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This paper presents an approach to the study of monetary policy.

The approach differs from most others in that it ignores transaction costs and

appeals solely to legal restrictions on private intermediation in order to

explain rate-of-return dominance--namely, the coexistence of noninterest-

bearing currency and interest-bearing default-free bonds. An example of such

a legal restriction is a prohibition against private currency issue, private

banknote issue. The analysis of monetary policy becomes a price discrimina-

tion analysis under our approach. In our view currency and default-free

nominal bonds are essentially similar: the currency consists of small de-

nomination default-free titles to currency in the future, while the bonds

consist of large denomination (or in the case of the U.S. savings bank pro-

gram, legally nonmarketable) default-free titles to currency in the future.

Legal restrictions create separate markets for these different size packages

and monetary policy, the composition of government debt as between currency

and bonds, determines relative sales by the government to the different mar-

kets.

The no-transaction cost, legal restriction view of rate-of-return

dominance is, of course, quite different from the standard view. -- It is

standard to invoke some sort of Baumol (1952) or Tobin (1956) transaction

cost, inventory model or a Clower-type, cash-in-advance constraint model to

explain "cash" holdings in the presence of higher return assets. Those

models, however, leave open what is the cash that people need in order to make

(consumption good) expenditures. It may, indeed, be plausible to identify

this cash with small denomination bearer notes, and to explain the need for

such notes by transaction costs. However this does not imply that the govern-

ment is the only potential supplier of such notes. In the absence of legal

restrictions, general equilibrium models must consider the consequences of
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free entry into the provision of such notes, accomplished, for example, by

banks issuing their own notes backed, say, by holdings of Treasury bills.

With free entry into such intermediation, the spread between the yield on

intermediary assets--the Treasury bills, for example--and the zero yield notes

is determined by intermediation costs. The nature of these costs can be

inferred from the spreads charged by intermediaries for kinds of intermedia-

tion for which there is free entry--common stock mutual funds and money market

funds, for example. Those spreads, which are small and constant, suggest that

free entry would limit yields on Treasury bills to something like 1/2 or 1

percent per year. 2/ Because observed yields on default-free nominal assets

are so much higher than this, we think they must be explained by legal re-

strictions on private intermediation. The prohibition in the United States

against private banknote issue is an example of such a restriction.-

We will illustrate the interaction between legal restrictions and

the composition of government indebtedness in very simple versions of overlap-

ping generations models. In a sense, our analysis will be a rather naive

public finance analysis. We take as given a time path of the real government

deficit (net of interest payments) and consider the effects of various ways of

financing that deficit. By taking a deficit path as given, we are appealing,

in an extreme way, to the well-known result that if all taxes are distorting,

then a good taxation package may include an inflation tax. W e take that

result as given and ask about alternatives to a simple flat-rate inflation

tax. In some circumstances, the imposition of legal restrictions on private

intermediation allows the government to levy discriminatory inflation taxes.

On the basis of "second-best" theory, it is obvious that in some circumstances

the levying of discriminatory taxes can be beneficial relative to levying a

uniform tax. We will describe such circumstances by way of examples.



-3-

We hope that readers are not put off by our use of an overlapping

generations model. As will be seen, the use of that model does not prejudge

any of the issues under consideration and does no more than provide a con-

venient and simple intertemporal background for our analysis. The version we

use includes a storage technology for goods, a real investment opportunity.

Thus, when there are both government bonds and currency in the system, the

model potentially allows for substitution among three assets: currency,

bonds, and a form of real capital. In some circumstances, the model implies

high substitution between real capital and bonds and even produces an Irving

Fisher-type prediction about inflation and nominal interest rates. In other

circumstances, it does not. The use of an overlapping generations model does

not even prejudge questions like whether in the absence of all "frictions,"

nominal interest rates are zero or whether "money" disappears.-4/ In our

models, the only frictions are legal restrictions. Remove them and one of two

results follows: either there exists an equilibrium with valued fiat currency

and zero nominal interest on default-free nominal government bonds, or there

does not exist such an equilibrium and the only equilibria are what ought to

be interpreted as commodity money equilibria. We will be providing examples

of both situations.

The rest of the paper proceeds as follows. we first describe a

somewhat general setting, an overlapping generations model, and the kind of

legal restriction we study. We then describe stationary policies, a way of

studying stationary equilibria, and a proposition which relates inflation

rates and initial price levels. Then we provide two kinds of examples, one

kind that involves two-part pricing and one kind that involves price dis-

crimination between groups.
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I. The Model

The model is an overlapping generations model peopled by two-period-

lived generations. We will describe equilibrium conditions for the model

under laissez-faire (LF) and under portfolio restrictions that preclude all

within-generation intertemporal trades, a regime which is labeled portfolio

autarky (PA). We assume that portfolio autarky is costlessly enforced.

Portfolio autarky is, of course, a very stringent form of legal restriction.

We study it primarily because it is relatively easy to work with and because

it allows us to illustrate some general principles. Moreover, in our

examples, portfolio autarky is equivalent to a government monopoly on the

making of small change, a situation that has often prevailed (see, for exam-

ple, Timberlake (1978), Chapter 6).

1. Endowments, Preferences, and the Technology

The model is of a stationary discrete-time economy. 1 We let t, an

integer, denote the date and let t=1 be the current or initial date. At each

date t, a new generation, generation t, appears and is present in the economy

at t and t+1. There is a single consumption good at each date t, and, in

general, member h of generation t is endowed with some time t good,

h h
w (t) ) o, and some time t+1 good, w (t+1) > 0.

t t

As for preferences, each member of generation 0 (those who at t=l1

are in the second and last period of their lives) maximizes consumption of

time 1 good, while each member h of generation t, t > 0, has preferences that

are represented by a twice differentiable, increasing, and strictly concave

h h h h
utility function, ut[ct(t),ct(t+l)], where ct(t+i) is consumption of time t+i

good by member h of generation t. Under uncertainty, expected utility is

maximized. 6/

l
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We assume that different generations are identical both with regard

to the patterns of endowments and preferences, but we allow and will make some

use of intrageneration diversity.

