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1. Introduction

In this paper we compé,re the implications of three models of households’ consumption
behaviour: i:he basic permanent-income model, several models of liquidity-constrained
bouseholds, and a model of an informationally-constrained efficient contract.’

The main implications of the permanent-income model are that the consumption
of a household is a martingale and that the level of consumption is always equal to the
annuitized value of the lifetime wealth of the household.? During the past fifteen years, data
sets have been examined with a variety of statistical techniques to see how this implication
fares. Many researchers would interpret the statistical evidence to indicate that a modest,
systematic deviation from the martingale-consumption prediction does exist.3

Our main goal is to make some prototypical comparisons among the potentially ob-
servable implications of schematic versions of the three models. The interpretation of data
(and even the choice of which data to collect and to analyze) needs to be related explicitly

to comparisons regarding the theoretical predictions of various alternative models. Our

! The permanent-income model was introduced by Friedman (1957) and reformulated by Hall (1978).
A wide variety of liquidity-constraint models have been proposed; recent surveys include Hall (1989),
Hayashi (1987), and King (1985). Townsend (1982) suggested that credit allocation to households might
be modelled as being implemented by a long-term contractual arrangement rather than by a sequence of
markets for a debt security. This idea was developed further by Green (1987) and by Thomas and Worrall
(1990). (Atkeson and Lucas (1991), Banerjee and Newman (1991), Gertler (1988), Marimon (1988), and
Taub (1989) have explored related ideas.) All three models concern the kinds of asset—canonically, bank-
intermediated credit and debt—that are most relevant to consumption smoothing at approximately a
business-cycle frequency. The overlapping-generations structure of the economy, which would be very
salient in the context of life-cycle allocation of consumption but less so in the context of a shorter-horizon
problem, is not modelled.

2 Friedman declined to identify permanent income precisely with the annuitized value of lifetime wealth
in the sense of the expected present discounted value of future income, but this definition of permanent
income (which Hall used) is a close proxy for Friedman’s concept. Hall derived that it is the marginal
utility of consumption, rather than consumption itself, that is a martingale. However, he emphasized
the case of quadratic utility where his characterization of the “law of motion” for consumption implies
Friedman’s characterization.

3 One intuitive expression of such a finding, due to Hall and Mishkin (1982), is eighty percent of ag-
gregate household consumption seems to be due to households that the permanent-income model describes
well, while the remaining twenty percent is due to consumption by households that the model does not fit
well. This assessment of the evidence is not unanimous, though, nor do those who endorse it necessarily
have a unanimous view of precisely how the data deviates from the prediction of the permanent-income
model. In contrast to one widely held view, for example, Campbell and Deaton (1989) argue that consump-
tion varies too little to be explained by the permanent-income hypothesis. They focus on consumption of
nondurable goods, which varies less over the business cycle than do purchases of consumer durables and
services.



purpose in drawing such comparisons is not to accept or reject models on the basis of what
we currently understand about the data, but rather to help applied macroeconomists to
refine their fIJ:rther study of the data.

It is important to understand that the déviations of actual consumption from the
permanent-income prediction are modest, even if they are systematic. That is, the
permanent-income model provides a much more adequate account of individual house-
holds’ consumption behaviour than do polar models such as a complete—markeés model or
a model of autarkic consumption. The inability of these polar models to explain how the
permanent-income model coheres fairly well with the data constitutes a severe limitation of
the polar models themselves. In general, the capacity to explain the relatively high degree
of success of the permanent-income model is a prerequisite for any alternative model to be
taken seriously. In effect, then, a serious alternative model must not have predictions that
diverge radically from those of the permanent-income model—including the prediction of
martingale consumption. Especially in the case of the efficient-contract model, the degree
of approximation to a martingale-consumption prediction has been an open question.* We
derive such an approximation in this paper.

The plan of the paper is as follows. In Section 2, we describe an infinite-horizon
economy in the context of which explicit time-series predictions regarding households’
consumption paths can be formulated. In Section 3, we define the three kinds of models
that we will study and we argue that they all permit consumption to be approximately
a martingale. In Section 4, we describe a two-period environment with respect to which
it is easy to derive schematic versions of the observable time-series features implied by
the various models. In Section 5, we derive such implications regarding the present dis-
counted values of net trades to households at various levels of temporary income, and the

households’ marginal rates of substitution. Section 6 provides a tabular summary of these

¢ Green (1987) compared predicted consumption to a random walk with drift but did not bound the
magnitude of the drift.



implications, in terms of which all of the models that we consider are distinguishable from

one another.

2. Modelling the Household Sector .

In our model of an economy, households are given a stylized, but detailed, descrip-
tion, and the production sector is just detailed enough to define the equilibria of various
institutional arrangements. Although business-cycle theory provides an important moti-
vation for the study of households’ consumption decisions, we simplify the study itself
by abstracting from the existence of aggregate economic disturbances.® This abstraction
seems justifiable—Lillard and Willis (1978) and Pischke (1990) have shown that idiosyn-
‘cratic factors account for far more of the variability in a typical household’s consumption
than does the business cycle. Finally, although the random events confronting an actual
household typically might have more to do with its employment opportunities than with its
receipt of income simpliciter, the simplest model will abstract froni labor-supply questions
and treat income as exogenous.

