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I. Real Open Economy Macroeconomics 

In t h i s chapter , we cons ider a s imple macroeconomic model o f a wor ld 

economy c o n s i s t i n g of two c o u n t r i e s . We can use t h i s model to i l l u s t r a t e 

s e v e r a l po i n t s . 

(1) opt imal consumption behavior in an open economy 

(2) imp l i c a t i ons o f (1) fo r the balance o f payments and p r i c e s ( i n t e r e s t 

ra tes ) 

(3) e f f e c t s o f government spending and taxes on consumption behavior and 

p r i c e s and in p a r t i c u l a r , the i r r e l e v a n c e o f the t im ing o f taxes f o r 

a given path o f government expendi tures [The R i ca rd i an P r o p o s i t i o n ] 

A. The Two Period-Two Country Pure Exchange Model 

Consider a world economy composed o f two c o u n t r i e s . C a l l the two 

coun t r i es "home" and " f o r e i g n , " denote home v a r i a b l e s by s u p e r s c r i p t " H " and 

f o re ign v a r i a b l e s by s upe rs c r i p t " P . " Each o f the two coun t r i es are composed 

o f a l a rge number of i d e n t i c a l consumers. S ince consumers are i d e n t i c a l 

w i t h i n a country (but not n e c e s s a r i l y across coun t r i es ) i t w i l l s u f f i c e to 

cons ider a rep resen ta t i ve from each. 

1. A Representat ive Consumer fo r the Home Country 

The consumer l i v e s fo r two per iods ( t = 1,2) . In the f i r s t pe r iod 

the consumer i s endowed wi th y 1 u n i t s of the one good, i n the second he i s 
u 

endowed wi th y 2 u n i t s of the one good. I t w i l l be important to d i s t i n g u i s h 

between goods and commodit ies. Consider the f o l l o w i n g : Imagine the consumer 

H H 
owns an apple t r ee . The t ree produces y 1 apples in pe r i od 1, y 2 app les i n 

per iod 2 then d i e s . The apples are not s t o r a b l e , so i f they are not eaten in 

the per iod they are produced they become r o t t e n . 
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Now how many goods are there i n t h i s economy? Only one a p p l e . How 

many commodities are there? Two—date 1 apple and date 2 a p p l e s . In s t a t i c 

microeconomic theory commodities are d i s t i n g u i s h e d by p h y s i c a l t ypes , app les 

are d i f f e r e n t from oranges because they are p h y s i c a l l y d i f f e r e n t . In dynamic 

theory , ( that i s , in a theory which e x p l i c i t l y inc ludes a t ime dimension) com

mod i t ies are a l s o d i s t i n g u i s h e d by t ime, apples a t date 1 which are p h y s i c a l l y 

i n d i s t i n g u i s h a b l e from apples a t date 2 are s t i l l d i f f e r e n t commodit ies. 

a - Consumer Preferences 

Denote the consumption o f the home consumer in the two pe r iods 

H H 
as c " and c^ , r e s p e c t i v e l y . We assume the consumer va lues h i s consumption 

H H H H H stream {c^c^} accord ing to the u t i l i t y f unc t i on denoted U ( c ^ C g ) . Th i s 

func t i on completely summarizes the consumers' p re ferences over a l l p o s s i b l e 

combinat ions of date 1 apples and date 2 a p p l e s . 

We w i l l make the f o l l ow ing assumptions about the form o f the u t i l i t y 

func t i on and i t s p r o p e r t i e s . 

(U1) Add i t i ve s e p a r a b i l i t y and d i s c o u n t i n g : 

l A c J . c " ) = u H ( c " ) + B H u H (c ! j ) where 0 < B H < 1. Here we c a l l U H the 

t o t a l u t i l i t y f unc t i on and u H the per iod u t i l i t y f u n c t i o n . The two most 

important i m p l i c a t i o n s o f t h i s assumption are 

(Add i t i ve s e p a r a b i l i t y ) ( i ) there are no cross-consumpt ion e f f e c t s . 

By t h i s we mean the amount that t o t a l u t i l i t y U changes as we change 

the consumption o f good 2 depends on ly on good 2 and not on the l e v e l of 

consumption of good 1. No t i ce a d d i t i v e s e p a r a b i l i t y imp l i es 

3 2 U ( c r c 2 ) S 0 ( o t , c 2 ) 

3C,3C_ " 3c„3c. " ° ' 



- 3 -

(D iscount ing) ( i i ) the fu tu re i s d iscounted r e l a t i v e to the p resen t . 

That i s , assuming 0 < 8^ < 1 means the consumer i s " impa t i en t " to 

eat apples in the sense that i f he had a cho ice between ea t i ng now (pe r iod 1) 

or l a t e r (per iod 2) he would always p re fe r to eat now. I f the per iod u t i l i t y 

func t i on i s monotone (see U2), then d i scoun t ing imp l i es 

U H ( c "+A ,c 2 ) > U H(c",c!j+&) fo r a l l A > 0, a l l c " , c " . 

We w i l l c a l l 6 H the d iscount f a c t o r . The smal le r i s S H the more impat ien t i s 

the consumer. 

(U2) Monoton ic i ty [more i s pre fer red to l e s s ] 

3U H 

~ > 0 f o r t s 1, 2 . 

3 c t 

I f we assume (U1) then t h i s becomes 

3 U H du<e») du(c^) 
~~H = . H a H = H . H 3c 1 d c 1 3c 2 d c 2 

Monoton ic i ty b a s i c a l l y means the consumer always p re fe r more consumption to 

l e s s consumption. In p a r t i c u l a r i t imp l i es that consumers are never s a t i a t e d . 

Note: We w i l l use (U2) to guarantee the consumers' budget c o n s t r a i n t s w i l l 

b ind w i th e q u a l i t y . 

(U3) Concav i ty [Averages are pre fer red to extremes] 

U H ( c ! ^ , c 2 ) i s a concave func t i on o f c!| and c^, i . e . , (drop supe r 

s c r i p t s f o r a whi le ) l e t ( C p C ? ) and ( c 1 ' , c 2 ' ) be two consumption bund les . 

Consider a t h i r d bundle that i s weighted average of these where the weight on 

f i r s t bundle i s X (0 < X < 1) and weight on second bundle i s ( 1 - x ) . Then t h i s 

t h i r d bundle can be w r i t t en 
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( C 4 " , C 2

M ) where c , " = Xc 1 + ( 1 - x ) c , ' 

c 2 " = x c 2 + ( 1 - x ) c 2 ' 

Then we have the fo l l ow ing d e f i n i t i o n . 

D e f i n i t i o n : U ( c ^ , c 2 ) i s a concave func t i on o f ( c , , c 2 ) i f 

(«) U ( c 1 " , c 2

M ) > X U ( c 1 , c 2 ) + ( 1 - X ) U ( c 1 * , c 2 ' ) fo r a l l X s . t . 0 < X < 1. 

No t i ce we have a s t r i c t i nequa l i t y i n ( * ) . To be p r e c i s e , we shou ld r e a l l y 

say U i s then a s t r i c t l y concave f u n c t i o n . 

Note : I w i l l ask you i n the f i r s t problem set to show tha t g iven U s a t i s f i e s 

(U1) then i f the per iod u t i l i t y f unc t i on u(c) i s concave i n c , then i K c p C g ) 

i s concave i n ( c p C 2 ) . 

Note: Concavi ty w i l l be used to guarantee that the f i r s t - o r d e r c o n d i t i o n s are 

both necessary and s u f f i c i e n t f o r a maximum. 

(U4) Marg ina l u t i l i t y goes to i n f i n i t y as consumption o f e i t h e r good goes to  

zero 

3 U ( c 1 , c ? ) 
( * * } * » as c f c * 0 , t = 1, 2 

t 

(**) b a s i c a l l y says that consumers g r e a t l y d e s i r e to have p o s i t i v e consump

t i o n . G r a p h i c a l l y t h i s w i l l imply that i n d i f f e r e n t curves becomes f i a t as one 

good goes to z e r o . 

Note : Th is assumption i s b a s i c a l l y a t e c h n i c a l assumption tha t we w i l l use to 

guarantee consumers w i l l choose s t r i c t l y p o s i t i v e consumption o f both goods. 
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(U2) Monotonlc iby 

(see F igure 1) 

Monoton ic i ty imp l ies any po in t to nor theast o f ( c . , 5 p ) i s p r e f e r r e d to 

( c ^ C g ) , l e t S ( c . , c _ ) = se t o f po in ts to NE o f ( c . ,C - )» f o r example, 

(c.tc^) e S ( c . , C p ) and i f U i s monotone then U{c^,c^) < U ( c 1 , c Q ) . 

