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The R . S . I n s u r a n c e Env i ronmen t 

We b e g i n by d i s c u s s i n g a v e r s i o n o f t he i n s u r a n c e e n 

v i ronmen t f a m i l i a r i z e d by R o t h s c h i l d and S t i g l i t z ( 1 9 7 6 ) , W i l s o n 

( 1 9 7 7 ) , and Spence ( 1 9 7 8 ) . I n t h i s e n v i r o n m e n t , t h e r e a r e a 

c o n t i n u u m o f a g e n t s who may be d i v i d e d i n t o a f i n i t e number o f 

t y p e s i n d e x e d by i ; i = 1 , n. E a c h agen t i s f a c e d w i t h t he 

p o s s i b i l i t y o f e i t h e r o f two s t a t e s o f n a t u r e o c c u r r i n g ; a " l o s s " 

s t a t e and a " n o - l o s s " s t a t e . L e t s = 1 be t h e " n o - l o s s " s t a t e , 

and s = 2 be t h e " l o s s " s t a t e . R e a l i z a t i o n s o f t h e s e s t a t e s a r e 

i ndependen t a c r o s s a g e n t s , and a t y p e i agen t f a c e s p r o b a b i l i t y p^ 

o f t h e " n o - l o s s " s t a t e o c c u r r i n g . The p j obey 0 < p-̂  < p 2 < . . . < 

p n < 1 . I f any agent ends up i n s t a t e s , he r e c e i v e s endowment o f 

t h e s i n g l e good i n t h a t s t a t e e g . S i n c e s = 1 i s t he " n o - l o s s " 

s t a t e , e^ > e2» w i t h endowments b e i n g i d e n t i c a l a c r o s s t y p e s . 

Le t c ^ s deno te t h e c o n s u m p t i o n o f a t y p e i agen t i n 

s t a t e s . A l l a g e n t s have a common u t i l i t y f u n c t i o n d e f i n e d on R + 

deno ted U ( c ) , w i t h U ' ( c ) > 0 , U " ( c ) < 0 v c e R + . F i n a l l y , l e t u* 

= ( y j * , . . . , y * ) be a v e c t o r c o n s i s t i n g o f t h e measures o f each 

t y p e o f a g e n t , so t h a t = 1 , and |jj > 0 v i . 

H a v i n g d e s c r i b e d t h e e n v i r o n m e n t , i t i s n e c e s s a r y t o 

d e s c r i b e t h e i n f o r m a t i o n s t r u c t u r e f o r t h i s economy. Each a g e n t 

knows h i s own t y p e p r i o r t o t r a d e , bu t t h i s i s p r i v a t e i n f o r m a t i o n 

ex a n t e . Hence , t h i s i s a s t a n d a r d a d v e r s e s e l e c t i o n i n s u r a n c e 

e n v i r o n m e n t . 
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A Two-S tage Game 

In a d d i t i o n t o t h e a g e n t s d e s c r i b e d a b o v e , l e t t h e r e be 

a s e t o f f i r m s F = { 1 , . . . , M } , i n d e x e d by m, who can c o s t l e s s l y 

e n t e r t h e a c t i v i t y o f s e l l i n g i n s u r a n c e p o l i c i e s . These p o l i c i e s 

o f f e r t y p e i a g e n t s s t a t e c o n t i n g e n t c o n s u m p t i o n p a i r s (^il,ci2^ 

i = 1 , n. Then we imag ine i n s u r a n c e f i r m s i n v o l v e d i n t h e 

f o l l o w i n g game, w h i c h e v o l v e s i n two s t a g e s . L e t 9 k = 

(9fr1,«»»»6fr n ) be a v e c t o r s p e c i f y i n g t he measure o f t y p e i a g e n t s 

who p u r c h a s e a p o l i c y f rom f i r m k . T h u s , 9 k ^ e [ 0 , y ^ * ] . F i r m s 

t h e n announce , i n s t a g e 1 o f t h e game, an a l l o c a t i o n r u l e w h i c h 

s p e c i f i e s t h e c o n s u m p t i o n p a i r s r e c e i v e d by t y p e i a g e n t s c o n t i n 

gent on (a) 9 k , and (b) t h e a l l o c a t i o n s r e c e i v e d by a g e n t s a t 

o t h e r i n s u r a n c e f i r m s . L e t F deno te t h e s e t o f f i r m s (wh ich may 

be i n f i n i t e ) , l e t 9 = (9-j_,... , 6 k _ 1 , 9 k , 9 k + 1 , . . . ) , and l e t 9_ k = 

( 9 - ^ , . . . ,9k_-j_ » 9 k + i » • • •) • An a l l o c a t i o n r u l e i s deno ted a s f o l 

l o w s . L e t c k ^ g be t he s t a t e c o n t i n g e n t consump t i on l e v e l o f f e r e d 

t o t y p e i a g e n t s by f i r m k. L e t c k i = ( c k i l , c k i 2 ) , c k = 

( c k l , . . . , c k n ) , c = (c-j^,... , c k _ 1 , c k , c k + 1 , . . . ) , and c _ k = ( c , . . . , c k _ 

l » c k + l » » • • ) » where each o f t h e s e i s t o be u n d e r s t o o d a s a v e c t o r 

n 
o f f u n c t i o n s , and l e t A n be t h a t s u b s e t o f r" o b e y i n g £ y r < 

r = l 

1 ; y = (y]_»««« » y n ) « Then an a l l o c a t i o n r u l e f o r f i r m k i s a 

mapp ing 

c, . : A n X( X A n ) X( X C) + R 
K 1 S _ _ "4* 

meF meF 
m#k m^k 

s p e c i f y i n g t he consumpt ion l e v e l o f a t y p e i agent i n s t a t e s a t 

f i r m k , where C d e n o t e s t h e s p a c e o f a l l o c a t i o n r u l e s . We w i l l 

w r i t e an a l l o c a t i o n r u l e a s c k i ( 9 k ; 9 _ k , c _ k ) . 
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Of c o u r s e , c e r t a i n r e s t r i c t i o n s must be imposed on t h e 

a l l o c a t i o n r u l e s announced by f i r m s . An a l l o c a t i o n r u l e must be 

r e s o u r c e f e a s i b l e , i . e . , s a t i s f y 

(1) I W P i f v W V e ^ c ^ ) ) + 

1=1 

( ^ P 1 ) ( ^ - c k l 2 ( 8 k ; e ^ , c - k ) ) ] > 0 

v 9 e X A n , v c e X C . 
keF meF 

m*k 

A l s o , s i n c e agent t y p e s a r e not o b s e r v a b l e ex a n t e , i t must be t h e 

c a s e t h a t t y p e i and o n l y t y p e i a g e n t s w i s h t o o b t a i n t h e c o n 

sumpt ion p a i r ( c k i l _ > c k i 2 ^ * ^ n a ^ o c a ' ; ^ o n r u l e i s i n c e n t i v e f e a s i  

b l e i f 

( 2 ) P i U [ W V e - k > C - k > ] + ^ - P i ) U ' c

k i 2 ( 9 k ' 0 - k ' C - k ) ] > 

H V [ ^ 1 { \ ^ C J ] + ( l - P i ) U l c m J 2 ( 9 k ' e - k ' C - k ) I ' 

v i , j = 1, n ,v m e F . 

H e n c e f o r t h , we r e s t r i c t a t t e n t i o n t o r e s o u r c e and i n c e n t i v e f e a s i 

b l e ( h e n c e f o r t h f e a s i b l e ) a l l o c a t i o n r u l e s . 

A t s t a g e 1 o f ou r game, t h e n , each f i r m announces a 9-

c o n t i n g e n t a l l o c a t i o n r u l e . I n t h e second s t a g e o f ou r game, 

g i v e n the r u l e s announced by each f i r m and t a k i n g t h e v e c t o r 9 as 

g i v e n , each agen t d e c i d e s w h i c h f i r m t o " p u r c h a s e a p o l i c y " f r o m . 

S i n c e a l l f i r m s announce i n c e n t i v e f e a s i b l e a l l o c a t i o n r u l e s , each 

agent s i m p l y p u r c h a s e s a p o l i c y f rom t h a t f i r m o f f e r i n g h i m t h e 

most p r e f e r r e d p a i r [ c k - Q ( 9 k ; 9 _ k , c _ k ) , c k i 2 ( 9 k ; 9 _ k , c _ k ) ] . 
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lt i s now p o s s i b l e t o say some th i ng about t he v a l u e s 

6 k . C l e a r l y 

(3a) G k i = H * i f P i U ( c k i l ) + ( l - P i ) U ( c k i 2 ) > 

P ^ ^ m i l ) + d - P i J u C c ^ ) v m e F , m * k . 

(3b) 0 k i = 0 i f P i U ( c k i l ) + ( l - P i ) U ( c k i 2 ) < P i U ( c m i l ) + 

( l - p ^ ) U ( c m ^ 2 ) f o r some m e F . 

However , t h e r e i s c o n s i d e r a b l e a r b i t r a r i n e s s i n s p e c i f y i n g t he 

v a l u e s 9 k ^ i f t y p e i a g e n t s a r e i n d i f f e r e n t r e g a r d i n g w h i c h f i r m 

t h e y p u r c h a s e a p o l i c y f r o m . F i r s t , t h e n , i n k e e p i n g w i t h s t a n 

da rd p r a c t i c e , we assume t h a t i f a l l f i r m s announce t h e same 

a l l o c a t i o n r u l e s , a l l agen t s a r e d i v i d e d among f i r m s a c c o r d i n g t o 

t h e i r p o p u l a t i o n p r o p o r t i o n s . T h e n , w i t h o u t l o s s o f g e n e r a l i t y , 

we c o u l d p r o c e e d as i f t h e r e were one f i r m . As a n o t a t i o n a l 

c o n v e n t i o n , t h e n 

( 3 c ) 6 i = " M ~ E u i i f c k ( 0 ) = c m ( 9 ) v k , m e F , v 9 e A N . 

