. More
precisely, letting ﬁt be the unique solution to the truncated

problem we establish that ﬁt > W< o,

We will first establish that ﬁt £ Suppose, to the

E+1"

contrary, that w_ > W We will first show that this implies

t 7 Ttsl”

). If this were not the case, then

that ”1(”t) < wl(”t+1

A CACTO) IR A A GNP D R

50 that wi(wt) 4 w1(w y.

t+1
We now show that the contradiction hypothesis implies

that wT(wt) < wr(wt+1) for all T £ t. Suppose wr(wt) < wT(w )

£+

and that wT+1(§ ) 2w ,(W_ ,}. Then repeating the argument used

t t+1

above for w;, we obtain a contradiction. Hence for all = < ¢,

(

T+ 1

< w (W )+

wT(wt) < wT(wt+1) and in particular, w_ ¢ wt+1) Ve g

g ¢ Wy

8 ) = W This proves that Gt+1 > ﬁt’ as desired.

th+1(wt+1 t+1’
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We now turn to the other side of the inequality. Sup-

pose, to the contrary, that Wy < wt(wt+1). Then

Wy (geg) = Appq = BYv (g (i )] > fp - avwy i) = Wy ().

By the same argument if wr(ﬁt+1) > wt(ﬁt) the same will be true
] : . - -
for all ' < . Hence by induction mo(wt+1) > wo(wt) > wg.

We have thus establlshed.that wt(wt+1) < wt < wt+1. is

a consequence the following inequality holds

g q=igl = g g G 1= Byvy G )

. =1 -
But as can easily be checked, Vt+1( Y < vy Vt(wt+1) so that

Wt

la -w, | < Y—t[BYVT‘ﬁt)] < Y-tBYV](NO)-

This implies that {it} is a Cauchy sequence so it converges.
Denoting the limit of {ﬁt} by W, we now proceed to show
that the solution to equation (4) induced by w from equation (4')

is well-defined. We will proceed again by induction

z
1]

Wy * 3’7"’1(“1) gives W,

=1
i

= w1 + Bng(wg) gives we.

In order for this to be well-defined, we need that w > w,. Sup-

pose, to the contrary, that @ < w4. Since it £ w for all ¢,

w1(wt) > w?(ﬁ) and so the above would imply that ﬁt

1A

w1(wt), a

1t

contradiction.  Suppose wr(ﬁ) is well-defined. Then w = wT(ﬁ} >

8yv_ ,{Ww_.) and we thus require that w > w_ {w). S3ince w_ was
T+ T+ T -

assumed well-defined it is easy to see that wt(ﬁt) > wt(ﬁ) and so

the above would imply that W s w (W) + BYVT+1[WT+1(wt))' and
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hence wr+1(ﬁt) would not be be well-defined. This proves that the

sequence wT{G) is a well-defined solution to equation (4).

Step 3: This is the Only Solution

Suppose W' is another equilibrium. We will denote
by w; the wage induced for vintage t by w'. We will first show
that W' > w. Suppose to the contrary that W' < Ww. Then there

exists some t such that w! < w + Byv = W' < ﬁt, where

t t t+1(wé+1)

ﬁt corresponds to the truncated solution at t. By the inductive

argument used in step 2, wa < wj(ﬁt). But this implies that

_— ' - -
W=yt Byv1(w1) S g+ SYVT(W1(Wt)] = Wy,

which yields a contradiction. This establishes that w' 2 w.

We mnow show that W' < W, which will complete the
proof. Suppose to the contrary that w' > w. Then there is some t
such that W' 2 Wy Wz ﬁt. This implies that wi > wI(it) and
hence that w' = wy + 57V1(w;).5 wy o+ Bva(w1(wt)] t W, which

vields a contradiction. 0

We will now prove some results which are used in Propo-
sition 6. Let y' 2 vy and let ﬁt and ﬁé correspond to the wage for
the problem truncated at t for y and y', respectively. For sim-

plicity we will denote by w; and W the wages for period t corre-

spending to the preoblem truncated at t for v' and vy, respectively.

Lemma 1
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2

Proof. Suppose to the contrary that Q} < [Y/y']tﬁt. If wé_1
yqE-1
[y/v'] Wi then

o R | ' ' Y. t-1
EHER RS A CNRTIR bl R CAR AN R

= (L), 2 (K]0 R

t y' t

which is a contradietion., We will now show by backward induction

that the contradiction hypothesis implies w% < y/y', wq. Suppose

> {y/v'17

’ ] T 3 1
that W < [vy/4'] W Then if Wl 1’

ﬁé = w;_1 + va;(w;) ? [%T]T‘1[“r-1+SYVr(wt)I

-1~ -
S (5], 2 (],

a contradiction to the above hypothesis.

then w! < v/v! Wy But

o = -
Hence if W, < [y/v'] Wy, g 1

then wé = wy + Byv;(w;) > ug Bva(w1) = wt. This establishes
that & 2 [v/y 1" A 0
Lemma 2

<Ly

Wy S yT Wy

Proof. Suppose that w% < y/y' wy. Then

% ok B ' ' v X Y. -
(*) We = wy + BY v1(w1) > wy + BY oy V1( - w1) = W_.