(U3) Concavi ty 

(see F igure 2) 

Concav i ty imp l i es any po in t on the l i n e segment connect ing ( C p C g ) to 

( C i ^ C g 1 ) i s p re fe r red to e i t h e r ( c p C g ) or ( c i ' . C g ' ) . 

(U4) Marg ina l u t i l i t y goes to i n f i n i t y as consumption o f e i t h e r good goes to 

zero means 

(see F igure 3) 

(U5) U i s twice con t inuous ly d i f f e r e n t i a b l e 

We have i m p l i c i t l y been assuming t h i s i n our e a r l i e r d e f i n i t i o n s 

s i n c e i f we d o n ' t , then 3U^/3c.,,3C2 does not make sense. 

Th i s assumption r u l e s out f l a t s or k inks in i n d i f f e r e n c e curves and 

b a s i c a l l y i t i s a t echn i ca l assumption which guarantees we can use the c a l c u 

l u s to do our a n a l y s i s . 

3. Assets and Budget Cons t ra i n t s 

I n i t i a l l y we w i l l cons ider only one type o f a s s e t , a one-per iod r e a l 

bond. At time 1, a consumer can buy a one-per iod bond g i v i n g up, say , b u n i t s 

o f h i s apples a t date 1 f o r a promise to get Rb u n i t s o f app les at date 2 . We 

w i l l c a l l 



R = gross r e a l one-per iod i n t e r e s t r a t e . 

We may a l s o l e t 

R = 1 + r where 

r net r e a l one-per iod i n t e r e s t r a t e . 

We use the term " r e a l " because R measures the r e l a t i v e p r i c e o f time 2 goods 

to time 1 goods and not time 2 " d o l l a r s " to t ime 1 " d o l l a r s . " We w i l l d i s c u s s 

t h i s l a t e r r e l a t i v e p r i c e , c a l l the nominal i n t e r e s t ra te in a l a t e r handout. 

The per iod budget c o n s t r a i n t s fo r the consumer are 

(1.1) ( t = 1) c , + b < y , 

(1.2) ( t =2 ) c 2 < y 2 + Rb 

where on the l e f t hand s i de (LHS) we have the uses o f goods and on the r i g h t 

hand s i de (RHS) we have the sources o f good. 

No t i ce i f b > 0 * consumer i s sav ing 

b < 0 * consumer i s borrowing 
v. 

We can reduce these two budget c o n s t r a i n t s to a s i n g l e budget c o n s t r a i n t as 

f o l l o w s . Solve the second equat ion (1.2) fo r b to ob ta in 

C 2 y 2 
d.3) ^ / - r 

S u b s t i t u t e (1.3) i n to (1.1) and rearrange to get 



(1.4) i s then a s i n g l e budget c o n s t r a i n t fo r the consumer c a l l e d the present  

va lue form of the budget c o n s t r a i n t . 

C. The Consumer's Maximizat ion Problem 

Each consumer (H&F) i s go ing to choose h i s / h e r consumption and bond 

supply/demand to maximize h i s / h e r u t i l i t y . There are two ways to w r i t e the 

consumer's problem depending i f we want to use the per iod budget c o n s t r a i n t s 

(1 .1) and (1.2) or the present va lue budget c o n s t r a i n t ( 1 . 4 ) . Both ways are 

the same, except that i f we use the per iod budget c o n s t r a i n t s we e x p l i c i t l y 

inc lude bonds and i f we use the present value budget c o n s t r a i n t the cho ice o f 

bonds i s only i m p l i c i t . 

( i ) The Consumer's Problem wi th Per iod Budget C o n s t r a i n t s 

Forma l l y , we have the f o l l o w i n g : 

Given endowments { y 1 } y 2 } and tak ing as g iven {R} choose { c , , c 2 , b } to s o l v e : 

(CMI) max U { c ^ , c 2 ) 

s . t . 1. c 1 + b < y 

2. c 2 < y 2 + Rb 

3 . c 1' u 2 c 0 > 0. 

( i i ) The Consumer's Problem wi th a Present Value Budget C o n s t r a i n t . 

Given {y.,,y 2} and {R} choose { c , , c } to so l ve 

(CMII) max U(c , ,Cp) 
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The s o l u t i o n to these problems can be found by s e v e r a l methods. The e a s i e s t 

i s to s u b s t i t u t e the c o n s t r a i n t s i n to the u t i l i t y f unc t i on and reduce the 

problem to a one -va r i ab l e maximizat ion problem. Note tha t i f we assume U i s 

monotone (U2) we are assured the cons t r a i n t s 1.2 or 1' b ind w i th e q u a l i t y . So 

g iven monoton ic i ty , (CMI) i s equ iva len t to choose {b} to so l ve 

(CMI ' ) max U ( y , - b , y 2 + Rb) 

and (CMII) i s equ iva len t to choose {c,} to so lve 

( C M I D max U(c 1 ,R(y 1 - c 1 )+y 2) 

No t i ce that in both (CMI 1 ) and (CMII*) we have ignored the nonnega t i v i t y 

c o n s t r a i n t s on consumption, (3 and 2 ' ) . We we assume (U4) then we are assured 

tha t any s o l u t i o n to the above problem w i l l a u t o m a t i c a l l y s a t i s f y nonnega

t i v i t y . 

How can we c h a r a c t e r i z e the s o l u t i o n to (CMI ' ) or (CMI I ' ) ? I f we 

assume U i s concave (U3) and U i s d i f f e r e n t i a b l e (U5) then we know the f i r s t -

order cond i t i ons to the above problem are necessary and s u f f i c i e n t c o n d i t i o n s 

f o r a maximum. Consider (CMI 1 ) 

(*) max U(y - b , y +Rb) 
{b} 

The f i r s t - o r d e r cond i t i on fo r t h i s problem i s found by d i f f e r e n t i a t i n g (*) 

w i th respect to b. 

or rear rang ing (1.6) g ives 



3U/3C 

which j u s t says , choose bonds (sav ings) to equate the r a t i o o f the marg ina l 

u t i l i t y o f good 1 to good 2 to the r e l a t i v e p r i c e of good 1 to good 2. 

Now i f we add the assumption o f a d d i t i v e s e p a r a b i l i t y and d i s c o u n t 

ing (U1) then (*) becomes (**) 

(*») max U(y -b) + 8U(y +Rb) 
{b} 

and the FOC are now 

(1.8) FOC: b: - | I L + Rg | ! L - o 

1 2 

rear rang ing g ives 

3073c 
( 1 - 9 ) i u 7 ^ = R s 

The f i r s t - o r d e r cond i t i on i m p l i c i t l y de f i nes an op t ima l r u l e fo r choos ing 

bonds. We c a l l t h i s r u l e the demand f unc t i on f o r bonds and w r i t e i t 

(2.0) b = b ( R , y r y 2 ) 

I f we s u b s t i t u t e (2.0) i n to the budget c o n s t r a i n t s o f the consumer in (CMI) , 

we can so lve f o r the opt imal r u l e f o r choosing consumption o f good 1 and good 

2. We c a l l these r u l es the demand f unc t i ons f o r good 1 and good 2 and denote 

them as f o l l ows 

(2.1) c 1 = 5 1 ( R , y 1 , y 2 ) 

and 

(2.2) c 2 = o 2 ( R , y r y 2 ) 
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Now i f the demand fo r a good r i s e s when income r i s e s we c a l l tha t good a 

normal good. In t h i s problem we have endowments and y 2 which a t i n t e r e s t 

ra te R g ive the consumer a l i f e t i m e present value o f income o f w 

y 2 

(2.3) w = y« + f 

We of ten c a l l w the wealth o f the consumer (= the present va lue o f l i f e t i m e 

income). From (2 .3) i t i s c l e a r tha t r a i s i n g endowments o f e i t h e r commodity 1 

or 2 w i l l r a i s e wea l th . So here we c a l l a commodity normal i f r a i s i n g the 

endowments of e i t h e r commodity r a i s e s the consumption o f both commodi t ies. 

Mathemat ica l ly t h i s means 

3c 1 3C.J 
commodity 1 i s a normal good i f f - — > 0 and - — > 0 

°y-i 

and 

3 c 2 3 c 2 

commodity 2 i s a normal good i f f - — > 0 and - — > 0. 