There is also a technology for converting time t good into time t+1

good. The input is time t good, while the output is, in general, a proba-

bility distribution of time t+1 good. Thus, if k is the input of time t good,

the output of time t+1 good is zero if k < K and is x(t+l)k if k 3 K, where

x(t+l) = xj > 0 with probability 0j; j=1, 2, ... , J. It is assumed that

x(t+l) is observed after the input decision at t is made, but before genera-

tion t+1 appears. Note that K > 0 is the minimum scale on which this tech-

nology can be operated. For inputs greater than this minimum, the technology

is a constant-returns-to-scale, stochastic (storage) technology. We assume

that the minimum scale is such that it plays a role only under PA.

2. Government

We assume that the government attempts to consume G(t) > 0 units of

time t good and that its only method of financing this expenditure is by way

of a deficit. It can issue fiat currency, and it can issue one-period de-

fault-free discount bonds. Each bond issued at t is a title to a known amount

of currency at t+1. Thus, the cash flow constraint of the government is

(1) G(t) = p(t)[M(t)-M(t-1)] + p(t)Pb(t)B(t) - p(t)B(t-1)

where p(t) is the time t price of a unit of currency in terms of time t good

(the inverse of the price level), M(t-l) is the stock of currency held by the

public from t-1 to t, B(t-l) is the total face value in units of time t cur-

rency of the government bonds issued at t-l, and Pb(t) is the price at t in

terms of currency of an amount of bonds which pays one unit of currency at t+l

(1/Pb(t) is unity plus the nominal interest rate on bonds issued at t). 7_
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We describe the government's financing scheme in terms of the ratio

B(t)/[B(t)+M(t)] - Y(t) s [0,1]. The government also specifies a minimum size

per bond. Like the minimum scale for storage, we assume this plays a role

only under PA. This minimum scale is in terms of a minimum expenditure on

bonds in terms of time t good, F(t); that is, the minimum nominal face value

at t, b(t), say, satisfies p(t)Pb(t)b(t) = F(t). The government also chooses

whether to impose PA, the only alternative being LF.

3. Choice Problems and Equilibrium Conditions: Permanent Laissez-Faire

We describe the conditions for a perfect foresight competitive

equilibrium in terms of time t markets for claims on time t+1 good in "state"

x(t+1) = xj. The members of generation t in their role as consumers deal only

in such claims. "Firms," operated by members of generation t in their role as

"producers," supply such claims by storing time t good, currency, and newly

issued bonds.

As a consumer, member h of generation t is assumed to maximize

h h h
j jut [ct(t),ct(t+1,j)]

subject to

h h h h
(2) c (t) + c s (t+1,j)c (t+1,j) < w (t) + w (t+1) .s(t+1,j)

t  j t t t t j

h h h
by choice of nonnegative c (t) and c (t+1,j); j=1, 2, ... , J, where c (t+1,j)St t t

is consumption of time t+1 good in state x(t+1) = xj and st(t+1l,j) is the

price of one unit of this good in units of time t good. Letting st(t+l) be

the J-element vector of these prices, the solution to this maximization pro-

h h
blem is a set of demand functions, c (t+1,j) = a.(s (t+1)); j=1, 2, ... , J.

We let Aj(st(t+1)) E ha (s t (t+)) be the set of aggregate demand functions,

the summation being over the members of generation t.
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In their role as producers, members of generation t may store the

consumption good, currency, or bonds. Any producer maximizes profit as a

price take with regard to st(t+1) and the time t and time t+1 prices of cur-

rency, which are taken to be state independent.

Profit in terms of time t good from storing k > K units of the

consumption good is kjxjs t(t+l,j) - k. Since this is linear in k, the condi-

tion that storage be finite in any equilibrium implies as an equilibrium

condition

(3) j.x.st(t+1,j) < 1

a condition that must hold with equality if total storage is as large as K.

Profit in terms of time t good from storing m > 0 units of currency

is mp(t+1)~jst(t+1,j) - p(t)m. Since this is linear in m, finiteness of the

currency supply implies that prices in any competitive equilibrium satisfy

(4) p(t+l) js t ( t + 1 , j ) < p(t)

a condition which must hold with equality if firms store currency.

Profit in terms of time t good from storing bonds with nominal face

value b such that p(t)Pb(t)b > F(t) is bp(t+1)~jst(t+1,j) - p(t)Pb(t)b. Since

this is linear in b, for b satisfying the constraint we must have

(5) p(t+1)js t (t+1,j) - p(t)Pb(t) < 0

and with equality if b > o.

Notice that if both bonds and currency are held, then, by (4) and

(5), Pb(t) = 1, a zero nominal interest rate.

We can now define a (perfect foresight competitive) equilibrium

under LF.
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Given {G(t)}, {F(t)}, {Y(t)}, and M(O)+B(0), a LF equilibrium con-

sists of positive {st(t+1)} and nonnegative {p(t)}, {K(t)}, where K(t) is

total storage of time t good and K(t) = 0 or K(t) > K, {M(t)}, and {B(t)} such

that for all t ) 1

(6) A.[st(t+1)] = 4h W(t+1) + x.K(t) + p(t+l) [M(t)+B(t)]

for j=1, 2, ... , J and such that (1) and (3)-(5) (with their provisos) are

satisfied. (The symbol {.(t)} is to be interpreted as a sequence defined for

all t > .)

4. The Choice Problem and Equilibrium Conditions: Portfolio Autarky

Under PA, each member h of generation t again maximizes expected

utility, but by choosing nonnegative consumption, nonnegative currency

(mh(t)), bonds (bh(t)), and storage (kh(t)) subject to

h h h h h
ch(t) + p(t)mh (t) + p(t)Pb(t)b (t) + kh(t) ( w (t),
t t

th(t+1,j) wh(t+l) + p(t+l)mh(t) + p(t+1)b (t) + x k (t),t t J

p(t)Pb(t)bh(t) > F(t) or bh(t) = 0, and kh(t) > K or kh(t) = 0.