I f f i r m s announce d i f f e r e n t r u l e s , however , t h e r e i s no e q u a l l y 

o b v i o u s c o n v e n t i o n t o a d o p t . One p o s s i b i l i t y wou ld be t o l e t a 

p a r t i c u l a r f i r m p i c k t he v a l u e 9 k i anywhere i n t h e i n t e r v a l 

[ 0 , U j J . A second p o s s i b i l i t y i s t h a t i f a l l f i r m s but one ( s a y 

f i r m k) announce t h e same a l l o c a t i o n r u l e , t hen 9 k ^ > 0 i f f t y p e i 

agen t s a r e made s t r i c t l y b e t t e r o f f by p u r c h a s i n g t h e i r p o l i c y 

f r om f i r m k. We p r o c e e d as f o l l o w s t h e n . Our f o c u s be low w i l l be 

on symmet r i c e q u i l i b r i a . H e n c e , 9 k ^ w i l l f a i l t o be p r o p o r t i o n a l 

t o Uj_ o n l y f o r a f i r m wh ich i s d e v i a t i n g f rom a c a n d i d a t e s e t o f 
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e q u i l i b r i u m s t r a t e g i e s . T h e r e f o r e , we w i l l o n l y r e q u i r e a s p e c i 

f i c a t i o n o f t he i n t h e c a s e o f t y p e i i n d i f f e r e n c e when a l l 

f i r m s bu t k announce t h e same r u l e . We employ a l t e r n a t e l y t h e 

f o l l o w i n g two a s s u m p t i o n s : 

(3d) 9 k i E [ 0 , u . » ] i f P i U ( c k i l ) + ( l - P i ) U ( c k i 2 ) = 

P i U < c m i l ) + d - P i W C m i a ) a n d i f < W 9 > = c t i s < 6 ) 

v m, t e F , m, t * k , v 9 e A N . 

(3e) 0 k i = 0 i f p i U ( c k n ) + ( l - P i ) U ( c k i 2 ) < P i U ( c m i l ) + 

( l - p i ) U ( c m i 2 ) f o r some m e F . 

I t r ema ins t o s a y s o m e t h i n g abou t f i r m p r o f i t s , and 

abou t what s t r a t e g i e s f i r m s can p u r s u e . L e t n k deno te t h e p r o f i t s 

o f f i r m k , w i t h i r k g i v e n as f o l l o w s : 

(h) n k = * ( 9 k , c k ; 9 _ k , c _ k ) = 

I 9 k . { p . [ e 1 - c k i l ( 9 k ; 9 _ k , c _ k ) ] 
1=1 

+ ( l - P i ) [ e 2 - c k i 2 ( e k ; 0 _ k , c _ k ) ] } , 

w i t h t he v a l u e s 9 k d e t e r m i n e d e i t h e r by ( 3 a ) - ( 3 d ) , o r by ( 3 a ) - ( 3 c ) 

and ( 3 e ) . F i n a l l y , f i r m s t r a t e g i e s a r e c h o i c e s o f f e a s i b l e a l l o 

c a t i o n r u l e s . 

A Nash Equi l ibr ium 

P r i o r t o d e f i n i n g a Nash e q u i l i b r i u m f o r t h e game j u s t 

d e s c r i b e d , we impose one a d d i t i o n a l r e s t r i c t i o n on t h e s e t o f 

a l l o c a t i o n r u l e s w h i c h f i r m s can announce . We b e g i n w i t h t h e 

f o l l o w i n g 
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D e f i n i t i o n . An a l l o c a t i o n 0 ^ ( 9 ^ ) ; k e F , i s 0 k - P a r e t o o p t i m a l i f 

v k e F t h e r e does not e x i s t a n o t h e r f e a s i b l e , i n c e n t i v e compat 

i b l e a l l o c a t i o n c, . (6. ) s u c h t h a t 

P i u l S k i i ( 9 k ) ] + C i - * 1 ) « [ S k l 2 ( e k ) l > 

P i U ' C k i l ( V ] + { 1 - V i ) u K i 2 { \ ) ] > 

v i = 1 , n , w i t h s t r i c t i n e q u a l i t y f o r some i , and i f 

1=1 
( 1 - * i ) [ W V - c k i 2 ( e k ) ] 1 < °« 

w i t h 9 _ k and c

m i s ( 9 _ k ) » m e F , m * k t a k e n as p a r a m e t r i c (where an 

o b v i o u s a b b r e v i a t i o n o f n o t a t i o n has been e m p l o y e d ) . 

F i n a l l y , l e t C * deno te t he s e t o f a d m i s s i b l e a l l o c a t i o n 

r u l e s f o r f i r m s . Then C j > k s ( 9 ) e C * i f c ^ k g i s 9^ P a r e t o o p t i m a l v 

8 e x A n , and s a t i s f i e s ( l ) and ( 2 ) . The reason f o r r e q u i r i n g 
k e F 

a d m i s s i b l e a l l o c a t i o n r u l e s t o be 9^ P a r e t o o p t i m a l v k i s t h a t 

t h i s p r e v e n t s a f i r m f r om t h r e a t e n i n g t o g i v e poor a l l o c a t i o n s i f 

t h e i r p o l i c i e s a r e p u r c h a s e d by ( t oo many o f ) c e r t a i n t y p e s o f 

a g e n t s . T h i s r e s t r i c t i o n might be j u s t i f i e d as f o l l o w s . Suppose 

9 k r e p r e s e n t e d t h e a c t u a l measure o f t y p e s p u r c h a s i n g p o l i c i e s 

f rom f i r m k . Then i t must no t be p o s s i b l e f o r some f i r m , t a k i n g 

t h e a l l o c a t i o n s r e c e i v e d by cus tomers o f o t h e r f i r m s and 9 _ k a s 

g i v e n , t o a t t r a c t away a l l o f t h e cus tomers o f f i r m k and t h e r e b y 

e a r n a p r o f i t . 

H a v i n g d e f i n e d t h e se t o f a d m i s s i b l e a l l o c a t i o n r u l e s , 

we may now d e f i n e a Nash e q u i l i b r i u m f o r ou r t w o - s t a g e game. 
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D e f i n i t i o n . A Nash e q u i l i b r i u m i s a s e t o f announced a l l o c a t i o n 

r u l e s c * e C * ; k e F , and a v e c t o r 9 * e X A n such t h a t 
k l S keF 

(5) I 9* = y * . 
keF K 

p . U [ c * . ( 9 * ; 9 « , c * )] + ( l - p . ) U [ c * ( 9 * ; 9 * , c * )] i m i l m' - m ' -m * i 1 mi2 m' - m ' -m 

v i , v k , m e F . 

( 7 ) \ < ¥ - < * e V c i k ) > \ ( 9 k ' V 9 - k ' c V 

v c k e C * , f o r a l l ( 9 k , 9 _ k ) c o n s i s t e n t w i t h ( e i t h e r ) ( 3 a ) - ( 3 d ) ( o r 

( 3 a ) - ( 3 c ) and ( 3 e ) ) , and s u c h t h a t ( 9 k , 9 _ k ) e X A n , I 9 f e = p * . 
meF meF 

Hence , a Nash e q u i l i b r i u m i s a s e t o f announcements by 

f i r m s wh ich a r e a d m i s s i b l e and w h i c h l e a v e no i n c e n t i v e f o r any 

f i r m t o change i t s announcement , and an a l l o t m e n t o f a g e n t s among 

f i r m s g i v e n t h e s e announcements s u c h t h a t no a g e n t s have an i n c e n 

t i v e t o p u r c h a s e a p o l i c y f r om any o t h e r f i r m , g i v e n t h e p u r c h a s e s 

o f o t h e r a g e n t s . 

A Set o f A l l o c a t i o n R u l e s 

A much s t u d i e d a l l o c a t i o n r u l e i s one wh ich s o l v e s t h e 

p r o b l e m ( f o r f i x e d 9 » 0) 

( 8 ) max P n U ( c n l ) + ( l - p n ) U ( c n 2 ) 

s u b j e c t t o 

( 9 ) P i U ( c n ) + ( l - P i ) U ( c i 2 ) > 

p i U ( c 1 l ) + ( l - p . ) u ( c 1 2 ) v i , j = 1 , n , 
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(10a) P 3 U ( c n ) + ( l - p 1 ) U ( c 1 2 ) > U x 

( 1 0 b ) p i U ( c i l ) + ( l - P i ) U ( c i 2 ) > U . ( 9 ) ; 1=2, n - 1 . 

n 
(11) I e i [ p i ( e 1 - c i l ) + ( l - p i ) ( e 2 - c 1 2 ) ] > 0 , 

i = l 

where t he v a l u e s I L ( 9 ) ; i = 1 , n - 1 a r e d e f i n e d r e c u r s i v e l y 

by 

( 1 2 ) H1 = max p 1 U ( c 1 1 ) + ( l - P : L ) U ( c 1 2 ) 

s u b j e c t t o P i ( c i i _ e i ) + ( l -p-^) ( c 1 2 - e 2 ) = ° * 

(13) U \ ( 9 ) = max P i ^ ( c i ^ ) + ( l ~ P ^ ) U ( c ^ 2 ) 

s u b j e c t t o 

ilk) P j u ( c j l ) + ( 1 - P J ) U ( C j 2 ) > U j ( 9 ) ; 1 < j < i - 1 

(15) ^ 9 J [ P j ( e 1 - c J 1 ) + ( l - p . ) ( e 2 - c . 2 ) ] > 0 

( 1 6 ) P j u ^ c j i ) + ( l - P j ) U ( c J 2 ) > 

P j U ( c h l ) + ( l - P j ) U ( c h 2 ) ; v j , h ; j , h < i . 

S o l u t i o n s t o t h i s p r o b l e m have been a s s o c i a t e d w i t h " W i l s o n -

e q u i l i b r i a " by Spence ( 1 9 7 8 ) and M i y a z a k i ( 1 9 7 7 ) • We w i l l c l a i m 

t h a t a s u b s e t o f s o l u t i o n s t o t h e p r o b l e m ( 8 ) - ( l l ) i s a Nash 

e q u i l i b r i u m a l l o c a t i o n f o r ou r t w o - s t a g e game. P r i o r t o s t a t i n g 

t h i s r e s u l t , howeve r , we need t o make two remarks about t h i s 

p r o b l e m . 

