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DEVWUDFW

Wklv sdshu dqdo|vhv wkh h�hfwv ri rshq pdunhw rshudwlrqv rq lqwhuhvw udwhv lq d prgho lq zklfk
djhqwv pxvw sd| d �{hg frvw wr h{fkdqjh dvvhwv dqg fdvk1 Dvvhw pdunhwv duh hqgrjhqrxvo|
vhjphqwhg lq wkdw vrph djhqwv fkrrvh wr sd| wkh �{hg frvw dqg vrph gr qrw1 Zkhq wkh
�{hg frvw lv }hur/ wkh prgho uhgxfhv wr wkh vwdqgdug rqh lq zklfk shuvlvwhqw prqh| lqmhfwlrqv
lqfuhdvh qrplqdo lqwhuhvw udwhv/  dwwhq wkh |lhog fxuyh/ dqg ohdg wr d grzqzdug0vorslqj |lhog
fxuyh rq dyhudjh1 Lq frqwudvw/ li pdunhwv duh vx!flhqwo| vhjphqwhg/ wkhq shuvlvwhqw prqh|
lqmhfwlrqv ghfuhdvh lqwhuhvw udwhv/ vwhhshq ru hyhq wzlvw wkh |lhog fxuyh/ dqg ohdg wr dq xszdug0
vorslqj |lhog fxuyh rq dyhudjh1

�Zh wkdqn Urehuw H1 Oxfdv/ Mu1/ Ghdq Fruedh/ dqg Vwdqoh| ]lq iru wkhlu frpphqwv dqg dfnqrzohgjh vxssruw
iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq1 Wkh ylhzv h{suhvvhg khuhlq duh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo|
wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv ru wkh Ihghudo Uhvhuyh V|vwhp1



Zh vwxg| wkh frqqhfwlrq ehwzhhq prqh| dqg lqwhuhvw udwhv lq d prgho zlwk hqgrjh0

qrxvo| vhjphqwhg pdunhwv1 Lq wkh prgho/ djhqwv pxvw sd| d �{hg frvw wr wudqvihu prqh|

ehwzhhq wkh dvvhw pdunhw dqg wkh jrrgv pdunhw1 Lq htxloleulxp/ lq dq| shulrg/ vrph djhqwv

fkrrvh wr sd| wkh �{hg frvw dqg wkxv/ dw wkh pdujlq/ iuhho| wudgh erqgv dqg prqh|1 Rwkhu

djhqwv fkrrvh qrw wr sd| wkh �{hg frvw dqg/ khqfh/ gr qrw pdnh vxfk wudghv1 Wkxv/ wkh dvvhw

pdunhw lv vhjphqwhg lq wkh vhqvh wkdw zkhq wkh jryhuqphqw lqmhfwv prqh| wkurxjk dq rshq

pdunhw rshudwlrq/ rqo| d iudfwlrq ri wkh djhqwv lq wkh hfrqrp| duh rq wkh rwkhu vlgh ri wkh

wudqvdfwlrq1 Zh xvh wklv prgho wr vwxg| wkh uhvsrqvh ri lqwhuhvw udwhv wr d prqh| jurzwk

vkrfn dqg wkh lpsolfdwlrqv ri prqhwdu| srolf| iru wkh dyhudjh whup vwuxfwxuh ri lqwhuhvw udwhv1

Zh irfxv rq wzr ihdwxuhv ri prqh| dqg lqwhuhvw udwhv wkdw kdyh ehhq glvfxvvhg h{0

whqvlyho| lq wkh olwhudwxuh1 Rqh lv wkdw dw ohdvw vlqfh Iulhgpdq +4<9;,/ wkhuh kdv ehhq d

eholhi wkdw rshq pdunhw rshudwlrqv kdyh oltxlglw| h�hfwv= prqh| lqmhfwlrqv ohdg lqlwldoo| wr

d ghfolqh lq vkruw0whup qrplqdo lqwhuhvw udwhv1 Wkhvh oltxlglw| h�hfwv duh wkrxjkw wr ghfd|

ryhu wlph/ zlwk vkruw0whup udwhv hyhqwxdoo| uhwxuqlqj wr qrupdo ohyhov ru hyhq ulvlqj1 Dffrug0

lqjo|/ prqh| lqmhfwlrqv duh wkrxjkw wr vwhhshq wkh |lhog fxuyh/ orzhulqj orqj0whup udwhv ohvv

wkdq vkruw0whup udwhv ru hyhq udlvlqj orqj0whup udwhv1 Wkh rwkhu ihdwxuh zh irfxv rq lv wkh

zlgho| grfxphqwhg idfw wkdw wkh |lhog fxuyh lv xszdug0vorslqj rq dyhudjh1 +Vhh/ iru h{dpsoh/

Fdpsehoo/ Or/ dqg PdfNlqod| 4<<:1,

Rxu prgho fdq surgxfh erwk ri wkhvh ihdwxuhv zkloh wkh vwdqgdug prgho fdqqrw1 Lq

wkh vwdqgdug prgho zlwkrxw vhjphqwhg pdunhwv/ shuvlvwhqw prqh| lqmhfwlrqv lqfuhdvh lqwhuhvw

udwhv ri doo pdwxulwlhv/  dwwhq wkh |lhog fxuyh/ dqg ohdg wr d grzqzdug0vorslqj |lhog fxuyh rq

dyhudjh1 Lq frqwudvw/ lq rxu prgho/ li pdunhwv duh vx!flhqwo| vhjphqwhg/ wkhuh duh oltxlglw|

h�hfwv= shuvlvwhqw prqh| lqmhfwlrqv orzhu vkruw0whup qrplqdo lqwhuhvw udwhv/ vwhhshq ru hyhq



wzlvw wkh |lhog fxuyh/ dqg ohdg wr dq xszdug0vorslqj |lhog fxuyh rq dyhudjh1

Wkh edvlf lghd wkdw prqh| lqmhfwlrqv kdyh oltxlglw| h�hfwv ehfdxvh rqo| d iudfwlrq ri

djhqwv sduwlflsdwh lq dq| jlyhq rshq pdunhw rshudwlrq lv idploldu iurp Jurvvpdq dqg Zhlvv

+4<;6, dqg Urwhpehuj +4<;7,1 Wkhlu prghov duh fdvk0lq0dgydqfh prghov lq zklfk kdoi wkh

djhqwv fdq wudqvihu prqh| ehwzhhq wkh dvvhw pdunhw dqg wkh jrrgv pdunhw lq hyhq shulrgv

dqg kdoi fdq gr vr lq rgg shulrgv1 Lq wkhvh prghov/ pdunhwv duh vhjphqwhg lq wkh vhqvh wkdw

zkhq wkh jryhuqphqw lqmhfwv prqh|/ rqo| wkrvh djhqwv fxuuhqwo| lq frqwdfw zlwk wkh dvvhw

pdunhw devrue wkh qhz prqh|1 Lq dgglwlrq wr wkhvh wudglqj iulfwlrqv/ wkh Jurvvpdq0Zhlvv0

Urwhpehuj prghov h{rjhqrxvo| olplw dvvhw wudgh wr xqfrqwlqjhqw erqgv1 Ehfdxvh ri wkdw

pdunhw lqfrpsohwhqhvv/ lq dgglwlrq wr wkh sxuh oltxlglw| h�hfwv iurp wkh wudglqj iulfwlrqv/

wkhvh prghov kdyh frpsolfdwhg zhdowk h�hfwv zklfk h�hfwlyho| olplw wkhvh vwxglhv wr rqhwlph

xqdqwlflsdwhg vkrfnv lq ghwhuplqlvwlf hqylurqphqwv1

Wkh vxevhtxhqw olwhudwxuh/ lqlwldwhg e| Oxfdv +4<<3,/ rujdql}hv djhqwv lq frdolwlrqv dv

d vlpsoh ghylfh wr devwudfw iurp zhdowk h�hfwv1 Lq d frdolwlrq/ djhqwv srro wkhlu uhvrxufhv dqg

fkrrvh frqvxpswlrq vxemhfw wr d vlqjoh exgjhw frqvwudlqw iru wkh frdolwlrq dv d zkroh/ vxemhfw

wr uhvwulfwlrqv rq wkh wudglqj whfkqrorj|1 Jlyhq wkh wudglqj whfkqrorj|/ wkhq/ pdunhwv duh

frpsohwh1 Wkxv/ prqhwdu| lqmhfwlrqv kdyh uhdo h�hfwv rqo| ehfdxvh ri wkh wudglqj iulfwlrqv

dqg qrw ehfdxvh ri dgglwlrqdo h{rjhqrxv pdunhw lqfrpsohwhqhvv1

Wkh prghov lq wklv olwhudwxuh duh glvwlqjxlvkhg e| w|shv ri wudglqj iulfwlrqv1 Lq Ox0

fdv +4<<3,> Ixhuvw +4<<5,> Fkdul/ Fkulvwldqr/ dqg Hlfkhqedxp +4<<8,> dqg Fkulvwldqr dqg

Hlfkhqedxp +4<<8,/ wkh wudglqj iulfwlrq lv wkdw wkh frdolwlrq pxvw glylgh lwv fdvk hdfk shulrg

lqwr d sruwlrq wr eh xvhg wr sxufkdvh jrrgv dqg d sruwlrq wr eh wudghg iru erqgv lq wkh dvvhw

pdunhw ru xvhg e| �upv lq surgxfwlrq/ ehiruh wkh vl}h ri wkh fxuuhqw rshq pdunhw rshudwlrq
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lv dqqrxqfhg1 Xqiruwxqdwho|/ lq vlpsoh yhuvlrqv ri wkhvh prghov/ oltxlglw| h�hfwv odvw rqo|

rqh shulrg14 Doyduh} dqg Dwnhvrq +4<<:, xvh dq dowhuqdwlyh w|sh ri iulfwlrq wkdw shuplwv

djhqwv wr eh lq frqwdfw zlwk dvvhw pdunhwv rqo| dw h{rjhqrxv wlphv1 Wklv prgho fdq jhqhudwh

shuvlvwhqw oltxlglw| h�hfwv/ exw rqo| zkhq yhorflw| lv h{wuhpho| orz1

Khuh zh xvh d gl�huhqw iulfwlrq= rxu wudglqj whfkqrorj| uhtxluhv wkdw djhqwv pxvw sd|

d �{hg frvw wr wudqvihu prqh| ehwzhhq wkh jrrgv pdunhw dqg wkh dvvhw pdunhw1 Lq dgglwlrq/

wudgh lq wkh jrrgv pdunhw lv vxemhfw wr d fdvk0lq0dgydqfh frqvwudlqw1 Khuh/ dv lq Oxfdv +4<<3,/

jlyhq wkh wudglqj whfkqrorj|/ pdunhwv duh frpsohwh1 Lq hdfk shulrg/ lw lv rswlpdo iru djhqwv

wr iroorz d w|sh ri fxwr� uxoh1 Djhqwv zlwk kljk uhdo edodqfhv sd| wkh �{hg frvw wr wudqvihu

fdvk wr wkh dvvhw pdunhw/ zkloh wkrvh zlwk orz uhdo edodqfhv sd| wkh �{hg frvw wr rewdlq fdvk

iurp wkh dvvhw pdunhw1 Djhqwv zlwk phglxp uhdo edodqfhv gr qrw sd| wkh �{hg frvw dqg

vlpso| frqvxph wkhlu fxuuhqw fdvk kroglqjv1 Wkh dvvxpswlrq ri frpsohwh pdunhwv pdnhv wkh

prgho wudfwdeoh/ ehfdxvh wklv dvvxpswlrq lpsolhv wkdw doo djhqwv iroorz wkh vdph fxwr� uxoh1

Zh uhihu wr wkh djhqwv zkr sd| wkh �{hg frvwv dv wudghuv/ dqg zh uhihu wr wkrvh zkr gr qrw

dv qrqwudghuv1

Wkh �{hg frvw lv wkh nh| gl�huhqfh ehwzhhq rxu prgho dqg d vwdqgdug fdvk0lq0dgydqfh

prgho1 Li wkh �{hg frvw lv }hur/ wkhq doo djhqwv duh wudghuv/ dqg rxu prgho uhgxfhv wr d

vwdqgdug prgho1 Wkhq prqh| lqmhfwlrqv kdyh qr h�hfw rq uhdo lqwhuhvw udwhv dqg wkxv d�hfw

qrplqdo lqwhuhvw udwhv rqo| wkurxjk wkhlu h�hfw rq h{shfwhg lq dwlrq1 Vlqfh shuvlvwhqw prqh|

jurzwk vkrfnv udlvh h{shfwdwlrqv ri lq dwlrq/ wkhvh vkrfnv udlvh qrplqdo lqwhuhvw udwhv1 Li wkh