Consider an economy consisting of a large number of households that are identical ex
ante. These households have independent, identically distributed random endowments of
a perishable composite commodity which is consumed at each date ¢t = 0,1,2, .... Each
household’s endowment is i.i.d. as a sequence of random variables indexed by time as well.
(That is, the first sense in which endowments are random is as infinite-dimensional en-
dowment vectors indexed by households.) Assume for simplicity that a household receives
one unit of the composite commodity at any given date with probability p, and O units
with probability 1 — p. We will often refer to the household’s endowment quantity of the
good at date t as its income at . A crucial issue is.the specification of the timing and

publicity of information regarding endowments. Alternative theories make incompatible

5 This abstraction is made as a transitional step in formulating a version of consumption theory
that will take business-cycle considerations explicitly into account— Taub (1989) has already made some
progress in this respect.



assumptions regarding this feature of the environment. We will specify this informational
aspect of the models when we discuss each of the theories.

The law of large numbers implies that, at each date, the per capita average endow-
ment will be arbitrarily close to p units with very high probability, if the population is
sufficiently large. Imagine that this average endowment is exactly p units, with probability
1. In the ensuing discussion, X = (X, X1,...) will denote the random sequence of con-
sumption levels enjoyed by a representative household, and ¥ = (¥p,¥3,...) will denote
the random endowment of that household. That is, X — Y will be the net trade of the
household. |

Suppose that the household has utility function

U(X.,Xeg1,.. ) =E [Ej;oﬁfW(XtH)] . (1)

That is, the household has additively separable, time-stationary expected utility. It is
assumed that W is strictly concave. The domain of W, which represents the set of feasible
consumption levels for the household at each date, will be taken to be either IR or else
R;.

Assume that aggregate consumption can be shifted over time by the use of a linear
technology that can convert 1 unit of the consumption good endowed at date t to 3°~" units
of the good for consumption at date 7 (for any = before or after t). By equating the rate
of pure time preference to the marginal rate of transformation in this way, we are in effect
formulating a partial-equilibrium model. Note that the assumption that future commodi-
ties can be transformed for immediate consumption cannot be taken literally (in a closed
economy, at least). It may be made more palatable by thinking in terms of the economy
having a large, stéady—state capital stock that must be maintained by investment. This
investment can be foregone for a while in order to have higher-than-steady-state consump-
tion until the effects of capital depreciation begin to be felt. Allowing the capital stock to

depreciate in this way, with the intention of replenishing it eventually from endowment, is

4



tantamount to conversion of future endowment to present consumption. Another possible
interpretation of negative investment would be external borrowing by the inhabitants of

an open economy.

3. Three Models of Allocative Institutions
3.1. The Permanent-Income Model

Because of its relevance to the efficient-contract model, we begin by describing Fried-
man’s (1957) permanent-income model. Then we will describe Hall’s (1978) reformulation
of the model.

Friedman envisions households as trading in a sequence of competitive markets for a
debt security, but as lacking access to markets for contingent claims. He does not formally
analyze an infinite-horizon model such as we have formulated here. Rather, Friedman bases
his argument on the intuitive proposition that a household with a concave, time-separable
utility function would attempt;for a reason analogous to risk aversion—to minimize the
deviation of its consumption from long-run trend. To do so, it would calculate its wealth
and treat this wealth as a long-term investment from which it would consume the interest
income.

To be specific, let the debt security be a consol bond.® Suppose that such a bond
can be purchased for one unit of consumption and that it pays interest of B — 1 units of
consumption at every subsequent date. Thus, purchasing a bond and selling it ex-dividend
at the next date exchanges a unit of current-date consumption good for R units of the good
at the next date. To avoid an arbitrage between bond-holding and use of the investment
technology, it must be that R = 1,

Suppose that the household observes its income at each date, and then decides how

6 In this and other technical respects, our exposition does not exactly coincide with Friedman's. These
expositions are equivalent, though.



much to consume at that date. Friedman assumes that the household discounts its‘ present
and future endowment at the pure rate of time preference. Thus the expected value of
its endowmez.lt from date ¢ + 2 onward, discounted to t + 1, is 11_5—5. In addition let B,
denote end-of-period bond holdings that the household carries over a portfolio of B, bonds
to the beginning of date ¢ + 1. Therefore in Friedman’s sense, its wealth at that point is
Yiy1 + B+ £5 ’3 . It will consume the net interest rate B — 1 times this wealth. That is, it

will consume

Xipn = (67 =) Y + B+ 2] @

at ¢ + 1. (Since possibly Y;y; + B; + 7% < 0, it is implicitly assumed that negative

ﬁ

consumption levels are feasible.) The difference between income Y;,; and consumption

X:+1 will be saved by purchasing bonds (or financed by selling bonds). That is,

B

Biy1— By = Y141 — (ﬁ_l - 1) [YQ+1 + B, t1 P ﬁ] (3)

Note that 1 — 3 is Taylor’s approximation of ~! — 1. Therefore (3) implies that, for
B ~1, Biyy —B: & Yiq1 —p.” Taking the expectation of both sides of this approximation
conditional on B, yields

E [Bi41|B.] - B. ~0. (4)

That is, (B,) is approximately a martingale. This, together with (2), is the prediction
of Friedman’s permanent-income theory if income is independently and identically dis-
tributed.

Hall (1978) models the household’s optimization problem more explicitly than does

Friedman. He considers the following perturbation of the household’s consumption plan:

7 In making these approximations, we are going to set terms such as (1 — B)R equael to zero, on the
grounds that 8 = 1. Clearly such a step is unwarranted if B; is huge, and B : will be huge at some time ¢
if it is approximately a random walk. Therefore the approximation is only valid as a local approximation
from initial conditions in which B is sufficiently small.