F i r s t , i n ou r s e t t i n g i t i s p o s s i b l e t h a t 9 ^ = 0 f o r 

some i , f o r some f i r m k. Then i t i s n e c e s s a r y t o s a y how f i r m k 
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t r e a t s t h e i n c e n t i v e c o m p a t i b i l i t y c o n d i t i o n s ( 9 ) (and ( l 6 ) ) 

i n v o l v i n g t h i s i . C l e a r l y , i f 0 k ^ = 0 , and i f t h i s i s a p r e f e r r e d 

s t a t e o f a f f a i r s f o r f i r m k , t h e n f i r m k must s t r u c t u r e i t s a l l o 

c a t i o n r u l e so t h a t t y p e i a g e n t s w i l l no t p u r c h a s e i t s p o l i c i e s 

d e s i g n e d f o r t y p e j a g e n t s , j * i . Hence , we append t h e f o l l o w i n g 

c o n s t r a i n t t o t h e p r o b l e m ( 8 ) - ( l l ) : 

(17) P i U f c k J 1 ( e k ; o _ k , c _ k ) ] + ( i - P i ) u [ c k j 2 ( e k ; e _ k , c _ k ) ] < 

P i U ' c m i l ( e m ; e - m ' c - m ) i + ( l -Pi>Ulc m i 2 (e m ;6^,c_ a ) 1 

v j , v m e F s u c h t h a t 0 ^ > 0 , v i s u c h t h a t 8 ^ = 0 , 

where f i r m k t a k e s t h e v a l u e s ( c

m i i » c

m i 2 ^ a s P a r a m e * r i c « Tt i s 

n e c e s s a r y t o assume t h a t t h e s e v a l u e s a r e t a k e n a s p a r a m e t r i c t o 

p r e v e n t f i r m s f rom a t t e m p t i n g t o m a n i p u l a t e o t h e r f i r m s ' a l l o c a 

t i o n s . 

The second remark we need t o make i s as f o l l o w s . As 

M i y a z a k i ( 1 9 7 7 ) p o i n t s o u t , t h e s o l u t i o n t o ( 8 ) - ( l l ) (and ( 1 7 ) ) 

need not be u n i q u e . H e n c e f o r t h , l e t c * (0, ;0 , , c , ) deno te t he 
X 1 S it —K —K 

a l l o c a t i o n r u l e w h i c h s o l v e s ( 8 ) - ( l l ) and ( 1 7 ) v 8 e X_ A n , and 
mcr 

where c * . i s t h a t s o l u t i o n w h i c h g i v e s t h e h i g h e s t e x p e c t e d 
K 1 S 

u t i l i t y t o t y p e n - 1 a g e n t s i f t h e r e i s no u n i q u e s o l u t i o n . 

S i m i l a r l y , i f t h e r e a r e two s o l u t i o n s w h i c h r e s u l t i n i d e n t i c a l 

v a l u e s o f e x p e c t e d u t i l i t y f o r t y p e n - 1 a g e n t s , c * . i s t h a t 
K 1 S 

wh ich g i v e s h i g h e s t e x p e c t e d u t i l i t y t o t y p e n - 2 a g e n t s , e t c . 

N o t i c e , t h e n , t h a t c * need not p roduce e x a c t l y t h e M i y a z a k i -
K IS 

S p e n c e - W i l s o n e q u i l i b r i u m a l l o c a t i o n , s i n c e M i y a z a k i a r g u e s t h a t 

t h e l o g i c o f t h e W i l s o n e q u i l i b r i u m c o n c e p t r e s u l t s i n t h e f o l l o w -
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i n g : i f t h e s o l u t i o n o f ( 8 ) - ( l l ) i s no t u n i q u e , an e q u i l i b r i u m 

a l l o c a t i o n w i l l be t h e s o l u t i o n l e a s t p r e f e r r e d by t y p e n - 1 

a g e n t s , e t c . 

E x i s t e n c e o f E q u i l i b r i u m 

The p r i m a r y r e s u l t o f t h i s s e c t i o n i s 

P r o p o s i t i o n 1 . I f a l l f i r m s announce t h e a l l o c a t i o n r u l e 

c * ^ g ( 6 ^ ; 0 ^ » c _ ^ ) > t h i s a l o n g w i t h 9^ = p c o n s t i t u t e s a Nash e q u i 

l i b r i u m . 

T h i s i s , o f c o u r s e , i n c o n t r a s t t o R o t h s c h i l d and S t i g l i t z ( 1 9 7 6 ) 

o r W i l s o n ( 1 9 7 7 ) , where no Nash e q u i l i b r i u m need e x i s t i n p u r e 

s t r a t e g i e s . The p r o o f o f P r o p o s i t i o n 1 f o r t he c a s e o f n > 2 i s 

somewhat i n v o l v e d , and makes use o f t h e a s s u m p t i o n ( 3 e ) . H e n c e , 

we b e g i n by p r o v i n g ou r r e s u l t f o r t h e c a s e o f n = 2 , f o r w h i c h we 

need o n l y u s e ( 3 a ) - ( 3 d ) . 

P r o o f o f P r o p o s i t i o n 1 : 2 Types 

The p r o o f p r o c e e d s as f o l l o w s . Suppose a l l f i r m s a n 

nounce t h e a l l o c a t i o n r u l e c ^ s « I f t h i s i s no t an e q u i l i b r i u m 

f o r some economy, t h e n t h e r e e x i s t s f o r t h i s economy a f i r m d e F , 

an a l t e r n a t e a d m i s s i b l e a l l o c a t i o n r u l e c , . and a s e t o f v a l u e s 
d i s 

6 and 9 ( w i t h 7 9 = u* - 6 . ) such t h a t 
k c F 
k*d 

P i u [ c k i i ( 9 > V - k ) ] + ( i - P i ) u [ c k i i ( 9 V e A - k » c - k ) ] > 

p .U [c . , ( 9 ;9 , c )] + ( 1 - p . )U[c . . ( 6 ;9 ,c ) ] ; l m i l m' - m ' -m * i mi2 m' - m ' -m 

v k e F such t h a t 9, > 0 , v m e F , 
k 

and 
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( 1 8 ) v ^ V ^ - d ) > v ^ ^ v 

when a l l o t h e r f i r m s announce c * . . We show t h a t a s s u m i n g ( l 8 ) 
K 1 S 

l e a d s t o a c o n t r a d i c t i o n . In o r d e r t o s e e t h i s , we w i l l need a 

lemma, and i n o r d e r t o s t a t e t h e lemma we w i l l r e q u i r e some a d d i 

t i o n a l n o t a t i o n . 

S u p p o s e , f o l l o w i n g P r e s c o t t and Townsend ( 1 9 8 4 ) , t h a t 

i n s u r a n c e f i r m s c o u l d o f f e r c o n s u m p t i o n l o t t e r i e s c o n t i n g e n t on 

t h e r e a l i z a t i o n o f t h e s t a t e o f n a t u r e f o r each a g e n t . L e t X 

denote t h e s e t o f p o s s i b l e r e a l i z a t i o n s o f t h e l o t t e r y , w i t h 

t y p i c a l e lement x e X . L e t c 1 - „ ( x ) deno te t h e c o n s u m p t i o n o f a 

t y p e i agen t i n s t a t e s i f t h e r e a l i z a t i o n o f t h e l o t t e r y i s x , 

and l e t us t h i n k o f some se t o f agen t s c h o o s i n g p r o b a b i l i t i e s q j x s 

o f x o c c u r r i n g f o r t y p e i a g e n t s , s u b j e c t t o £ x e x 1 i X s = ^ v i = 

1 , n . A f e a s i b l e l o t t e r y s a t i s f i e s ( f o r u) 

( 1 9 ) I V ± I { q i x l p i [ c . 1 ( x ) - e 1 ] + q . x 2 ( l - p . ) [ c . 2 ( x ) - e 2 ] } < 0 , 
1=1 xeX 

and an i n c e n t i v e c o m p a t i b l e l o t t e r y s a t i s f i e s 

( 2 0 ) ^ { % x l P i U [ c i l ( x ) 1 + ^ i x 2 ( l - P i ) U l c i 2 ( x ) 1 } > xeX 

j x

{ ^ j x l P i U ( c j l ( x ) , + ( l - P i ) f l j x 2 U [ c j 2 ( x ) , > ' 

i , j = 1 , n ; i * j . 

Suppose we now c o n s i d e r t h e p r o b l e m 

w ^ { q n x l P n U l c n l ( x ) 1 + % x 2 ( l - P n ) U [ c n 2 ( x ) , } 

xeX 

s u b j e c t t o ( 1 9 ) , ( 2 0 ) , 
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( 2 1 ) E Y

{ < 1 i x l P i U [ c i l U ) , + ( l _ P i ) q i x 2 U l c i 2 ( x ) 1 } 

xeX 

> ; i = 1 , . . . , n - l , 

w i t h U\ d e f i n e d i n a manner a n a l o g o u s t o e q u a t i o n s ( l 3 ) - ( l 6 ) and 

s u b j e c t t o 

(22) I q . = 1 ; i = 1 , n ; s = 1 , 2 . 
xeX 

Then we have t h e f o l l o w i n g r e s u l t . 

Lemma. The s o l u t i o n t o t h i s p r o b l e m has q ^ x s = 1 f o r some x ; i = 

1^ • • • ^ s = <?• 

P r o o f . The s o l u t i o n t o t he above p r o b l e m i s a P a r e t o opt imum 

( P r e s c o t t and Townsend {198k), p . ) , and any P a r e t o o p t i m a l 

consump t i on l o t t e r y has q ^ x s = 1 f o r some x , v i , s . ( P r e s c o t t 

and Townsend, p . ). 

We may now p rove P r o p o s i t i o n 1. F i r s t , suppose n = 2 

and suppose t h e r e i s some d e F , some a l l o c a t i o n r u l e c ^ , and some 

s e t o f v a l u e s ( 6 , , 0 ,) such t h a t ( l 8 ) h o l d s when a l l f i r m s o t h e r d —a 

t h a n d announce c * . . S i n c e t h e p r o f i t f u n c t i o n o f f i r m d i s 

g i v e n by (k), 9 ^ d > 0 must h o l d f o r some i . C o n s i d e r , t h e n , what 

must be t he c a s e f o r 9. , > 0 t o h o l d . In o r d e r t o a t t r a c t t y p e 2 
i d J * 

a g e n t s , c l e a r l y f i r m d must o f f e r an a l l o c a t i o n r u l e such t h a t 

(23) P 2 U [ c d 2 1 ( 6 d ; 9 _ d , c * _ d ) ] + d - P 2 ) U [ c d 2 2 ( 9 d ; 9 _ d , c ! d ) ] > 

p 2 U ^ c k W M ' w ' c - k ^ + ^ 1 - P 2 ^ U f c k 2 2 ^ y ; , i , C - k " ' 
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T h e n , i f t y p e 2 a g e n t s a r e a t t r a c t e d i n some n o n n e g a t i v e number b y 

f i r m d , t y p e 1 a g e n t s can be a t t r a c t e d i f f 

p , U [ c * ( p ; y , c )] + ( l - P l ) U [ c * ( y ; y , c ) ] , v k e P , 
k*d 

or 

( 2 5 ) P l u [ ; d l l ( e d ; e _ d , c ! d ) ] • ( l - ^ J u k ^ C ^ j e ^ . c y i > 

P l U l ^ l l ( ^ d ^ . k » C - k ) ] + ( l - P l ) U [ ^ 1 2 ( y - e A d ' e A - k » C - k ) ] 

¥ k e F , k * d . 