4Lq d yduldqw rq wkhlu edvlf prgho/ Fkdul/ Fkulvwldqr/ dqg Hlfkhqedxp +4<<8, dqg Fkulvwldqr dqg Hlfkhq0
edxp +4<<8, vkrz krz lqwurgxflqj frvwv ri sruwirolr dgmxvwphqw fdq ohdg wr orqjhu odvwlqj oltxlglw| h�hfwv1
Hydqv dqg Pduvkdoo +4<<:, xvh wklv prgho wr dqdo|}h wkh uhvsrqvh ri lqwhuhvw udwhv ri gl�huhqw pdwxulwlhv wr
prqhwdu| vkrfnv1
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�{hg frvw lv srvlwlyh/ krzhyhu/ zkhq wkh jryhuqphqw lqmhfwv prqh| e| ex|lqj erqgv/ rqo| wkh

iudfwlrq ri djhqwv zkr duh wudghuv duh rq wkh rwkhu vlgh ri wkh pdunhw1 Prqh| lqmhfwlrqv idoo

glvsursruwlrqdwho| rq wkhvh djhqwv/ zkr wkxv lqfuhdvh wkhlu fxuuhqw frqvxpswlrq/ ghfuhdvh

wkhlu fxuuhqw pdujlqdo xwlolw|/ dqg/ khqfh/ ghfuhdvh uhdo lqwhuhvw udwhv1 Zh uhihu wr wklv

dgglwlrqdo h�hfw ri prqh| lqmhfwlrqv rq lqwhuhvw udwhv dv wkh vhjphqwdwlrq h�hfw1 Li wklv

vhjphqwdwlrq h�hfw rxwzhljkv wkh vwdqgdug h{shfwhg lq dwlrq h�hfw/ wkhq d shuvlvwhqw lqfuhdvh

lq prqh| jurzwk lq wkh prgho kdv d shuvlvwhqw oltxlglw| h�hfw rq lqwhuhvw udwhv1

Rxu prgho*v lpsolfdwlrqv iru wkh dyhudjh |lhog fxuyh dovr gl�hu iurp wkrvh ri wkh vwdq0

gdug prgho1 Lq wkh vwdqgdug prgho/ wkh �{hg frvw lv }hur dqg prqh| jurzwk vkrfnv kdyh rqo|

vwdqgdug h{shfwhg lq dwlrq h�hfwv zklfk/ e| wkhpvhoyhv/ whqg wr pdnh wkh dyhudjh qrplqdo

|lhog fxuyh grzqzdug0vorslqj1 Lq frqwudvw/ lq rxu prgho/ zkhq wkh �{hg frvw lv srvlwlyh

dqg prqh| vkrfnv duh phdq0uhyhuwlqj/ wkh frqvxpswlrq ri wudghuv lv phdq0uhyhuwlqj ehfdxvh

ri wkh vhjphqwdwlrq h�hfw1 Jhqhudoo|/ li wkh frqvxpswlrq ri djhqwv lq �qdqfldo pdunhwv lv

phdq0uhyhuwlqj/ wkhq wkh |lhog fxuyh iru uhdo lqwhuhvw udwhv lv xszdug0vorslqj +Fdpsehoo 4<;9>

Edfnxv/ Juhjru|/ dqg ]lq 4<;</ 4<<;> dqg Odedglh 4<<7,1 Li wklv vhjphqwdwlrq h�hfw rxw0

zhljkv wkh vwdqgdug h{shfwhg lq dwlrq h�hfw/ wkhq wkh qrplqdo |lhog fxuyh lv xszdug0vorslqj1

Ilqdoo|/ rxu prgho lv uhodwhg wr wkh Edxpro +4<85, dqg Wrelq +4<89, prghov lq zklfk

djhqwv sd| d �{hg frvw hdfk wlph wkh| wudgh erqgv dqg prqh|1 Mrydqrylf +4<;5,/ Urphu

+4<;9,/ dqg Fkdwwhumhh dqg Fruedh +4<<5, ghyhors jhqhudo htxloleulxp yhuvlrqv ri wkhvh prg0

hov dqg xvh wkhp wr vwxg| krz gl�huhqw frqvwdqw lq dwlrq udwhv d�hfw wkh vwhdg| vwdwh1 Lq

frqwudvw wr doo ri wkrvh vwxglhv/ krzhyhu/ wklv rqh h{dplqhv wkh g|qdplf uhvsrqvh ri lqwhuhvw

udwhv wr prqh| jurzwk vkrfnv1
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41 Wkh Hfrqrp|

Frqvlghu d fdvk0lq0dgydqfh hfrqrp| zlwk dq lq�qlwh qxpehu ri shulrgv | ' fc �c 2c � � � c

d jryhuqphqw/ dqg d frqwlqxxp ri djhqwv ri phdvxuh �1 Wudgh lq wklv hfrqrp| rffxuv lq wzr

vhsdudwh orfdwlrqv= dq dvvhw pdunhw dqg d jrrgv pdunhw1 Lq wkh dvvhw pdunhw/ djhqwv wudgh

fdvk dqg erqgv zklfk surplvh gholyhu| ri fdvk lq wkh dvvhw pdunhw lq wkh qh{w shulrg/ dqg

wkh jryhuqphqw lqwurgxfhv fdvk yld rshq pdunhw rshudwlrqv1 Lq wkh jrrgv pdunhw/ djhqwv xvh

fdvk wr ex| jrrgv vxemhfw wr d fdvk0lq0dgydqfh frqvwudlqw/ dqg djhqwv vhoo wkhlu hqgrzphqwv

iru fdvk1 Djhqwv idfh d uhdo �{hg frvw ri � iru hdfk wudqvihu ri fdvk ehwzhhq wkh dvvhw pdunhw

dqg wkh jrrgv pdunhw�

Wklv hfrqrp| kdv wzr vrxufhv ri xqfhuwdlqw|= lglrv|qfudwlf vkrfnv wr djhqwv* hqgrz0

phqwv dqg vkrfnv wr prqh| jurzwk1 Hdfk shulrg | � �/ hdfk djhqw lq wkh hfrqrp| kdv dq

hqgrzphqw + zklfk lv lqghshqghqw dqg lghqwlfdoo| glvwulexwhg zlwk glvwulexwlrq 8 zklfk kdv

ghqvlw| s� Ohw t '
U
+sE+�_+ eh wkh frqvwdqw djjuhjdwh hqgrzphqw1 Lq shulrg �c djhqwv

dovr kdyh +f*>� uhdo edodqfhv lq wkh jrrgv pdunhw/ zkhuh +f dovr kdv glvwulexwlrq 8 dqg >�

lv wkh prqh| jurzwk vkrfn dw wkh ehjlqqlqj ri shulrg �� Lq shulrg fc djhqwv kdyh 7� xqlwv

ri jryhuqphqw ghew/ zklfk lv d fodlp rq 7� grooduv lq wkh dvvhw pdunhw lq shulrg f1 Ohw

+| ' E+fc +�c +2c � � � c +|� ghqrwh d w|slfdo klvwru| ri lqglylgxdo vkrfnv xs wkurxjk shulrg | dqg

sE+|� ' sE+f�sE+�� � � � sE+|� wkh suredelolw| ghqvlw| ryhu vxfk klvwrulhv1 Ohw �| ghqrwh wkh

djjuhjdwh vwrfn ri prqh| lq shulrg |c dqg ohw >| ' �|*�|3� ghqrwh wkh jurzwk udwh ri wkdw

prqh| vxsso|1 Ohw >| ' E>�c � � � c >|� ghqrwh wkh klvwru| ri prqh| jurzwk vkrfnv xs wkurxjk

shulrg |c dqg ohw }E>|� ghqrwh wkh suredelolw| ghqvlw| ryhu vxfk klvwrulhv1 Ohw } E>|m>|3��

ghqrwh wkh frqglwlrqdo ghqvlw| ri >| jlyhq >|3��

Wkh wlplqj zlwklq hdfk shulrg | � � lv dv iroorzv1 Dw wkh ehjlqqlqj ri wkh shulrg/
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prqh| jurzwk >| lv uhdol}hg/ erqgv dqg fdvk duh h{fkdqjhg lq wkh dvvhw pdunhw/ dqg djhqwv

sd| fdvk lq wkh dvvhw pdunhw wr d �up wkdw wudqvihuv fdvk ehwzhhq wkh dvvhw dqg jrrgv

pdunhwv1 Djhqwv wkhq xvh uhdo edodqfhv lq wkh jrrgv pdunhw wr sxufkdvh frqvxpswlrq ehiruh

ohduqlqj wkh uhdol}dwlrq ri wkhlu hqgrzphqw/ dqg wkhq wkh| vhoo wkhlu hqgrzphqw +| iru fdvk1

Lq shulrg fc wkhuh lv qr wudgh lq jrrgv/ dqg djhqwv vlpso| wudgh erqgv1

Wkh jryhuqphqw lvvxhv rqh0shulrg erqgv frqwlqjhqw rq wkh djjuhjdwh vwdwh >|1 Lq

shulrg |/ jlyhq vwdwh >|c wkh jryhuqphqw sd|v r� rxwvwdqglqj erqgv � E>|� lq fdvk dqg lvvxhv

fodlpv wr fdvk lq wkh qh{w dvvhw pdunhw ri wkh irup �E>|c >|n�� dw sulfhv ^E>|c >|n��1 Wkh

jryhuqphqw exgjhw frqvwudlqw lq shulrg | � �c jlyhq vwdwh >|/ lv

�E>|� ' �
�
>|

�#
�� �

>|

$
n

]
>|n�

^E>|c >|n���
�
>|c >|n�

�
_>|n��+4,

Lq shulrg fc wklv frqvwudlqw lv 7� '
U
>�
^E>��� E>�� _>��

Lq wkh dvvhw pdunhw lq hdfk shulrg dqg vwdwh/ djhqwv wudgh d vhw ri rqh0shulrg erqgv

wkdw kdyh sd|r�v qh{w shulrg zklfk duh frqwlqjhqw rq erwk wkh djjuhjdwh hyhqw >|n� dqg wkhlu

hqgrzphqw uhdol}dwlrq +|1 Dq djhqw lq | zlwk djjuhjdwh vwdwh >|c dqg lqglylgxdo vkrfn klvwru|

+|3� sxufkdvhv �
�
>|c >|n�c +

|3�c +|
�
fodlpv wr fdvk wkdw sd| r� lq wkh qh{w shulrg frqwlqjhqw

rq wkh djjuhjdwh vkrfn >|n� dqg wkh djhqw*v hqgrzphqw vkrfn +|� Zh ohw ^E>|c >|n�c +|� eh wkh

sulfh ri vxfk d erqg wkdw sd|v rqh groodu lq wkh dvvhw pdunhw lq shulrg | n � frqwlqjhqw rq

wkh uhohydqw hyhqwv1 Ehfdxvh lqglylgxdo hqgrzphqwv duh l1l1g1 dfurvv lqglylgxdov/ zh dvvxph

wkdw wkhvh erqg sulfhv gr qrw ghshqg rq wkh qdph ri wkh lqglylgxdo1

Lqvwhdg ri ohwwlqj hdfk djhqw wudgh lq doo srvvleoh fodlpv frqwlqjhqw rq rwkhu djhqwv*

hqgrzphqwv/ zh vxssrvh wkdw hdfk djhqw wudghv rqo| lq fodlpv frqwlqjhqw rq wkh djhqw*v rzq

hqgrzphqw zlwk vrph lqwhuphgldu|1 Wklv lqwhuphgldu| ex|v jryhuqphqw erqgv dqg wudghv lq

9



wkh djhqw0vshfl�f frqwlqjhqw fodlpv1 Wklv odwwhu dssurdfk lv pxfk ohvv fxpehuvrph wkdq wkh

iruphu dqg |lhogv wkh vdph rxwfrphv1 Vshfl�fdoo|/ wkh lqwhuphgldu| ex|v jryhuqphqw erqgv

�E>|� dqg vhoov djhqw0vshfl�f fodlpv ri wkh irup � E>|c +|3�� wr doo wkh djhqwv wr pd{lpl}h

sur�wv

]
>
|n�

]
+|
^E>|c >|n�c +|��

�
>|c >|n�c +

|3�c +|
�
sE+|3�� _+|_>|n��

]
>|n�

^E>|c >|n���
�
>|c >|n�

�
_>|n�

vxemhfw wr wkh frqvwudlqw

�E>|n�� '
]
+|
�

�
>|n�c +|

�
sE+|� _+|�+5,

Odfn ri duelwudjh uhtxluhv wkdw wkh sulfh ixqfwlrqv ^E>|c +|3�� dqg ^E>|� vdwlvi| ^E>|c +|3�� '

^E>|�sE+|3��1 Qrwlfh wkdw zlwk wkhvh sulfh ixqfwlrqv/ wkh sur�wv ri wkh lqwhuphgldu| duh }hur1

Frqvlghu qrz wkh sureohp ri dq lqglylgxdo djhqw1 Ohw � E>|� ghqrwh wkh sulfh ohyho lq

wkh jrrgv pdunhw lq shulrg |� Lq wkh jrrgv pdunhw/ lq hdfk shulrg | � �c djhqwv vwduw zlwk

uhdo edodqfhv 6E>|c +|3��1 Wkh| wkhq fkrrvh wudqvihuv ri uhdo edodqfhv ehwzhhq wkh jrrgv

pdunhw dqg wkh dvvhw pdunhw %E>|c +|3��c dq lqglfdwru yduldeoh 5E>|c +|3�� htxdo wr }hur li

wkhvh wudqvihuv duh }hur dqg rqh li wkh| duh qrw/ frqvxpswlrq SE>|c +|3��c dqg xqvshqw uhdo

edodqfhv wr fduu| ryhu iurp jrrgv vkrsslqj @E>|c +|3�� vxemhfw wr wkh fdvk  rz frqvwudlqwv

@E>|c +|3�� ' 6E>|c +|3�� n %E>|c +|3��5E>|c +|3��� SE>|c +|3��+6,

6
�
>|n�c +|

�
'