How do we expect an inc rease i n the i n t e r e s t ra te to a f f e c t the demand f o r 

commodities 1 and 2? In genera l the answer i s ambiguous and depends on the 

r e l a t i v e s i z e o f the income and s u b s t i t u t i o n e f f e c t s . 

S u b s t i t u t i o n e f f e c t : A h igher R means the r e l a t i v e p r i c e o f good 2 to good 1 

has dec l ined ( i t takes fewer u n i t s o f good 1 to buy the same amount o f u n i t s 

o f good 2 ) . So one would expect a lower consumption o f good 1 and a h igher 

consumption of good 2 . 

Wealth e f f e c t (present va lue o f income e f f e c t ) : The present va lue o f income 

has f a l l e n so one would expect a lower consumption o f both goods ( i f both 

normal ) . However, there i s always the p o s s i b i l i t y tha t when weal th f a l l s the 

consumption of good 1 r i s e s (good 1 i s s t r o n g l y i n f e r i o r ) . 
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D. An Example 

We w i l l o f ten work w i th a s imple example f o r which we can a c t u a l l y 

c a l c u l a t e the demand func t i ons , l e t 

(2 .1) U ( c , , c 2 ) = In c , + 8 In c 2 

Then (CMI ' ) becomes 

(2.5) max l n (y -b) + S ln (y +Rb) 
{b} 

The FOC fo r t h i s problem i s a s p e c i a l case o f (1.8) 

(2.6) (FOC) b: - ^ . ^ ^ 0 

Rearranging g i ves 

y 2 + Rb = R 6 ( y r b ) 

So lv ing f o r b g ives 

bR[l+a] = Rey 1 - y 2 

or 

(2.7) b = b ( R , y r y 2 ) = y - j - j [By, - g*] 

S u b s t i t u t i n g (2 .7) i n to the budget c o n s t r a i n t s in (CMI) y i e l d 

y 

(2.8) o , = c 1 [ R , y 1 , y 2 ] . y - L - [y , + 

y 

(2.9) c 2 = 5 2 [ R , y r y 2 ] = ^ [y , + 

Not ice f o r t h i s example we have 
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3 yJL > a 

3R ~ 1 + B p 2 

(sav ings increases as the i n t e r e s t ra te i nc reases ) 

| £ - = 1 - L — > 0 
ay 1 1 + 3 

(savings increases as endowment o f good 1 i nc reases ) 

i L . _ _ L _ 1 < o 
3y 2 " (1+S) R 

(sav ings decreases as endowment o f good 2 i nc reases ) 

3y 1

 = 1 + B > ° ' 3y 2

 = 1 + 3 ' R > 0 

(consumption of commodity 1 inc reases as endowment o f e i t h e r good i nc reases ) 

! f 2 ^ R _ > 0 f f 2 . > 0 

ay 1 1 + 8 ' ay 2 1 + 8 

(consumption o f commodity 2 inc reases as endowment o f e i t h e r good i n c r e a s e s ) 
! ! l _ J _ ^2 
3R = " 1 + 8 R 2

 < ° 

3C 2 

(as R increases the consumption o f commodity 1 f a l l s and consumption o f com

modity 2 r i s e s ) 

E. Compet i t ive Equ i l i b r i um 

So that there i s a b s o l u t e l y no p o s s i b i l i t y of con fus ion we can 

rewr i te the consumer's problem wi th the country s u p e r s c r i p t s H & F back i n . 

The home consumer s o l v e s : 

H H H H H 
Given endowments {y^,y 2 ) and tak ing as g iven {R}, choose {c . j , c 2 , b } to s o l v e : 
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(2.10) max U H ( c " , c 2 ) 

s . t . 1. c " + b H < y'J 

2 . c!J < y!J + Rb H 

3. o*f, cH

2 > 0 

denote the s o l u t i o n to the problem as 

H ~ H , D H H, 
c , = c 1 ( R , y r y 2 ) 

c 2 = c 2 ( R , y r y 2 ) 

b = B ( R , y , f y 2 ) 

The fo re ign consumer s o l v e s : 

F F F F F Given endowments (y. j ,y 2} and t ak i ng as g iven {R} choose { c ^ c ^ b } to so l ve 

(2.11) max U F ( c ^ , c 2 ) 

F F F s . t . 1. + b r < y* 

F F F 
2. ce

2 < f2 * Rb r 

3. Cy 0\ > 0. 

A Compet i t ive E q u i l i b r i u m fo r t h i s economy i s 

( i ) an a l l o c a t i o n { c ^ , c 2 , b H ; c ^ , c 2 , b F } 

( i i ) a p r i c e system {R} 

such that (E1) and (E2) h o l d : 
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(E1) Markets c l e a r i n g . 

( i ) date 1 market c l e a r s 0 ^ + 0 ^ = + y F 

A H **F H F 
( i i ) date 2 market c l e a r s c 2 + °2 ~ y 2 + y 2 

~H rtF 
( i i i ) bond market c l e a r s b + b = 0 

(E2) Maximizat ion 

A H *H *H 
( i ) Home consumer max'n: ( c ^ o ^ b } so lves (2.10) g iven endowments 

H H * {y 1 .y^} a t p r i c e s R 

*p "p 

( i i ) Fore ign consumer max 'n: { c ^ o ^ b } so l ves (2.11) g iven endow-

F F 
ments {y,,yp} a t p r i ces R. 

An example: Let us compute the e q u i l i b r i u m in a s p e c i a l case . Suppose as i n 

Sec t i on D we have u t i l i t y func t ions g iven by 

, , H / H H . , H „ , H 
U ( c , , c 2 ) = In c 1 + 8 In c 2 

F F F F F 
U (C j jCg) = In c 1 + 8 In e 2 

Then our previous a n a l y s i s (2 .8) shows 

(2.12) o ! f (R f y! f f yJ) = T T i [ h * y 2 m 

(2.13) 5 F ( R , y F , y F ) = 7 ^ [ y i + y 2 / R ] ' 

We can compute an e q u i l i b r i u m by s u b s t i t u t i n g on the demand func t i ons f o r any 

o f the equ i l i b r i um market c l e a r i n g cond i t i ons ( E 1 ( i , i i , i i i ) ) and f i n d i n g 

tha t R that so l ves the equat ion ( t h i s i s an i m p l i c a t i o n o f Wa l ras ' Law—which 

we w i l l d i scuss in a problem s e t ) . Let us do t h i s fo r ( E 1 ( i ) ) , i . e . , date 1 

market. 
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~ H , D H H. ~ F , D F F> H F 
c 1 ( R , y 1 , y 2 ) + c 1 ( R , y 1 , y 2 ) s y 1 + y 1 

fo r t h i s example becomes (us ing (2.12) and (2 .13) ) 

H 

( 2 - 1 2 4 ) i - r i i * ! + R-I + m i y i + r ' = y i + y i 
y 2 i 1 r .F y 2 

Now the R that so l ves t h i s equat ion w i l l be the e q u i l i b r i u m p r i c e and we can 

then f i n d c~, c~, b~ fo r j = H, F by s u b s t i t u t i n g R i n t o the demand f u n c t i o n s . 

To so l ve (2.13) f i r s t m u l t i p l y both s i des by (1+8) 

i H f\ ( V y 2 } _ \ / H F. 
(y 1 +y! ) + — R — = d + B X y . + y , ) 

H F 

Subt rac t y 1 + y . from both s i des then so lve f o r R to get 

/
 H F \ 

(y?+y?) 
(2.15) R = 

„ / H F, 
s ( y 1 +y 1 ) 

Let ( y ^ . y j ) be the world endowment o f good 1 and 2 , r e s p e c t i v e l y 

H F 
y , = y , + y] 

H F 
y 2 s y 2 + y 2 

Then (2.15) becomes 

y 
(2.16) R = — 

Now to so l ve fo r the e q u i l i b r i u m consumption and sav ing (» bond demand) we 

s u b s t i t u t e R from (2.16) in to the demand f u n c t i o n s . For the home consumer we 

have 
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H 

( 2 1 7 ) c H - - 3 - f y H • ^ 1 - - 1 - [ y H • P - V l c 1 " 1 + 3 i y 1 - 1 1 + B i y 1 l y 2

 Jy2> 

H 

( 2 1 8 ) c H - f y H • - ^ f v

H

+ f - ^ ) y H l 
U . I O J C

2 ~ 1 + s

 I Y 1 p 1 1 + 6 y 1

 i y l l y 2

 ; Y 2 j 

/ y 
. . . "H 1 f o H 32\ 8 r H ,y U Hi 

(2.19) b = — [By, - H • TT7 [ y r ^ y 2 i 

L ikew ise fo r the fo re ign consumer we have 

< "<> 3 - r b £ l * £ > t f 

Then equat ions (2.l6)-(2.22) g iven an e q u i l i b r i u m fo r our example economy 

Before we ana lyze t h i s s imple e q u i l i b r i u m l e t us in t roduce some o f the termi 

nology o f Balance of Payments Account ing . 