T h u s , t y p e 2 a g e n t s a r e a t t r a c t e d by f i r m d o n l y i f t hey a r e made 

b e t t e r o f f , and t y p e 1 a g e n t s a r e a t t r a c t e d i f t h e y a r e b e t t e r o f f 

a t f i r m d t h a n t h e y would have been i f f i r m d announced c * , o r i f 

t h e y a r e b e t t e r o f f a t f i r m d a f t e r t h e d e f e c t i o n o f some t y p e 2 

a g e n t s f rom o t h e r f i r m s t o f i r m d . F i n a l l y , s i n c e any a d m i s s i b l e 

a l l o c a t i o n r u l e must b e 9 - P a r e t o o p t i m a l v 9 e X A n , c l e a r l y i f 

k e F 
(23) and e i t h e r {2k) o r (25) h o l d w i t h e q u a l i t y , t h e n 

A A A 

7t, ( 8 , , c , ; 9 , , c * ) = 0 wou ld h o l d . Hence f o r ( l 8 ) t o h o l d , e i t h e r 
d d d - d - d 

( 2 3 ) o r ( 2 5 ) must h o l d w i t h s t r i c t i n e q u a l i t y . 

There a r e now f o u r p o s s i b l e c a s e s t o c o n s i d e r . 
A A A A 

Case 1 . ( 8 . . , 9 - . ) = ( 8 . . , 0 ) , 8 . , > 0 . Then f i r m d a t t r a c t s o n l y 
I d da l a I d 

t y p e 1 a g e n t s , and not t y p e 2 a g e n t s . T h e r e f o r e , (2k) h o l d s w i t h 

s t r i c t i n e q u a l i t y . But c l e a r l y 

( 2 6 ) P i U l c d l l ( 9 d ) J + ( l " p l ) U ^ d l 2 ( 9 d ) ] * V 
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where U. i s d e f i n e d by (12) ( w i t h an o b v i o u s a b b r e v i a t i o n o f 

n o t a t i o n i n ( 2 6 ) ) . ( 2 6 ) c o n t r a d i c t s e i t h e r (2k) o r (25) ( w i t h 

s t r i c t i n e q u a l i t y i n e i t h e r ) , s o t h a t t h i s c a s e i s i m p o s s i b l e . 

Case 2 . ( e i ( j ' 9 2 d ^ = ^ 9 l d ' y 2 ^ ' 9 l d < y l * T h e n g i v e n t h e f o r m o f 

c * , k * d , 

(27) P i ^ k i i ^ - V 1
 + ( l " P l ) U [ c k l 2 ( w " ® d ) ] = " l ; k £ F * 

T h e r e f o r e 

(28) P 2

U ( c d 2 1 ( 9 d ) 1 + ( l _ P 2 ) U ^ d 2 2 ( 9 d ) ] < V 

where U 2 max im izes p 2 U ( c 2 1 ) + ( l - p 2 ) U ( c 2 2 ) s u b j e c t t o 

( 2 9 ) P i U ( c 2 l ) + d - P 1 ) U ( c 2 2 ) = U1 

(30) P 2 ^ c 2 1 ~ e l ^ + d ~ P 2 ) ( c 2 2 " e 2 ^ * ° * 

C l e a r l y , t h e n 

( 3 D p 2 u [ c * 2 1 ( e ; e _ d , c _ d ) ] + ( i - p 2 ) u [ c * 2 2 ( e ; e _ d , c _ d ) ] > 0 2 

v 9 e X A n , v c £ X c , 
keF keF 

as t he m a x i m i z a t i o n p r o b l e m d e f i n i n g UV, i s more t i g h t l y c o n 

s t r a i n e d t h a n ( 8 ) - ( l l ) . But ( 2 8 ) and (31) c o n t r a d i c t ( 2 3 ) . 

H e n c e , t h i s c a s e i s i m p o s s i b l e . 
A A 

C a s e 3 . ^ 9 i , j ' 9 2 d ^ = ^ i » ^ 2 ^ ' s o * ^ i a * f i r m d a t t r a c t s a l l a g e n t s . 

Now c l e a r l y 

P 2 U [ c ' d 2 1 ( 9 > + ^ " W V 1 < 

P 2 U [ c * 2 1 ( p ) ] + ( l - p 2 ) U [ c * 2 2 ( y ) ] 
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f o r t h i s v a l u e o f 0 ^ , by t h e d e f i n i t i o n o f c * i g . T h e r e f o r e , (23) 

must h o l d w i t h e q u a l i t y . Hence t h e r e a r e a t l e a s t two a l l o c a t i o n s 

g i v i n g t h e l e v e l o f t y p e 2 u t i l i t y w h i c h emerges as t h e s o l u t i o n 

t o ( 8 ) - ( l l ) when 0 = p. A l s o , s i n c e (23) h o l d s w i t h e q u a l i t y , 

(2k) must h o l d w i t h s t r i c t i n e q u a l i t y . Bu t t h e n c * . i s not t h e 
K 1 S 

a l l o c a t i o n r u l e among t h e two o r more s o l u t i o n s t o ( 8 ) - ( l l ) w h i c h 

g i v e s t y p e 1 a g e n t s t he h i g h e s t l e v e l o f e x p e c t e d u t i l i t y . T h i s 

c o n t r a d i c t s t h e d e f i n i t i o n o f c * . , s o t h i s c a s e i s a l s o i m p o s s i -

b l e . 
A A A A 

Case it. y 2 * > 0 ^ > 0 , e [ 0 , ^ * ] . Now, s i n c e ( v 2 * - 9 d 2 ) 9

d 2 > 

0, 

(32) P 2 U [ c d 2 1 ( 0 d ) ] • ( l - p 2 ) U [ c ^ 2 ( 0 d ) ] = P 2 U [ c £ 2 1 ( 0 k ) ] + 

( l - p 2 ) U [ c * 2 1 ( 0 k ) ] > V2U\c*21(V)} + ( l - p 2 ) U [ c » 2 2 ( u ) ] ; 

where t h e second i n e q u a l i t y f o l l o w s f rom ( 2 3 ) . A l s o , i f t h e 
A 

i n e q u a l i t y i n (32) i s not s t r i c t , t hen {2k) h o l d s (and 0 ^ d > 0 ) . 

Then c o n s i d e r a c o n s u m p t i o n l o t t e r y w h i c h a l l o c a t e s t y p e i a g e n t s 
A A A A i n s t a t e s c , . ( 0 , ) w i t h p r o b a b i l i t y 0 , . / u . * , and c * . ( u - 0 , ) w i t h d i s d d i i k i s d 

A 

p r o b a b i l i t y 1 - (^ j / * 1 -^* ) * ( T h i s l o t t e r y i s f e a s i b l e , s i n c e e a c h 

a l l o c a t i o n i s i n d i v i d u a l l y . O b v i o u s l y , i t a l s o a s s i g n s t y p e 1 

a g e n t s an e x p e c t e d u t i l i t y a t l e a s t as g r e a t a s U ^ . ) Then , f r om 

( 3 2 ) , t y p e 2 a g e n t s a r e a t l e a s t a s w e l l o f f u n d e r t h i s l o t t e r y a s 

t h e y a r e r e c e i v i n g c * (y) w i t h c e r t a i n t y i n s t a t e s , and i f t hey 
d. s 

a r e not s t r i c t l y b e t t e r o f f t hen ( f rom (2k)) t y p e 1 a g e n t s a r e . 

However , t h i s i m p l i e s t h a t t h e r e e x i s t v a l u e s q £ x s £ ( 0 , l ) t h a t 

s o l v e t h e p rob lem d i s c u s s e d i n t h e lemma. The e x i s t e n c e o f such a 

s o l u t i o n c o n t r a d i c t s t h e lemma, s o t h i s c a s e i s i m p o s s i b l e . T h u s , 

we have p r o v e d P r o p o s i t i o n 1 f o r t he c a s e o f n = 2 . 
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P r o o f o f P r o p o s i t i o n 1: n > 2 Types 

A g a i n t h e p r o o f p r o c e e d s by a s s u m i n g t h a t ( l 8 ) h o l d s , 

and d e r i v i n g a c o n t r a d i c t i o n . We b e g i n by n o t i n g t h a t t h e lemma 

o f t h e p r e v i o u s s e c t i o n h o l d s f o r a r b i t r a r y n , and by s t a t i n g t h e 

a n a l o g s o f ( 2 3 ) - ( 2 5 ) : 8 . > 0 i f f 
dn 

( 3 3 ) P n ^ l ' ^ V V 1
 + ( l - P n ) U [ ^ d n 2 ( G V 9 - d ' C ! d ) 1 > 

P n U ( c k n l ( u ; y , c _ k ) ] • ( l - P n ) U l c k n 2 ( y ; y , c . k ) l ; v k e F , 

and 8 , . > 0 ; i < n , i f f d i 

P 1 U [ c * . 1 ( p ; i i , c _ k ) ] + ( l - p . ) U [ c * . 2 ( y ; p , c _ k ) ] ; v k e F , 
k * d , 

o r 

( 3 5 ) P i U I ° d i i ( e A d » 9 - d » c ! d ) 1 + ^ - P i ^ W V ^ V 1 > 

P i u ( c k i i ( i ' 9 - k ' c - k ) ] + C i - p 1 W « j l 2 ( ^ ; e _ k f e _ k ) J ; » w r , 

k * d . 