It is convenient to redefine the currency and bond choice variables in real

h )mhh h
terms. Thus, let ql(t) = p(t (t) and q 2 (t) = p(t)Pb(t)b(t). Then, for p(t)

> 0 and Pb(t) > 0, we may rewrite the above constraints as

(7) ct(t) + q (t) + q2(t) + kh(t) w(t),

hh h h h

(9) q 2 (t) F(t) or qh(t) = 0, and kh(t) ) K or kh(t) = 0,

----m
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where R1 (t) - p(t+l)/p(t) and R2 (t) - p(t+l)/p(t)Pb(t). The Ri(t)'s are real

gross rates of return, which we will hereafter refer to simply as rates of

return. Figure 1 deficits the upper boundary in consumption space implied by

(7)-(9) for the case x - 0 (no storage), R2(t) > R1(t), and 0 < F(t)

h
< wt (t).

[INSERT FIGURE 1]

Note that it is PA which prevents any individual from earning R2 (t)

on saving of less than w (t) - F(t). In other words, under PA, two or moreon st

persons cannot share a bond. Formally speaking, to do that one person would

have to buy the bond and issue IOU's to the others. Such intermediation is

ruled out by assumption under PA.

The solution to this maximization problem consists in part of demand

functions (possibly correspondences) qi(t) = di(Ri(t), R2(t),F(t)); i=1, 2.

We define a PA equilibrium in terms of aggregate demand functions (correspon-

dences) Di(R1 (t),R2(t),F(t),F(t)) E =hd (Rl(t),R 2 (t)(t) ,F(t)), i=1, 2.

Given {G(t)}, {F(t)}, {Y(t)}, and M(0) + B(0) > 0, a PA monetary

equilibrium consists of positive {p(t)} and {Pb(t)} and nonnegative {M(t)} and

{B(t)} such that for all t > 1,

(10) D1 (R1 (t),R 2 (t),F(t)) = p(t)M(t)

(11) D2 (R 1 (t),R2 (t),F(t)) = p(t)Pb(t)B(t)

and such that (1) holds, it being understood that the Ri(t) are defined, as

above, in terms of currency and bond prices.

II. Stationary Policies and Equilibria Under PA

In the next two sections we present examples that suggest the range

of possibilities that can occur under PA. These examples present the station-
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ary or constant inflation rate and bond yield equilibria for various specifi-

cations of the physical environment (tastes, endowments, and storage tech-

nologies) and for various constant values of F(t), Y(t), and F(t), denoted,

respectively, G, Y, and F. Our view is that G is given and that (monetary)

policy under PA involves choosing Y and F.

We find it convenient to describe such equilibria in the following

way. Letting R i denote a constant value of Ri(t), it follows from (1) for t >

2 and (10) and (11) that an equilibrium (R 1 ,R 2 ) must satisfy G = (1-

R 1)D 1(R 1 ,R2 ,F) + (1-R2)D 2(R 1 ,R2 ,F), where 1-R 1 should be interpreted as the

tax rate on currency holdings and (1-R2 ) as the tax rate on bond holdings.

Moreover, to be a monetary equilibrium, it must also satisfy R 2 > R 1 > 0 and

Di(R 1 ,R 2 ,F) > 0 for at least one value of i. In order to have a symbol to

represent the set of (R1 ,R2 )'s that satisfy these conditions and its depen-

dence on G and F, we let

(12) S(G,F) = {(R1 ,R2): (1-R1 )D1 (R1 ,R2 ,F) + (1-R2 )D2(R1 ,R2 ,F) = G,

R2 > R 1 > 0 and Di ( R 1 ,R 2 ,F) >

0 for at least one value of i).

To go from a given G and F and a pair (R 1 ,R 2 ) in S(G,F) to equili-

brium price sequences for currency and bonds, we need an associated initial

price of currency, p(1). Using (10) and (11) for t = 1 and an initial condi-

tion for M(0) + B(0), we find an associated p(1) from equation (1) for t = 1;

namely,

(13) G = D1 (R 1 , R 2 F) + D2 (R1 ,R 2 ,F) - p(1) [M(0)+B(0)].

Thus, given G, F, and M(0) + B(0), a monetary equilibrium is any (R1 ,R 2) in

1
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S(G,F), an associated solution for p(1) from (13), and the associated paths of

nominal supplies of currency and bonds given by (10) and (11), respectively.

Thus, we can first study the set S(G,F) and then find the nominal asset sup-

plies that "support" various elements of S(G,F) as stationary monetary equili-

bria. Notice that since 1/Pb(t), the gross nominal yield on bonds, is

R2(t)/R1 ( t ) , it follows from (10) and (11) that the currency and bond

sequences imply a constant ratio of currency to bonds, or equivalently, a

constant Y(t). 8/

Our last task before turning to examples is to relate solutions for

p(1) to features of the S(G,F) sets. We are interested in p(1) because it

determines the effects of alternative policies on the current old; p(1) deter-

mines the value of the given initial nominal wealth of the current old, M(0) +

B(0). The following proposition says that if an interest-bearing bond solu-

tion has as low an inflation rate as a noninterest-bearing bond (or money

only) solution, then it has a lower initial price level.

Proposition 1: For given G and M(0) + B(0) > 0, if (R*,R*) E

S(G,F*), (R1,R2) E S(G,F), D2(R1,R 2 F) > 0, and R 2 > R1 > R*, then p(1)

> p*(1), where p(1) is the p(1) solution to (13) for (R 1 ,R 2 ,F) and p*(1) is

that for (R*,R*,F*).

Proof. In view of (13), we need only show that D* + D* < D1 + D2

where D* - Di(R*,R*,F*) and Di - D ( R1,R2,). Since (R*,R*) E S(G,F*)

and R1,R2) E S(G,F), we have (1-R*)(D*+D*) = (1-R1)D1 + (1-RI)D2

(1-R1)(D1+D2), where the inequality follows from R2 > R1. But then R1 R*

implies D* + D* < D1 + D2.A

Note that the "~" solution is a PA solution in which bonds bear

interest, while the "*" solution is one in which bonds, if they exist, sell at

par.
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III. No Diversity and Two-Part Pricing

We begin with an example that emphasizes the two-part pricing possi-

bility inherent in our PA set-up. We first assume that storage is not possi-

ble (xi - 0) and that all members of generation t have the same endowments and

preferences. It turns out that under PA and some monetary policies, all

individuals in equilibrium face a budget set like that shown in figure 1.

Moreover, with all of them alike, if ye(0,1) and if bonds bear interest, some

of them ("money holders") must be situated at a point like A (see figure 2),

while the others ("bondholders") must be situated at a point like B.