F. Balance o f Payments Account ing fo r a s imple economy 

Let Gross Domestic Product o f country j : = GDP^ 

= value of product ion (or endowments) o f country j a t t 

Here: GDP^ = y*J , GDP F = y F 

GDP^ = y^ , GDPF = yF

2 

Let Gross Na t i ona l Product of country j a t t : = GNP^ 

s " income" o f consumers o f country j a t t 
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In t h i s model GNP equals GDP p lus net i n t e r e s t payments 

GNP^ = GDP" , GNP F = GDP F 

GNP" = GDP" + r b H , GNP F = GDP F + r b F 

Let Trade Balance o f country j at t : - T B ^ 

= va lue o f expor ts minus imports 

In t h i s model t h i s i s j u s t net exports o f commodity 

T D H H H „ D F F F 
1 " y l " °1 ' 1 " y l " °1 

mr*H mt̂ F F F 
2 8 y 2 " C 2 ' 2 = y 2 " °2 

Let Current Account o f country j a t t = C A ^ 

= t rade balance p lus i n t e r e s t income on f o r e i g n asse ts 

CA" = T B " , CA F = T 3 F 

CA{J = T B " + r b H , CA F = T B F + r b F 

Now we can use the present va lue form o f the budget c o n s t r a i n t to d e r i v e a 

s imple yet important r e s t r i c t i o n on t rade ba lances . For country J we know 

(from 1.i») 

J J 
( 3 - D c l + ^ - . y ] * ^ 

Rearranging t h i s we have 

(3 .2) (yJ-c- j ) • * R ' = 0 

Using the d e f i n i t i o n o f t rade balance we have 
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TB-' 
(3.3) TB-j + = 0 . 

(3 .3) i s an important r e l a t i o n : I t says that the present value o f t rade  

balance surp luses i s zero. That i s , i f a country runs a trade balance su rp lus 

a t date 1 i t must run a t rade balance d e f i c i t a t date 2 . 

Now i f we had a many per iod model ( t = 1 , . . . , T ) as opposed to a 2 

pe r iod model, then (3-3) would become 

t=0 K C 

So that a t rade balance su rp lus at date 1 does not in general imply a t rade 

balance d e f i c i t at date 2 but ra ther i t imp l i es even tua l l y there must be t rade 

balance d e f i c i t s which match in present va lue terms the t rade balance s u r 

p l u s e s . 

G. F l u c t u a t i o n s in the World Economy 

We w i l l i l l u s t r a t e how f l u c t u a t i o n s in wor ld outputs a f f e c t s con

sumption and the balance o f payments by means o f seve ra l s imple examples. 

Suppose we have da ta on output f o r these two coun t r i es fo r t = 1, 2 , 

say (yj!|t = 1, 2 , j = H,F}. Le t us de f ine y f c to be the mean world output a t 

t , that i s , 

(3 .4) y t : = ( V Y ^ 2 fc = 1 » 2 

Le t us d e f i n e 9^ to be the amount that country j ' s output a t t dev ia tes from 

the mean wor ld output a t t , that i s 

(3.5) ejj: = yJ - y f c , j = H, F, t = 1, 2 

Then we can decompose each c o u n t r i e s ' output i n t o two p i e c e s , 
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(3.6) yJ = y t + Q J , j = H, F, t = 1, 2 

country J output a t t = mean world output a t t + country j ' s d e v i a t i o n from 

mean output at t . 

Think of y. as coming from (common) world f l u c t u a t i o n s and 9^ as 

coming from some c o u n t r y - s p e c i f i c f l u c t u a t i o n . 

We can then compute the e q u i l i b r i u m f o r three cases : 

( I ) No world f l u c t u a t i o n s and no c o u n t r y - s p e c i f i c f l u c t u a t i o n s ; 

( I I ) C o u n t r y - s p e c i f i c f l u c t u a t i o n s but no wor ld f l u c t u a t i o n s ; 

( I I I ) World f l u c t u a t i o n s but no c o u n t r y - s p e c i f i c f l u c t u a t i o n s . And examine 

the behavior o f consumption and balance o f payments i n each case . 

I. No World F l uc tua t i ons and No C o u n t r y - S p e c i f i c F l uc tua t i ons 

Let 

(3 .7) y t = y t = 1, 2. 

By no wor ld f l u c t u a t i o n we mean the mean wor ld endowment i s constant over t ime 

(3 .8) e? = +8 t = 1, 2 

By no c o u n t r y - s p e c i f i c f l u c t u a t i o n s , we mean the dev ia t i ons o f country j ' s 

output from world mean endowment i s constant over t ime. (3.7) and (3 .8 ) imply 

y+9 t = 1 p _y-9 t = 1 
(3 .9) y j = { }, y[ = { } 

y+9 t = 2 y-0 t = 2 

and 
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(3.10) y t = y j + y[ = 2y 

Then s u b s t i t u t i n g (3.10) i n t o (2.16) imp l i es 

( 3 . 1 D R z 1/6. 

S u b s t i t u t i n g (3 .9) i n t o ( 2 .17 ) , (2.18) and ( 2 . 2 0 ) , (2.21) imply (us ing 3.11) 

(3.12) cif = [ y + e + 6 ( y + o ) ] = y + 

(3.13) cij = f - J - g - [y+e +B(y+e)] = y + 

So consumption in home country i s constant and equal to home output 

(3.14) c F = y ~ [y -e+B(y-e) l = y - e 

(3.15) cF

2 = Y~ [y-e+B(y-e)] = y -

Consumption i n f o re i gn country i s 

( i ) constant 

( i i ) equal to f o r e i g n output 

( i i i ) lower than i n home coun t ry . 

Using the d e f i n i t i o n s o f t rade balance and cur ren t accounts we see 

(3.16) TB^ = CAr' = 0 f o r j = H, F, t = 1, 2. 

G r a p h i c a l l y , we have the f o l l o w i n g : 

(see F i g u r e 4) 
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I I . C o u n t r y - S p e c i f i c F l u c t u a t i o n s but No World F l u c t u a t i o n s 

Le t 

+e t = i -e t = 1 
(3.17) y. = y , t = 1, 2 . e" = { } , ef = { } 

c c -e t = 2 c +e t = 2 

t h i s imp l i es 

u y+e t = 1 _ y-e t = 1 
(3.18) y j = { 1 

y-8 t = 2 y+9 t = 0 

and 

(3.19) y t = y j + y F = 2y » t 

S u b s t i t u t i n g (3.19) i n t o (2 .16) imp l i es 

(3.20) R = 1/8 

S u b s t i t u t i n g (3.18) i n t o ( 2 . 1 7 ) , (2.18) and ( 2 . 1 9 ) , (2.20) imp l i es 

(3.21) o« . y + ( £ § ) e 

(3.22) c " = y + ( ^ f ) e 

(3.23) c F . y - (£§)< 

(3.24) c F = y - ( £ f ) , 

So consumption in both coun t r i es 

( i ) i s constant 

( i i ) but not equal to own output 

In p a r t i c u l a r 
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(3.25) TBF/ = { 

(3 .26) CA ii 

289/1+B t = 1 
}. 

-29/1+8 t = 2 

289/1+8 t = 1 
} > 

-289/1+8 t = 2 

TB 

CA, 

-289/1+8 
{ I 
+29/1+8 

-289/1+8 
: } 
+269/1+8 

H H 

where, fo r example, TB 1 = y 1 

i t i s t rue that here 

= y " - c " = (y+9) -
289 

1 + f 
o f cou rse , 

(3.27) b H = TB" and b F = T B F 

Graphing these v a r i a b l e s g i v e s : 

(see F igure 5) 

I I I . World F l uc tua t i ons but Mo C o u n t r y - S p e c i f i c F l u c t u a t i o n s 

Let 

y t = 1 
(3 .28) y = { }, 0 < a < 1 and 9^ = 0, j = H, F, t = 1, 2, 

ay t = 2 

Then 

u y t = 1 „ y t = 1 
(3 .29) yH

t-- { } , y£ - { } 

ay t = 2 ay t = 2 

(3 .30) y,. = y j + y F = { " * }. 