6



reduce consumption infinitesimally at date ¢ (in the event of a particular income history
prior to that date), invest the amount for one period, then consume the interest proceeds
from sale of the investment (at the ex-dividend price) at date t + 1. If the consumption
plan is optimal, then this perturbation must not affect the household’s utility level. The

first-order necessary condition for utility not to be affected is that

(W'(X.)) is a martingale. (5)

If W is quadratic, then (5) implies that (X,) is a martingale—a conclusion that is
also an implication of (2) and (4).

3.2. Liquidity-Constraint Models

Macroeconomists use the term ‘liquidity-constraint model’ in a precise way. A
liquidity-constraint model posits a specific form of constraint in the context of an institu-
tional structure that apparently would otherwise implement a permanent-income allocation
(for example, in the sense of (5)).> Hayashi (1987) identifies two broad categories of such
models that have been most often studied in macroeconomics: credit-rationing models and

differential-rates models.

N Credit-rationing models assume that the interest rate is set such that aggregate
excess demand for credit would be positive in the absence of a constraint. Borrowing
is allowed at this interest rate, but the size of allowable borrowing is constrained
directly to a limit that equates aggregate borrowing to the amount of credit offered

to the market by lenders.

B Differential-rates models assume that borrowers must repay loans at a higher in-
terest rate than lenders receive. If the market-clearing rate is between the borrowing

and lending rates, then it is possible for aggregate supply of credit and aggregate

8 We emphasize the qualification aepparently, in view of the difficulty that we have noted regarding
spot-market enforcement of the budget constraint.



demand for credit to be equally far below the competitive level, allowing the market

to clear without explicit rationing.

~ Market outcomes in these models are specified by an interest rate and a credit ceiling,
or a pair of interest rates for borrowing and lending, respectively. In each of these specifica-
tions, the decision problem of a representative household is well defined, so equilibrium can
be defined in terms of decentralized optimization by households and aggregate materials
balance. It is clear that some equilibrium allocations in these models are not supportable
as equilibria of a permanent-income model. Hall’s version of the permanent-income model
is a specialization (or trivialization) of these models, though. A credit-rationing model
with a high ceiling or a differential-rates model with only a small gap between borrow-
ers’ and lenders’ rates would therefore account for the capability of the permanent-income

model to provide an approximate description of actual consumption patterns.
3.3. The Efficient-Contract Model

Now we turn to the efficient-contract model. We will show that it shares the capacity
of the credit-rationing and differential-rates models to explain the approximate accuracy
of the permanent-income model.

In the envifonment described in Section 2, make the following assumptions about the
information structure and the legal structure of the economy. A household learns about
its own income at each date when the income is received, and it takes this information
into account in making its decisions at that date. However, no household (or other agent
in the economy) is able to observe directly the income or consumption levels of any other
household. Households can communicate about these quantities, but their reports are
anverifiable. As in the case of liquidity-constraint models, it is essential to assume that
households lack (or can legally be denied) direct access to the intertemporal-transformation

technology. Otherwise they would make use of the technology to arbitrage the contract
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(cf. Allen (1985)). Finally, it must be assumed that households can bind themselves to
long-term pa1_'ticipation in a contractual arrangement that has the potential to dictate an
ex post welfare level lower than autarky under some circumstances.®

If households could enter into long-term contracts that were completely enforceable,
then they would agree to pool their endowments so that each household would consume
p. units at every date. Such an allocation would not be implementable, though, because
all households would have a dominant strategy of always claiming to have received zero
income in order to claim a transfer of p units rather than having to make a transfer of
1 — p units.’® A household could always make such a claim, regardless of whether or not
it were true, because no other household can observe its income. With every household
demanding a net transfer from the others in this way, the prescribed allocation would be
infeasible.

If complete risk sharing and time smoothing of income cannot be implemented, then
how close can the economy come to achieving these welfare-enhancing goals? To define ex-
haustively the feasibility conditions for allocations in this economy, including the conditions
regarding incentive compatibility in the presence of private information, is complicated.
It is fairly easy to explain the incentive-compatibility condition and its implications in an
intuitive way, though. We do so now, following the formal argument of Green (1987) and of
Thomas and Worrall (1990). A contract is a sequence of rules, one for each date, that de-
termines a net trade for each household as a function of its past and current reports about
its income. Because income and consumption are unobservable, these reports—without

verification—are all that the contract could possibly be based on. Since the endowment

% It would be very desirable to have a version of an efficient-contract model that embodies a sequential
individual-rationality constraint. Thomas and Worrall (1990) have already taken a step towards this goal.
However, it should not be assumed a priori that adopting such a constraint is the best way to model actual
markets for intermediated credit. Keep in mind that the empirical counterpart of autarky in the present
model is an allocation in which households earn income which have to be consumed immediately. If a
household’s income can be garnished, then an intermediary can indeed hold the household to a utility level
below autarky.

10 Here we appeal to the revelation principle. Townsend (1988) has derived the principle for an
environment that resembles this one. '



processes of distinct households are statistically independent, there is no way to use one
household’s reports to affect net trades to other households in any useful way.