[INSERT FIGURE 21

Our discussion of this no-diversity setup is built around proposi-

tion 2.

Before stating the proposition, some notation and explanation is

needed. Let N be the size of each generation, let q(R) = dh(R,R, 0 ) +

dh(R R,0) (where d (R1,R2,F) is the PA demand correspondence defined

above), let S(G,0) = {R: N(1-R)q(R)=G} and let R1 = min S(G,0) and R1 = max

S(G,0). Moreover, let (c,c 2) be the unique solution to the following three

h h
conditions: - + 2 = W1 + w2 - G/N (where (wl,W"2 ) = (w (t),w (t+1));

uh(c ,c ) = uh[w -q(R ) w +R q(R ) ] ; and c < w1 - (_R ) .  (Hereafter, we

drop the subscript and superscript on u.) And, finally, let (Cl,C 2) be the

unique solution to: c 1 + c 2 - w 1  + w2  - G/N, u(c l ,c 2) =

u[Wl-q((R)'W2+, lq(1 )] and C1 < W1 - q(R )

[INSERT FIGURES 3 AND 4]

Note that q(R) is per capita saving when all assets bear the rate-

of-return R. Equivalently, it is per capita desired real money holding when

money bears the rate-of-return R and there are no other assets. In Figure 3



- 13-

we depict the function (1-R)q(R), which is the real per capita revenue ob-

tained by the government when R is the return on money and holding money is

the only option. For any G, S(G,0) is the set of values of R that satisfy

N(1-R)q(R) = G. Elements of the set S(G,0) can be interpreted as alternative

money-only (Y=0) equilibria under PA and as alternative equilibria under LF.

Of course, if S(G,0) is not empty, there are, in general, at least two ele-

ments in it.

Figure 4 depicts the allocations corresponding to the minimal and

maximal elements of S(G,0) and the corresponding indifference curves, labeled

u and u, respectively. The 45-degree line shown represents consumption bun-

dles, which if common to everyone in every generation t, t > 1, are consistent

with the government consuming G in every period. Moreover, for consumption

bundle profiles which are identical across all generation t > 1, if some of

these bundles are outside the 45-degree line depicted, then, in order that the

government consume exactly G, some other bundles must be inside the line.

Thus, for example, in a stationary equilibrium in which bondholders end up

outside the line, money holders must end up inside it, and vice versa. Fi-

nally, cases 1 and 2 in Figure 4 refer to first-period bondholder consumption

implied by different ranges for F.

We can now state

Proposition 2: If S(G,O) is not empty, F E (q(R1 ),wl-cl), and w I >

0 and w9 > 0, then for any number of bonds n s {1,2,...,N} there exists a

constant inflation rate equilibrium with positive nominal interest on bonds

and N-n money holders and n bondholders. Moreover, if F s (q(Rl),l-cl ] (case

1), then R2 < I and every member of generation t, t >1, is on an indifference

curve at least as high as u; while if F s (W1 -c 1 ,w 1 -c 1 ) (case 2), then every

member of generation t, t > 1, is on an indifference curve lower than u.
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The proof of proposition 2 is given in the Appendix. We now discuss

some consequences of proposition 2 and of well-known optimality results for

overlapping generations models.

Corollary 2.1: If 0 < n < N, then any proposition 2 equilibrium is

not Pareto optimal.

Proof: This is clear from Figure 2. With N-n members of generation

t, t > 1, having allocation A and n members of the same generation having

allocation B, there exists a rearrangement of these that gives everyone in the

generation a preferred allocation on the line segment that connects A and B.

Corollary 2.2: Let (c1 ,c2 ) be the preferred point on the 45-degree

line of figure 4 (that is, c1 + c 2 = w I + w2 - G/N and u l (c 1 ,c 2 )/u 2 (c l ,c 2 )

= 1). If n = N and F > w1 - cl, then any proposition 2 equilibrium is Pareto

optimal.

Proof: With n = N, all members of generation t, t > 1, are bond-

holders, so the kind of within-generation misallocation that occurs when there

are both money holders and bondholders is absent. Moreover, with n = N, the

common consumption of every member of every generation t > 1 is on the 45-

degree line of figure 4. The lower bound on F insures that this bundle is

either the most preferred point on that line, or is southeast of the most

preferred point. Conditional on the government getting G per period, it is

well known that all such allocations are Pareto optimal. (If the bundle is

southeast of the most preferred bundle, then it is easily shown that no alloc-

ation improves the well-being of any member of generation t for any t > 1

without hurting the current old. (See, for example, the proof of proposition

5 in the appendix in Wallace (1980a).)A

Corollary 2.3: If G > 0, then case 1 is not empty and any case 1

proposition 2 equilibrium is Pareto superior to any LF (or n = 0 PA) sta-

tionary equilibrium.
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Proof. Under the hypotheses of proposition 2, nonemptiness of case

1 is obvious if G > 0. Under the current setup, Pareto superiority of any

proposition 2 case 1 equilibrium follows if we can establish that any such

equilibrium satisfies the hypotheses of proposition 1.

The stationary LF equilibrium that puts all members of generation t,

t > 1, on the u indifference curve is Pareto superior to any other LF sta-

tionary equilibria (see Figure 4). But proposition 2 says that there exists a

case 1 equilibrium which puts all the members of generation t, t > 1, on an

indifference curve at least that high and that has rates of return on money

and bonds, (R1 ,R2), that satisfy R 2 > R 1 ) R 1 . These satisfy the conditions of

proposition 1 and imply, therefore, that the initial price level in the case 1

equilibrium is lower than in the best LF equilibrium. Note, by the way, that

R 2 < 1 in any case 1 equilibrium; although bonds bear a positive nominal

interest rate, they bear a negative real interest rate in any case 1 equili-

brium.A

Corollary 2.3 describes our first instance in which the imposition

of PA and the use of bonds helps in an unambiguous way. The general idea is

familiar from public finance or second-best theory. With C > 0, it is well

known that LF gives rise to a nonoptimal equilibrium. (See, for example,

proposition 7 of Wallace (1980a). It gives rise to an equilibrium with a

uniform, distorting excise tax on second-period consumption. PA allows for

the imposition of nonlinear taxes through the use of bonds. It is no sur-

prise, then, that better allocations are possible under this broader set of

possible tax schemes.