2ay t = 2 
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S u b s t i t u t i n g (3-30) i n t o (2.16) imp l i es 

( 3 . 3 D R = a / 8 . 

S u b s t i t u t i n g (3.30) i n t o ( 2 .17 ) , ( 2 . 18 ) , and (2 .20 ) , (2.21) and us ing (3.29) 

g i ves 

(3.32) c l = j - f - g [y+<f><•*>] • y 

(3.33) c " = «y 

(3.34) = y 

(3.35) c2 = ay 

So consumption i n both coun t r i es i s 

(1) not constant 

(2) but i s equal to own output 

C l e a r l y 

(3-36) TBJ = CAJ = b J = 0 j = H, F t = 1, 2 . 

Graphing these v a r i a b l e s g i v e s : 

(see F igu re 6) 

The bas i c po in t o f these examples i s that op t ima l consumption behavior i s to 

smooth consumption over t ime as much as p o s s i b l e . In p a r t i c u l a r , i f there are 

on ly c o u n t r y - s p e c i f i c f l u c t u a t i o n s , each c o u n t r y ' s consumption w i l l be pe r 

f e c t l y f l a t (constant ) even i f the c o u n t r y ' s output i s f l u c t u a t i n g . To accom

p l i s h t h i s the country must lend when output i s h igh (run a t rade balance s u r -
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p l u s ) and borrow when output i s low (run a t rade balance d e f i c i t ) . In such a 

c i rcumstance , i f the country were forced to have trade balanced in every 

pe r iod i t would have a much lower l e v e l o f u t i l i t y . On the other hand, i f 

there are wor ld f l u c t u a t i o n s in ou tput , each country (consumer) w i l l attempt 

to smooth consumption but w i l l be f r u s t r a t e d in the aggregate and op t ima l 

consumption w i l l f l u c t u a t e up and down. 

Punch l i ne : smooth c o u n t r y - s p e c i f i c f l u c t u a t i o n s in output but have 

to bear the world f l u c t u a t i o n s i n ou tput . 

H. Adding Governments to the 2 - P e r i o d Model 

So f a r we have examined an economy wi th only p r i v a t e agen ts , here 

consumers. We now in t roduce i n t o t h i s economy a home o f f o re i gn govern

ments. These governments w i l l ( i ) buy output from p r i v a t e consumers; ( i i ) 

l evy lump sum taxes to r a i s e revenues and ( i i i ) s e l l government bonds to 

separa te cur ren t purchases from cu r ren t revenues. 

In p a r t i c u l a r , the government o f country j 

( i ) buys output g^ at time 1 and g^ a t time 2 from p r i v a t e consumers (per 

c a p i t a ) 

( i i ) l e v i e s lump sum taxes a t time 1 and a t time 2 (per c a p i t a ) on 

country j ' s r es iden ts 

( i i i ) s e l l s government bonds 5 ^ a t t ime 1 

A f i s c a l p o l i c y o f the government can be summarized by {gj? , T ; | , 6 ^ ; t = 1 , 2 } . The 

pe r i od budget c o n s t r a i n t s o f the government J a r e : 

( 4 . 1 ) ( t = 1 ) b^ = g-j - x-J 

( t = 2 ) 0 = Rb'j + gJ - T J 
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So l v i ng the second equat ion f o r 6-j and s u b s t i t u t i n g in to the f i r s t g i v e s the 

present va lue form o f the government budget c o n s t r a i n t 

<*-2> « i r B t i + r j = H - F -

In words, the present value o f government spending must equal the present 

va lue o f (income) tax c o l l e c t i o n . So f a r we have not s p e c i f i e d what the 

government does wi th i t s spending. In p a r t i c u l a r , we have not s p e c i f i e d how 

government spending a f f e c t s p r i v a t e consumers. We w i l l make one o f the f o l 

lowing two assumptions. 

(G1) Government spending does not g i ve u t i l i t y to p r i v a t e consumers 

( b a s i c a l l y , government buys p r i v a t e output and throws i t i n 

ocean) . 

(G2) The government uses the revenues to manufacture a p u b l i c good 

(say, n a t i o n a l defense) the s e r v i c e s o f which b e n e f i t s i t s own 

r e s i d e n t s . 

I n i t i a l l y , we assume (G1) . Under (G1) , the consumer's problem can be w r i t t e n 

(4 .3) max U J ( c ^ , c J ) 

{c^ ,cJ ,bJ } 

s . t . 1. c-j + b̂ j = y j -

2. C J = yJ - T J * Rb] 

3. c J , c^ > 0 

or 
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(4.4) max U J ( c J , c ^ ) 

J J j 
J 2 1 y 2 f j 2> 

(4.3) i s the consumer's problem wi th per iod budget c o n s t r a i n t s . (4 .4 ) i s the 

consumer's problem wi th a present va lue budget c o n s t r a i n t . No t i ce these 

c o n s t r a i n t s are the same as before i f we c a l l y^ - xl the net ( a f t e r - t a x ) 

endowment. 

The d e f i n i t i o n o f a compe t i t i ve e q u i l i b r i u m i s s i m i l a r to tha t on p. 

I, 14 except now we inc lude governments. 

D e f i n i t i o n : A compet i t i ve e q u i l i b r i u m f o r t h i s economy given government 

p o l i c i e s (g^,t^,b-'} i s 

*H "F *F 
( i ) an a l l o c a t i o n {CyC^CyC^} 

~H ~F —H —F 

( i i ) a se t o f asset demands and s u p p l i e s (b ,b ;b ,5 } 

( i i i ) a p r i c e system R 

such tha t (E1 ) , (E2) and (E3) h o l d . 

(E1) Market C l e a r i n g 

»u H H F 
( i ) date 1 market c l e a r s : c . + c . + g 1 = y 1 + y 1 

"*H "F H F H F 
( i i ) date 2 market c l e a r s : c 2 + c 2 + ^2 + g 2 = y 2 + y 2 

A H ~F —H —F ( i i i ) bond market c l e a r s : b' + b = b + 5 

(E2) Max imizat ion 

{c^,c ^,bh so l ves (4.3) g iven endowments {y^,y^}, and taxes { T ^ T ^ } a t p r i c e 

R fo r J = H, F. 
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(E3) Government F e a s i b i l i t y 

= g-j - T-J and 0 = Rb^ + g^ -

Remark: C a l l (g^ - t^ ) the (net) government d e f i c i t o f j a t t (net because we 
t V 

haven ' t inc luded s e r v i c e payments i n the deb t ) . Then the present va lue budget 

cons t ra i n t o f the government requ i res the present value of government d e f i c i t s  

must equal zero that i s , i f the government spends more than i t takes in the 

f i r s t per iod i t must take i n more than i t spends the second by e i t h e r r a i s i n g 

taxes or c u t t i n g government spending r e l a t i v e to the f i r s t p e r i o d . 

In a T per iod model wi th constant one-per iod i n t e r e s t ra te R the 

government budget c o n s t r a i n t i s 

Budget D e f i c i t s [see Barro chapters 13 & 15] 

A quest ion one o f ten hears i s : 

Q: "What are the e f f e c t s o f budget d e f i c i t s ? " 

The economic answer to t h i s i s e i t h e r " T h i s quest ion i s not w e l l - d e f i n e d " or 

"Th i s quest ion i s not s ta ted i n a p r e c i s e enough form so that there i s a 

p o s s i b i l i t y o f g i v i n g an unambiguous answer . " 

In the context o f our s imple model we can s t a t e p r e c i s e v e r s i o n s o f 

t h i s quest ion and g i ve p r e c i s e answers. We can then q u a l i f y our answers and 

s ta te p rec i se cond i t i ons under which they w i l l be d i f f e r e n t . 

Consider the government o f country H's budget c o n s t r a i n t s ( i n pe r iod 

form) (from 4.1) 
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(4 .5) (t 1) 
H 

T 
H 

( t = 2) 0 = Rb'J + g H

2 -

Now the present value form of these c o n s t r a i n t s i s 

or 

(4.6) = 0 

[(Budget d e f i c i t a t 1) + Budget d e f i c i t a t 0 
R 

Now from (4 .5) we have that one o f two p o s s i b l e government a c t i o n s can cause 

the budget d e f i c i t to increase a t date 1. E i t h e r 

Now, the present value form of the government budget c o n s t r a i n t makes i t 

obvious tha t i f the government runs a d e f i c i t the f i r s t per iod i t must run a 

surp lus the second per iod ( i f i t obeys i t s present value budget c o n s t r a i n t ) . 