Consider a household that receives zero income at date 0. Let bg denote the amount
of consumption that will be transferred to the household if it reports its zero endowment,
and let b; be the amount (presumably negative) that will be transferred to the household
if it reports (falsely) having received one unit of endowment. Let Zy = (Z9,Z3,...)
and Z, = (Z{,Z%,...) be the best random consumption streams that the household can
obtain from date 1 forward by responding strategically to the contract after having initially
reported income of 0 or 1 respectively at date 0. Then, by the additive separability and
stationarity assumed in (1), the household will obtain utility level W (bo) + BU(Zo) if it
reports 0 as its date 0 income, and it will obtain utility level W (b;) + BU(Z,) if it reports
1 as its date O income. Therefore in order for this household that has actually received

income 0 at date 0 to be willing to tell the truth, it is necessary that

W (bo) + BU(Zo) > W(b1) + BU(Zy). (6)
Since the contract cannot be made contingent on actual (as opposed to reported) ini-
tial income, and since future income is independent of initial income, the quantities
bo, b1, Zo, and Z; have the same significance for a household with initial income 1 as for
a household with initial income 0. The only distinction is that consumption at date 0 will
include the 1 unit of income as well as the transfer. Of course, the inequality between the
expected utility of reporting income 0 and reporting income 1 must be reversed if truthful
reporting is to be optimal for a household that has actually received income at date O.
That is,
W (1 + bo) + BU(Zo) S W (1 + by) + BU(Z1). (7)
Subtracting (7) from (6) formally establishes two facts about incentive-compatible
allocations (that is, those satisfying both (6) and (7)). The first fact, which is intuitive,

is that households with income at date 0 transfer consumption at that date to households
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without income.l! Condition (7) then shows that the households receiving income must
be induced to make these transfers by being rewarded with a prospect of subsequent con-
sumption that will yield higher discounted expected utility than what households without
income will experience.

The second fact that follows from this subt.raction argument ié that it is impossible
for both incentive constraints to be satisfied with equality, except in the degenerate case
that the date O transfer to households is independent of their reports. Since the efficient
contract is structured to achieve as much mutual insurance among households as possible,
but fails to provide full insurance, the constraint must be binding for the households that
receive income rather than for the households that do not receive it. If one thinks of these
as rich and poor households, respectively, then this feature of the contract may not seem
plausible. However, it should be kept clearly in mind that whether the constraint binds
depends on the household’s current receipt of temporary income—not on its wealth. Rich
households do not spend their lives posing as poor ones, but households that have “a good
week” do sometimes try to conceal their windfall from their creditors.

Consider next the problem of designing the contract that maximizes the ex ante
expected utility of the representative household. Recall that we have posited a linear
technology that can transform consumption from one date to another and that we have
made the special assumption that the marginal rate of transformation for this technology
is equal to households’ rate of pure time preference. When we make this assumption, we
have in mind an economy in which households can participate in a market for illiquid
assets (so that the equation between time preference and marginal rate of transformation
(MRT) is motivated by an equilibrium condition), but in which they must rely on inter-
mediated contractual arrangements for liquidity within the business-cycle time horizon.

In order for households not to have arbitrage opportunities against intermediaries who

11 More accurately, by < bg. It is conceivable that, by use of the intertemporal-transformation tech-
nology, b1 could be made positive.
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would attempt to approximate in an actual economy the efficient contract modelled here,
it would be essential that they should be unable to make liquid investment in the asset
market. We represent this constraint formally by supposing that only the contract designer
or intermediary has access to the intertemporal-transformation technology.

Now suppose that the endowment of a representative household is ¥ = (Yo,Y1,...)
and that this household is supposed to receive consumption X = (Xp,X1,...). If the
differences between consumption and income at all dates were transformed into the date 0
commodity using the technology of the economy, then the expected output of this process
would be E [£32,6(X; — ¥.)] = E [E52,8' X;] — 1&5. This output quantity is the net cost
of providing X to the household.

In a closed economy, the problem of designing the ex ante efficient contract can be
formulated as: maximize U(X) subject to the incentive-compatibility constraints (6) and
(7), and subject also to the materials-balance constraint that the net cost of X must not
exceed zero.

For any v in the range of U, let C(u) denote the minimum net cost (in the sense just
defined) of providing the household with a consumption stream X such that U (X)=u
and such that the incentive-compatibility conditions (6) and (7) hold, and such that their
analogues hold at all dates and after all possible histories of income reports.!? (For ex-
ample, C~1(0) is the utility level that an efficient contract achieves for the representative
household.) C will play an analogous role in this theory to B in the permanent-income.
model. Suppose that U(X) = u, that X is implemented by an incentive-compatible con-
tract, and that the net cost of X is C(u). Then, in the notation that has been defined

above, C satisfies the functional equation

C(u) = E [by, + BC(U(Zx,))|. ()

12 We will often assume implicitly that U (X } = u, and that quantities derived by use of this assumption
are implicitly functions of u.
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This same analysis applies also at every later date. At any date ¢, and for any
sequence y = (%o,...,Y%—1), define Z, to be the random stream (Xe, Xi41,...), under its
distribution conditional on the event that, forall 7 < ¢, ¥, = ¢, .

Define b, analogously to Z,. That is, if y is a sequence of length ¢ + 1, then b, is

the transfer that a household would receive at date ¢ if it had reported having income ¥,

at each date 7 < ¢. Then (8) generalizes to!3

CU(Zy,,.v.o)) =E [b(Yo,...,m + ﬂC'(U(Z(YU,...,Y,)))lYB, . ,K—1]~ (9)

Equation (9) is an instance of a more streamlined functional equation:

C(u) = p [bu(w) + BC(wr(w)] + (1 =) [bo(w) + BC(wo(w)] . (10)

In particular, equation (8) is obtained from (10) by setting by, = by,(u) and U(Zy,) =
vy,(u). By making analogous substitutions, incentive-compatibility conditions correspond-
ing to (6) and (7) would be defined. :

As a specific example, assume that W(z) = — exp(—rz) in (1). That is, the household
has additively separable, time-stationary expected utility that exhibits constant absolute
risk aversion (with parameter r which we take to be positive) at each date. The utility
function U is then defined on all of IR*, which we take to be the household’s consumption
set.