As this discussion suggests, it should not be possible to produce

Pareto superior allocations with PA and bonds if G = 0. This is so. With G =

0, it is evident that case 1 is empty; u is tangent to the 45-degree line of

s a
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Figure 4. Thus, if G = 0, only case 2 exists, and in any case 2 equilibrium,

the members of generation t, t > 1, are worse off than under the best LF

equilibrium. We have not been able to establish whether the current old are

necessarily better off in a case 2 equilibrium than under LF. In other words,

we have not been able to establish whether the initial price level is neces-

sarily lower in a case 2 equilibrium than it is under LF.

We now briefly turn to this set-up with a storage technology for

goods. If storage of the good is possible--namely, if xj0 and if K is not so

large as to rule out storage of the good under PA--then u in figure 4 must be

replaced by the maximum of u and the level of utility implied by maximization

of utility given only the option of storing the good. Subject to this rein-

terpretation of u, proposition 2 and the correlaries listed hold.

IV. Discrimination Between Groups

Here we assume a simple kind of within generation diversity. Each

generation is composed of two groups, the "poor" and the "rich". Each member

h of the poor group has an endowment (wh(t),wh (t+l)) = (wp,wp), while each
t t 1 2

h h r r
member h of the rich group has an endownment (w t (t),wt (t+1)) = (wl,W2 ) =

X(w ,wp) for some Y > 1. Moreover, since we dealt with "corner" solutions in

the last section, we now deal only with set-ups that are consistent with

"interior" solutions for members of both groups.

We first assume that storage is not possible (x. -0) and contrast

two situations: one in which preferences are so similar that beneficial

between group discrimination is not possible (propostion 3) and one in which

preferences are different enough so that beneficial price discrimination is

possible (example 1).
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Systematic between group differences in preferences seem, however,

to be a farfetched basis for profitable price discrimination. Groups that

seem to differ with regard to their demands for government liabilities seem to

do so primarily because they differ with regard to their access to alternative

assets. Moreover, most legal restrictions on private intermediation that have

the effect of limiting access to government bonds also limit access to other

assets. The other set-ups of this section utilize these notions. In them,

there is a real asset which under PA is accessible only to the rich. Even

with identical preferences, this implies very different demand functions for

government liabilities for the poor and for the rich.

As promised, our first result says that if the rich and the poor are

sufficiently alike, then there cannot be an interior price discrimination

solution that is Pareto superior to the best LF solution.

Proposition 3: If xj-0, if the common utility function is homo-

thetic, if (wrI w) = X(w ,w ), X > 0, and if (G,F) is such that (R1,R2 ) E

S(G,F), R2 > R1 , and yields internal solutions for the poor at R 1 and the rich

at R 2 , then there exists R such that (R,R) E S(G,0) and R > R1.

Proof: Let DP(R) and Dr(R) be the aggregate saving functions of the

poor and rich, respectively, when members of each group are faced with the

single rate-of-return R. It follows from the preference and endowment assump-

tions that Dr(R) = X*DP(R) for some X* > 0. If the proposition is not true,

then for all R s (R 1 ,R 2 ], (1-R)DP(R) + (1-R)a*DP(R) < G. But this implies (1-

R2)DP(R 2 ) < G/(1+X*) and (1-R 1)DP(R 1) < G/(1+X*). These inequalities, in

turn, imply (1-R 1 )DP(R 1 ) + (1-R 2 )*DP(R 2 ) < G, which contradicts (R1 ,R 2)

S(G,F).A

We now display a numerical example that shows that for nonhomothetic

utility, there can exist interest-bearing bond solutions that are Pareto

superior to the best LF equilibrium.

_ ___
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Example 1

Common (nonhomothetic) utility function: u(cl,c 2 ) = z(cl) + z(c 2) with z(c) =

c. 8 7 5 + In c.

Endowments: 10 x 106 poor with (wP,wp) = (.01,0); 100 rich with (wr  2)=

(1000,0).

Storage technology: xj - 0.

Government Policy: G = 25,000, F = 1.0, PA.

Note that we have imposed endowments such that in the relevant

ranges, z(c) for the poor is approximately In c, while z(c) for the rich is

approximately c.8 7 5 . Letting dP(R) and dr(R) be individual saving functions

of poor and rich, respectively, Table 1 is generated by solving (10x10 6 )(1-

R1 )dP(R 1) + 100(1-R2)dr(R 2) = 25,000 for R 1 given various selected values of

R2 . We know that there exists an equilibrium for each such (R1 ,R2 ) pair

satisfying R2 > R1 .

[INSERT TABLE 1]

The first row of Table 1 is the LF solution. Both poor and rich

face a single rate-of-return (.523), an inflation rate of almost 100 per-

cent. While each poor person saves almost half of wp (each would save exactly

half, namely, .005, if the utility function was exactly In c1 + In c 2 ), each

rich person saves only about 2.5 percent of wr. Note that the movement of the

initial price level across rows is implied by the movement of the sum (10 x

106) d + (100) dr by way of equation (13); the higher is this sum, the lower

is the initial price level.

Each of the rows for R2 = .55 to R2 = .95 depicts a discriminating

solution that is Pareto superior to LF. In each case, both the poor and the

rich face higher rates of return than under LF, and the value of the asset
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holdings of the current old is also higher than under LF. At R 2 = 1.00 (and

at values of R2 sufficiently close to 1.00), the PA solution is not Pareto

superior to LF; although the rich and the current old are better off than

under LF, the poor are worse off, which is to say that the inflation rate is

higher. 9/

We now turn to set-ups with a storage technology for goods. We

begin with a nonstochastic technology; namely one with xj = x > 0 for all j.

Thus, if k > K units of time t goods are stored, output of time t + 1 good is

xk with certainty. We assume in the rest of this section that F and K are

such that neither is binding for the rich and both are binding on the poor

under PA in a way that limits the poor to holding currency.

Propositions 4a and 4b compare PA with no bonds (y = 0) to PA with

some bonds (Y > 0).

Proposition 4a: If x > 1 and if (R 1 ,R 2 ) e S(G,F) and Y > 0 (bonds

are outstanding), then there exists a stationary monetary equilibrium with Y =

0 and a lower inflation rate.