No t i ce that i f i t doesn ' t obey i t s budget c o n s t r a i n t , i t won' t be a b l e to pay 

o f f the government bonds (IOUs) i t so ld the f i r s t p e r i o d . 

(A2) 

(A1) The government can cut taxes ( T ^ ) (keeping government spending 

f i x e d a t g ^ ) . 

The government can r a i s e spending (g . t ) (keeping taxes f i x e d 

So the government in the second per iod can run a su rp lus by e i t h e r 

( B 1 ) The government can r a i s e taxes (T, , ! ) and keeping government 

spending a t two f i xed a t g„ 
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o r 
pi 

(B2) The government can lower spending ( g 2

+ ) and keeping taxes a t 2 
PI 

f i x e d a t t_ 

The government can of course do both (A1) and (A2) then (B1) and (B2) a l l a t 

once but f o r conceptual reasons i t i s be t te r to cons ider one a t a t ime. 

We w i l l ana lyze the e f f e c t s o f government spending changes by : 

Step 1: s p e c i f y i n g an o r i g i n a l se t of government p o l i c i e s f o r both coun t r i es 

and s o l v i n g f o r the o r i g i n a l e q u i l i b r i u m . 

Step 2 : s p e c i f y i n g a new set of government p o l i c i e s f o r both coun t r i es and 

so l v i ng fo r the new e q u i l i b r i u m ( i n f a c t , we w i l l change on ly the 

p o l i c i e s of the home government). 

Step 3 : comparing the o r i g i n a l equ i l i b r i um wi th the new e q u i l i b r i u m . 

We w i l l consider four p o s s i b l e changes i n p o l i c y : 

I. (A1) & (B1 ) : a tax cut a t 1, balanced by tax inc rease a t 2 . 

I I . (A2) & (B2 ) : a spending increase a t 1, balanced b a spending 

cut a t 2. 

I I I . (A1) 4 (B2) : a tax cut a t 1, balanced by a spending cut a t 2. 

IV. (A2) 4 (B1 ) : a spending increase a t 1, balanced by a tax 

increase a t 2 . 

More p r e c i s e l y , I_ w i l l cons ider cases I and II and you w i l l cons ider cases I I I 

and IV ( i n a homework). 

Step 1: Consider a two-per iod , two-country economy as i n (1 ,27) wi th endow-

H H F F H H H H 
ments (y 1 , y 2 » y 1 »y 2^ a n c l a n o r i g i n a l set of government p o l i c i e s igyg2'~v*2' 

H F F F F F b } fo r home government and {g 1 , g 2 , t 1 , r 2 , b } fo r f o re i gn government. Now 
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H H F F 
h ' T 1 y 1 " T1 

H H F F 
y 2 * y 2 " '•'2 

throughout we w i l l change only the p o l i c i e s of the home government. Jus t as 

in I .14-1 .16, we can so lve f o r an e q u i l i b r i u m by r e p l a c i n g our o r i g i n a l endow 

ments 

H F 
y l y 1 

(4.7) & 
H F 

y 2 y 2 

wi th the a f t e r - t a x endowments 

(4 .8) 

(1A) We can compute the demand func t i ons fo r these endowments. We w i l l then 

get the analogues o f ( 2 . 1 7 ) - ( 2 . 2 2 ) . 

^ • y j 1 1 + 0 1 1 R J 

( 4 1 0 ) a H - - s b _ f y H_ T H + ! V V ] 
14. i u ; c

2 " 1 + s i y 1 1 R 

( F 

... . . . ~F 1 r F F l y 2 ~ T 2 ' i 

/n *F BR r F F Ky2 2 i (4.12) c 2 = y ^ [ y r r 1 + R I 

( 4 , 3 ) J . i l ^ l - J l W 
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Then we can so l ve fo r the e q u i l i b r i u m by us ing any one o f the three market 

c l e a r i n g c o n d i t i o n s . Any one of the three w i l l do ( s i nce we can show they are 

a l l equ iva len t by us ing the budget c o n s t r a i n t s of both consumers and govern

ment; t h i s i s c a l l e d Walras ' Law). 

Before we do t h i s no t i ce that we can rearrange the home consumer's 

demand func t i on to be 

H 
,u ~H 1 I H y 2 i H T 2 n (4.15) c . = -r— [y. + =- - ( T . + tt\\ 

but we know tha t 

#i. , n H T 2 H g 2 (4.16) X i + r = g l + r 

by the home government present va lue budget c o n s t r a i n t . S u b s t i t u t i n g (4.16) 

i n t o (4 .15) we have 

F F 
We can do a s i m i l a r th ing to c 1 + c 2 , and we can use the f o r e i g n government 

F F 
budget c o n s t r a i n t to do a s i m i l a r th ing to c . and c^. I f we do, we have 

H _H 
y* rn m \ ~ H R8 f H J 2 r H 6 2 

(4.18) c 2 = T - r i [y , • r - ( g , • R -

( 4 , o ) f&j\*4- • &h 
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Now these s u b s t i t u t i o n s w i l l make the a lgebra o f s o l v i n g f o r the e q u i l i b r i u m 

e a s i e r . Now s u b s t i t u t e (4.17) and ( 4 . 1 9 ) i n to ( E 1 ( i ) ) to ob ta in 

( E 1 ( i ) ) c!J + c!j + g l • g ? = y , • y , 

<*-2 1> i n i y i + r - ^ g i + + n i l y i + r - ( g i + r H J 
y 2 r H 8 2 M 1 r F y 2 r _ F g 2 -

+ g1 * g 1 = y 1 + y l 

Now we want to s o l v e (4.21) f o r R; t h i s w i l l be the e q u i l i b r i u m i n t e r e s t 

r a t e . To do so in 4 . 2 1 : 

H F 

sub t rac t g 1 + from both s i d e s 

m u l t i p l y both s i d e s by (1+8) 

• sub t rac t y^ - + ylj -

t h i s g i ves 

(«.22) l ^ . i ^ i = 6 [ ( y H g W - g ^ ) ] 
'1 V J 1 6 1 

S o l v i n g f o r R then g ives 

H H F F 
1 r y 2 " S 2 + y 2 " g 2 

R " I ' H H F H 
y r g 1 + y r g 1 

Note 1: I f we compare (4.23) to (2.16) we no t i ce we have s i m i l a r formulas 

except i n (4.23) we have in the numerator the t o t a l world endowment at per iod 

2 a f t e r the government take t h e i r share o f app les and save i n denominator f o r 

pe r iod 1. 

Note 2 : No t i ce the i n t e r e s t ra te depends on ly on 
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( i ) p r i v a t e endowments ( i n both pe r iods ) 

and 

( i i ) government spending ( i n both per iods) 

but not on 

( i i i ) taxes in any p e r i o d . 

Th is l a s t observa t ion w i l l be important fo r assess i ng the e f f e c t s o f tax 

induced- tax balance budget d e f i c i t s . 

Summary o f Step 1 

4.20) when we s u b s t i t u t e the e q u i l i b r i u m i n t e r e s t ra te ( 4 . 2 3 ) . 

Step 2: Consider the same economy as be fo re , l e t the p o l i c y o f the f o r e i g n 

government be unchanged, however, l e t the home government 

For the o r i g i n a l se t of government p o l i c i e s we have 

(A) The e q u i l i b r i u m i n t e r e s t ra te i s g iven by ( 4 .23 ) . 

(B) The e q u i l i b r i u m consumption a l l o c a t i o n s are g iven by (4.17 to 

(a) cut taxes in pe r iod one by A 1 and r a i s e taxes i n per iod 2 by A 2 

(b) keep government spending the same each pe r i od . 

(c) assume the government s t i l l s a t i s f i e s i t s budget c o n s t r a i n t . 