� E>|�

� E>|n��
d+| n @E>|c +|3��o+7,

dqg wkh fdvk0lq0dgydqfh frqvwudlqwv

@E>|c +|3�� � fc+8,

:



zkhuh lq +6, zkhq | ' �c wkh whup 6E>|c +|3�� lv jlyhq e| +f*>��

Lq wkh dvvhw pdunhw/ hdfk shulrg djhqwv vwduw zlwk fdvk sd|phqwv � E>|c +|3�� rq wkhlu

erqgv dqg �E>|3�c +|32� khog ryhu dv fdvk iurp wkh suhylrxv dvvhw pdunhw1 Wkh| sxufkdvh

qhz erqgv/ pdnh fdvk wudqvihuv wr wkh jrrgv pdunhw/ dqg krog �E>|c +|3�� ryhu lq fdvk wr

wkh qh{w dvvhw pdunhw vxemhfw wr wkh vhtxhqfh ri exgjhw frqvwudlqwv iru | � �=

�
�
>|c +|3�

�
'

]
>
|n�

]
+|
^E>|c >|n���

�
>|c >|n�c +

|3�c +|
�
sE+|� _>|n�_+|n+9,

�E>|c +|3����E>|3�c +|32� n � E>|�
k
%E>|c +|3�� n �

l
5E>|c +|3��c

zlwk�E>|c +|3�� � f dqg�E>|3�c +|32� ' �f lq shulrg | ' �� Lq shulrg | ' fc wklv dvvhw pdunhw

frqvwudlqw lv 7� '
U
>�

U
+f
^E>��� E>�c +f� sE+f�_+f_>�n�f� Dvvxph wkdw erwk frqvxpswlrq dqg

uhdo erqg kroglqjv �E>|c +|3��*� E>|� duh xqlirupo| erxqghg e| vrph odujh frqvwdqwv1 Qrwlfh

wkdw �E>|c +|3�� lv fdvk wkdw djhqwv krog ryhu lq wkh dvvhw pdunhw zkloh � E>|�@E>|c +|3�� lv

fdvk wkdw djhqwv krog ryhu lq wkh jrrgv pdunhw1

Wkh sureohp ri frqvxphuv lv wr pd{lpl}h xwlolw|

"[
|'f

q|
] ]

L
�
SE>|c +|3��

�
}E>|�sE+|3�� _>|_+|3�+:,

vxemhfw wr wkh frqvwudlqwv +6,�+9,1

Wkh hfrqrp| kdv d �up wkdw wudqvihuv fdvk ehwzhhq wkh dvvhw pdunhw dqg wkh jrrgv

pdunhw1 Vlqfh hdfk wudqvihu ri fdvk frqvxphv � xqlwv ri jrrgv/ wkh wrwdo jrrgv frvw ri

fduu|lqj rxw doo wudqvihuv dw | lv �
U
5E>|c +|3��sE+|3�� _+|3�� Wkh �up sxufkdvhv wkhvh jrrgv

lq wkh jrrgv pdunhw zlwk fdvk rewdlqhg iurp frqvxphuv lq wkdw shulrg*v dvvhw pdunhw1

Wkh uhvrxufh frqvwudlqw lv jlyhq e|

] k
SE>|c +|3�� n �5E>|c +|3��

l
sE+|3�� _+|3� ' t+;,

;



iru doo |c >|/ dqg wkh prqh| pdunhw fohdulqj frqglwlrq lv jlyhq e|

�E>|�*� E>|� ' �E>|���E>|3�� n+<,

] �
6E>|c +|3�� n

k
%E>|c +|3�� n �

l
5E>|c +|3��

�
sE+|3�� _+|3�

iru doo >| zlwk �E>|� '
U
+|3� �E>|c +|3��sE+|3�� _+|3�� Ohw S ghqrwh wkh vhtxhqfh ri ixqfwlrqv

SE>|c +|3��c dqg xvh vlplodu qrwdwlrq iru rwkhu yduldeohv1

Khuh/ dq htxloleulxp lv d froohfwlrq ri erqg dqg jrrgv sulfhv ^ dqg �c wrjhwkhu zlwk

erqg kroglqjv � dqg dq doorfdwlrq Sc %c 5c @c6 vxfk wkdw wkh erqg kroglqjv dqg wkh doorfdwlrq

vroyh wkh djhqw*v xwlolw| pd{lpl}dwlrq sureohp/ wkh lqwhuphgldu| pd{lpl}hv sur�wv/ wkh jry0

huqphqw exgjhw frqvwudlqw krogv/ dqg wkh uhvrxufh frqvwudlqw dqg wkh prqh| pdunhw fohdulqj

frqglwlrqv duh vdwlv�hg1

51 Fkdudfwhul}lqj Htxloleulxp

Qrz zh fkdudfwhul}h htxloleuld lq wklv hfrqrp| lq zklfk djhqwv qhyhu krog ryhu fdvk

lq hlwkhu wkh jrrgv pdunhw ru wkh dvvhw pdunhw/ vr wkdw @ dqg � duh dozd|v }hur1 Zh gr wklv

lq vhyhudo vwhsv1 Zh �uvw fkdudfwhul}h wkh rswlpdo fkrlfh ri S dqg % jlyhq sulfhv dqg duelwudu|

uxohv iru 6c @c dqg 5/ dqg zh vxppdul}h wkhvh uhvxowv lq Sursrvlwlrq 41 Zh wkhq fkdudfwhul}h

wkh wudglqj uxoh 5c jlyhq dq duelwudu| uxoh iru 6 dqg @ dqg wkh rswlpdo uxohv iru S dqg %c

dqg zh vxppdul}h wkhvh uhvxowv lq Sursrvlwlrq 51 Lq Sursrvlwlrq 6/ zh vroyh iru htxloleulxp

Sc %c 5c dqg prqh| kroglqjv 6 xqghu wkh dvvxpswlrq wkdw erwk @ dqg � duh dozd|v }hur1 Lq

Sursrvlwlrq 7/ zh fkdudfwhul}h wkh htxloleulxp erqg kroglqjv1 Lq Sursrvlwlrq 8/ zh surylgh

vx!flhqw frqglwlrqv rq wkh prqh| jurzwk surfhvv dqg wkh hqgrzphqwv surfhvv wr hqvxuh wkdw

@ dqg � duh dozd|v }hur1

<



Lw vlpsol�hv rxu dqdo|vlv wr xvh wkh vhtxhqfh ri exgjhw frqvwudlqwv +9, wr vxevwlwxwh

rxw iru djhqwv* erqg kroglqjv dqg uhsodfh wkhvh frqvwudlqwv zlwk d vlqjoh shulrg f frqvwudlqw

rq djhqwv* wudqvihuv ri fdvk ehwzhhq wkh dvvhw pdunhw dqg wkh jrrgv pdunhw1 Wr wkdw hqg/

gh�qh shulrg f sulfhv 'E>|� iru d xqlw ri fdvk gholyhuhg lq wkh dvvhw pdunhw lq shulrg | lq vwdwh

>| dv iroorzv1 Ohw 'E>�� ' ^ E>�� dqg 'E>|� ' ^E>|3�c >|�'E>|3��� Dffruglqjo|/ dq| erxqghg

doorfdwlrq dqg erqg kroglqjv wkdw vdwlvi| +9, dovr vdwlvi| d shulrg f exgjhw frqvwudlqw=

7� �
"[
|'�

]
'E>|�

]
+|3�

q
� E>|�

k
%E>|c +|3�� n �

l
5E>|c +|3��n+43,

�E>|c +|3����E>|3�c +|32�
r
sE+|3�� _+|3�_>|�

Wkxv/ wkh frqvxphu*v sureohp fdq eh uhvwdwhg dv iroorzv= fkrrvh uhdo prqh| kroglqjv 6 dqg

@c wudglqj uxoh 5c frqvxpswlrq dqg wudqvihuv S dqg %c dqg fdvk lq wkh dvvhw pdunhw � vxemhfw

wr frqvwudlqwv +6,�+8, dqg +43,1

Frqvlghu �uvw dq djhqw*v rswlpdo fkrlfh ri frqvxpswlrq SE>|c +|3�� dqg wudqvihuv ri

uhdo edodqfhv %E>|c +|3�� jlyhq sulfhv 'E>|�c � E>|�c duelwudu| ihdvleoh fkrlfhv ri uhdo prqh|

kroglqjv 6 E>|c +|3�� dqg @E>|c +|3��c dqg d wudglqj uxoh 5E>|c +|3��� Wkhvh fkrlfhv pd{lpl}h

wkh Odjudqjldq fruuhvsrqglqj wr wkh frqvxphu*v sureohp1 Ohw DE>|c +|3�� eh wkh pxowlsolhu

rq +6, dqg b eh wkh pxowlsolhu rq +43,1 Wkh �uvw0rughu frqglwlrq fruuhvsrqglqj wr S lv/ wkhq/

q|L �
�
SE>|c +|3��

�
}E>|�sE+|3�� ' DE>|c +|3���

Wkh �uvw0rughu frqglwlrq fruuhvsrqglqj wr % lv

b'E>|�� E>|�5E>|c +|3��sE+|3�� ' DE>|c +|3��5E>|c +|3���

Iru wkrvh vwdwhv vxfk wkdw 5E>|c +|3�� ' �c wkhvh wzr �uvw0rughu frqglwlrqv lpso| wkdw

q|L �
�
SE>|c +|3��

�
}E>|� ' b'E>|�� E>|��+44,

43



Vlqfh doo djhqwv duh lghqwlfdo lq shulrg fc wkh pxowlsolhuv lq wkh Odjudqjldq duh wkh vdph iru

doo djhqwv1 Lq vxppdu|=

Sursrvlwlrq 41 Doo djhqwv zkr fkrrvh wr sd| wkh �{hg frvw iru d jlyhq djjuhjdwh vwdwh >|

kdyh lghqwlfdo frqvxpswlrq SE>|c +|3�� ' SA E>
|�c iru vrph ixqfwlrq SA � Djhqwv zkr fkrrvh qrw

wr sd| wkh �{hg frvw kdyh }hur wudqvihuv dqg frqvxpswlrq jlyhq e|

SE>|c +|3�� ' 6E>|c +|3��� @E>|c +|3���+45,

Qh{w frqvlghu dq djhqw*v rswlpdo fkrlfh ri zkhwkhu wr sd| wkh �{hg frvw wr wudgh jlyhq

sulfhv 'E>|� / � E>|� dqg duelwudu| ihdvleoh fkrlfhv ri uhdo prqh| kroglqjv lq wkh jrrgv pdunhw

6E>|c +|3��c @E>|c +|3��� Iurp Sursrvlwlrq 4/ zh kdyh wkh irup ri wkh rswlpdo frqvxpswlrq

dqg wudqvihu uxohv fruuhvsrqglqj wr wkh fkrlfhv ri 5 ' � dqg 5 ' f� Vxevwlwxwlqj wkhvh uxohv

lqwr +:, dqg +43, jlyhv wkh sureohp ri fkrrvlqj SA E>
|� dqg 5E>|c +|3�� wr pd{lpl}h

"[
|'f

q|
] ]

L
�
SA E>

|�
�
5E>|c +|3��}E>|�sE+|3�� _>|_+|3� n+46,

"[
|'f

q|
] ]

L
�
6E>|c +|3��� @E>|c +|3��

� k
�� 5E>|c +|3��

l
}E>|�sE+|3�� _>|_+|3�

vxemhfw wr wkh frqvwudlqw

7� �
"[
|'f

] ]
'E>|�

k
�E>|c +|3����E>|3�c +|32�

l
sE+|3�� _>|_+|3� n+47,

"[
|'f

] ]
'E>|�� E>|�

q
SA E>

|� n � �
k
6E>|c +|3��� @E>|c +|3��

l
5E>|c +|3��

r

�sE+|3�� _>|_+|3��

Ohw # ghqrwh wkh Odjudqjh pxowlsolhu rq +47,/ dqg frqvlghu wkh iroorzlqj yduldwlrqdo dujxphqw1

44



Jlyhq d vwdwh E>|c +|3��c wkh lqfuhphqw wr wkh Odjudqjldq ri vhwwlqj 5E>|c +|3�� ' � lq wklv

q| L
�
SA E>

|�
�
}E>|�sE+|3�� �+48,

#'E>|�� E>|�
q
SA E>

|� n � �
k
6E>|c +|3��� @E>|c +|3��

lr
sE+|3��c

zklfk lv vlpso| wkh gluhfw xwlolw| jdlq L ESA E>
|�� plqxv wkh frvw ri wkh uhtxluhg wudqvihuv1

Wkh lqfuhphqw wr wkh Odjudqjldq ri vhwwlqj 5E>|c +|3�� ' f lq wklv vwdwh lv

q|L
�
6E>|c +|3��� @E>|c +|3��

�
}E>|�sE+|3��c+49,

zklfk lv vlpso| wkh gluhfw xwlolw| jdlq vlqfh wkhuh duh qr wudqvihuv1 Wkh �uvw0rughu frqglwlrq

zlwk uhvshfw wr SA lv

q|L �

�
SA E>

|�
�
}E>|� ' #'E>|�� E>|��+4:,

Vxewudfwlqj +49, iurp +48, dqg xvlqj +4:,c zh vhh wkdw lw lv rswlpdo wr vhw 5E>|c +|3�� ' � li