Proof: Since only the rich hold bonds, we have R2 > x > 1 and,

hence, (1-R 2 )D 2 (R 1 ,R 2 ,F) < 0. Therefore, (1-R 1 )D 1 (R 1 ,R 2 ,F) > G, R1 < 1, and

D1(R 1,R2 ,F) = DP(R 1), where DP(R) is the aggregate saving function of the

poor, as defined in the proof of proposition 3. Then, since (1-R)DP(R) > G >

0 for R = R 1 < 1 and (1-R)DP(R) = 0 for R = 1, continuity of (1-R)DP(R) im-

plies the existence of an R s (R1,1] , say R*, with (1-R*)DP(R*) = G. This is

a Y = 0 equilibrium because, since x > R*, the rich are content to have their

saving entirely in the form of storage of the good.A

Proposition 4b: If x < 1 and if (Rl,x) E S(G,F) with R1 < x and

with D2 (R 1 ,R 2 ,F) < Dr(R 2 ) (a PA equilibrium with saving of the rich, Dr(R2),

composed partly or totally of storage of the good), then there exists a Pareto

superior PA equilibrium (with more bonds and less storage).
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Proof: We are given (1-R 1 )DP(R 1 ) + (1-x)D 2 (R l ,x,F) = G with

D2 (R1,x,F) < Dr(x). It follows from the continuity of (1-R)DP(R) that there

exist values of B s (D 2 (R 1 ,x,F),Dr(x)] such that the R that satisfies (1-

R)DP(R) + (1-x)B = G, denoted R(B), satisfies x > R(B) > R1 , where equality

arises if and only if x = 1. It is evident that for any such B, (R(B),x) E

S(G,F) and can be supported as an equilibrium. Pareto superiority follows by

showing that the initial price level is lower for any such (R(B),x) equili-

brium than it is for the (R1,x) equilibrium. From (1-R 1 )DP(R 1 ) + (1-

x)D 2 (R l ,x,F) = [1-R(B)] DP(R(B)) + (1-x)B and x > R(B) > R1 , we get DP(R 1) +

D2 (R1 ,x,F) < DP(R(B)) + B. Our conclusion for the price level follows from

equation (13).A

Although, as these propositions show, bond issue has different

effects on the inflation rate depending on the value of x, in some other

respects the value of x is not so critical. So long as R1 < x, there is a

range over which the demand for bonds is perfectly elastic at R2 - x. Over

this range, higher y almost certainly implies a lower initial price level.

10/ Moreover, for small and positive Y, these economies are ones for which

the nominal interest rate on bonds and the inflation rate satisfy the

Fisherian relationship: unity plus the nominal interest rate equals a con-

stant, x, times unity plus the inflation rate.

Note that the economy of proposition 4a is one in which there cannot

exist a monetary equilibrium under LF with G > 0. In that economy, remove the

legal restriction and nominal interest rates do not "go to" zero; instead,

money "disappears." The economy of proposition 4b is quite different. There

for small enough G's and some endowment patterns, LF is consistent with the

existence of a stationary equilibrium with valued fiat currency and a zero

nominal interest rate. In other words, remove the legal restriction in that

economy and it is possible that nominal interest rates "go to" zero.
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We now describe our last example, one with a stochastic storage

technology. It implies a smooth demand function for government bonds on the

part of the rich, one that is not perfectly elastic over some range.

Example 2

Common Utility Function: u(cl,c 2) = In cl + In c2.

Endowments: 10 x 106 poor with (w,w ) = (.01,0); 100 rich with (wr,w 2 ) =

(1000,0).

Storage Technology: K = 1, j = 2, x1 = 2.0, x2 = .35, 81 = 62 = .5.

Government Policy: G = 25,000, F = 1.0, PA.

[INSERT TABLE 2]

Table 2 describes PA equilibria for selected values of R2 . (For

this example a LF equilibrium does not exist.) In Table 2, the subscript g

stands for government liabilities and the subscript k for the real asset.

Note that the rich hold no government liabilities if bonds do not bear in-

terest. Note also that every solution displayed is Pareto superior to the PA

solution with Y = 0, the first (and second) rows of the Table.

Finally, note that there is high substitutability between bonds and

real investment (indeed, perfect crowding out) and no substitutability between

bonds and currency. This happens despite the fact that currency and bonds

have certain rates of return while real investment in our example has a very

risky return distribution. On the basis of these rate-of-return distributions

one might expect that bonds and currency would be substitutable, and that

bonds and real investment would not be highly substitutable (see Tobin

(1963b)). In this example and in the proposition 4a and 4b set-ups, the

restriction that allows bonds to dominate currency in terms of rate of return

also gives rise to high substitutability between bonds and storage of the

good.
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V. Concluding Remarks

The examples presented above show that models that appeal solely to

legal restrictions in order to explain rate-of-return dominance can be used to

address questions about monetary policy and can be made to imply rate-of-

return patterns, or kinds of substitutability among assets, like those we

sometimes observe. Moreover, our examples show that legal restrictions can in

some circumstances make sense. 11/
Although we do not want the legal restriction theory of rate-of-

return dominance to be judged by whether every private sector intermediation

restriction ever proposed or put into effect was motivated by price discrimin-

ation, we do find it reassuring that this seems sometimes to have been the

case. Consider, for example, the following official statement that was circu-

lated by Treasury officials in 1920:

STATEMENT BY THE SECRETARY OF THE TREASURY
on

THE EVILS OF EXCHANGING MERCHANDISE FOR LIBERTY BONDS

It has been brought to my attention that numbers of

merchants throughout the country are offering to take Liberty Loan

Bonds at par, or even in some cases at a premuim, in exchange for

merchandise. While I have no doubt that these merchants are

actuated by partriotic motives, I am sure that they have failed to

consider the effect which the acceptance of their offers would

have upon the situation. We are making the strongest effort to

have these Government Bonds purchased for permanent investment by

the people at large, to be paid for out of the past or future

savings of those who buy them. Purchases thus made not only

result in providing funds for the use of the Government, but they

also effect a conservation of labor and material. When the bonds

are exchanged for merchandise, it defeats the primary object of

their sale, it discourages thrift and increases expenditures. In

addition to this, such bonds when taken in exchange for
merchandise must in most cases be immediately sold in the open
market. This naturally tends to depress the market price of the
bonds. I hope that the merchants of the country, upon a more
careful consideration of this subject, will discontinue their
efforts to sell merchandise and take Liberty Bonds in payment.
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This statement also supports the view that there is a fine line

between currency and default-free bonds, a line that would largely disappear

without legal restrictions on private intermediation. 12/

Finally, we should emphasize that our model and examples are moti-

vated by positive rather than normative considerations. We view ourselves as

providing an explanation for a seemingly paradoxical observation--namely,

legal restrictions on private intermediation and a multiplicity of government

liabilities. Of course, if one accepts the theory that underlies our analy-

sis, then a kind of normative analysis is suggested. But a serious normative

analysis should treat inflation taxes simultaneously with other taxes and,

perhaps, with expenditures, and should be concerned with the difficulty of

implementing and enforcing various kinds of legal restrictions on intermedia-

tion.
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Footnotes

I/ However, Tobin (1963a) and Fama (1980) express somewhat similar
views.

2/ In Bryant-Wallace (1979a), we showed that an intermediation

technology characterized by total real resource costs that are proportional to

the real value of the assets intermediated implies an upper-bound on the

difference between nominal yields on intermediary assets and liabilities, the

kind of spread often observed when there is free entry into intermediation.

Another source of information about the costs of note-issue intermediation is

provided by estimates of the cost to the U.S. government (cost to the Treasury

and Federal Reserve combined) of maintaining the stock of U.S. currency. For

all but the smallest denominations, the annual costs seem to be a small frac-

tion of 1 percent of the outstanding stock.

3 Some readers of earlier drafts of this paper have questioned our

emphasis on currency on the ground that demand deposits have long been domi-

nated in rate of return and that there is approximately free entry into the

provision of demand deposits. Many observers, however, have explained the

pricing of demand deposit services in the United States in the past 20 years

or so as arising primarily from (i) reserve requirements, (ii) interest ceil-

ings, and (iii) zero marginal cost check clearing provided by the Federal

Reserve. Their prediction is that absent (i)-(iii), interest would be paid on

deposits at the rate on default-free securities with a per unit charge levied

on each check written. Under such pricing of demand deposits, the main rate-

of-return paradox to be explained would be that between currency and other

assets. We will, by the way, soon get a test of this pricing prediction,

because, almost at the time we are writing this, the Federal Reserve is imple-

menting a per unit charge on check clearing and current plans are to eliminate
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interest ceilings. Note, by the way, that under such pricing of demand de-

posits services, the "cash" of the inventory models of money demand cannot be

identified as including demand deposits.

4/ See Samuelson's (1947, pages 123-24) discussion of these possi-

bilities.

5/ The model is similar to those used in Bryant-Wallace (1980) and

Wallace (1980b).

6/ If government consumption of time t good, G(t), affects indivi-

dual welfare, it is assumed to do so in a separable way. That is, if

Vt[ch(t), c (t+1),G(t),G(t+1)] is the utility function of member h of
t t t

h hh h h h
generation t, then Vh( ) = Uh uh(c (t), c (t+l)),v(G(t),G(t+1))],

t ( t t t t
h

where Ut is increasing in its first argument.

7/ Note that (1) implies that explicit taxes are not levied and, in

particular, are not levied to cover interest on debt. One interpretation of

this is that the government has exhausted the possible use of explicit taxes

and that G(t) represents government consumption in excess of that financed by

explicit taxes.

8/That stationary solutions for real variables are supported by

constant ratios of currency to bonds is not surprising. Basically, it follows

from a well-kAown neutrality result: neutrality holds for once-for-all propor-

tional changes in both bonds and currency (see Patinkin (1961) for example).

Stationary solutions are not in general supported by an arbitrary constant

growth rate of currency. In many settings, a given growth rate of currency

implies a highly non-stationary path for the ratio of currency to bonds, and,

therefore, is a policy that is inconsistent with the existence of any simple

kind of equilibrium. See Bryant-Wallace (1979b) for a discussion of this

point in a setting with a stochastic deficit.
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9/ One can construct examples in which the initial price level is

not decreasing in R2 . One such example is the following. Common utility

function: u(cc 2 ) = c/2 + cl/2; Endowments: 1,000 poor with (ww) =

(1.0,0) and 100 rich with (w,w2) = (10,0); storage technology: xj = 0;

government policy: G = 0, F = 1.0, PA. The reader can verify numerically

that for R2 E [1.0,1.1] and (R1,R2) E S(G,F), 1000dP(R 1) + 100dr(R 2) is de-

creasing in R2 , and hence, that the initial price level is increasing in R2 .

10/ It is easy to produce examples in which higher Y implies a lower

initial price level and a higher inflation rate. In such instances, casual

observers could mistake the once-for-all price level effect for a favorable

inflation rate effect.

11/ Although we have emphasized situations in which legal restric-

tions and bonds can generate Pareto superior outcomes, those situations are

very special. With more diversity within generations--in particular, with

both savers (lenders) and dissavers (borrowers) in the same generation--our

policies would tend to produce noncomparable outcomes. See Sargent-Wallace

(1980) for an analysis that emphasizes the different impacts on borrowers and

lenders of various monetary policies.

12/ This statement came into our hands quite by accident. It was

sent by John R. Shuman, president of the Commonwealth Club of California to

Lindley Clark of the Wall Street Journal with a copy to Preston Miller of the

Federal Reserve Bank of Minneapolis. Here is the complete text of Mr.

Shuman's October 10, 1980 letter to Mr. Clark: "Your October 7 article ex-

pressing Mr. Miller's views that the securities the Treasury sells are them-

selves 'money' was of particular interest to me in light of this 1920 letter

which we found when recently cleaning out our Club files. It appears that

even as long as 60 years ago the distinction between Treasury securities and

f
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money was sustainable only by exhortations from the Department." The letter

Mr. Shuman refers to was written in September of 1920 by Treasury officials to

members of the Commonwealth Club and referred to the statement of the Secre-

tary of the Treasury quoted in the text.