Thus t o a t t r a c t t y p e n a g e n t s , f i r m d must make them ( w e a k l y ) 

b e t t e r o f f than they were i n i t i a l l y . A l s o , t o a t t r a c t t y p e i 

a g e n t s , i < n , i t must e i t h e r make them weak l y b e t t e r o f f t h a n 

t h e y were i n i t i a l l y , o r b e t t e r o f f t han t h e y wou ld be a f t e r t he 

d e f e c t i o n o f t y p e j a g e n t s , j > i . A l s o , a s b e f o r e , f o r ( l 8 ) t o 

h o l d , i t i s n e c e s s a r y t h a t e i t h e r (33) h o l d w i t h s t r i c t i n e q u a l 

i t y , o r t h a t (3*0 h o l d w i t h s t r i c t i n e q u a l i t y f o r some i . 

Now suppose t h e r e e x i s t s a f i r m d , an a l l o c a t i o n r u l e 
c , . , and a v e c t o r ( 6 , , 0 ,) ( such t h a t I 9, = p*) such t h a t ( l 8 ) d i s d - d , _ k 

keF 
h o l d s . There a r e t h e n s e v e r a l c a s e s t o c o n s i d e r . 
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A A 

Case 1 . Suppose 9 ^ > 0 v i s a t i s f y i n g j < i < A , and 0 ^ = 0 

o t h e r w i s e . 

(a ) Suppose I = n. Then c l e a r l y a c o n t r a d i c t i o n r e s u l t s i f 
A 

j = 1 . Hence J > 1 . Now s i n c e 9 d i > 0 , and i f ( 3 . e ) h o l d s , 
A 

0 , . = T h e r e f o r e 
d i l 

s i n c e 9 , = 0 hy a s s u m p t i o n , and s i n c e t y p e s w i t h i n d i c e s l e s s 
dj—s 

t h a n j r e c e i v e t h e a l l o c a t i o n s p e c i f i e d by c * . . M o r e o v e r , s i n c e 
A IS 

(35) h o l d s , 

A A 

P i U [ c d i l ( 9 d ; 9 _ d , c * d )] > U \ ( u ) v i such t h a t j < i < n . 

Hence t h e a l l o c a t i o n g i v i n g a g e n t s w i t h i n d i c e s j < i < n t h e c o n -
A A A A A A 

sumpt ion p a i r s [ c

d ^ ^ ( ^ d ' ^ d ' ° * d ^ ' C d i 2 ^ 9 d ' 9 d ' ° * d ^ ' a n c ^ a g e n * s 

A A 

w i t h i n d i c e s i < j t h e p a i r s [ c ? . ( | j - 6 . ) , c ? g ( p - 6 . ) ] s a t i s f i e s t h e 

c o n s t r a i n t s ( 1 0 ) , and c l e a r l y i s f e a s i b l e . A l s o , by (33) and 
A A 

( 3 ^ ) , e i t h e r t y p e n a g e n t s s t r i c t l y p r e f e r ( c

d n ^ > c

d n 2 ' ^ ° 

( c * l » c * 2 ^ ' ° r e l s e t n e y a r e i n d i f f e r e n t and t y p e n - 1 a g e n t s 
A A p r e f e r (c , c ) t o ( c * , , , c * , 0 ) , e t c . In p a r t i c u -d , n - l , l d , n - l , 2 n - 1 , 1 ' n—1,2 

l a r , one t y p e i ; j <i i < n , i s made s t r i c t l y b e t t e r o f f , w i t h no 

t y p e i + s ; s = l , . . . n - i , made worse o f f . Rut t h i s c o n t r a d i c t s 

t h e d e f i n i t i o n o f c £ g , and i s i m p o s s i b l e . 

(b ) Then I < n. S i n c e no a g e n t s o f t y p e i > I d e f e c t t o f i r m d , 
A A A A 

t y p e I a g e n t s must w e a k l y p r e f e r I c

d £ 1 ( Q

d ) ,c<n2^Qd^ t 0 

[ c * ^ ( y ) ,c*,- ,(u) ] , and some a g e n t t y p e i ; j < i < I i s made s t r i c t l y 

b e t t e r o f f . 
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In p a r t i c u l a r , 

( 3 6 ) P t * l « d u ( e > * M r c ! d ) 1 + ( 1 V u [ W 9 > - d ' c * - d ) ] > 

p £ u l c m ( w ) 1 + ( 1 _ p * ) u [ c * * 2 ( i j ) , ; k £ F ' k * d -

A l s o , by a s s u m p t i o n ( 3 e ) , 9 ^ = y^ v i ; j < i < £ . We now make 

use o f t h e f o l l o w i n g lemma. 

Lemma 2 . Suppose some f i r m k has 9 ^ ^ = 0 . Then ^ ^ g ^ j ^ ' 9

 k ' c ^} 

s e t s < ( i f 9 ^ > 0 ) . 

P r o o f : i t i s easy t o show t h a t t h e i n c e n t i v e c o n s t r a i n t (9) f o r i 

= q - 1 b i n d s o n l y on t h e c h o i c e s c * i n t h e p r o b l e m ( 8 ) - ( l l ) . I f 
qs 

9 ^ ^ = 0 , t h e n c q g i s t a k e n as p a r a m e t r i c by f i r m k . T h e r e f o r e , 

s e t t i n g > U ^ does no t r e l a x any c o n s t r a i n t s i n t h e p r o b l e m 

( 8 ) - ( l l ) , and uses r e s o u r c e s . Hence U„ n < U , ( i f 9, n > 0 ) . 
q - i q _ i K q - J . 

As i s w e l l known (Spence ( 1 9 7 8 ) ) , t h i s i m p l i e s 

(37) Y \ 1 fc 1 Ic n (e k ) -* 1 ] + ( l - P i ) [ c . 2 ( 9 k ) - e 2 ] < 0 . 
i = l 

T h u s , s i n c e 9 > 0 (and h e n c e , by ( 3 e ) , s i n c e 0. . = 0 v k e F , 

k * d ) , (37) h o l d s v k « f o r q - 1 = £ - 1. T h e r e f o r e , t h e f o l l o w 

i n g two s t a t e m e n t s a r e t r u e : 

(38) j 9 k i [ p . c . 1 ( 9 k ) + ( l - p . ) c . 2 ( 9 k ) ] < 
1=1 

I 
I y i [ p i c f 1 ( y ) + ( i - P i ) c * 2 ( u ) ] , 

( f r om (37) w i t h q = SL and f rom 9. = 0 ) , and (36) h o l d s . Hence 
Kit 

( 3 9 ) P „ u [ c L i ( V > e V - k

) ] + ti-Pn)o[«4,2(Sk;e^.c^)] > 

p U [ c * (y ) ] + ( 1 - P ) U [ c * ( y ) ] , n n i n tid 
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and i f ( 3 9 ) h o l d s w i t h e q u a l i t y , some t y p e i , % < i < n , i s made 

s t r i c t l y b e t t e r o f f ( w i t h no t y p e g r e a t e r t han i made worse o f f a t 

f i r m k , k * d ) . T h i s i s t r u e s i n c e (by ( 3 6 ) ) an i n c e n t i v e c o n 

s t r a i n t i s r e l a x e d i n t h e p r o b l e m ( 8 ) - ( l l ) , and (by ( 3 8 ) ) no 

g r e a t e r amount o f r e s o u r c e s a r e consumed by a g e n t s w i t h i < I 

a f t e r t he change i n announcement by f i r m d . A l s o , as b e f o r e , no 

t y p e i agen t r e c e i v e s e x p e c t e d u t i l i t y l e s s t h a n u \ ( y ) . But t h e n 

( 3 9 ) ( w i t h s t r i c t i n e q u a l i t y , o r ( 3 9 ) a t e q u a l i t y a l o n g w i t h t h e 

f a c t t h a t some o t h e r t y p e i s made b e t t e r o f f ) c o n t r a d i c t s t h a t 

c * s o l v e s ( 8 ) - ( l l ) . Hence , t h i s c a s e i s a l s o i m p o s s i b l e , 
i s 

Case 2 . T h e r e f o r e , t h e r e must be i n d i c e s i , j , and £ s a t i s f y i n g j 

< i < Z, such t h a t 9 > 0 and 9 = 0 . R e p e a t i n g t h e p r e v i o u s 

a rgument , i f I i s t h e l a r g e s t i n d e x such t h a t 9 ^ > 0 , we d e r i v e 

t h e same c o n t r a d i c t i o n as b e f o r e . Hence , t h i s c a s e i s a l s o i m p o s 

s i b l e , and P r o p o s i t i o n 1 i s p r o v e d . 

A C o o p e r a t i v e E q u i l i b r i u m Concep t 

We now c o n s i d e r t he i m p o s i t i o n o f a f a i r l y s t a n d a r d 

c o o p e r a t i v e e q u i l i b r i u m c o n c e p t on t he same R o t h s c h i l d - S t i g l i t z 

i n s u r a n c e env i ronmen t d e s c r i b e d a b o v e . In p a r t i c u l a r , a c o a l i t i o n 

k i s a s e t o f i n d i c e s k C { l , . . . , n } and an a s s o c i a t e d v e c t o r o f 

measures ( 9 k ^ , . . . , 9 k n ) . L e t K deno te t h e se t o f p o s s i b l e c o a l i 

t i o n s . A g a i n , ou r f o c u s i s on a l l o c a t i o n r u l e s as a b o v e , f o r 

r e a s o n s we d i s c u s s m o m e n t a r i l y . R e c a l l t h a t an a l l o c a t i o n r u l e 

c ^ s ( y ) s p e c i f i e s an a l l o c a t i o n t o be r e c e i v e d by t y p e i a g e n t s i n 

s t a t e s , i f y d e s c r i b e s t he p o p u l a t i o n f o r t h e economy. Then we 

say t h a t an a l l o c a t i o n r u l e c . _ ( u ) i s b l o c k e d i f t h e r e e x i s t s a 

c o a l i t i o n k e K , and an a l l o c a t i o n r u l e c^ • ( 9 ^ ; 9 _ v , c v ) s p e c i f y -
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i n g t h e a l l o c a t i o n t o be r e c e i v e d by a t y p e i member o f c o a l i t i o n 

k (where 9 k i s t he v e c t o r o f measures o f agent t y p e s b e l o n g i n g t o 

c o a l i t i o n k , 9 _ k i s t h e v e c t o r o f members b e l o n g i n g t o o t h e r 

c o a l i t i o n s , and c _ k i s t he v e c t o r o f a l l o c a t i o n r u l e s announced by 

o t h e r c o a l i t i o n s ) w i t h t h e f o l l o w i n g p r o p e r t i e s : 

W » I 9 k i {P i [ c i l (e k ;e . k , c „ k ) -e 1 ] • 

( 1 - P i ) [ c i 2 ( 6 k ; 9 _ k , c _ k ) - e 2 ] } < 0 

( U l ) P i U l c k i l ( e k ; 9 _ k , c _ k ) ] + ( 1 - P i ) u [ c k i 2 ( 9 k ; 9 _ k , c _ k ) ] > 

P i U ! c m i l ^ 9 m i 0 - m » c - m ) ] + H ^ I W ^ W 

v i s u c h t h a t 9 k ^ > 0 , v m e K , m * k . 