� E6E>|c +|3��� @E>|c +|3��( SA E>
|�� : fc zkhuh

�E6� @( SA � ' LESA �� L �ESA � dESA n ��� E6� @�o� L E6� @� �+4;,

Qrwh wkdw � lv vwulfwo| frqyh{ lq wkh dujxphqw 6� @c lw dwwdlqv lwv plqlpxp dw 6� @ ' SA c

dqg lw lv qhjdwlyh dw wklv plqlpxp li � : f� Gh�qh wkh fxwr�v +u ESA c >� c +M ESA c >� dv wkh

vroxwlrqv wr

�E
+

>
c SA � ' fc+4<,

zkhq erwk ri wkhvh vroxwlrqv h{lvw1 Li +4<, lv qhjdwlyh iru doo +*> 	 SA c wkhq vhw +u ESA c >� ' f(

li lw lv qhjdwlyh iru doo +*> : SA c wkhq vhw +M ESA c >� ' 4� Wkxv/ dq djhqw*v ghflvlrq wr wudgh

iroorzv d fxwr� uxoh dv looxvwudwhg lq Iljxuh 41 Lq vxppdu|=

45



Sursrvlwlrq 51 Jlyhq wudghuv* frqvxpswlrq SA E>
|�c djhqwv fkrrvh 5E>|c +|3�� ' f li

6E>|c +|3��� @E>|c +|3�� 5
�
+uESA E>|�c>|�

>|
c
+MESA E>|�c>|�

>|

�
c dqg wkh| fkrrvh 5E>|c +|3�� ' � rwkhu0

zlvh1

Qh{w/ zh vxssrvh wkdw djhqwv gr qrw fduu| ryhu fdvk hlwkhu lq wkh dvvhw pdunhw ru lq

wkh jrrgv pdunhw/ vr wkdw � dqg @ duh dozd|v }hur1 Zh �uvw fkdudfwhul}h wkh uhvw ri wkh htxl0

oleulxp jlyhq wkhvh vxssrvlwlrqv dqg wkhq surylgh vx!flhqw frqglwlrqv iru wkhvh vxssrvlwlrqv

wr krog1

Li djhqwv qhyhu fduu| ryhu fdvk lq hlwkhu wkh dvvhw pdunhw ru wkh jrrgv pdunhw/ wkhq

+7,/ +;,/ dqg +<, lpso| wkdw � E>|� ' �E>|�*tc prqh| kroglqjv duh jlyhq e| 6E>|c +|3�� '

+|3�*>|c dqg frqvxpswlrq ri qrqwudghuv lv SE>|c +|3�� ' +|3�*>|� Vxevwlwxwlqj wkh qrqwudghuv*

frqvxpswlrq lqwr wkh uhvrxufh frqvwudlqw +;, dqg xvlqj wkh fxwr� uxohv gh�qhg lq +4<, jlyhv

ESA n ��d8 E+u� n �� 8 E+M�o n
�

>|

] +M

+u
+sE+� _+ ' tc+53,

zkhuh zh kdyh vxssuhvvhg h{solflw ghshqghqfh ri SA c +M c dqg +u rq >|� Fohduo|/ wkhvh fxwr�

srlqwv dqg wkh frqvxpswlrq ohyhov ri wudghuv ghshqg rqo| rq >|c zkloh wkh frqvxpswlrq ohyho

ri qrqwudghuv ghshqgv rqo| rq E>|c +|3��� Wkh htxloleulxp ydoxhv ri wkh fxwr� srlqwv dqg wkh

frqvxpswlrq ri wudghuv vroyh htxdwlrqv +4<, dqg +53,1 Il{ >| dqg xvh +4<, wr vroyh iru +u

dqg +M dv ixqfwlrqv ri SA > wkhq qrwh wkdw wkh ohiw vlgh ri +53, lv frqwlqxrxv dqg vwulfwo|

prqrwrqlf lq SA dqg lv ohvv wkdq t iru SA ' f dqg juhdwhu wkdq t dv SA ehfrphv odujh1 Wkxv/

wkhvh htxdwlrqv kdyh d xqltxh vroxwlrq iru wkh htxloleulxp ydoxhv ri wudghuv* frqvxpswlrq dqg

fxwr�v iru dq| prqh| jurzwk udwh >�

Qrwh wkdw li wkh �{hg frvw � lv }hur/ wkhq iurp +4<,/ +M ' +u/ doo frqvxphuv duh wudghuv/

dqg wkhlu frqvxpswlrq S ' t lv lqghshqghqw ri wkh prqh| lqmhfwlrq1 Lq frqwudvw/ li wkh �{hg

46



frvw lv srvlwlyh/ wkhq vrph frqvxphuv duh qrqwudghuv dqg prqh| lqmhfwlrqv kdyh glvwulexwlrqdo

h�hfwv1 Lq vxppdu|=

Sursrvlwlrq 61 Xqghu wkh vxssrvlwlrqv wkdw @ dqg � duh dozd|v }hur/ wkh htxloleulxp door0

fdwlrqv vdwlvi|

SE+|3�c >|� '

;AAA?
AAA=

+|3�*>| �s +|3� 5 E+u E>|� c +M E>|��

SA E>|� J|�eo��re

zkhuh wkh ixqfwlrqv +u E>� c +M E>� c SA E>� duh wkh vroxwlrqv wr E�b� dqg E2f�1

Wkh erqg kroglqjv lq wklv htxloleulxp kdyh d vlpsoh irup1 Iru hdfk djjuhjdwh vwdwh

>|c doo djhqwv sxufkdvh dq lghqwlfdo sruwirolr ri erqgv1 Wkdw lv/ �E>|c >|n�c +
|3�c +|� grhv qrw

ghshqg rq lqglylgxdo klvwrulhv +|3�� Wr vhh wklv/ qrwh wkdw zh fdq lwhudwh rq wkh vhtxhqfh ri

exgjhw frqvwudlqwv +9, wr jhw

�E>|c >|n�c +
|3�c +|� ' � E>|n��

k
%E>|n�c +|� n �

l
5E>|n�c +|�n+54,

"[
r'|n2

]
>r�>|n�

'E>r�

'E>|n��

]
+r3�

� E>r� d%E>rc +r3�� n �o 5E>rc +r3��sE+r3�� _+r3�_>
r�

Vlqfh wkh uljkw vlgh ri +54, grhv qrw ghshqg rq +|3�c qhlwkhu grhv wkh ohiw vlgh1 Zh nqrz/

wkhq/ iurp +5, wkdw hdfk djhqw/ uhjdugohvv ri lqglylgxdo klvwru|/ ex|v dq htxdo vkduh ri wkh

qhz jryhuqphqw ghew lvvxhg1 Wkhq/ xvlqj +9, dqg +4,/ zh kdyh wkdw lq shulrg | � � lq vwdwh

>|3�c djhqwv ex| wkh iroorzlqj erqgv wr sd| r� lq | lq vwdwh >|=

Sursrvlwlrq 71 Iru doo uhdol}dwlrqv ri >| dqg +|3� vxfk wkdw wkh djhqw zrxog eh d qrq0

wudghu lq shulrg |�qdpho|/ wkrvh wkdw vdwlvi| +|3� 5 E+u E>|� c +ME>|���wkh djhqw ex|v erqgv

surylglqj iru d sd|r� wkdw grhv qrw ghshqg rq wkh hqgrzphqw vkrfn=

�E>|c +|3�� '
]
>|n�

^E>|n���E>|n�� _>|n��+55,
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Iru doo uhdol}dwlrqv ri +|3� vxfk wkdw wkh djhqw zrxog eh d wudghu/ wkh djhqw ex|v erqgv surylglqj

iru wkh vdph frqvwdqw sd|r� dv d qrqwudghu soxv wkh frqwlqjhqw sd|r� uhtxluhg wr sd| iru wkh

dssursuldwh wudqvihu lq shulrg |c wkdw lv/

�
�
>|c +|3�

�
' � E>|� d%E>|c +|3�� n �o n

]
>|n�

^E>|n���E>|n�� _>|n��+56,

Lq shulrg | wkh jryhuqphqw zloo eh lvvxlqj qhz prqh| �E>|���E>|3�� wr sxufkdvh

vrph ri wkh rxwvwdqglqj jryhuqphqw erqgv �E>|�� Lq shulrg |� �c djhqwv sodq vr wkdw li wkh|

duh wudghuv lq |/ wkh| zloo kdyh hqrxjk h{wud erqgv wr sxufkdvh erwk wkh dprxqw ri prqh|

lqmhfwlrq wkh| qhhg wr fduu| rxw wkhlu ghvluhg wudqvihu dqg wkh dprxqw ri wkh qhz jryhuqphqw

ghew lvvxhg1 Lq wkh djjuhjdwh/ wkhvh wudghuv sxufkdvh wkh hqwluh prqh| lqmhfwlrq dv zhoo dv wkh

qhz jryhuqphqw ghew1 Lq shulrg | � �/ djhqwv sodq vr wkdw li wkh| duh qrqwudghuv lq |c wkh|

zloo rqo| kdyh hqrxjk erqgv wr sxufkdvh wkh qhz jryhuqphqw ghew lvvxhg1 Wkxv/ djhqwv sodq

wkhlu sruwirolrv vr wkdw wkhlu hqgrzphqw vkrfnv gr qrw d�hfw wkhlu ryhudoo zhdowk srvlwlrqv1

Wkh| xvh erqgv wr surylgh lqvxudqfh djdlqvw qh{w shulrg*v hqgrzphqw vkrfn1

Zh qrz ghyhors frqglwlrqv vx!flhqw wr jxdudqwhh wkdw rxu vxssrvlwlrqv krog1 Wkh

frqglwlrq iru � wr eh }hur/ vr wkdw djhqwv lq wkh dvvhw pdunhw suhihu wr vdyh xvlqj qrplqdo

erqgv udwkhu wkdq prqh|/ lv
U
^E>|c >|n��_>|n� 	 �c zklfk vlpso| hqvxuhv wkdw qrplqdo lqwhuhvw

udwhv duh srvlwlyh iru doo shulrgv | dqg vwdwhv >|� Lq whupv ri pdujlqdo xwlolwlhv/ wklv frqglwlrq

fdq eh zulwwhq dv

L �ESA E>|�� : q
]
>|n�

L �ESA E>|n���

>|n�

}E>|n�m>|� _>|n��+57,

Wr ghyhors wkh frqglwlrq iru @ wr eh }hur/ zh surfhhg dv iroorzv1 Ohw 'E>|� dqg

� E>|� eh wkh sulfhv frqvwuxfwhg deryh zkhq @ dqg � duh dozd|v }hur1 Frqvlghu d fodvv ri
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srwhqwldo ghyldwlrqv e| d vlqjoh djhqw zkhq idfhg zlwk wkhvh sulfhv1 Lq sduwlfxodu/ frqvlghu

wkh sureohp ri dq djhqw iurp shulrg | rq/ vwduwlqj lq vwdwh +>|c +|3�� zlwk duelwudu| erqg

kroglqjv 7�E>|c +|3�� dqg prqh| kroglqjv 76E>|c +|3��c zlwk exgjhw frqvwudlqwv ri wkh irup

jlyhq lq +9,/ wdnlqj wkhvh sulfhv 'E>|� dqg � E>|� dv jlyhq1 Khuh/ dv ehiruh/ zh fdq wxuq wkh

vhtxhqfh ri exgjhw frqvwudlqwv lqwr d vlqjoh exgjhw frqvwudlqw/ h{fhsw wkdw qrz lw vwduwv lq

shulrg | lqvwhdg ri shulrg f�

Wkh �uvw0rughu frqglwlrqv iru wkh shulrg | sureohp zloo eh lghqwlfdo wr wkrvh ri wkh

shulrg f sureohp/ h{fhsw iru wkh pxowlsolhu rq wkh vlqjoh exgjhw frqvwudlqw> wkdw zloo gl�hu

ehfdxvh 7�E>|c +|3�� dqg 76E>|c +|3�� duh duelwudulo| fkrvhq dqg duh qrw wkh htxloleulxp erqg

dqg prqh| kroglqjv1 Wkh �uvw0rughu frqglwlrqv iru wkh frqvxpswlrq ri wudghuv iurp wkh shulrg

f sureohp duh jlyhq lq +4:,/ zkloh wkh �uvw0rughu frqglwlrqv iru SA lq shulrgv r � | iurp wkh

shulrg | sureohp zlwk duelwudu| dvvhw kroglqjv duh ri wkh vdph irup zlwk vrph qhz pxowlsolhu

zklfk ghshqgv rq 7�E>|c +|3�� dqg 76E>|c +|3��� Khqfh/ wkh frqvxpswlrq ri wklv djhqw zkhq

wkh djhqw wudghv lv jlyhq e| d ixqfwlrq SA E>r( �#� wkdw vroyhv L
�ESA E>r( �#�� ' �#L �ESA E>r�� iru

vrph �# � f/ zklfk vkrxog eh wkrxjkw ri dv wkh udwlr ri wkh ruljlqdo wr wkh qhz pxowlsolhu1

Jlyhq SA E>r( �#�/ ohw +uE>( �#� dqg +ME>( �#� eh wkh dvvrfldwhg vroxwlrqv wr +4<,1