Home Government P o l i c y 

O r i g i n a l New 

v s . 

where H H 
- A (tax cut o f i . ) 
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H' H 
T 2 = T 2 + 6 2 ^ t a X i n c r e a s e ° ^ 

Budget Cons t ra i n t s 

(Pe r iod B .C. ) 

= b H

 + * 

(budget d e f i c i t goes up in pe r i od 1 by A ^) 

( t = 2) 0 = Rb H + g\ - x\ 0 = R b H ' + gH

2 - Tg' 

0 = R ( b H

+ A t ) + g!J - ( t2+A 2 ) 

0 = Rb H + g " - T " + RA 1 - A 2 

0 i f o r i g i n a l p o l i c y s s a t i s f i e s ( t = 2) 
c o n s t r a i n t ) 

so 

0 = RA 1 - A 2 

A 2 = RA 1 

(where we have i m p l i c i t l y assumed i n t e r e s t ra tes don ' t change) 

Present Value Budget Cons t ra i n t s 

H H H H' 
H g 2 H T 2 „ c H 6 2 H' ^ ^2 

h + r = T i + r v s - g i + r - T i + r 
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it 
R 

•i T 
H 

I wrote out the above j u s t to make sure i t ' s t o t a l l y c l e a r what i s happening 

to the government budget c o n s t r a i n t s . Now, l e t us so lve f o r the new e q u i l i b 

r ium: 

(1) Examinat ion o f the formula fo r i n t e r e s t ra te (4.23) makes i t 

c l e a r tha t s i nce government spending d i d n ' t change then i n t e r e s t 

ra tes d i d n ' t change. 

(2) To so l ve f o r consumption of home and f o r e i g n consumers, sub

s t i t u t e t h i s formula f o r i n t e r e s t ra tes i n t o the demand func 

t i ons (4.17 to 4 .20 ) . However, noth ing here i s changed e i t h e r , 

so consumption doesn ' t change e i t h e r . 

We summarize t h i s i n a p r o p o s i t i o n . 

The R i c a r d i a n P r o p o s i t i o n : 

Budget d e f i c i t s caused by cur rent tax cu ts that w i l l be balanced by 

fu tu re tax inc reases have no e f f e c t on e i t h e r consumption or i n t e r e s t r a t e s . 

Now we have demonstrated t h i s p r o p o s i t i o n i n the context o f a s imple 

example, w i th a d d i t i v e l y separable- two p e r i o d - l o g u t i l i t y , e t c . I t i s 

s t r a i g h t f o r w a r d to g e n e r a l i z e t h i s p r o p o s i t i o n to inc lude • genera l u t i l i t y 

f u n c t i o n s , • many p e r i o d - l i v e consumer and governments, • p roduc t i on , • uncer 

t a i n t y , e t c . However, there are two important se t s o f c i rcumstances when t h i s 

p r o p o s i t i o n w i l l not h o l d . 
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I I . Monetary Economics 

In t h i s paper, we modify the r e a l macroeconomy o f my e a r l i e r paper 

to inc lude f i a t money. Once we accompl ish t h i s , we can analyze the i n t e r a c 

t i ons o f monetary and f i s c a l p o l i c y and the r e s u l t i n g i m p l i c a t i o n s fo r the 

open economy. In p a r t i c u l a r , we w i l l be concerned w i th the e f f e c t s o f budget 

d e f i c i t s o n : ( i ) p r i c e s and i n f l a t i o n ra tes ( i n a one country w o r l d ) , ( i i ) 

exchange r a t e s . We w i l l a l s o de r i ve ( i i i ) a modi f ied R i ca rd i an p r o p o s i t i o n . 

Some M o t i v i a t i o n 

Before we cons ider models w i th money, l e t us f i r s t review the s t a n 

dard s t o r i e s behind the genera l e q u i l i b r i u m model. There are two d i f f e r e n t 

i n t e r p r e t a t i o n s o f the market s t r u c t u r e o f the genera l e q u i l i b r i u m model : the 

date 0 i n t e r p r e t a t i o n and the sequence i n t e r p r e t a t i o n . In the date 0 i n t e r 

p r e t a t i o n i t i s imagined that a l l agents convene in one grand market a t the 

beginning o f time (date 0 ) . Agents s i g n con t rac ts promis ing to d e l i v e r goods 

to o thers i n the fu ture and fo r promises o f housing goods d e l i v e r e d to them

s e l v e s . An example o f a con t rac t between two agents , A and B, may be as 

f o l l o w s : 

Agent A promises to d e l i v e r 10 app les a t date 3 to Agent B in exchange fo r 

a promise from B to d e l i v e r 12 pears a t date 7 to A. 

I t i s important to n o t i c e a couple fea tu res of t h i s market s t r u c 

t u re : 

(1) A l l markets meet once a t the beginning o f t ime. 

(2) A l l con t rac ts i nvo l ve the s a l e o f goods fo r goods. 
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In the sequence o f markets i n t e r p r e t a t i o n , i t i s imagined that 

agents meet a t the beginning o f every p e r i o d , say t . At t h i s t ime, two types 

o f markets open: ( i ) spot markets , and ( i i ) asse t markets. 

A spot market i s a market in which cur ren t goods are traded aga ins t 

other cu r ren t goods. For example, Agent A may g ive Agent B four t ime- t app les 

f o r f i v e t ime - t pears . As asse t market i s a market i n which cur ren t goods are 

traded aga ins t fu ture goods. For example, Agent A may s e l l a one-per iod bond 

to Agent B, promis ing to pay, say , two apples at t ime t + 1 in exchange f o r 

one apple today, a t t . 

Now go back to handout I, page 6 -8 . No t i ce that we wrote the budget 

c o n s t r a i n t s i n two d i f f e r e n t ways. These two types o f budget c o n s t r a i n t s 

correspond to the two market s t r u c t u r e s : The present value budget c o n s t r a i n t 

corresponds to the date 0 i n t e r p r e t a t i o n . The per iod budget c o n s t r a i n t c o r r e 

sponds to the sequence i n t e r p r e t a t i o n . 

Let us cons ider a many-period g e n e r a l i z a t i o n of the problem faced by 

the consumer. Let us f i r s t cons ide r the present f o rmu la t i on . (At t ime 0) 

choose [ C Q , C 1 , . . . , c T } to s o l v e : 

T . 
(1 .1) max T 6 u ( c . ) 

t=0 C 

such that 

G1 c 2 °3 C T _ y 1 y T 
C ° + R 0,1 + R 0 , 2 + R 0 , 3 + " " + R 0 , T " y ° + R 0 , l + " ' + R 0 , T * 

No t i ce that t h i s problem i s i d e n t i c a l to a s t a t i c problem: 

(1 .2) max U ( c Q , . . . , c T ) 

such that 
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c Q + p , c 1 + . . . + p T c T = y Q + p 1 y 1 + . . . + p T y T . 

In f a c t , i f we impose the assumption of a d d i t i v e s e p a r a b i l i t y and d i s c o u n t i n g 

and we a l s o l e t the r e l a t i v e p r i c e o f good t to good 0 be pj. = t ' ^hen we 

have e x a c t l y the same problems. One can imagine the consumer s o l v i n g (1 .1) 

j u s t as he/she would so lve ( 1 . 2 ) , as a s t a t i c once and fo r a l l problem. 

The many per iod ve rs i on o f the per iod budget cons t ra i n t f o rmu la t i on 

i s , a t t ime t , to choose cur rent consumption c^. and new bond ho ld ings b ^ , : 

I t 
(1.3) max I 8 u(c ) 

t=0 

such that 

C 0 + b1
 = yo 

C1 + b 2 " R 1 b 1 + y 1 

c 2 + b 3 = R ? b 2 + y 2 

c T + b T + 1 R T b T y T 

a "sequence" o f budget c o n s t r a i n t s . 

Now a t time t , f u tu re markets have not met ( i . e . , spot and asse t 

markets a t t + 1 and a f t e r ) , however, to dec ide on what to do today (a t t ) the 

agent must have some b e l i e f about the f u t u r e . We w i l l assume the agent has 

r a t i o n a l expec ta t ions about the fu ture which, i n t h i s d e t e r m i n i s t i c con tex t , 

means the fu tu re i s p e r f e c t l y f o rseen . 

In e i t h e r o f these i n t e r p r e t a t i o n s , there i s no need fo r agents to 

ho ld p ieces o f pape r—ca l l ed f i r s t currency or money. Why should they? They 
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c a n ' t eat the money ( i t doesn ' t t as te very good), they d o n ' t need i t to buy 

goods wi th (they can j u s t t rade goods f o r goods) , they d o n ' t need i t to save 

wi th (they can save in the date 0 s t r u c t u r e by s e l l i n g goods now fo r promises 

to get pa id in goods l a t e r ) , and they can save in the sequence o f markets 

s t r u c t u r e by buying asse ts ( l i k e bonds). 