We now show that the above implies that w; 4 [Y/y']rwT

for all © < t. DSuppose that w; < (Y/y’]TwT for all = ¢ T. Then

if w% > [ny’]TwT,
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bl S | Yapt ' LT“T
We = Wo oo+ BY VT(WT) f [Y'] [wT»1+BYVT(wT)]
T-1 =
= [%—,—] wt < Wt,
contradicting (%*). Hence w; < y/y', wy implies that Wwr <

[Y/Y']‘wT for all v < t. But then

+

e b=
sy'vi(Wl) <wl .+ By'vé([%T] W)

FaY
y—

115w, vev(@i )] < 7

Y t

contradicting (*). This establishes that w; z y/y'y Wq. O

Propogition 8
If y*. 2 vy then n{t,u') < n{t,u) where u' and u are the

invariant distributions corresponding to y' and vy, respectively.
Proof. We will show that for any truncated sequence
w(rt,u') 2 [irt.-]fwtr,u).

Since n;[(y/y')Tw] = nT(w), this suffices to prove the result,

By Lemma ! ﬁé 2 [y/y']t ﬁt.

{y/y’]rwT for all v 2 T. We will show that

Suppose that W2

R

T-1 T-1°

We will show that if this is not true then by induction

(oh no, ..., not again?) w% < y/y' Wy therefore contradicting
Lemma 2. Hence suppose the contrary, that w+_1 < [y/y']T-TwT 1
Then

-, y 1T-1 = -1 3
(4.2) Wy < L] [WT~1+BYVT-T(WT-1)] ) [57} "

' £”
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We will now show that as a consequence of the ahove

T-2

assumption W%—2 < [y/y'] W Suppose not. Then

T-2'

- T-2 ' T-1 =
Ay 2 [Tl lug_peevvy g (ep )] 2 [0 6

contradicting equation (A.2). Also, if w! > [y/y']T-3 then

T-3 -3
ﬁé > {y/v']1"" T—3+BYVT-2(WT-2)] > [y/vy']1°° ﬁt contradieting
equation (A.2). Applying this same argument inductively we obtain
that wa < y¥/y' Wy, a contradiction to Lemma 2.

Hence, as desired, w%_1 z [y/y‘]r'1wT“1. Since T was'
chosen arbitrarily, this establishes that w; > [y/y']TwT, S0 the

proof is complete, 0

Proposition 10
Congider two economies with discount factors 8' and 8,

with 8' > 8. Then w; > wT all v and n; < nT all -.

Proof, For convenience, let w;, W represent the solutions to the

truncated praoblem 4', Suppose w% < W,, We will show that this

leads to a contradiction. From equation (4') we have that
Wy + va1(w1) =W, o+ BYVE(wQ)
] t - ! ] r
Wy + 8 yv1(w1) =Wy 8 yve(wa).

Subtracting from the first equation from the second and

noting that wa < Wy We have after some rearranging that

8'[v, (w)-vyuh)] < 8[v1{w1)-v2(w2)].
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Recall that 8' > 8 and v(:) in decreasing function.

Hence wé < Wy. By induction it is easy to show that w; € W all

t. In particular, w% < Wp. But

Wy + va1(w1) s Wp > w% = Wg + B'yv1(w;).

Since B8' > 8 and v1(-) is a decreasing function we have estab-

lished a contradiction. Therefore wa > Wy

Consider the following induction hypothesis. Suppose

Ww' 2w and w' < W . We will show that w' < W
T T +1 T+1 T+e T+2

at a similar contradiction. From equation (U4) we have that

and arrive

wr * BYVT+1(WT+1) = Nr+1 M BYVT+2(wr+2)

and

1 ¥ L] - ] t ¥
We t B YVT+1(NT+1) R 8 YVT+2(NT+2)-

Subtracting the first equation from the second and using

the induction hypothesis we have

[} [} T
8 Y[VT+T(W1+1)-VT+2(N1'+2)] < 8Y[Vr+1(wr+1)-vr+2(wr+2)]'

(W

But 8' > 8. Hence w' .
T+ T+2

> Again this implies

that w& < W But

Y < W = W+ BYY (w ).

| B [} f t
Wp = W ¥ By (v T T t+1

T T+1" T+l T+1

0 i

all t. Henece w% > wp which is a contradiction. Hence, for every

truncated problem w; > W for all =. it follows that the same

Since w! = Wa it follows that w! > Wy Similarly, w; > wT for

inequality holds in the limit. O
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