Iru wklv djhqw wr fkrrvh @E>|c +|3�� ' fc zkhq @ lv frqvwudlqhg wr eh }hur lq doo ixwxuh

shulrgv/ lw lv vx!flhqw wkdw/ iru doo >|c �#c dqg @c

L �E+ME>|( �#�� : q
]
>
|n�

] +ME>|n�(�#�3@

+uE>|n�(�#�3@
L �

#
@ n +|
>|n�

$
sE+|�

>|n�

}E>|n�m>|� _+|_>|n�n+58,

q
]
>|n�

L �ESA E>|n�( �#��

>|n�

d8 E+uE>|n�( �#�� @� n �� 8 E+ME>|n�( �#�� @�o}E>|n�m>|� _>|n��

Qrwlfh wkdw +58, vlpso| uhtxluhv wkdw wkh vkdgrz qrplqdo lqwhuhvw udwh iru hdfk lqglylgxdo eh

srvlwlyh/ uhjdugohvv ri wkh vkrfn >c wkh lqglylgxdo*v zhdowk dv uh hfwhg lq �#c ru wkh lqglylgxdo*v
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fkrlfh ri @ lq wkh fxuuhqw shulrg1 Ilqdoo|/ zh jhw

Sursrvlwlrq 81 Lw lv rswlpdo iru dq djhqw qhyhu wr krog ryhu fdvk lq wkh dvvhw pdunhw li

E2e� krogv iru doo ydoxhv ri >|� Lw lv rswlpdo iru dq djhqw qhyhu wr krog ryhu fdvk lq wkh jrrgv

pdunhw li E2D� krogv�

Surri1 Zkhq +57, krogv/ qrplqdo lqwhuhvw udwhv lq wkh dvvhw pdunhw duh srvlwlyh/ vr djhqwv

krog ryhu qr fdvk lq wkh dvvhw pdunhw1 Wr vhh wkdw @ lv lghqwlfdoo| htxdo wr }hur/ vxssrvh wr

wkh frqwudu| wkdw wkhuh lv d sodq zlwk @ : f iru dw ohdvw rqh vwdwh wkdw jlyhv kljkhu xwlolw|1

Frqvlghu/ �uvw/ d sodq lq zklfk @ : f lq dw prvw d �qlwh vhw ri shulrgv1 Ohw | eh wkh odvw vxfk

shulrg/ dqg vxssrvh wkdw @E>|c +|3�� : f� Lq wkdw shulrg/ wkh kljkhvw frqvxpswlrq wkdw dq

djhqw zlwk zhdowk ohyho lqgh{hg e| �# zrxog fkrrvh lv +ME>|( �#� ^vlqfh +ME>|( �#� : SA E>|( �#�o�

Khqfh/ wkh orzhvw dq djhqw*v vkdgrz qrplqdo lqwhuhvw udwh frxog eh lv wkh ohyho dw zklfk

fxuuhqw frqvxpswlrq lv +ME>|( �#�1 Vlqfh | lv wkh odvw shulrg lq zklfk @ lv srvlwlyh/ +58, lpsolhv

wkdw orzhulqj @ wr }hur lv rswlpdo1 Khqfh/ zh kdyh d frqwudglfwlrq1 Li qr �qlwh ghyldwlrqv

udlvh xwlolw|�vlqfh frqvxpswlrq lv erxqghg dqg q 	 ��qr sodq lq zklfk @ : f iru dq lq�qlwh

vhw ri shulrgv jlyhv kljkhu xwlolw| wkdq wkh rqh zlwk @ lghqwlfdoo| htxdo wr }hur1

Wkh iroorzlqj lv d vlpsohu frqglwlrq vx!flhqw wr hqvxuh wkdw +58, krogv1 Ohw

L �E+ME>|( �#�� : q
]
>|n�

L �E+uE>|n�( �#��
�

>|n�

}Er|n�mr|�_r|n�

iru doo r| dqg �#� Wklv frqglwlrq fohduo| krogv iru vpdoo � dqg q.|�*>|n� vpdoo1

61 Dvvhw Sulfhv

Qrz zh ghyhors wkh olqnv ehwzhhq prqh| lqmhfwlrqv dqg dvvhw sulfhv1 Wkh olqn wkdw

lv lqwurgxfhg zlwk pdunhw vhjphqwdwlrq lv krz d wudghu*v frqvxpswlrq uhvsrqgv wr d prqh|
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lqmhfwlrq1 Zh vwduw zlwk wklv olqn dqg wkhq ghyhors irupxodv iru dvvhw sulfhv1

Uhfdoo iurp +4:, wkdw shulrg 3 qrplqdo dvvhw sulfhv duh jlyhq e| wkh wudghuv* pdujlqdo

xwlolw| ri d groodu1 Vlqfh � E>|� ' �E>|�*tc lq rughu wr fkdudfwhul}h wkh uhvsrqvh ri dvvhw

sulfhv wr prqh| lqmhfwlrqv/ zh qhhg wr ghwhuplqh krz d wudghu*v frqvxpswlrq uhvsrqgv wr d

prqh| lqmhfwlrq/ qdpho|/ krz SA E>|� ydulhv zlwk >|�

Frqvlghu d vlpsoh h{dpsoh lq zklfk + wdnhv rq wkuhh ydoxhv/ +f 	 +� 	 +2c zlwk

suredelolwlhv sfc s�c s2c uhvshfwlyho|1 Zh frqmhfwxuh dq htxloleulxp lq zklfk/ zkhq prqh|

jurzwk lv 7>c djhqwv zlwk wkh fhqwudo ydoxh ri wkh hqgrzphqw +� fkrrvh qrw wr wudgh dqg wkrvh

zlwk orz dqg kljk hqgrzphqwv +f dqg +2 fkrrvh wr wudgh1 Xqghu wklv frqmhfwxuh/ iru prqh|

jurzwk vkrfnv > forvh wr 7>c iurp wkh uhvrxufh frqvwudlqw/ wudghuv hdfk frqvxph dq htxdo vkduh

ri wudghuv* djjuhjdwh hqgrzphqw soxv wkh lq dwlrq wd{ ohylhg rq qrqwudghuv plqxv wkh �{hg

frvw/ ru

SA E>� '
+fsf n +2s2
sf n s2

n E�� �

>
�

+�s�
sf n s2

� ��+59,

Wkh fruuhvsrqglqj fxwr�v +u ESA E>� c >� c +M ESA E>� c >� duh irxqg iurp +4<,1 Wklv frqmhfwxuh

lv ydolg dv orqj dv +f 	 +u ESA E7>� c 7>� 	 +� 	 +M ESA E7>� c 7>� 	 +2� Vx!flhqw frqglwlrqv iru wklv

frqmhfwxuh wr krog duh wkdw wudghuv* frqvxpswlrq dv gh�qhg lq +59, vdwlv�hv SA E7>� ' +�*7> dqg

� lv vx!flhqwo| vpdoo1 Xqghu wkhvh frqglwlrqv/ wkh frqvxpswlrq ri wudghuv dqg qrqwudghuv

zkhq > ' 7> lv +�*7>� Dv � jhwv vpdoo/ wkh fxwr�v +u ESA E7>� c 7>� *7> dqg +M ESA E7>� c 7>� *7>

dssurdfk SA / vr wkdw wkh deryh lqhtxdolwlhv krog1

Fohduo|/ dq lqfuhdvh lq wkh prqh| jurzwk udwh > udlvhv wkh lq dwlrq wd{ ohylhg rq

qrqwudghuv* uhdo edodqfhv1 Lq htxloleulxp/ dvvhw sulfhv dgmxvw wr uhglvwulexwh wkhvh lq dwlrq

wd{ uhyhqxhv wr wudghuv1 Lq wklv h{dpsoh/ wkh qxpehu ri wudghuv grhv qrw ydu| zlwk wkh prqh|
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lqmhfwlrq/ vr wkh frqvxpswlrq ri hdfk wudghu lqfuhdvhv1 Vshfl�fdoo|/

_ *L} SA
_ *L} >

'
E+�s��*>

SA Esf n s2�
c+5:,

zklfk lv wkh udwlr ri wkh wrwdo frqvxpswlrq ri qrqwudghuv wr wkdw ri wudghuv1

Lq jhqhudo/ d prqh| lqmhfwlrq lqfuhdvhv wkh wrwdo dprxqw frqvxphg e| wudghuv dqg

fkdqjhv wkh qxpehu ri djhqwv zkr fkrrvh wr ehfrph wudghuv1 Li wkdw qxpehu ri djhqwv

grhv qrw lqfuhdvh pxfk/ wkh frqvxpswlrq ri hdfk wudghu lqfuhdvhv1 Ri frxuvh/ li wkh qxpehu

lqfuhdvhv hqrxjk/ wkhq wkh frqvxpswlrq ri hdfk wudghu fdq dfwxdoo| idoo1 Lq Dsshqgl{ D zh

hoderudwh rq wklv srlqw1

Qh{w zh ghyhors irupxodv iru htxloleulxp dvvhw sulfhv1 Wr jhw dqdo|wlfdo uhvxowv/ zh

pdnh wkh iroorzlqj dvvxpswlrqv1 Ohw wkh orj ri prqh| jurzwk lq shulrg |c orj >|c eh qrupdoo|

glvwulexwhg dqg kdyh frqvwdqw frqglwlrqdo yduldqfh ryhu wlph1 Ohw 7> eh gh�qhg e| *L} 7> '

. *L}>|c zkhuh . lv wkh xqfrqglwlrqdo h{shfwdwlrq1 Ohw LES� ' S�3j*E� � j�c zkhuh j : f�

Ohw 7SA ghqrwh wkh frqvxpswlrq ri wudghuv zkhq prqh| jurzwk lv htxdo wr 7>� Wr d �uvw0rughu

dssur{lpdwlrq/ wkh orj ri d wudghu*v pdujlqdo xwlolw| lv jlyhq e|

*L}L � ESA|� ' *L}L � E7SA �� � E*L} >| � *L} 7>� c+5;,

zkhuh

� ' j
_ *L} SA
_ *L} >

c+5<,

hydoxdwhg dw > ' 7>� Wkh sdudphwhu � lv wkh hodvwlflw| ri d wudghu*v pdujlqdo xwlolw| zlwk

uhvshfw wr d prqh| lqmhfwlrq1

Zlwk wkhvh dvvxpswlrqv/ zh zloo dqdo|}h wkh uhodwlrq ehwzhhq prqh| dqg lqwhuhvw

udwhv1 Wkhvh lqwhuhvw udwhv duh fdofxodwhg iurp qrplqdo dqg uhdo erqg sulfhv1 Lq zkdw iroorzv/

4<



zh vxssuhvv uhihuhqfh wr wkh vwdwh >| dqg zulwh wkh sulfh ri dq ?0shulrg erqg wkdw frvwv ^?|

grooduv dw | dqg sd|v rqh groodu lq doo vwdwhv dw |n ? dv

^?| '
] 'E>|c >?�

'E>|�
_>? ' q?.|

L �ESA|n?�

L �ESA|�

�|

�|n?
�+63,

Wdnlqj orjv ri +63, dqg xvlqj wkh uhvxow wkdw iru dq| orj0qrupdo yduldeoh %c *L}.% ' . *L} %n

�@h *L} %*2/ zh zulwh wkh orj ri erqg sulfhv dv

*L} ^?| ' ? *L} qn.| *L}
L �ESA|n?�

�|n?
� *L}

L �ESA|�

�|
n

�

2
�@h|

#
*L}

L �ESA|n?�

�|n?
� *L}

L �ESA|�

�|

$
�+64,

Vlqfh rxwsxw lv frqvwdqw/ lq dwlrq lv jlyhq e| *L}�|n? ' *L}�| n
S?

�'� >|n�c dqg xvlqj wkh

dssur{lpdwlrq +5;,/ zh zulwh wkh orj ri erqg sulfhv dv

*L} ^?| � *L} 7̂? ' ��.|

�
*L}>|n? � *L} >|

�
�.|

?[
�'�

�
*L} >|n� � *L} 7>

�
c+65,

zkhuh *L} 7̂? ' ? E*L} q � *L} 7>� n . �
2
�@h|

�
� *L}>|n? n

S?
�'� *L} >|n�

�
�

Zh xvh wkhvh erqg sulfhv wr gh�qh |lhogv dqg iruzdug udwhv1 Wkh |lhog rq dq ?0shulrg

qrplqdo erqg lv o?| ' � �
?
*L} ^?| � Wkh iruzdug lqwhuhvw udwh ehwzhhq shulrgv |n? dqg |n?n�

lq shulrg | lv s?
| ' *L}+^?| *^

?n�
| �� Wkxv/ wkh iruzdug udwh lv wkh udwh ri uhwxuq ehwzhhq shulrgv

|n ? dqg |n ?n � wkdw fdq eh jxdudqwhhg lq shulrg |� Fohduo|/ wkhq/ wkh |lhog lv wkh dyhudjh

ri wkh iruzdug udwhv= o?| ' �
?