(U2) P i U [ c k i l ( 9 k ; 9 _ k , c _ k ) ] + ( l - p j ) U [ c k i 2 ( 9 k ; 6 _ k , c _ k ) ] < 

P i U [ c m i l ( e m ' e - m . c - m ) ) + ( l - P l ^ W V 9 - m . * - m > ) 

v i s u c h t h a t 9 k ^ < u ^ , f o r some m £ K, m # k . 

(U3) ViU\clil(Ql>Q-l>c-l^ + ( 1 - P i ) u [ c £ i 2 ( 9 £ ; 9 _ £ , c _ £ ) ] > 

H ^ K i l ^ Q - m ^ - m ^ + ( 1 - P i ) U ^ m J 2 ( ° m ; 9 - m ' c - m ) ' 

v I, m e K , v i , j = 1 , n . 

M P n U f c n l ( 9 k ; 9 - k » c - k ) l + ^ - P n ^ f ^ ^ k ^ - k ^ - k ) ' > 

P n U [ c n l ( y ) ] + ( l - p n ) U [ c n 2 ( y ) ] , 

i f en > 0 , 

^ 5 ) P n - l U ( c n - l , l ( ° k ' e - k > c - k ) ] + 
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( 1 - P n _ l ) u [ c n _ l 5 2 ( 8 k ; 6 _ k , c _ k ) ] > 

P n - l ^ n - l , ! ^ ) ] + ^ - P n - l ^ f S - l ^ ^ ) ] 

i f 6 n = 0 , 9 n _ 1 > 0 , o r i f 6 n > 0 and (UU) h o l d s w i t h e q u a l i t y , 

e t c . 

A word about c o n d i t i o n s ( U 0 ) - ( U 5 ) i s i n o r d e r . E q u a t i o n 

(ho) r e q u i r e s t h e a l l o c a t i o n r u l e f o r c o a l i t i o n k t o be r e s o u r c e 

f e a s i b l e . E q u a t i o n s (hi) and (*+2) r e q u i r e t h a t c o a l i t i o n member

s h i p be i n d i v i d u a l l y r a t i o n a l e , and a l s o t h a t e x c l u s i o n o f i n 

d i v i d u a l s f rom a c o a l i t i o n be v o l u n t a r y , i . e . , i n (h2) i n d i v i d u a l s 

a r e no t members o f k i f f t h e y do no t w i s h t o b e . T h i s i s n a t u r a l 

f o r our p r i v a t e i n f o r m a t i o n s e t t i n g , s i n c e o t h e r w i s e i t i s not 

c l e a r on what b a s i s i n d i v i d u a l s a r e t o be e x c l u d e d f r om a c o a l i 

t i o n . E q u a t i o n (h3) r e q u i r e s t h a t a l l announced a l l o c a t i o n r u l e s 

be i n c e n t i v e f e a s i b l e b o t h w i t h i n and a c r o s s c o a l i t i o n s . In p a r 

t i c u l a r , t y p e j a g e n t s i n t he complementary c o a l i t i o n t o k canno t 

w i s h t o e i t h e r j o i n c o a l i t i o n k and t r u t h f u l l y r e v e a l t h e i r t y p e , 

o r j o i n i t and c l a i m t o be o f some o t h e r t y p e . A g a i n , t h i s seems 

a n a t u r a l r e q u i r e m e n t i n t h i s p r i v a t e i n f o r m a t i o n s e t t i n g . F i 

n a l l y , ( ^H) , (1+5), e t c . , r e q u i r e t h a t some agent t y p e s i n c o a l i 

t i o n k s t r i c t l y p r e f e r t h e a l l o c a t i o n r e c e i v e d i n t h a t c o a l i t i o n 

t o t he a l l o c a t i o n t h e y wou ld r e c e i v e under t he a l l o c a t i o n r u l e 

c i s ( p ) . 

As a f i n a l d e f i n i t i o n , a c o r e a l l o c a t i o n r u l e i s a 

f e a s i b l e , i n c e n t i v e c o m p a t i b l e a l l o c a t i o n r u l e w h i c h i s no t 

b l o c k e d . I t r e m a i n s , t h e n , t o e x p l a i n ou r f o c u s on a l l o c a t i o n 

r u l e s i n t h i s s e t t i n g . I t w i l l be r e c a l l e d t h a t we r e q u i r e t h a t 
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b l o c k i n g c o a l i t i o n s announce i n c e n t i v e c o m p a t i b l e a l l o c a t i o n s . 

H e n c e , t h e s e t o f a l l o c a t i o n s a v a i l a b l e t o any c o a l i t i o n depends 

on t h e a c t i o n s o f t h e comp lementa ry c o a l i t i o n . T h i s i s a f e a t u r e 

f a m i l i a r f rom t he l i t e r a t u r e on t h e c o r e s o f economies w i t h e x t e r 

n a l i t i e s / p u b l i c goods ( e . g . , F o l e y ( ) , R i c h t e r ( ) , 

S t a r r e t t ( ) ) . Hence , a l l c o a l i t i o n s must announce a l l o c a t i o n 

r u l e s , so t h a t t h e y s p e c i f y what t h e y w i l l do c o n t i n g e n t on t h e 

a c t i o n s o f o t h e r c o a l i t i o n s . A g a i n , we f o c u s h e r e o n l y on what we 

c a l l a d m i s s i b l e a l l o c a t i o n r u l e s ( d e f i n e d e s s e n t i a l l y as a b o v e ) , 

s o t h a t a l l a l l o c a t i o n r u l e s must s a t i s f y (UO)—(^3) v ( 9 k > 9 _ k ) e 

X A n , and must a l s o s a t i s f y t h e f o l l o w i n g c o n d i t i o n . G i v e n 
keK 
( 9 k , 6 _ k ) , and g i v e n t h e a l l o c a t i o n s o f o t h e r c o a l i t i o n s , t h e r e 

must no t e x i s t an a l t e r n a t e f e a s i b l e a l l o c a t i o n r u l e c . such t h a t 

i s 

{ k 6 ) p i u [ S k i i ( e k ' e - k ' c - k ) ] + ( 1 - P i ) u [ W V e - k * c - k ) ] > 

P i u [ c k i i ( e k ' e - k > c - k ) ] + & ^ 1 M < W V e - k ' c - k ) 1 

v i such t h a t 9 k i > 0 , w i t h s t r i c t i n e q u a l i t y f o r some such i . 

T h i s c o n d i t i o n i s imposed t o p r e v e n t c o a l i t i o n s f rom t h r e a t e n i n g 

t o t a k e a c t i o n s i n c e r t a i n c o n t i n g e n c i e s w h i c h t h e i r membersh ips 
wou ld u n a n i m o u s l y r e j e c t i f t he c o n t i n g e n c y a c t u a l l y a r o s e . 

C o n s i d e r now t h e a l l o c a t i o n r u l e c * ( 0 ) , w h i c h s o l v e s 
i s 

( 8 ) - ( l l ) i f 9 . * 0 f o r any i , and t h e a s s o c i a t e d a l l o c a t i o n r u l e 

° k i s ^ 9 k ' 9 k ' ° k^ w h i c h s o l v e s ( 8 ) - ( l l ) s u b j e c t t o t he a s s u m p t i o n s 

d i s c u s s e d above i f 0 k i = 0 f o r some i . Our f i r s t r e s u l t r e g a r d i n g 

c o o p e r a t i v e e q u i l i b r i a i s 

P r o p o s i t i o n 2 . The a l l o c a t i o n r u l e c * (0) i s a c o r e a l l o c a t i o n * i s 

r u l e . 
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F o r t h e p r o o f we make u s e o f a s s u m p t i o n ( 3 e ) , i . e . , i f a b l o c k i n g 

c o a l i t i o n e x i s t s f o r some a l l o c a t i o n r u l e , w i t h d d e n o t i n g t h e 

b l o c k i n g c o a l i t i o n , 9 ^ = y^ * o r 9 d ^ = 0 v i = 1 , n . 

P r o o f : A g a i n we assume t h e r e e x i s t s a c o a l i t i o n d w h i c h announces 

an a l l o c a t i o n r u l e c , . ( 9 , : 9 , , c , ) and has an a s s o c i a t e d measure 
d i s d - d - d 

A 

o f v e c t o r s 9 , w h i c h b l o c k s c * ( 9 ) . We t h e n show t h a t t h i s assump-
d i s 

t i o n l e a d s t o a c o n t r a d i c t i o n . As b e f o r e t h e r e a r e s e v e r a l c a s e s 

t o c o n s i d e r . 

Case 1 . 0 ^ > 0 v i such t h a t j < i < £ . F i r s t , suppose % = n , j 

= 1. Then a l l t y p e s a r e a t t r a c t e d . By (h3), t y p e n a g e n t s weak l y 
A S\ 

p r e f e r t h e a l l o c a t i o n r e c e i v e d under c , . ( 9 . ; 9 , , c , ) t o t h a t 
d i s d - d - d 

r e c e i v e d u n d e r c ? ( y ) . I f t h e y a r e i n d i f f e r e n t be tween t h e t w o , 
A A A 

t y p e n - 1 a g e n t s weak l y p r e f e r t h e c , . (0>;0 j , c ,) a l l o c a t i o n t o 
ClXS Q — Q ~ Q 

t h a t r e c e i v e d u n d e r c * s ( y ) , e t c . , w i t h some t y p e b e i n g s t r i c t l y 

b e t t e r o f f , and no t y p e above t h a t b e i n g worse o f f . Bu t t h i s 

c o n t r a d i c t s t h e d e f i n i t i o n o f c * s « Hence t h i s c a s e i s i m p o s s i b l e . 