Given a value of u and a candidate function C, candidate values for the quan-
tities bo(u),vo(u), b1(u), and vi(u) are obtained as the unique solution to the prob-
lem of minimizing the right side of (10) subject to the expected-utility constraint that
E [~ exp(~r(Yo + by,(u))) + Boy,(u)] > u and the two incentive-compatibility constraints.

When this is done for all values of v and when the candidate values of the solution are

13 This equation holds almost surely. From this point onward, this qualification will apply implicitly
throughout the analysis. Henceforth we will refer to this equation even when ¢ = 0, in which case it is to
be understood as actually referring to (8).

13



substituted in the right side of (10), then the resulting expression defines a new candidate

function for C. This iterative process carries the class of functions of the form

Clu)=c—r71(1 - B) " LUn(—u) (11)

into itself, and there is a unique value of ¢ for which the corresponding function is a fixed
point of the process. A dynamic-programming argument shows that this fixed point is the
" economically meaningful cost function for the efficient contract. Given the functional form

(11), constrained minimization of the right side of (10) is achieved by setting

—exp(—r(k + bx(u))) = ¢ v and v, (w) = ¥ u for k € {0,1}. (12)

The constants ¢; and %, do not depend on u. If X is the allocation implemented by the
efficient contract and if U(X) = u, then it can be shown (by induction) that for all ¢,

U(Ziv,,...¥0)) = [Hr<t¢Y, ] u. (13)

Therefore after substituting U(Z(y,,...v,_,)) for « in the first equation of (12) and then

applying (13), we see that —exp(—r(Y: + b(y,,.... vy )) = év, [[1, ¢, ¥v, | u. Multiplying this

equation by —1 and taking the logarithm on both sides; and then rearranging terms, yields-

X, =Y+ by,,...vy = —r! [En(q&y,) + [2,<,£n(¢y, )] + En(—u)] . (14)

Thus we have derived the “law of motion” for the consumption of a representative house-
hold. Now we examine how closely this stochastic process of consumption corresponds to
a random walk (that is, a process with independent increments) and to a martingale (that
is, a process for which the current value is equal to the conditional expectation of the next
value). Since the variance of a random walk grows to infinity at a constant rate, there
is a clear sense in which a process that differs from a random walk by an ii.d. sequence

r

of random variables with finite variance provides a good approximation to the random

14



walk.1% (This is essentially the idea of cointegrability in econometrics.) Erasing the term

£n(¢y,) in (14), which are i.i.d. with finite variance, yields such an approximation:

X, ~ ! [ [z,<,en(¢y, )] + en(—u)] . (15)

Using (13) to make a substitution in (11) yields the conclusion that

C(U(Ziy,,..vio)) = —r~ 1 = )77 [ [Er<tf’n(¢y, )] +en(—u)] : (16)

By comparing (15) with (16) and noting that (1 — §8) is Taylor’s approximation of 8~ —1,
we see that X, = (87! — 1)C(U(Zx,,....v;—.))). Note that S~! — 1 would be the net
interest rate on 1-period debt, if there were a competitive market for debt claims in this
environment and if an agent with access to the intertemporal-transformation technology
were to behave competitively.

Again, since we are interested in approximate comparison of random quantities hav-
ing variances that increase with bound over time, we may add a term which is i.i.d. with
finite variance and a constant to only the right side of the previous equation. In particular

we can add (8~ —1)(¥; + I”:‘%) . That is analogously to (2),

X, 0 (67 = D) [ O Zpgyvca) + ¥+ 1225].

The first term in the brackets on the right side of (17) is the expected discounted

(17)

value of the transfers that the household will receive according to the contract, the second
term is the income received at date ¢, and the third term is the expected discounted
value of the household’s income at ¢ + 1 and subsequent dates. That is, the expression
in brackets is the household’s wealth at date ¢. Thus, (17) states that the household

consumes approximately the net interest (in a neoclassical model such as Irving Fisher’s

14 The consumption process of the representative household is actually an IMA (0, 1, 1) process. See
Box and Jenkins (1976).
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or Friedman’s) on its wealth. This idea that the household consumes the annuitized value
of its wealth at each date is the core of Friedman’s permanent-income theory. It follows
in the efficient-contract theory, just as in Friedman’s, that consumption is (approximately,
in this case) a martingale. Consumption is approximately a martingale because wealth
is a martingale and consumption is approximately proportional to wealth, not because
marginal utility is a martingale (as in Hall’s permanent-income model). Formally, (17) is
equivalent to bry, . v, = (671 =1) [C(U(Zy,,.. vy + Yo + 1—”}_33] — Y:, and making this
substitution in (9) yields

C(U(Z(Yo,...,Y¢_1))) ~E [(/3_1 - 1) [C(U(Z(Yo,...,Yt—x))) +Y + I}i_ﬁ'é] (18)

- Y+ ﬂC(U(Z(Yo,...,Yt) ))‘},Ov vee vx—-l] .
Using the Taylor’s-approximation equivalence of 3~ —1 and 1 — 8, and also the fact
that E [Y;] = p, (18) reduces to the martingale equality for C:

C(U(Zzs,...%e-0))) R E [C(U(Zm,...,m))lYo,---,K-l}- (19)

This is the analogue of (4) in Friedman’s permanent-income model. Thus, the efficient- -
contract model satisfies approximate versions of all of the main predictions of Friedman’s
model when the discount factor 8 is sufficiently close to 1.