S?
�'� s

�3�
| �

71 Oltxlglw| H�hfwv

Qrz zh suhvhqw h{dpsohv wr looxvwudwh wkh lpsdfw ri prqh| lqmhfwlrqv rq lqwhuhvw udwhv

xqghu dowhuqdwlyh dvvxpswlrqv derxw wkh vwrfkdvwlf surfhvv iru prqh| jurzwk dqg wkh ghjuhh

ri pdunhw vhjphqwdwlrq�
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Lq wkh vwdqgdug prgho/ � ' fc vr � ' f dqg uhdo lqwhuhvw udwhv duh frqvwdqw1 Iurp

+65,/ zh nqrz wkdw qrplqdo erqg sulfhv duh jlyhq e|

*L} ^?| � *L} 7̂? ' �.|

3
C ?[

�'�

*L} >|n� � *L} 7>

4
D ' .| *L}

�|

�|n?
� ? *L}

�

7>
c

zklfk lv wkh ghyldwlrq ri fxpxodwlyh h{shfwhg lq dwlrq ehwzhhq shulrg | dqg | n ? iurp lwv

xqfrqglwlrqdo phdq1 Zh fdoo wklv whup wkh h{shfwhg lq dwlrq h�hfw1

Lq rxu prgho zlwk � : fc wkhuh lv dovr d vhjphqwdwlrq h�hfw1 Wklv h�hfw lv wkh lpsdfw ri

prqh| lqmhfwlrqv rq wkh uhdo lqwhuhvw udwh dqg lv fdswxuhg e| wkh whup��.|

�
*L} >|n? � *L} >|

�

lq +65,1 D prqh| jurzwk vkrfn wkdw lqfuhdvhv >| dovr lqfuhdvhv wkh frqvxpswlrq ri wudghuv dw

| dqg gulyhv grzq wkhlu pdujlqdo xwlolw| dw |( wklv sduw ri wkh h�hfw/ e| lwvhoi/ udlvhv doo erqg

sulfhv e| � E*L} >| � *L} 7>� � Li wkh prqh| jurzwk vkrfn udlvhv h{shfwhg prqh| jurzwk dw |n?

dv zhoo/ wkhq lw udlvhv ixwxuh frqvxpswlrq dqg orzhuv ixwxuh pdujlqdo xwlolw| iru wudghuv> wklv

sduw ri wkh h�hfw/ e| lwvhoi/ orzhuv doo erqg sulfhv e| �.|

�
*L}>|n? � *L} 7>

�
�

Wkh ryhudoo pdjqlwxgh ri wkh vhjphqwdwlrq h�hfw ghshqgv rq wzr sdudphwhuv= wkh hodv0

wlflw| ri wkh pdujlqdo xwlolw| ri wudghuv zlwk uhvshfw wr prqh| jurzwk � dqg wkh shuvlvwhqfh

ri d prqh| jurzwk vkrfn rq h{shfwhg ixwxuh prqh| jurzwk .|

�
*L} >|n? � *L} >|

�
� Wkh vhj0

phqwdwlrq h�hfw lqfuhdvhv wkh kljkhu lv �c wkdw lv/ wkh pruh uhvsrqvlyh lv d wudghu*v pdujlqdo

xwlolw| wr d prqh| lqmhfwlrq1 Wklv h�hfw lv vpdoohu wkh juhdwhu lv wkh shuvlvwhqfh ri prqh|

jurzwk1 Li prqh| jurzwk lv whpsrudu|/ wkhq d jlyhq prqh| lqmhfwlrq zloo ohdg wr d whpsrudu|

lqfuhdvh lq wudghuv* frqvxpswlrq dqg/ khqfh/ d uhodwlyho| odujh gurs lq wkh uhdo lqwhuhvw udwh/

gulylqj grzq wkh qrplqdo lqwhuhvw udwh1 Dv wkh vkrfn wr prqh| jurzwk ehfrphv pruh shu0

vlvwhqw/ d jlyhq prqh| lqmhfwlrq ohdgv wr d pruh shupdqhqw lqfuhdvh lq wudghuv* frqvxpswlrq

dqg/ khqfh/ wr d vpdoohu gurs lq wkh uhdo lqwhuhvw udwh1
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H{dpsoh 4 +Dxwruhjuhvvlyh prqh| jurzwk,1 Dvvxph wkdw prqh| lqmhfwlrqv vdwlvi|

*L}>|n� ' E�� 4� *L} 7>n 4 *L}>| n 0|n�c

zkhuh 0|n� lv d qrupdo/ l1l1g1 lqqrydwlrq zlwk phdq }hur dqg yduldqfh j2
01 Wkh qrplqdo erqg

sulfh lq +65, wkhq ehfrphv

*L} ^?| � *L} 7̂? '
�� 4?

�� 4
dE�� 4��� 4o E*L} >| � *L} 7>� �+66,

Khuh wkh vhjphqwdwlrq h�hfw lv fdswxuhg e| wkh whup E�� 4?�� E*L} >| � *L} 7>�1 Wkh

vljq ri wkh vhjphqwdwlrq h�hfw lv srvlwlyh/ vr zlwk vhjphqwhg pdunhwv/ kljkhu prqh| jurzwk

ohdgv wr kljkhu uhdo erqg sulfhv dqg/ khqfh/ orzhu uhdo lqwhuhvw udwhv1 Qrwlfh wkdw li

� :
4

�� 4
c+67,

wkhq wkh vhjphqwdwlrq h�hfw grplqdwhv wkh h{shfwhg lq dwlrq h�hfw/ dqg d prqh| lqmhfwlrq

ohdgv wr d idoo lq qrplqdo lqwhuhvw udwhv1

Frqvlghu qrz wkh lpsdfw ri wkh prqh| vkrfn rq wkh iruzdug udwh fxuyh dqg wkh |lhog

fxuyh1 Iurp +66,/ s?
| � 7s? ' 4? dE4� ���n 4o E*L}>| � *L} 7>� dqg

o?| � 7o? '
�

?

E�� 4?�

E�� 4�
dE4� ���n 4o E*L} >| � *L} 7>� �+68,

Zkhq +67, krogv/ vr wkdw wkh vhjphqwdwlrq h�hfw grplqdwhv wkh h{shfwhg lq dwlrq h�hfw/ d

prqh| lqmhfwlrq orzhuv wkh vkruwhu iruzdug udwhv dqg |lhogv e| pruh wkdq wkh orqjhu iruzdug

udwhv dqg |lhogv dqg wkxv vwhhshqv erwk wkh iruzdug udwh fxuyh dqg wkh |lhog fxuyh1

Qrz frqvlghu wkh g|qdplfv ri lqwhuhvw udwhv ri gl�huhqw pdwxulwlhv1 Wkh ?0shulrg |lhogv

h{shfwhg lq shulrg |n & iroorzlqj d prqh| lqmhfwlrq lq | duh jlyhq e|

.|o
?
|n& � 7o? ' 4& Eo?| � 7o?� �+69,
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Wkxv/ hdfk |lhog uhwxuqv wr lwv phdq ydoxh dw udwh 4� Dv orqj dv wkh vhjphqwdwlrq h�hfw

grplqdwhv wkh h{shfwhg lq dwlrq h�hfw/ zh kdyh wkh iroorzlqj= wudqvlhqw prqh| jurzwk vkrfnv

fdxvh vkdus exw whpsrudu| ghfolqhv lq qrplqdo udwhv zkloh shuvlvwhqw prqh| jurzwk vkrfnv

fdxvh vpdoohu exw pruh shuvlvwhqw ghfolqhv lq qrplqdo udwhv1 Qrwh wkdw li wkh vhjphqwdwlrq

h�hfw grplqdwhv wkh h{shfwhg lq dwlrq h�hfw lq +68, dqg +69,/ wkhq d prqh| lqmhfwlrq orzhuv

lqwhuhvw udwhv ri doo pdwxulwlhv ? dw doo krul}rqv | n &� Lq wkh vwdqgdug prgho/ wkh h{shfwhg

lq dwlrq h�hfw grplqdwhv/ dqg d prqh| lqmhfwlrq udlvhv qrplqdo udwhv ri doo pdwxulwlhv dw doo

krul}rqv1

Vr idu/ zh kdyh zrunhg rxw uhodwlrqv ehwzhhq prqh| lqmhfwlrqv dqg lqwhuhvw udwhv iru

d vlpsoh prqh| jurzwk surfhvv1 Qrz zh ghyhors wkhvh uhodwlrqv zkhq prqh| jurzwk kdv d

jhqhudo prylqj0dyhudjh uhsuhvhqwdwlrq=

*L}>| � *L} 7> '
"[
�'f

w�0|3�c+6:,

zkhuh 0|3� duh lqghshqghqw dqg �Efc j2
0�� Wkh edvlf exloglqj eorfn iru sulflqj qrplqdo dvvhwv

lv wkh sulflqj nhuqho/ qdpho|/ wkh vwdwh0frqwlqjhqw pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq d

groodu lq shulrg | dqg d groodu lq shulrg |n �� Wklv sulflqj nhuqho lv

6|n� ' q
L �ESA|n��

L �ESA|�

�|

�|n�
+6;,

dqg fdq eh xvhg wr sulfh dq| qrplqdo dvvhw1 Wkh sulfh ri d rqh0shulrg qrplqdo erqg lv jlyhq

e| ^�| ' .|6|n� dqg wkdw ri dq ?0shulrg qrplqdo erqg e| ^?| ' .|6|n�6|n2 � � � 6|n?� Jlyhq

rxu dssur{lpdwlrq wr wkh orj ri d wudghu*v pdujlqdo xwlolw| +5;,/ zh rewdlq

� *L}6|n� ' B n E�n ��
�
*L} >|n� � *L} 7>

�
� � E*L} >| � *L} 7>� c+6<,
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zkhuh B ' � *L} q n *L} 7> dqg � lv jlyhq lq +5<,1 Htxdwlrqv +6:, dqg +6<, wkhq lpso| wkdw

wkh sulflqj nhuqho lv orj0qrupdo zlwk dq lq�qlwh prylqj0dyhudjh uhsuhvhqwdwlrq

� *L}6|n� ' B n
"[
�'f

k�0|n�3�/+73,

zlwk

kf ' E�n �� wfc dqg iru � � fc k�n� ' �Ew�n� � w�� n w�n��+74,

Qrwlfh wkdw kf ' �Y *L} dL �ESA|�*�|o *Y0| lv wkh lpsdfw ri d prqh| vkrfn rq wkh

pdujlqdo xwlolw| ri d groodu lq shulrg | zkloh k�n� '�.|Y *L} dL
�ESA|n�n���|*L

�ESA|n���|n�n�o *

Y0| lv wkh lpsdfw ri d prqh| vkrfn rq wkh h{shfwhg qrplqdo lqwhuhvw udwh ehwzhhq shulrgv

|n � dqg |n � n�1 Wklv h�hfw fdq eh ghfrpsrvhg lqwr wzr slhfhv= w�n� ' .|Y *L}>|n�n�*Y0|

lv wkh h�hfw ri wkh vkrfn rq h{shfwhg lq dwlrq iurp shulrg | n � wr shulrg | n � n �c zkloh

�Ew�n��w�� ' �.|Y *L} dL
�ESA|n�n��*L

�ESA|n��o *Y0| lv wkh h�hfw ri wkh vkrfn rq wkh h{shfwhg

rqh0shulrg uhdo lqwhuhvw udwh iurp shulrg |n � wr shulrg |n �n�� Fohduo|/ �Ew�n��w�� uh hfwv

wkh pdunhw vhjphqwdwlrq h�hfw rq wkh rqh0shulrg uhdo lqwhuhvw udwh1

Zlwk wkh dvvxphg surfhvv iru prqh| jurzwk +6:,/ wkh erqg sulfh irupxodv +65, lpso|

wkdw

s?
| ' 7s? n

"[
�'�

k�n?0|n�3�+75,

o?| ' 7o? n
�

?

"[
�'f

E�?n� ���� 0|3�c+76,

zkhuh �� '
S�

�'f k� dqg 7s? dqg 7o? duh phdq udwhv wkdw zh glvfxvv odwhu1 Qrwlfh wkdw zlwk

? ' �c +76, uhgxfhv wr o�| ' 7o� n
S"

�'� k�0|n�3��

H{dpsoh 5 +Orqj0phpru| surfhvvhv,1 Qrz frqvlghu d iudfwlrqdoo| lqwhjudwhg surfhvv iru

prqh| jurzwk dqg lq dwlrq1 Zh duh prwlydwhg e| wkh �qglqjv +vxuyh|hg lq Edloolh 4<<9, wkdw
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d vlqjoh0idfwru orqj0phpru| prgho fdq plplf wkh vorz ghfd| ri wkh revhuyhg dxwrfruuhodwlrqv

ri lq dwlrq1 Zlwk vxfk d surfhvv/ zh �qg wkdw d shuvlvwhqw lqfuhdvh lq wkh prqh| jurzwk udwh

ohdgv �uvw wr d ghfolqh lq qrplqdo lqwhuhvw udwhv dqg wkhq hyhqwxdoo| wr dq lqfuhdvh lq wkhvh

udwhv1 Dv d uhvxow/ wklv lqfuhdvh lq wkh prqh| jurzwk udwh wzlvwv wkh iruzdug udwh fxuyh/

orzhulqj vkruw0whup iruzdug udwhv dqg udlvlqj orqj0whup rqhv1 Djdlq/ dw ohdvw vlqfh Iulhgpdq

+4<9;,/ hfrqrplvwv kdyh dujxhg wkdw prqh| lqmhfwlrqv kdyh wkhvh h�hfwv rq lqwhuhvw udwhv1

Ohw prqh| jurzwk dqg lq dwlrq iroorz d iudfwlrqdoo| lqwhjudwhg surfhvv ri wkh irup

E� � u�_>| ' 0|c zkhuh ��*2 	 _ 	 �*2� Wkh �uvw0rughu dxwrfruuhodwlrq ri wklv surfhvv lv