S u p p o s e , t h e n , t h a t Z = n , j > 1. S i n c e 9 ^ = v i > 

j , a l l t y p e s w i t h q < j r e c e i v e t h e a l l o c a t i o n s p e c i f i e d by 

c * ( y - 9 , ) . T h e r e f o r e i s d 

P j - l ^ j - l , ! ^ 1 + ^ j - l ^ j - l ^ ^ d ) 

w i t h u j_]_ d e f i n e d by (lk)-(l6). Then t y p e n a g e n t s canno t be made 
^ A A 

b e t t e r o f f under c (9 »6 , c ,) t h a n they wou ld be i f t hey 

r e c e i v e d t h e a l l o c a t i o n w h i c h s o l v e d 

max P n U ( c n l ) + ( l - p n ) u ( c n 2 ) 
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s u b j e c t t o (1 *0 ) , (1 *3 ) , ( 1 0 ) , and ( 1 * 7 ) . But t h i s p r o b l e m i s more 

h e a v i l y c o n s t r a i n e d t h a n ( 8 ) - ( l l ) w i t h 8 = y . H e n c e , t y p e n 
A A A 

agen ts canno t be s t r i c t l y b e t t e r o f f u n d e r c , . ( 9 , : 0 , , c ,) t h a n 
d i s d - d - d 

under c * g ( p ) . I f t h e y a r e i n d i f f e r e n t be tween t h e two a l l o c a t i o n s 

t y p e n - 1 a g e n t s cannot be s t r i c t l y b e t t e r o f f , e t c . Hence , no 

t y p e i , j < i < n can be s t r i c t l y b e t t e r o f f . T h e r e f o r e , Z < n . 

Then suppose 0 ^ > 0 ; l < j < i < £ < n . As we no ted 

a b o v e , t h e i n c e n t i v e c o n s t r a i n t s a s s o c i a t e d w i t h t y p e s q < j do 

no t b i n d on t y p e s r > Z i n t h e p r o b l e m ( 8 ) - ( l l ) w i t h 0£ = 0 , and 

w i t h t y p e Z a g e n t s r e c e i v i n g a g i v e n a l l o c a t i o n s p e c i f i e d by 
A A A A 

C d £ s ^ e d ' 9 - d ' ° - d ^ * T h e r e f o r e , ( s i n c e 0 d i s t h e comp lemen ta ry 

c o a l i t i o n ) 

I 
( U 8 ) X S H l « ^ « I e ^ ( S H i ' S d ' c d ) ^ l 1 + ( l - P a ) I c ^ ( e ^ » 9 d ' c d ) - e 2 I } 

a= l 

< 0 

( s e e , e . g . , Spence ( 1 9 7 8 ) ) . A l s o , by (1+5), 

i k 9 ) P i ^ W ^ V d * 1 + ( l - ^ ) U [ c ^ 2 ( 9 - d ' 9 d ' C d ) ] > 

P £ U [ c * 1 ( y ) ] + ( l - p £ ) u [ c « 2 ( p ) ] . 

But (1*8) and (1*9) i m p l y t h a t 

( 5 0 ) P n U l c n l ( 9 _ d ; 9 > d ) l • ( l - P n ) U [ c * 2 ( 9 _ d ; 9 d , c d ) ] > 

P n U [ c * 1 ( y ) ] + ( l - p n ) U [ c * 2 ( y ) ] . 

I f ( 5 0 ) h o l d s w i t h e q u a l i t y t h e a n a l o g o f ( 5 0 ) h o l d s f o r n - 1 , 

e t c . , and t h e r e i s s t r i c t i n e q u a l i t y f o r some r > Z. Now i t was 

i n i t i a l l y f e a s i b l e t o g i v e a l l a g e n t s o f t y p e i ; j < i < Z, t h e 
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a l l o c a t i o n c ^ s ( 9 d ' 9 d » c d ^ ' a n d ° ^ n e r a g e n t s t h e a l l o c a t i o n 
A A 

c * (9 ;9 , c ). M o r e o v e r , t h i s a l l o c a t i o n wou ld c l e a r l y s a t i s f y i s ~~Q d d 

( 1 0 ) . T h e r e f o r e , ( 5 0 ) ( o r i t s a n a l o g f o r o t h e r t y p e s i f ( 5 0 ) 

h o l d s w i t h e q u a l i t y ) i m p l i e s t h a t c * (y ) does no t s o l v e ( 8 ) - ( l l ) 
X s 

w i t h 9 = y . T h i s c o n t r a d i c t s t h e d e f i n i t i o n o f c * ( y ) , so t h a t 
X s 

t h i s c a s e i s i m p o s s i b l e . 

Case 2 . The re e x i s t i n d i c e s s a t i s f y i n g j < i < % such t h a t 
A A A 

9 , . 9 , „ > 0 , 9 , , = 0 . A l s o , w i t h o u t l o s s o f g e n e r a l i t y , l e t % b e 
d j d£ ' d i ' & " ' 

A 

t h e l a r g e s t i ndex w i t h 9 ^ > 0 . F i r s t , suppose I = n . Then (hk) 

h o l d s f o r t y p e n a g e n t s . I n a d d i t i o n , s i n c e each c o a l i t i o n has a 

f e a s i b l e , i n c e n t i v e c o m p a t i b l e a l l o c a t i o n , 

(51) P n

U f c * i ^ ) l + ( l - p n ) u [ c * 2 ( y ) ] > P n U ( c " n l ) + ( l - p ^ U ^ ) , 

where (c ., , c _) s o l v e s n l n2 

max P n U ( c n l ) + ( l - p n ) U ( c n 2 ) 

s u b j e c t t o ( 9 ) , ( 1 0 ) , ( l l ) , ( w i t h 9 = y ) , and 

p i * U ( c i * 1 ) + ( l - p l t ) U ( c w ) = U . * ( y - 9 d ) , 

where i * i s t h e l a r g e s t i n d e x such t h a t 9 , . = 0 and 9 , . - > 0 . 
B d i d i+1 

(51) i s t r u e s i n c e t h e p r o b l e m d e f i n i n g ^ c

n ^ ' c

n 2 ^ i n v o l v e s more 

c o n s t r a i n t s t h a n t h a t d e f i n i n g ^ c * ^ » c * 2 ^ * c ^ e a r l y 

( 5 2 ) p n U ( c n l ) + ( l - P n ) U ( c ^ 2 ) > P n U [ c d n l ( 9 _ d ; 9 d , c d ) ] * 

( l V U [ W ( 8 V d ' c d ) ] ' 
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New ( 5 1 ) and ( 5 2 ) c o n t r a d i c t (Uh) w i t h s t r i c t i n e q u a l i t y . I f 
A A 

8 . = 0 v i t h i s i s a c o n t r a d i c t i o n . I f 6 , -, > 0 and i f (hk) 
d n - i d n - 1 

h o l d s w i t h e q u a l i t y , we may r e p e a t t h e argument f o r n - 1 , e t c . 

Hence , t h i s c a s e i s i m p o s s i b l e . 

T h e r e f o r e , I < n . Bu t now u s i n g (1+5) f o r SL, and u s i n g 

(by p r e v i o u s a rgumen ts ) t h a t 

( 5 3 ) V - d a ^ ^ V ' V ^ K 1 + 

a=l 

( l - p

a

) I c ^ ( 9 - d ' V C d ) - e 2 1 } < ° . 

A A 

c l e a r l y t y p e n a g e n t s a r e not worse o f f unde r c * (8 ;8 , c , ) t h a n 
n s *"~Q d d 

under c * (u). S i m i l a r l y , i f t h e y a r e no t b e t t e r o f f , t y p e n - 1 
Ti S 

i s not worse o f f , e t c . H e n c e , t h e r e e x i s t s a t y p e h > £ w h i c h i s 

s t r i c t l y b e t t e r o f f t h a n under c * (u), and no t y p e i , h < i < n , 
X s 

A A 

i s worse o f f t h a n u n d e r c * ( u ) . Bu t s i n c e b o t h c * (8 ; 6 , , c . ) a n d 
x s x s "~d Q d 

A A A 

C J J » C J ) a r e f e a s i b l e and i n c e n t i v e c o m p a t i b l e , t h i s c o n -i s d - d - d 

t r a d i c t s t h e d e f i n i t i o n o f c * (u). T h e r e f o r e , t h i s c a s e i s i m p o s -
X s 

s i b l e . 
A 

Case 3 . The re i s j u s t one i n d e x , I, w i t h 8 > 0 . Bu t t h e n , by 

(i+5) ( f o r t y p e H) and ( 5 3 ) , we can r e p r o d u c e t h e argument a b o v e . 

T h u s , t h i s c a s e i s i m p o s s i b l e as w e l l , p r o v i n g P r o p o s i t i o n 2 . 

N o t i c e t h a t we have r e l i e d h e a v i l y on ( 3 e ) , w h i c h s a y s a 

b l o c k i n g c o a l i t i o n must a t t r a c t a l l o r none o f each t y p e . F o r t h e 

c a s e o f n = 2 a p r o o f o f P r o p o s i t i o n 2 can be c o n s t r u c t e d f o r any 

9 d i e [ 0 » V i * 1 » i = 1 , 2 . T h i s p r o o f i s a n a l o g o u s t o t h e p r o o f o f 

P r o p o s i t i o n 1 f o r n = 2 , and i s o m i t t e d h e r e . 
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Our second r e s u l t on c o o p e r a t i v e e q u i l i b r i u m a l l o c a t i o n 

r u l e s i s 

P r o p o s i t i o n 3» L e t c * (9) be t he a l l o c a t i o n r u l e s o l v i n g ( 8 ) -
X s 

( l l ) . Then c | g ( 0 ) i s t he u n i q u e c o r e a l l o c a t i o n r u l e . 

As b e f o r e , t he p r o o f f o r n = 2 i s s t r a i g h t f o r w a r d , whereas t h e 

p r o o f f o r n > 2 r e q u i r e s t h a t t he complementary c o a l i t i o n e i t h e r 

has a l l o r none o f each t y p e o f a g e n t . H e n c e , we f i r s t p r e s e n t 

t he p r o o f f o r n = 2 . 