Despite the approximate similarity of the efficient-contract allocation to the
permanent-income allocation (when 3 is close to 1), though, the efficient-contract allocation
violates Hall’s martingale condition (5) for marginal utility in a systematic way. The first-
order condition for (12) to minimize the right-hand side of (10) is that (C'(U(Zy,,...,¥;—,) )
must be a martingale (cf. Thomas and Worrall (1990, §5)). Since C’ is increasing and

strictly convex (by (11)), it follows from Jensen’s inequality that

U(Z(YO,...,Yt—l)) >E [U(Z(YO,---:Yi))] d (20)
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Given the functional form (1) of U and the negative-exponential specification of W adopted
in this section (which makes W () and W'(z) proportional), this inequality is clearly
inconsistent with (5).1° It follows that the efficient-contract allocation cannot be supported
as an equilibrium allocation of Hall’s (1978) permanent-income model, or indeed as an

equilibrium of any incomplete-markets model.1®

4. Towards a Comparison of Direct Predictions: A Two Period Model
In order to compare the alternative theories in the most.intuitive way possible, we
now present a schemaitic, two-period version of the environment defined in Section 2.27 The

key to this simplification is the observation that if a contract determines X as a function

of Y, then

E [U(X)!Yg] = W(Xy,) + BB [U(Zyo)] . (21)

Because expectations have been taken in (21), W(Xy,) is the only term that varies
across states of nature. Thus (21) suggests thinking in terms of an economy where the only
endowment uncertainty concerns income at date 0. Once this simplification has been made,
evidently there is little loss in supposing that there is only a single date subsequent to the
date at which uncertainty is resolved. Moreover, we can formulate the model in terms of
the utility w(z) of consumption z enjoyed at date 0, and of expected utility (discounted

to date 0) of v enjoyed at date 1, rather than in terms of consumption at date 1:1®

15  Thomas and Worrall (1990) provide a proof that is valid for a larger class of functions W .

16  The question of whether efficient-contract allocations coincide with equilibrium allocations in some
system of incomplete markets was raised by Green (1987), who also pointed out the close relationship
between efficient-contract allocations and the no-surplus allocations defined by Ostroy {1980).

17 ‘While the model is schematic in one respect, it is more satisfactory than the infinite-horizon model
of Section 2 in several respects. The assumption that there are only two income levels is relaxed (as in
Thomas and Worrall (1990)). Finite lower bounds on consumption are imposed. The analysis of the
efficient contract is freed from the assumption of negative-exponential utility.

18  The function w will be assumed to be strictly increasing, strictly concave, and twice differentiable.
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u(z,v) = w(z) + . (22)
We may suppose that each household receives an endowment of initial income YV (inde-
pendent across households), that there is a linear technology for converting 1 unit of date
0 consumption to R units of date 1 consumption, and that RC(v) is the amount of the
consumption good that a household must receive at date 1 (net of whatever endowment
each household receives at date 1) in order to achieve utility level v.19 Thus, the amount
of endowment needed for date 0 consumption together with use as an input to production
for date 1, if the household is to be offered the net trade z at date 0 and the welfare level »
at date 1, is # + C(v). Since v in (22) corresponds to BE [U(Zy,)], the expected marginal
utility of consumption at date 1 is (RC’(v)) ~1. To state this in terms of the intertemporal

marginal rate of substitution (MRS):

The MRS of consumption at date 1 for
(23)
consumption at date 0 is RC'(v)w'(z).

We make the assumptions that there are minimum consumption levels at both dates
(the date 1 constraint being represented implicitly by a lower bound on v), and that
materials balance must be satisfied in both periods with consumption being transformed
from date 0 to date 1 but not vice versa (that is, irreversibility of technology). Assume that
0 is the minimum consumption level at date 0, and let v~ € IR U {—oco} denote the utility
level (discounted to date 0) that the household will receive at date 1 if it has the minimum
feasible level of consumption at that date.2® Suppose that ¥ can take n possible values,
Y1 < y2 < ... < Yn, and that a household receives income at level y; with probability ;.
As in the infinite-horizon model, a law of large numbers is supposed to hold exactly. The

constraints are formalized respectively by the following conditions:

1% PFrom our assumptions regarding w, it follows that C is strictly increasing, strictly convex, and twice
differentiable.

20 Nothing depends essentially on these assumptions. The minimum consumption level at date 0 could
be set at —co, if it were desired to abstract from this constraint, and the analysis to be presented in the
next section would still be valid.
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Vi [b,' > —y; and v; > v"] , (24)

and

$7 mib; < 0 and BP, [b,- +C(w)| 0. (25)

5. Comparing Predicted Allocations

The purpose of presenting this two-period model has been to facilitate comparing
the allocations predicted by the various models of allocation to households. The goal is
to identify potentially observable features of actual allocations, and to derive predictions
regarding these features. We will consider two attributes of each household to be observ-
able. The first attribute is the present discounted value of the net trade that it receives
ex post in the allocation. The second attribute is its marginal rate of substitution of fu-
ture consumption for present consumption at each income level. The permanent-income
model has precise implications about both of these attributes. Specifically, the present
discounted value of every household’s net trade is 0, and the MRS of every household is
R.2! We will now indicate how these well-known implications are represented within the
present model, and subsequently we will derive the correspoﬁding implications of liquidity-
constraint models and of the efficient-contract model. It will be seen that all of the models
differ systematically from one another.