_*E� � _�� Wkh frh!flhqwv ri wkh prylqj0dyhudjh uhsuhvhqwdwlrq ri wkh prqh| jurzwk dqg

lq dwlrq surfhvv +6:, vdwlvi| wkh iroorzlqj uhfxuvlrq=

w� '

#
�� �� _

�

$
w�3�+77,

iru � � �1 Wkh sdudphwhu _ frqwurov wkh udwh ri ghfd| ri wkh prylqj0dyhudjh frh!flhqwv1

Wkhvh frh!flhqwv ghfd| dw d udwh +�� _�*� 	 �� Iru odujh �c wklv udwh dssurdfkhv fc zklfk lv

wkh vrxufh ri wkh orqj phpru|1

D orqj0phpru| vkrfn wr prqh| jurzwk ohdgv lqlwldoo| wr orzhu vkruw0whup qrplqdo

lqwhuhvw udwhv dqg wkhq wr kljkhu rqhv/ dqg lw wzlvwv wkh iruzdug udwh fxuyh dv iroorzv1 Iurp

+76, dqg +75,/ zh nqrz wkdw wkh lpsdfw ri d prqh| jurzwk vkrfn lq | rq wkh h{shfwhg rqh0

shulrg lqwhuhvw udwh lq shulrg |n � dqg rq wkh iruzdug udwh ri pdwxulw| � lq shulrg | lv jlyhq

e| k�� Xvlqj +74, dqg +77,/ zh rewdlq

k� ' ��
E�� _�

�
w�3� n

%
�� E�� _�

�

&
w�3�c

zkhuh wkh �uvw whup lv wkh vhjphqwdwlrq h�hfw dqg wkh vhfrqg lv wkh h{shfwhg lq dwlrq h�hfw1

Vlqfh wkh frh!flhqwv w� duh doo srvlwlyh/ iru odujh hqrxjk � wkh h{shfwhg lq dwlrq h�hfw pxvw
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grplqdwh wkh vhjphqwdwlrq h�hfw dqg k� pxvw eh srvlwlyh1 Li � : _*E��_�c wkhq iru � ' �c wkh

vhjphqwdwlrq h�hfw rxwzhljkv wkh h{shfwhg lq dwlrq h�hfw/ dqg vr iru vpdoo �c k� lv qhjdwlyh1

Li zh ljqruh lqwhjhuv/ zh vhh wkdw k� jrhv iurp qhjdwlyh wr srvlwlyh dw �W ' E�n��E��_�� Qrwlfh

wkdw wkh pruh vhjphqwhg lv wkh pdunhw/ wkh orqjhu lv wkh shulrg lq zklfk wkh vhjphqwdwlrq

h�hfw rxwzhljkv wkh h{shfwhg lq dwlrq h�hfw1

81 Wkh Dyhudjh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv

Ilqdoo|/ zh frqvlghu wkh lpsolfdwlrqv ri prqhwdu| srolf| iru wkh dyhudjh |lhogv ri erqgv

ri gl�huhqw pdwxulwlhv lq wkh vhjphqwhg pdunhwv prgho1 Wzr phdvxuhv ri wkh whup vwuxfwxuh

ri lqwhuhvw udwhv duh wkh iruzdug udwh fxuyh dqg wkh |lhog fxuyh1 Lq wkh gdwd/ erwk ri wkhvh

duh xszdug0vorslqj/ dw ohdvw iru pdwxulwlhv ri xs wr vhyhq |hduv1 +Vhh iru h{dpsoh/ Fdpsehoo/

Or/ dqg PdfNlqod| 4<<:1, Lq wkh vwdqgdug prgho/ shuvlvwhqw prqh| jurzwk vkrfnv surgxfh

grzqzdug0vorslqj iruzdug udwh dqg |lhog fxuyhv rq dyhudjh1 Lq rxu prgho/ li pdunhwv duh

vx!flhqwo| vhjphqwhg/ wkhq wkhvh vkrfnv surgxfh xszdug0vorslqj iruzdug udwh dqg |lhog

fxuyhv rq dyhudjh1

Iurp +64,/ zh kdyh wkdw wkh dyhudjh qrplqdo erqg sulfh lv

*L} 7̂? ' ? E*L} q � *L} 7>� n .
�

2
�@h|

#
*L}

L �ESA|n?�

�|n?
� *L}

L �ESA|�

�|

$
�+78,

Wkxv/ wkh dyhudjh iruzdug udwh dqg |lhog fxuyhv duh jlyhq/ uhvshfwlyho|/ e|

7s? ' *L} 7>� *L} q n+79,

.
�

2
�@h|

#
*L}

L �ESA|n?�

�|n?

� *L}
L �ESA|�

�|

$
� �@h|

#
*L}

L �ESA|n?n��

�|n?n�

� *L}
L �ESA|�

�|

$

7o? ' *L} 7>� *L} q � .
�

2?
�@h|

#
*L}

L �ESA|n?�

�|n?
� *L}

L �ESA|�

�|

$
�+7:,
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Lq Dsshqgl{ E/ zh vkrz wkdw wkhvh vlpsoli| wr

7s? ' *L} 7>� *L} q � �

2
�2

?j
2
0+7;,

7o? ' *L} 7>� *L} q � �

2?

?3�[
�'f

�2
�j

2
0c+7<,

zkhuh �� '
S�

�'f k� dqg wkh frh!flhqwv k� duh wkh prylqj0dyhudjh frh!flhqwv ri wkh sulflqj

nhuqho +73,1

Wkh prgho zh kdyh frqvlghuhg kdv rqo| rqh w|sh ri prqh| vkrfn1 Lq vxfk d rqh0idfwru

prgho/ oltxlglw| h�hfwv dqg wkh dyhudjh vorsh ri wkh iruzdug udwh fxuyh duh forvho| frqqhfwhg/

dv wkh iroorzlqj sursrvlwlrqv vkrz1

Sursrvlwlrq 91 Li prqh| jurzwk vkrfnv duh shuvlvwhqw/ vr wkdw w� � f iru doo � ' fc � � � c ac

wkhq wkh iruzdug udwh fxuyh lv xszdug0vorslqj xs wr pdwxulw| a li dqg rqo| li wkhuh duh a0shulrg

oltxlglw| h�hfwv lq wkh vhqvh wkdw k� � f iru � ' �c � � � c a�

Surri1 Vlqfh �� '
S�

�'f k�c iurp +73, zh kdyh wkdw �� ' �w� n
S�

�'f w�� Wkxv/ li w� � f iru

� ' fc � � � c ac wkhq �� � f iru � ' fc � � � c a 1 Fohduo|/ li k� � f iru � ' �c � � � c ac wkhq �� lv

ghfuhdvlqj lq � iru � ' fc � � � c ac vr wkdw �2
f � �2

� � �2
2 � � � � � �2

a c dqg/ iurp +eH�c wkh

iruzdug udwh fxuyh lv xszdug0vorslqj1 Frqyhuvho|/ li wkh iruzdug udwh fxuyh lv xszdug0vorslqj

iru � ' �c � � � c a / wkhq �2
f � �2

� � �2
2 � � � � � �2

a 1 Vlqfh �� � fc k� � f iru � ' �c � � � c a 1

Sursrvlwlrq :1 Li prqh| lqmhfwlrqv kdyh a0shulrg oltxlglw| h�hfwv lq wkh vhqvh wkdw k� � f

iru � ' fc � � � c a dqg prqh| jurzwk vkrfnv duh shuvlvwhqw dqg ghfd| prqrwrqlfdoo| lq wkh vhqvh

wkdw w� � f dqg w� � w�3� iru � ' fc � � � c ac wkhq wkh pruh vhjphqwhg duh pdunhwv/ wkh vwhhshu

lv wkh iruzdug udwh fxuyh1

5:



Surri1 Wkh vorsh ri wkh iruzdug udwh fxuyh ehwzhhq pdwxulwlhv � � � dqg � lv jlyhq e|

+�2
�3� � �2

��*2� Fohduo|/ E�
2
�3� ��2

�� ' E��3� � ���E��3� n ���c zklfk htxdov

� d�Ew� � w�3�� n w�o

5
7�Ew� n w�3�� n w� n 2

�3�[
�'f

w�

6
8 �

Jlyhq wkh frqglwlrqv rq w�c wklv h{suhvvlrq lv lqfuhdvlqj lq wkh vhjphqwdwlrq sdudphwhu ��

Wr jhw vrph lqwxlwlrq iru wkhvh uhvxowv/ revhuyh iurp +7:, wkdw wkh dyhudjh |lhog fxuyh

lv xszdug0vorslqj li/ rq dyhudjh/ wkh frqglwlrqdo yduldqfh ri wkh orj ri wkh ?0shulrg sulflqj

nhuqho/ zulwwhq dv

�@h|

#
*L}

L �ESA|n?n��

�|n?n�
� *L}

L �ESA|�

�|

$
c+83,

jurzv pruh vorzo| wkdq ?� Fohduo|/ +83, lv wkh yduldqfh ri wkh orqj gl�huhqfh ri wkh pdujlqdo

xwlolw| ri d groodu1 Qrwlfh wkdw li wkh pdujlqdo xwlolw| ri d groodu iroorzv d udqgrp zdon/

wkhq wklv yduldqfh jurzv olqhduo| zlwk ?c dqg wkxv/ wkh dyhudjh |lhog fxuyh lv  dw1 Li wkh

pdujlqdo xwlolw| ri d groodu kdv d odujh whpsrudu| frpsrqhqw/ wkhq wklv yduldqfh jurzv pruh

vorzo| wkdq ?c dqg wkh |lhog fxuyh lv xszdug0vorslqj1 Lq rxu prgho/ vkrfnv wr prqh| jurzwk

kdyh d shupdqhqw h�hfw rq wkh sulfh ohyho/ exw rqo| d whpsrudu| h�hfw rq wkh frqvxpswlrq

ri wudghuv1 Iru wkh |lhog fxuyh wr eh xszdug0vorslqj/ wkh whpsrudu| h�hfw/ gxh wr pdunhw

vhjphqwdwlrq/ pxvw eh odujh1 +Vhh Fdpsehoo dqg Pdqnlz 4<;: dqg Frfkudqh 4<;; iru vrph

glvfxvvlrq ri wkh vwdwlvwlfdo surshuwlhv ri orqj gl�huhqfhv1,

Frqvlghu djdlq rxu wzr h{dpsohv1

H{dpsoh 4 +Dxwruhjuhvvlyh prqh| jurzwk,1 Zlwk DU4 prqh| jurzwk udwhv/ uhfdoo wkdw w� '

4�wfc vr wkdw doo wkh frh!flhqwv w� duh srvlwlyh dqg ghfolqlqj iru doo �c dqg khqfh/ wkh k|srwkhvhv

ri Sursrvlwlrqv 9 dqg : duh vdwlv�hg1 Lq wkh vwdqgdug prghoc doo wkh frh!flhqwv k� duh srvlwlyh/

5;



vr wkdw wkh iruzdug udwh dqg |lhog fxuyhv duh grzqzdug0vorslqj1 Lq wkh vhjphqwhg pdunhwv

prgho/ krzhyhu/ li � lv odujh hqrxjk wr vdwlvi| +67,/ wkhq wkh iruzdug udwh dqg |lhog fxuyhv

duh xszdug0vorslqj dw doo pdwxulwlhv1

H{dpsoh 5 +Orqj0phpru| surfhvvhv,1 Wkh prylqj0dyhudjh frh!flhqwv ri wkh orqj0phpru|

prqh| jurzwk surfhvv vdwlvi| +77,/ vr wkdw w� � f dqg w� 	 w�3� iru doo �c dqg khqfh/

Sursrvlwlrqv 9 dqg : dsso|1 Uhfdoo wkdw k� � f iru � ' �c � � � c �Wc zkhuh �W ' E� n ��E�� _��

Wkxv/ wkh iruzdug udwh fxuyh dqg wkh |lhog fxuyh duh xszdug0vorslqj iru � ' �c � � � c �W� Qrwlfh

wkdw wkh pruh vhjphqwhg lv wkh pdunhw/ wkh orqjhu duh wkh pdwxulwlhv iru zklfk wkh iruzdug

udwh dqg |lhog fxuyhv duh xszdug0vorslqj1

Sursrvlwlrqv 9 dqg : gr qrw gluhfwo| dsso| wr d prgho lq zklfk wkhuh duh vhyhudo w|shv

ri prqh| vkrfnv1 Frqvlghu/ iru h{dpsoh/ d surfhvv iru prqh| jurzwk zlwk wzr w|shv ri

vkrfnv1 Reylrxvo|/ Sursrvlwlrqv 9 dqg : gr qrw dsso| gluhfwo| khuh1 Krzhyhu/ wkh vorshv

ri wkh iruzdug dqg |lhog fxuyhv iru wkh wzr0idfwru prgho duh wkh vxp ri wkh vorshv ri |lhog

fxuyhv fruuhvsrqglqj wr wkh wzr idfwruv vhsdudwho|1 Lq wklv vhqvh/ wkh sursrvlwlrqv dsso| wr

hdfk idfwru vhsdudwho|1 +Vhh ]lq 4<<; iru d glvfxvvlrq ri wzr0idfwru prghov1,

91 Frqfoxvlrq

Zh kdyh ghyhorshg d wudfwdeoh prgho wkdw fdswxuhv wkh lghd wkdw zkhq d jryhuqphqw

lqmhfwv prqh| wkurxjk dq rshq pdunhw rshudwlrq/ rqo| d iudfwlrq ri wkh djhqwv lq wkh hfrqrp|

duh rq wkh rwkhu vlgh ri wkh wudqvdfwlrq1 Zh vkrz wkdw lq vxfk d prgho/ prqh| vkrfnv fdq

jhqhudwh erwk shuvlvwhqw oltxlglw| h�hfwv dqg wzlvwv lq wkh iruzdug udwh fxuyh1 Wkh prgho fdq

dovr surgxfh dq xszdug0vorslqj |lhog fxuyh rq dyhudjh1
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Dsshqgl{ D