P r o o f o f P r o p o s i t i o n 3 (n=2) . By P r o p o s i t i o n 2 , c * (9) i s a c o r e 
1 s 

a l l o c a t i o n r u l e . Suppose t h e r e a l s o e x i s t s some o t h e r c o r e a l l o 
c a t i o n r u l e c . ( 0 ) . We now d e r i v e a c o n t r a d i c t i o n by c o n s t r u c t i n g 

X s 

a b l o c k i n g c o a l i t i o n f o r c . ( 9 ) . 
X s 

L e t d deno te t h e b l o c k i n g c o a l i t i o n , and 9* i t s a s s o 

c i a t e d v e c t o r o f m e a s u r e s . Suppose 0 * 2

 = ^ 2 * ' a n c * suppose d a n 

nounces t h e a l l o c a t i o n r u l e c * (9 , ; 0 , , c , ) . S i n c e 9 * „ = u o * , i f 
d i s - a d d ad * 

9 d l < y 1 c l e a r l y 

(5U) p 1 U [ c 1 1 ( y * - 6 * ) ] + ( l - p : ) U [ S 1 2 ( y * - 9 * ) ] < 

w i t h d e f i n e d by ( 1 2 ) . S i n c e t y p e 1 a g e n t s o b t a i n e x p e c t e d 

u t i l i t y no l e s s t han w i t h c o a l i t i o n d (by c o n s t r a i n t ( 1 0 a ) ) , we 

c o u l d a r b i t r a r i l y a s s i g n a l l t y p e 1 a g e n t s t o d and make them no 

worse o f f t h a n t h e y were i n t h e comp lementa ry c o a l i t i o n . The re 

a r e now two c a s e s t o c o n s i d e r . 

C a s e 1 . c . (u * ) does not s o l v e ( 8 ) - ( l l ) f o r 9 = u * . Then c l e a r l y 
X s 

P g U l c ^ d i * ) ] + (i-p 2)u|c* 2(u«)] > 

P 2 U ( c 2 1 ( y * ) ] + ( l - p 2 ) U | c 2 2 ( p * ) ] . 
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A l s o , by c o n s t r a i n t ( 1 0 a ) , 

(55) P j U l c J ^ C i i * ) ] + ( l - p 1 ) U [ c * 2 ( l i * ) ] > U r 

M o r e o v e r , by c o n s t r u c t i o n c * (6) i s f e a s i b l e . Hence c * (9) s a t i s -

X s X s 

f i e s a l l o f t h e c o n d i t i o n s r e q u i r e d o f a b l o c k i n g a l l o c a t i o n r u l e , 

s o t h i s c a s e i s i m p o s s i b l e . 
C a s e 2 . The re i s more than one s o l u t i o n t o ( 8 ) - ( l l ) . c . (y ) i s 

i s 

one such s o l u t i o n , bu t i s not t h e s o l u t i o n w h i c h g i v e s t y p e 1 

a g e n t s t he g r e a t e s t u t i l i t y . Then c l e a r l y t h e g rand c o a l i t i o n 

b l o c k s c . ( 9 ) . Thus c * (9) i s t h e u n i q u e c o r e a l l o c a t i o n r u l e , a s i s i s 

c l a i m e d . 

F o r n > 2 , we a g a i n make use o f ( 3 e ) , s o t h a t when a 

b l o c k i n g c o a l i t i o n forms t h e complementary c o a l i t i o n e i t h e r h a s 

9 _ d = u j * o r 9 _ d = 0 v i = 1 , n . 

P r o o f o f P r o p o s i t i o n 3 (n>2) . As b e f o r e , we know c f g ( 9 ) i s a c o r e 

a l l o c a t i o n r u l e . A g a i n , we suppose t h e r e i s some o t h e r c o r e 

a l l o c a t i o n r u l e c . ( 9 ) , and d e r i v e a c o n t r a d i c t i o n by c o n s t r u c t i n g 
X s 

a b l o c k i n g c o a l i t i o n . We c o n t i n u e t o l e t d denote t h e b l o c k i n g 

c o a l i t i o n , 9 * i t s a s s o c i a t e d v e c t o r o f m e a s u r e s , and we c o n t i n u e 

t o suppose 9 * ^ = Vn*, and t h a t d announces a l l o c a t i o n r u l e 

c * . (9 , ; 9 . , c . ) . T h e r e a r e two c a s e s t o c o n s i d e r , d i s - d d d 

Case 1. c . (y ) does not s o l v e ( 8 ) - ( l l ) . Then c l e a r l y 
X s 

P n U [ c * 1 ( y * ) ] + ( l - p n ) U [ c * 2 ( y * ) ] > 

P n U [ c n l ( y * ) ] + ( l - p n ) U [ c n 2 ( y * ) ] . 
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A l s o , c * (8) i s f e a s i b l e by c o n s t r u c t i o n . Hence , i f we show t h a t ± s 

we can a l w a y s s e l e c t 9 * \ = y ^ ; 1 < i < n , we w i l l have c o n 

s t r u c t e d a b l o c k i n g c o a l i t i o n . 

By ( 3 e ) , i f 8*^ * y i * , 9* = 0 . Then suppose we canno t 

s e l e c t 8*j, = I K * v i . L e t q deno te t h e l a r g e s t i ndex such t h a t 

8 * q = 0 . The re a r e now two p o s s i b i l i t i e s . 

a ) 9 * q _ h

 = w * h f ° r S O m e h ' 1 < q ~ h < q * T h e n a s w e k n o w > 

C d , q - h , s ( 9 d ; 9 - d » C - d ) ° b e y S 

(56) qf fl^{pJkj1(ej;e:d.cHi)-1] + 

( l - P j ) [ c * 2 ( e * ; 8 * d , c _ d ) - e 2 ] } < 0 , 

and 

(57) P q . h « I ° ; - h , 1 ( e | ; e ! d , c _ a ) ] 

( i - p ^ K - h ^ ^ d ^ 1 < Vh ( 9 d^ 
w i t h U q _ h ( 8 * ) d e f i n e d by ( l U ) - ( l 6 ) . Thus i t i s no t h a r d t o s e e 

t h a t 

(58) P q U [ S q l ( e | ; 9 ! d , c _ d ) l + 

( 1 -Pq5u[c q 2 (e^ ;e ! d ,c_ d ) ] < u q(u*). 

T h i s i s t r u e s i n c e P q

u t c q l ( 8 * ; 0 * d , c _ d ) ] + ( l - p ) U [ £ ( 9 * ; 8 * d , c _ d ) ] 

i s bounded above by t h e s o l u t i o n t o t h e p r o b l e m t h a t d e f i n e s 

U q ( y * ) , b u t w i t h a s e t o f c o n s t r a i n t s o f t he fo rm ( 5 7 ) added 

( s i n c e 8 * d i = 0 f o r a t l e a s t one i ) . Now i f 8 * = p . * v i , t y p e q 

agen t s o b t a i n a t l e a s t U q ( y * ) by ( 1 0 ) . Hence , we may a s s i g n t h e s e 

a g e n t s t o c o a l i t i o n d w i t h o u t v i o l a t i n g (h2). T h u s , d wou ld 

s a t i s f y a l l t h e r e q u i r e m e n t s f o r a b l o c k i n g c o a l i t i o n . 
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b) 8 * = 0 v 1 < i < q . Then c l e a r l y ( 5 8 ) h o l d s . Hence t h e 

argument above a p p l i e s , and we may a s s i g n a l l agen t s t o c o a l i t i o n 

d w i t h o u t v i o l a t i n g {h2). T h u s , a g a i n a b l o c k i n g c o a l i t i o n d h a s 

been c o n s t r u c t e d , s o t h a t t h i s c a s e i s i m p o s s i b l e . 

Case 2 . c . (u*) does s o l v e ( 8 ) - ( l l ) f o r 6 = u*, bu t t h e r e a r e 
X s 

m u l t i p l e such s o l u t i o n s and c , i s not t h e one w h i c h a s s i g n s 
X s 

h i g h e s t u t i l i t y t o t y p e n - 1 a g e n t s , e t c . Then o b v i o u s l y t h e 

g rand c o a l i t i o n b l o c k s c . ( 6 ) . Hence , we can a l w a y s c o n s t r u c t a 
X s 

b l o c k i n g c o a l i t i o n f o r any a l l o c a t i o n r u l e o t h e r t h a n c * ( 6 ) , 
X s 

e s t a b l i s h i n g t h e p r o p o s i t i o n . 

The l o g i c o f t he p r o p o s i t i o n i s s t r a i g h t f o r w a r d . Under any a l l o 

c a t i o n r u l e o t h e r t h a n c * (6) w h i c h i s P a r e t o o p t i m a l v 9 e A n 

X s 

(and hence a c a n d i d a t e f o r a c o r e a l l o c a t i o n r u l e ) , t y p e n a g e n t s 

s u b s i d i z e agen t s o f o t h e r t y p e s . H e n c e , t y p e n a g e n t s can a l w a y s 

fo rm a b l o c k i n g c o a l i t i o n by d e f e c t i n g , and o f f e r i n g a g e n t s o f 

o t h e r t y p e s an a l l o c a t i o n w e a k l y p r e f e r r e d by them t o any a l l o c a 

t i o n t h e y c o u l d a t t a i n on t h e i r own. S i n c e t h i s i s a t l e a s t as 

good as what t h e s e a g e n t s can a t t a i n i n t h e a b s e n c e o f t y p e n 

a g e n t s , t hey a r e i n e s s e n c e " f o r c e d " t o j o i n t h e b l o c k i n g c o a l i 

t i o n . T h i s i n t u i t i o n a l s o s u g g e s t s why c * (0) i s an u n b l o c k e d 
X s 

a l l o c a t i o n r u l e . 

F i n a l l y , t h e r e i s an o b v i o u s c o r o l l a r y t o P r o p o s i t i o n s 

1 - 3 . 

C o r o l l a r y . The s e t o f c o r e a l l o c a t i o n r u l e s i s c o n t a i n e d i n t h e 

s e t o f Nash e q u i l i b r i u m a l l o c a t i o n r u l e s . 

Thus co re a l l o c a t i o n r u l e s can be " d e c e n t r a l i z e d " h e r e . 