Before we proceed, a caveat is in order. What we are asserting is that longitudinal
panel data could be gathered that would allow discounted present values and the marginal
rates of substitution to be observed or estimated. We are not claiming that currently
existing data is necessarily adequate for this purpose. To the contrary, we do not know
whether any data set contains all of the information on households’ income, consumption

and asset balances that would probably be required. One of the functions of theory is to

21 Here we ignore households that receive boundary consumption bundles.
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guide the collection of data, and we suspect that new data may have to be assembled to

conduct the sort of study that we envision.
5.1. The Permanent-Income Model

In the two-period environment, the permanent-income model reduces to &, model of
a competitive market at date 0 for lending and borrowing between dates.O and 1, which
opens after households have already learned their income levels. Therefore an interior
permanent-income allocation is characterized by the feasibility conditions (24) and (25),

and by the following equilibrium conditions:22

Vib: + C(wi) = o], (26)

and

Vi C' (i) (us + bi) = 1] (that is, MRS = MRT). (27)

Conditions (26) and (27) respectively imply the two comparisons across households (that
is, in terms of present discounted values and of marginal rates of substitution) that we

have asserted the model to imply.
5.2. Liquidity-Constraint Models

Liquidity-constraint models add three features to the permanent-income model.
First, the interest rate need not be identical to the MRT determined by technology. Second,
the interest rate paid to savers may be less than the interest rate paid by borrowers. Third,
there may be a non-budget constraint on the amount of indebtedness that is allowed. Let

7,8, and A be the interest rate paid to savers, the interest rate paid by borrowers, and the

22 This characterization could be extended in the usual way to equilibria in which some households
consume at the boundary of their feasible sets, by replacing (26) with a pair of inequalities involving
Lagrange multipliers (that is, one inequality and one multiplier for each date) with complementary slackness
conditions imposing equality except at the consumption-set boundaries.
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rationing constraint on indebtedness respectively. Besides the feasibility conditions (24)

and (25), the following characterization of optimization by households defines equilibrium.

vilbi <, (28)
Vi [b,- < 0= b +7C(v) = 0 and RC'(o)w/(yi + ;) = 7], (29)
Vilbi = 0 = C(2) = 0 and 7 < RC(v)w/(ys + b;) < 9, (30)
Vi[0 < b < A== b + 6C(0) = 0 and RC'(v)w'(3: + bi) =6, (31)
and
Vi[bi = A = b; + 6C(v) = 0 and EC"(v)w'(y; + b;) 5] . (32)

It has already been pointed out that the assumptions that households optimize rel-
ative to the constraints of this model and that markets clear determine an equilibrium
concept formally. But note that the equilibrium concept is incomplete, because it is not
specified what kind of optimization or strategic interaction occurs among intermediaries.
Now we will consider three kinds of assumption that have been used elsewhere to complete
this model.23 All three of these modelling strategies require further assumptions beyond
the ones that we have made, in order to fully endogenize the allocations that we will pro-
pose. Thus we will describe these models informally, but characterize precisely the aspects

of their equilibrium allocations with which we are directly concerned.

B The usury-law model posits that intermediaries are competitive in the sense that

they take their competitors’ decisions to be parametric and that free entry imposes

23 The reader is referred to Hayashi (1987) for a discussion of this literature.
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a zero-profit condition on equilibrium. It is assumed that there is a usury interest-
rate ceiling below what is implied by the MRT and that savings and investment
are imperfect substitutes for households (possibly because investment is risky and a
household cannot hold a diversified portfolio, or possibly for the simple reason that
households do not have direct access to investment) so that some households save
a positive amount at this ceiling rate. It is also assumed that intermediaries are
subject to a portfolio constraint, that the savings they receive must be lent rather
than invested. The interest rate to be paid by borrowers is set at the usury ceiling—
as high as is permitted. By the zero-profit constraint, the interest rate paid to
lenders must also be set at the ceiling. If the demand to borrow exceeds the supply
of savings at this rate, then credit will be rationed. Since the interest rate for all
households is below R, the households that borrow more will have higher present
discounted values of net trade. Borrowing will be inversely related to income at date
0, with strict monotonicity above the income level where notional demand to borrow
is equal to the credit constraint. Since it is the low-income households that will be
constrained, the MRS of date 1 consumption for date 0 consumption is higher for
low-income (at date 0) households than for high-income households. In the range of
income where the credit constraint is binding, this MRS will be strictly decreasing

in income.

The default model posits that some borrowing households are unable (perhaps
because of a “spatial-separation” constraint) to repay their debts at date 1, or that
they become exempt from the legal consequences of nonpayment and therefore decide
not to repay. We assume that a proportion 1 — 8 of households would default if they
were to borrow, that this proportion is identical for all income levels, and that no
household has private information regarding its propensity to default. For simplicity,

we will assume that the defaulting households make no repayment whatsoever and
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that they consume their entire income at date 1.2¢ Thus competitive intermediaries
set the interest rate for savers at R, and they set the interest rate for borrowers at
a level such that the borrowers who repay provide R times the total amount that
was borrowed: that is, R/f. Borrowing will be decreasing in income and strictly
decreasing at some levels if the lowest-income households borrow a positive amount
(since the highest-income households must consequently save a positive amount).
Households that save will have net trades with a present discounted value of zero,
while households that borrow and repay will have net trades with present discounted
values that become more negative the higher the level of borrowing. Since a bor-
rowing household pays interest at rate R/8 with probability 6 and at rate 0 with
probability 1 — 8, the expected interest rate is R. Therefore the expected interest
rate is R for all households, and therefore (neglecting boundary consumption) the
MRS is the same for all households except those that default.

B The monopoly model assumes thai the households can only save through the
intermediary, and that the intermediary is a monopolist. Thus the interest rate for
creditors will be below R, and the interest rate for borrowers will be above R. Thus
all households except those that coﬁsume their endowments will have net trades with
negative discounted present value. Lower-income households will be the borrowers,
and they will therefore have higher MRS than do the higher-income households that
lend (since the MRS of each household will be equal to the interest rate that it faces).