Khuh zh suhvhqw wzr dgglwlrqdo h{dpsohv looxvwudwlqj wkh h�hfw ri prqh| jurzwk vkrfnv

rq d wudghu*v frqvxpswlrq1

Iluvw/ ohw doo djhqwv kdyh lghqwlfdo frqvwdqw hqgrzphqw +� Lq htxloleulxp/ d iudfwlrq k

ri djhqwv duh wudghuv dqg sxufkdvh wkh prqh| lqmhfwlrq iurp wkh jryhuqphqw/ dqg �� k duh

qrqwudghuv1 Vlqfh djhqwv pxvw eh lqgl�huhqw ehwzhhq wudglqj dqg qrw wudglqj/ wkh iroorzlqj

frqglwlrq pxvw krog=

LESA �� L �ESA �ESA n � � +*>� ' LE+*>��+84,

Wklv htxdwlrq kdv wzr vroxwlrqv iru SA = rqh zlwk SA n � : +*> dqg rqh zlwk SA n � 	

+*>1 Zkhq wkh prqh| lqmhfwlrq lv srvlwlyh/ wudghuv pxvw sxufkdvh uhdo edodqfhv iurp wkh

jryhuqphqw/ vr wkh htxloleulxp vroxwlrq vdwlv�hv SA n � : +*>� Wkh iudfwlrq k dgmxvwv wr

vdwlvi| wkh uhvrxufh frqvwudlqw1 Gl�huhqwldwlqj +84, zlwk uhvshfw wr > jlyhv

_SA
_>

'
dL �E+*>�� L �ESA �o+*>

2

L ��ESA �dSA n � � E+*>�o
	 f�+85,

Djdlq/ dq lqfuhdvh lq wkh prqh| jurzwk udwh > uhglvwulexwhv lq dwlrq wd{ uhyhqxhv iurp

qrqwudghuv wr wudghuv1 Khuh/ krzhyhu/ wkh qxpehu ri wudghuv lqfuhdvhv vr pxfk wkdw wkh

dprxqw ri frqvxpswlrq shu wudghu dfwxdoo| idoov1

Qh{w/ frqvlghu wkh fdvh lq zklfk + kdv d frqwlqxrxv ghqvlw|1 Gl�huhqwldwlqj +4<,�+53,

jlyhv

+
d8 E+u� n �� 8 E+M�o n >sE+u�
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#
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>
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sE+M�
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>

n
�

>

] +M

+u
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>
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zkhuh

#� '
L ��ESA �ESA n � � +�*>�

L �ESA �� L �E+�*>�
�

Iurp +4<, lw iroorzv wkdw +u*> 	 SA 	 +M*>� �� Wkxv/ #M dqg #u duh srvlwlyh dqg vr lv wkh

whup lq eudfhv rq wkh ohiw vlgh ri +86,1 Rq wkh uljkw vlgh ri +86,/ wkh �uvw wzr whupv duh qhjdwlyh

dqg wkh odvw lv srvlwlyh/ vr zlwkrxw ixuwkhu uhvwulfwlrqv/ wkh vljq ri wkh uljkw vlgh ri +86, lv

dpeljxrxv1 Lq rxu h{dpsoh zlwk wkuhh lqfrph ohyhov/ wkh ghqvlwlhv duh sE+u� ' sE+M� ' fc vr

wkdw +86, uhgxfhv wr

_SA
_>

'
�

>

U +M
+u

+
>
sE+�_+

d8 E+u� n �� 8 E+M�o
: f�

Lq rxu h{dpsoh lq zklfk doo djhqwv kdyh wkh vdph lqfrph/ wkh ghqvlwlhv duh sE+u� ' 4 dqg

sE+M� ' fc vr wkdw lq wkh olplw +86, uhgxfhv wr +85,1

Frqvlghu qrz d wklug h{dpsoh/ lq zklfk + lv xqlirup rq dfc �o dqg wkh xwlolw| ixqfwlrq lv

LES� ' S�3j*E��j� zlwk j ' 21 Zlwk wkhvh suhihuhqfhv/ wkh fxwr� uxohv +u ESA c >�/ +M ESA c >�

vroylqj +4<, duh

+� ESA c >� ' >

3
CSA n �*2 	 SA

%�
� n

�

2SA

�2

� �

&�*24D �+87,

Lq wklv fdvh/ wkh uljkw vlgh ri +86, vlpsol�hv wr �E+M � +u�*2>c zklfk lv srvlwlyh1 Wkxv/ xqghu

wkhvh uhvwulfwlrqv _SA*_ *L} > lv srvlwlyh1
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Dsshqgl{ E

Khuh zh vroyh iru wkh dyhudjh iruzdug udwh dqg |lhog fxuyhv dv ixqfwlrqv ri wkh sdudp0

hwhuv ri wkh prylqj0dyhudjh surfhvv iru prqh| jurzwk1 Zlwk rxu prqh| jurzwk surfhvv/

*L}
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dqg
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Dyhudjh iruzdug udwhv dqg |lhogv duh jlyhq e|

7s? ' *L} 7>� *L} q � E�w? n�?�
2 j2

0*2

dqg

7o? ' *L} 7>� *L} q � �

?

?3�[
&'f

E�w& n�&�
2 j2

0*2�

Xvlqj +73, dqg ohwwlqj �? ' Ekf n k� n � � � n k?� c zh vhh wkdw dyhudjh iruzdug udwhv dqg

|lhogv duh jlyhq e| +7;, dqg +7<,1
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:1 Uhihuhqfhv

Doyduh}/ Ihuqdqgr/ dqg DqguhzDwnhvrq1 +4<<:, �Prqh| dqg H{fkdqjh Udwhv lq wkh Jurvvpdq0

Zhlvv0Urwhpehuj Prgho/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 73 +qr1 6/ Ghfhpehu,=

94<�731

Edfnxv/ Gdylg N1/ DoodqZ1 Juhjru|/ dqg Vwdqoh| H1 ]lq1 +4<;<, �Ulvn Suhplxpv lq wkh Whup

Vwuxfwxuh= Hylghqfh iurp Duwl�fldo Hfrqrplhv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 57

+qr1 6/ Qryhpehu,= 6:4�<<1

Edfnxv/ Gdylg N1/ Doodq Z1 Juhjru|/ dqg Vwdqoh| H1 ]lq1 +4<<;,1 �Uhyhuvh Hqjlqhhulqj wkh

\lhog Fxuyh1� Pdqxvfulsw1 Vwhuq Vfkrro ri Exvlqhvv/ Qhz \run Xqlyhuvlw|1

Edloolh/ Ulfkdug W1 +4<<9, �Orqj Phpru| Surfhvvhv dqg Iudfwlrqdo Lqwhjudwlrq lq Hfrqrphw0

ulfv/� Mrxuqdo ri Hfrqrphwulfv :6 +qr1 4/ Mxo|,= 8�8<1

Edxpro/ Zlooldp M1 +4<85, �Wkh Wudqvdfwlrqv Ghpdqg iru Fdvk= Dq Lqyhqwru| Wkhruhwlf

Dssurdfk/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 99 +Qryhpehu,= 878�891

Fdpsehoo/ Mrkq \1 +4<;9, �Erqg dqg Vwrfn Uhwxuqv lq d Vlpsoh H{fkdqjh Prgho/� Txduwhuo|

Mrxuqdo ri Hfrqrplfv 434 +qr1 7/ Qryhpehu,= :;8�;361

Fdpsehoo/ Mrkq \1/ Dqguhz Z1 Or/ dqg D1 Fudlj PdfNlqod|1 +4<<:, Wkh Hfrqrphwulfv ri

Ilqdqfldo Pdunhwv1 Sulqfhwrq/ Q1 M1= Sulqfhwrq Xqlyhuvlw| Suhvv1

Fdpsehoo/ Mrkq \1/ dqg Q1 Juhjru| Pdqnlz1 +4<;:, �Duh Rxwsxw Ioxfwxdwlrqv Wudqvlwru|B�

Txduwhuo| Mrxuqdo ri Hfrqrplfv 435 +qr1 7/ Qryhpehu,= ;8:�;31

Fkdul/ Y1Y1/ Odzuhqfh M1 Fkulvwldqr/ dqg Pduwlq Hlfkhqedxp1 +4<<8, �Lqvlgh Prqh|/ Rxwvlgh

Prqh|/ dqg Vkruw0Whup Lqwhuhvw Udwhv/� Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj 5:

+qr1 7/ Sduw 5/ Qryhpehu,= 4687�;91

Fkdwwhumhh/ Vdw|dmlw/ dqg Ghdq Fruedh1 +4<<5, �Hqgrjhqrxv Pdunhw Sduwlflsdwlrq dqg wkh
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Jhqhudo Htxloleulxp Ydoxh ri Prqh|/� Mrxuqdo ri Srolwlfdo Hfrqrp| 433 +qr1 6/ Mxqh,=

948�791

Fkulvwldqr/ Odzuhqfh M1/ dqg Pduwlq Hlfkhqedxp1 +4<<8, �Oltxlglw| H�hfwv/ Prqhwdu| Sro0

lf|/ dqg wkh Exvlqhvv F|foh/� Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj 5: +qr1 7/ Sduw

4/ Qryhpehu,= 4446�691

Frfkudqh/ Mrkq K1 +4<;;, �Krz Elj Lv wkh Udqgrp Zdon lq JQSB� Mrxuqdo ri Srolwlfdo

Hfrqrp| <9 +qr1 8/ Rfwrehu,= ;<6�<531

Hydqv/ Fkduohv O1/ dqg Gdylg D1 Pduvkdoo1 +4<<:, �Prqhwdu| Srolf| dqg wkh Whup Vwuxfwxuh

ri Qrplqdo Lqwhuhvw Udwhv= Hylghqfh dqg Wkhru|/� Uhvhdufk Ghsduwphqw Zrunlqj

Sdshu <:043/ Ihghudo Uhvhuyh Edqn ri Fklfdjr1

Iulhgpdq/ Plowrq1 +4<9;, �Wkh Uroh ri Prqhwdu| Srolf|/� Dphulfdq Hfrqrplf Uhylhz 8;

+qr1 4/ Pdufk,= 4�4:1

Ixhuvw/ Wlprwk| V1 +4<<5, �Oltxlglw|/ Ordqdeoh Ixqgv/ dqg Uhdo Dfwlylw|/� Mrxuqdo ri Prq0

hwdu| Hfrqrplfv 5< +qr1 4/ Iheuxdu|,= 6�571

Jurvvpdq/ Vdqirug/ dqg Odxuhqfh Zhlvv1 +4<;6, �D Wudqvdfwlrqv0Edvhg Prgho ri wkh Prq0

hwdu| Wudqvplvvlrq Phfkdqlvp/� Dphulfdq Hfrqrplf Uhylhz :6 +qr1 8/ Ghfhpehu,=

;:4�;31

Mrydqrylf/ Er|dq1 +4<;5, �Lq dwlrq dqg Zhoiduh lq wkh Vwhdg| Vwdwh/� Mrxuqdo ri Srolwlfdo

Hfrqrp| <3 +qr1 6/ Mxqh,= 894�::1

Odedglh/ Sdphod1 +4<<7, �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv ryhu wkh Exvlqhvv F|foh/�

Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 4; +qr1 607/ Pd|0Mxo|,= 9:4�<:1

Oxfdv/ Urehuw H1/ Mu1 +4<<3, �Oltxlglw| dqg Lqwhuhvw Udwhv/� Mrxuqdo ri Hfrqrplf Wkhru| 83

+qr1 5/ Dsulo,= 56:�971
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Urphu/ Gdylg1 +4<;9, �D Vlpsoh Jhqhudo Htxloleulxp Yhuvlrq ri wkh Edxpro0Wrelq Prgho/�

Txduwhuo| Mrxuqdo ri Hfrqrplfv 434 +qr1 7/ Qryhpehu,= 996�;81

Urwhpehuj/ Mxolr M1 +4<;7, �D Prqhwdu| Htxloleulxp Prgho zlwk Wudqvdfwlrqv Frvwv/� Mrxu0

qdo ri Srolwlfdo Hfrqrp| <5 +qr1 4/ Iheuxdu|,= 73�8;1

Wrelq/ Mdphv1 +4<89, �Wkh Lqwhuhvw0Hodvwlflw| ri wkh Wudqvdfwlrqv Ghpdqg iru Fdvk/� Uhylhz

ri Hfrqrplfv dqg Vwdwlvwlfv 6; +qr1 6/ Dxjxvw,= 574�7:1

]lq/ Vwdqoh| H1 +4<<;, �Frpphqw rq Hydqv dqg Pduvkdoo/� Fduqhjlh0Urfkhvwhu Frqihuhqfh

Vhulhv rq Sxeolf Srolf|/ iruwkfrplqj1
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Figure 1: The Cutoff Rule for Trade
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