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A Defense of AKGrowth Models
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Over the past 200 years, many countries have experienced
sustained growth in gross domestic product (GDP) per
capita. Accounting for this sustained growth has been a
central goal of modern economic growth theory. Early
models simply assumed some positive rate of technological
progress which translated into positive GDP growth. Now
models have been developed that generate growth endogenously. One class of such models, commonly called AK
models,1 relies on the assumption that returns to capital do
not diminish as the capital stock increases. Without diminishing returns, a country with a high stock of capital is not
deterred from continued investment and, therefore, continued growth.
The AK class of models has been heavily criticized.
Most critics have attacked the main assumption, the absence of diminishing returns, as having little empirical support.2 However, such criticisms are themselves difficult to
support if capital is viewed broadly to include human capital and intangible capital, both of which are difficult to
measure. More serious critiques analyze the testable predictions of AK models. Jones (1995), for example, argues
that a key prediction of AK models is inconsistent with the
data. Unlike the earlier exogenous growth models, AK
models predict that permanent changes in government policies affecting investment rates should lead to permanent
changes in a country's GDP growth. Jones tests this prediction by comparing investment as a share of GDP and
the growth rate of GDP for 15 countries that belong to the
Organisation for Economic Co-operation and Development

(OECD). Using data for the post-World War II period,
Jones (1995) argues that AK models are inconsistent with
the time series evidence because during the postwar period,
rates of investment, especially for equipment, have increased significantly, while GDP growth rates have not.
Here I defend AK growth models against that critique:
I demonstrate that the key prediction of AK theory is consistent with the data. Using historical data going back to
the 19th century, I show that the patterns Jones points to—
episodes in which investment rates rose while growth rates
remained constant or fell—were short-lived. Yet the simple
model Jones tests predicts not short-run patterns, but longrun trends. The longer time series show that periods of
high investment rates roughly coincide with periods of
high growth rates, just as AK models predict. This is true
for OECD countries and for three Asian non-OECD countries for which historical data are available. A positive relationship is also clear in the data for a larger number of
countries than Jones examines. Cross-sectional data for a
range of countries at different stages of development reveal
a strong positive relationship between average investment

*The author thanks Nurlan Turdaliev for assistance on this project and Andy
Atkeson, Hal Cole, Jesus Fernandez-Villaverde, and Warren Weber for very helpful
comments.
1
The name AK comes from the simplest form of the models' production function
in the simplest case, namely, Y = AK Here A is a positive constant representing the
economy's level of technology and K is the economy's stock of capital.
2
For reviews, see Barro and Sala-i-Martin 1995 and Aghion and Howitt 1998.
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rates and average growth rates, again, just as AK models
predict.
To account for the short-run deviations that Jones finds
in investment and growth trends, I consider a version of an
AAT-style model that is slightly more general than the one
he tests. The version Jones tests assumes that government
policies affecting investment and growth do not affect key
factors like capital/output ratios or labor/leisure decisions.
Since those factors are not changing, the model predicts a
stark relationship between the rate of physical investment
and growth: they should move in lockstep. If, instead, the
model assumes that these factors are affected by changes
in government policies, then the model does not necessarily predict that growth rates will change one-for-one with
investment rates. I construct simple examples in which
changes in policy variables directly affect capital/output
ratios and the labor/leisure tradeoff. These A A'-style models
can predict deviations in trends of investment rates and
growth rates consistent with the patterns in postwar data.
Basic Theory
To start, let's look at several simple AK growth models to
highlight the link between investment rates and growth
rates that this class of models predicts. As we shall see, the
simplest versions of AK models imply a tight positive relationship between investment as a share of output and the
growth rate of output.
Consider a simple AK model of growth. The model has
a representative household that chooses per capita consumption c and per capita investment x in each period to
maximize lifetime utility U; that is,
(1)

max ( C r J t ; 1 E, = oP'^)

for 0 < p < 1, where t is an index for time. The optimization problem (1) is subject to a resource constraint, a capital accumulation constraint, and inequality constraints:
(2)

ct + xt = Akt

(3)

kt+l =(l-8)kt

(4)

ct > 0 and jc, > 0

+ xt

The production technology in equation (2) has constant
returns to scale; clearly, doubling the stock of capital doubles output. Without diminishing returns to scale, a country
with a high stock of capital will continue to invest and continue to grow. To justify the constant returns assumption,
we typically interpret the capital stock as a broad measure
that includes not only physical capital, but also human capital and intangible capital.
If the level of technology does not change over time,
then in this simple version of the model, the growth rate of
output equals the growth rate of the capital stock. If we divide both sides of equation (3) by the current capital stock
kv then we have
(6)
(7)

y,= 1 - 6 + *Jkt

yr = 1 - 5 + Axtlyt

where yt is the growth rate of capital and of output at time t.
Equation (7) illustrates the tight link predicted between the
investment rate and output growth. This theory predicts that
sustained increases in the investment/output ratio should
be accompanied by sustained increases in the growth rate
of output.
Now let's extend the model slightly. As noted above, the
capital stock in the AK model is usually interpreted broadly.
If we include the components separately in the model, but
still retain the linear structure, we end up with the same implications for investment and growth.
To see this, consider an extension of the model above
which includes, explicitly, both physical and human capital. Let k denote the stock of physical capital and h denote
the stock of human capital, with xk and xh denoting the investments in the two stocks. Now the problem is to maximize the utility in (1) subject to
(8)

ct + xkt + xht = Alfhl-a

(9)

kt+l =

(10)

ht+l = (l-S)ht + xht

(11)

ct > 0, xkt > 0, and xht > 0

+ xkt

given k(), where kt is the stock of capital at time t, A is the where a is the share of physical capital in production. For
level of technology, and 5 is the rate of depreciation of the simplicity, assume that both types of capital depreciate at
capital stock. Per capita output in this model is simply
the same rate 8. In this example, output is given by
(5)
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yt = Akr

(12)

y=Akahx~a