5.3. The Efficient-Contract Model

A contract in this environment is a function I' that assigns a pair (b;,v;) to each
income level y;. As before, the argument of I' should be conceived as an unverifiable

report about income rather than as actual income. The image of I' represents a net trade

2¢  We are going to focus on the consumption bundles of savers and of non-defaulting borrowers. The
qualitative conclusions that we derive will be robust to changing this specific assumption.
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at date 0 and a guaranteed level of expected utility that the household will receive from

consumption at date 1.

Vivj [bj = —y; = w(y; + b;) + v; > w(y; + b;) + vj] . (33)
Note that, if a household with actual income y; would receive an infeasible net trade by
reporting income y;, then the question of utility comparison is irrelevant. Therefore the

incentive compatibility condition (33) has the logical form of an implication.25

Define

U(T) = Bl miu(y; + by, v;). (34)

(No confusion with the infinite-horizon utility function U(X) of (1) will arise.) Now the

efficient-contract allocation can be characterized as the solution of the problem:
Maximize U(T") subject to (24), (25), and (33). (35)

The qualitative features of the solution are well known, if all households’ consumption
is strictly above the minimum level at both dates and if investment is strictly positive (that

is, B2 mib; < 0). In particular, the following three conditions hold:26

Vi < n[b,- +C(v) > by + C'(v,-+1)] : (36)

Vi < n[c'(v,-)w'(y,- 1 B) < 1], (37)

25 This situation of immediate non-survival as a consequence of misrepresentation contrasts sharply
with the potential for misrepresentation of endowments in models where a household is able to borrow
by overstating future income about which it has private information, and where an intermediary is later
left “holding the bag” because the contractually specified repayment is infeasible. This latter kind of
informational environment is usually used (for example, by Farmer (1988) and by Gale and Hellwig (1985))
to derive liquidity constraints in an equilibrium setting.

26 Analogues of these conditions, but with weak inequality rather than strict inequality, are proved
by Hart (1983), for example. Oh and Green (1991) have proved the strict-inequality versions. Besides
strengthening the results in this way, they have given a direct proof that avoids asserting a comstraint-
qualification condition. This assertion is required for the validity of the usual proof, but to the best of our
Jmowledge it has not yet been established.
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and

C'(va)w'(yn + bn) = 1. (38)

Since b;+C(v;) is the present discounted value of the net trade received by households

with income y; at date 0, (36) shows that the efficient contract succeeds in providing some
insurance in present discounted value terms. That is, households with low temporary
income (and thus ceteris paribus with lower present discounted value of endowment) will
receive net trades with higher present discounted value. An obvious way to effect such
insurance would be to have a lump-sum tax, the proceeds of which would be used to
subsidize borrowing at an interest rate below the MRT. Condition (37) is consistent with
the existence of such a scheme. However, (38) imposes the condition that MRS = MRT on
households at the highest income level. This is another way, in addition to the failure of
Hall’s martingale condition (5), to see that the optimal contract cannot be implemented by
a bﬁdget constraint alone. The best description of the efficient-contract allocation may be
that lower-income households are being rationed in their access to subsidized credit. This
is a substantially different sort of rationing than is contemplated by any of the liquidity-

constraint models discussed above.

6. Summary and Conclusions

The following table summarizes the comparisons that we have made in the preceding
section. This table supposes that all households consume at levels strictly above their
minimum consumption levels at both dates, and that investment is strictly positive.2? In
the labels for this table, MRS and PDV refer to the marginal rate of substitution and
the present discounted value of net trade for a household having a particular status in

the model (for example, borrowers’ PDV). Where we refer to lenders, in the case of the

27  Strictly positive investment is sufficient for the first-order conditions (27) and (38) to hold with
equality. Note that the equality between MRS arid MRT is contrary to the assumption of the usury-law
model.
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efficient-contract model we mean specifically the households at the highest income level
Yn. Where we refer to borrowers, in the case of the default model we mean specifically
borrowers wﬁo repay their debt at date 1, and in the case of the efficient-contract model
we mean specifically households at the lowest income level. By A PDV (resp. A MRS),
we refer to the difference between the PDV (resp. MRS) of the highest-income and lowest-
income households. In the entries of the table, the symbols 0, +, and —~ indicate whether
the relevant quantity is equal to, greater than or less than, respectively, the analogous
quantity in the permanent-income model. The symbol ? in an entry indicates that the

quantity is indeterminate.

Comparisons among the Model

MODEL Permanent Usury Default Monopoly Efficient

Income Law Contract
Lenders’ PDV 0 - 0 - -
Borrowers’ PDV 0 + - - +
A PDV 0 — + ? -
Lenders’ MRS 0 - 0 - 0
Borrowers’ MRS 0 ? 0 + -
A MRS 0 - 0 - +

This table makes it clear that, in principle, the equilibrium allocations of all five
of the models can be distinguished from one another on the basis of observable features.
One caveat might be that the intertemporal MRT of the economy plays an essential role in
assessing the features (especially for PDV) and that the imprecision of measuring the MRT
would make the comparisons envisioned here untrustworthy. We believe that this problem
may have the least significance for the comparisons in terms of A PDV and A MRS.
That is, we would expect measurements of systematic differences between households with

disparate net trades to be more robust than the corresponding measurements of the net
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trades of the individual households (or homogeneous groups of households). If this is so,
then it is appropriate to ask how completely the various models can be distinguished from
one another ir; terms of A PDV and A MRS alone. Most of the models can be distinguished
from one another in terms of these two features; the exception is that the usury-law model
and the monopoly model are indistinguishable. The efficient-contract model, in particular,
can be distinguished from all of the liquidity-constraint models in this way. The possibility

of such discrimination among models is the main thesis that we have argued here.
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