Some Alternative

R2

.523

.550

.600

.650

.700

.750

.800

.850

.900

.950

1 .000

.523

.526

.534

.544

.554

.566

.573

.575

.565

.541

.499

TABLE 1
Equilibria for

dP(R )

.00499

.00499

.00499

.00499

.00499

.00499

.00499

.00499

.00499

.00499

.00499

Example 1

dr(R2 )

25.24

30.35

43.57

63.40

92.33

132.76

186.32

252.98

330.51

414.65

500.00

R1



TABLE 2
Some Alternative Equilibria

R2

.5000

.5957

.6000

.6500

.7000

.7500

.8000

.8500

.9000

.9500

1 .000

dp
g

.005

.005

.005

.005

.005

.005

.005

.005

.005

.005

.005

for Example 2

dr

0

0

7

79

135

181

222

240

295

330

365

dpk
rdk

.5000

.5000

.5057

.5551

.5808

.5906

.5889

.5779

.5590

.5330

.5000

500

500

493

421

365

319

278

260

205

170

135
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Appendix: Proof of Proposition 2

Let g be the unique maximum of (1-R)q(R) and let R be the unique value

of R such that q(R) = 0 (see Figure 3). Also, let

S[a,b] (R2) = R(N-n)(1-R)q(R)+n(1-R 2 )F = G and R e [a,b]}.

The crucial fact we use, which is implied by the continuity of (1-R)q(R) in R, is

as follows: if [a,b] C [R,1], then (R2,S[a,b](R 2 )) is a continuous curve in

[1-G/nF,1-(G-(N-n)g)/nF] x [a,b].

Now, let u (R) = u(wl-q(R),w2+Rq(R)) and let ub(R) = u(w1-F,w2+RF),

m b
where u is to be interpreted as money-holder utility and u as bondholder

utility. It follows that (R2,u [S[ab ] ( R 2 ) ] ) is a continuous curve in [1-G/nF,

1-(G-(N-n)g)/nF] x [um(a),um(b)] and that = I(R ,u)!R > -w2/F and u < u (R 2 )!2 2 2-

is a convex set in (-c,0) x (-C,).

We now show that there exist points of (R2,um[S[ab] R2 )) both out-

side of and in Q, and thereby establish that there exist one or more points of the

former which are on the boundary of ,Q. We also show that there is an equilibrium

corresponding to any such point.

Let R2 be such that (1-R2 )F = G/N. (Note that R2 is such that (w 1 -F,

w2 +R2F) is on the 45-degree line of Figure 4.) We consider two cases separately,

cases which correspond to cases 1 and 2 in Figure u.

Case 1: u (R 2 ) > u. Here we let [a,b] = [R 1 ,1].
2 1

Since (1-R 1 ) q ( R I ) = G/N and (1-R2)F = G/N, R E S -1, (R2). And since

b -- mm m
u (R2 >u u (R ), (R2,u (R1 )) is a point of (R2,u m[S[ (R2)]) which is in

We now show that (1-G/nF,u m (1)) is a point of (R2 ,u[S

which is not in 9. First, 1 S- (1-G/nF), which implies that (1-G/nF,u?(!))
[1 1]



is a point of (R2 ,um [S 1 , 1 (R 2 ) ] ) . Now, if 1 - G/nF < -w 2 /F, then, by defini-

tion, (1-G/nF,u m (1)) is not in Q. If 1 - G/nF > -w 2 /F, it follows from 1 - G/nF <

1 and F > q(R1) that um(1) > ub(1-G/nF). This also implies that (1-G/nF,um (1))

is not in Q.

Having shown that there are points of (R2 ,um[S 1 1 (R 2 )]) both in and

outside of Q, it follows that there is a point on the former which is on the

boundary of Q. Let us denote by (R2,R*) the associated point on the curve

(R2'S[RI I](R2))"

We have shown that (i) um(R ) = ub(R*), (ii) (N-n)(1-R )q(R*) +

n(1-R2)F = G, and (iii) R > R1 . To establish that (R,R ) is an equilibrium, it

remains to show that b = F maximizes u(wl-b,w2 +Rb) subject to b > F. This

follows from (i) if we can show that F > q(R*).

Suppose F < q(R ). If so, then since R2 > R* (this follows from (i))

(ii) implies (1-R*)q(R*) > G/N. But by the definition of , this implies R* <

R1. From (iii) we then conclude that R* = R1 or that F < q(R1), a violation of

our hypothesis on F.

Our last task for case 1 is to show that R2< 1. Since R* > R1

(1-R*)q(RF) < G/N. This and (ii) imply (1-R )F > G/N and, therefore, R < R2 .

Since R2 < 1, we have RZ < 1.
2 2 2F]

Case 2: ub(R 2 ) < u. Here we let [a,b] = [R,R1].

Clearly, R S - (R2). Also, um(Rt) < ub(R2). It follows that

(R 2 ,u ( R 1 )) is a point of (R2 ,um[S[R 1, (R 2 )]) which is in Q. Since RE

2-12 ,B1  [ 12 Rt 2SR I ](R 2 ) and ub(R 2 ) < um(A1 ) by assumption, it follows that (R2,u ( 1)) _is a
is a point of the former which is on the boundary of n. Let us again denote by

(R2,R) the corresponding point of the curve (R2,SR ,l](R2).



We now show that ub(R*) < u. Suppose to the contrary that ub(R ) > u.
2 2-

b ^ -

Because u (R2 ) < u, R2 > R2 and, therefore, (1-R*)F < G/N. This implies
2 2

(1-R*)q(R*) > G/N. And since um(R*) ub (R*) > u, we also have R* > R But this1 1 1 2 1-utth 1

and (1-R*)q(R ) > G/N contradict the assumption that RI is the largest value of R

satisfying (1-R)q(R) = G/N.

For case 2 we have now shown that (i) um(R*) = ub(R*) < u and (ii)
1 2

(N-n)(1-R)q(R*) + n(1-R )F = G. To complete the argument we must, as for case

1, show that F > q(R).

Suppose instead that F < q(R). Then since R* > R* (by the first1 2 1

equality of (i)), (ii) implies (1-R )q(R ) > G/N and (1-R )F < G/N. In words,

money holders are on or inside the 45-degree line of Figure 4 and bondholders are

on or outside it. This and (i) and F < q(R1) imply F < q(R 1 ), a violation of our

hypothesis on F.
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