In f a c t , w i t h i n e i t h e r o f these market s t r u c t u r e s , not on ly i s there 

no need fo r f i a t cur rency , there i s no room for f i a t cu r rency . By t h i s I mean 

un less we change some fea tu res o f the above environment, no one w i l l want to 

ho ld p ieces o f t h i s paper. In e q u i l i b r i u m they w i l l have no v a l u e , they w i l l 

be j u s t wor th less p ieces o f paper. Thus, i n order to have a theory o f money, 

we w i l l have to dev ia te somehow from the s imple " f r i c t i o n l e s s " t r ad i ng a r 

rangements o f the above. 

There are three b a s i c approaches to t h i s problem: 

(1) Try to s ides tep the problem comple te ly . 

(2) B u i l d i n t o the environment a r o l e fo r money as an important means o f  

sav ing (between p e r i o d s ) . 

(3) B u i l d i n t o the environment a r o l e fo r money as an e f f i c i e n t means o f  

t r a n s a c t i n g . 

Broadly speak ing , there are three types of models cor responding to 

these three approaches: 

(1) money in the u t i l i t y f u n c t i o n , 

(2) over lapp ing genera t i ons , 

(3) cash- in -advance . 
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Money in the U t i l i t y Funct ion Model 

T h i s approach s imply a s s e r t s that money i s j u s t l i k e any other good 

tha t people va lue . To model money, we j u s t need to add another good i n t o the 

u t i l i t y f unc t i on c a l l e d " s e r v i c e s from r e a l cash b a l a n c e s , " or s imp ly , 

c t 

money. Say U(c,m/p) in a one-per iod model or l 8 u ( c t , m t / r t ) in a many-period 

model. Th i s approach has not l ed to many i n s i g h t s and w i l l not be pursued 

he re . 

Over lapping Generat ions Model 

Th is approach assumes agents are separated in time in such a way 

tha t i t i s imposs ib le to t rade goods fo r goods. B a s i c a l l y , the t iming i s such 

tha t there i s not "double co inc idence of wants , " i . e . , no two agents want 

something the other one has and i s w i l l i n g to s e l l . N e i l Wal lace covers these 

models in h i s in te r tempora l economics course i n d e t a i l . We w i l l not pursue 

them here . 

Cash- in-Advance Model 

Th is approach i s d r i ven by two main assumpt ions: ( i ) one needs cash 

to buy good, and ( i i ) i t i s imposs ib le to get cash i n s t a n t l y and c o s t l e s s l y . 

B a s i c a l l y , the idea i s that us ing cash i s a more e f f i c i e n t way to t ransac t 

than to s e l l goods f o r goods. The p o s s i b l e s t o r i e s behind t h i s a r e : ( f o r 

( i ) ) s e l l e r s accept only cash i f they have l i t t l e in format ion about your 

c r e d i t p o s i t i o n , or ( f o r ( i i ) ) i t i s d i f f i c u l t and c o s t l y to f i n d someone who 

has j u s t what you want and i s w i l l i n g to take i n payment j u s t what you have. 
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The Cash- in-Advance Model 

Consider an economy c o n s i s t i n g o f a l a rge number o f i d e n t i c a l house

h o l d s , a f i r m , and a government. There i s one p h y s i c a l good per pe r iod and a 

l a rge number o f p e r i o d s . There are two asse ts in the economy: f i a t money and 

(nominal) bonds. I t i s a requirement tha t a l l goods be pa id fo r w i th money. 

In p a r t i c u l a r , one cannot use bonds to buy goods and one cannot buy goods on 

c r e d i t . 

Each household i s composed o f a worker/shopper p a i r . In order to 

understand the ra ther d e l i c a t e t im ing of t h i s model, i t i s u s e f u l to cons ide r 

a r ep resen ta t i ve day f o r the economy. A r e s e n t a t i v e day f o r the household i s 

as f o l l o w s : 

9:00 a.m. Get up h o l d i n g : ( i ) unspent cash ba lances from yes te rday , ( i i ) 

one per iod nominal bonds bought /so ld yes te rday , and ( i i i ) wages 

worker rece ived a t end o f per iod yes te rday . Immediately house

hold pays lump sum taxes to government ( i n c a s h ) . 

9:15 a.m. The worker goes to f ac to ry and s u p p l i e s labor to produce goods 

which are sent to shopping ma l l (goods market) con t i nuous l y . The 

shopper goes to bank (asset market) and : ( i ) ob ta ins or d e p o s i t s 

cash ba lances , ( i i ) c o l l e c t s on or pays o f f nominal bonds from 

l a s t p e r i o d , and ( i i i ) purchases or s e l l s new one per iod bonds. 

10:00 a.m. Shopper goes to shopping ma l l and shops a l l day. At the shopping 

m a l l , one can purchase goods on ly w i th cash . 

- 'Some par ts o f t h i s chapter draw h e a v i l y from Sa rgen t ' s chapter on 
"Cash i n Advance Mode ls , " e s p e c i a l l y the p r o p o s i t i o n s presented l a t e r . 
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4:00 p.m. S to res c l ose and the shopper re tu rns home. The worker r e c e i p t s 

from t h i s p e r i o d ' s goods which were s o l d a t s to res and c o l l e c t e d 

and wages are paid to workers and then return home. 

The f o l l o w i n g diagram i s suggest ive o f a p h y s i c a l l ayou t . 

Let us review the c o n s t r a i n t in more d e t a i l . 

Asset market 

En te r i ng the asse t market the consumer has : 

( i ) bonds bought yesterday a t t - 1 asset market B f c which now are worth 

K B . . (The convent ion i s that bonds are indexed by the date they 

pay o f f . ) 

( i i ) wages rece ived ( i n cash) a t end o f l a s t per iod p t _ l y t _ 1 which were 

rece ived a f t e r goods market had c l o s e d . 

( i i i ) unspent cash balances from yesterday mj._, - Pj.c^._^ (spent p^._^c^._^ 

on consumption a t goods market out o f t o t a l cash o f m t _ , ) . 

( i v ) cu r ren t taxes pa id to government in cash , T f c . 
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The t o t a l weal th brought i n to asse t market a t t 

P t - i y t - i + ! t B t " T t + ^ t - i P t - i V i 5 

(wages + bonds - taxes + unspent c a s h ) . 

In the asse t market the consumer purchases: ( i ) new cash , M t , f o r 

t oday ' s shopping t r i p , and ( i i ) saves (or borrows) by purchasing (or s e l l i n g ) 

new bonds B ^ . Thus we have the asse t market c o n s t r a i n t : 

( 1 - 4 > M t + B t + i s P t - ^ t - i + T t B t " T t + ^ t - r P t - i V i * -

Goods market 

A f t e r l eav ing the asse t market, the shopper goes to the goods market 

where s t o r e / f a c t o r y owners s e l l cur rent goods (say apples) but they are on ly 

w i l l i n g to accept cash i n payment. In p a r t i c u l a r , they are not w i l l i n g to 

accept bonds or I .O .U . s , e t c . so i f one wants to buy c f c apples and the p r i c e 

i s p t d o l l a r s per one app le , one needs p f c c t d o l l a r s on hand in c a s h . The 

goods market c o n s t r a i n t i s : 

(1.5) P t c t < H t . 

The Consumer's Problem 

The problem o f the consumer i s to choose a t each t , { c t , m t , B f c + 1 } 

(consumption a t t , new money a t t , and new bond ho ld ings a t t ) to s o l v e : 

T 
I 

t=0 

(Asset market) 1 . M f c • B f c + 1 < p ^ y ^ • 1 ^ - T f c • ( m f c _ , - p f c _ ] % _ ] ) 

2 - P t

C t S M t 

3 . 8 0 = B T + 1 = 0. 

(1 .6) max | e f c u ( c f c ) . 
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Cond i t i on 3 says the consumer s t a r t s out w i th no debt or sav ings BQ = 0 and 

w i l l end up w i th no deb t / sav ings Brp+^ = 0 . We w i l l o f ten cons ider a two- or 

t h ree -pe r i od ve rs i on o f t h i s problem. 

The Government 

The government does s e v e r a l t h i n g s : 

( i ) Spends g f c on a p p l i e s and throws them away. 

( i i ) Taxes consumers T t d o l l a r s per p e r i o d . 

( i i i ) P r i n t s money so that t o t a l money a t t i s 5 . . 

( i v ) S e l l s bonds to f i nance i t s d e f i c i t B . . 

At time t the government needs revenues to pay: ( i ) 1^3^. on p r i n c i 

pa l p l us i n t e r e s t to bond h o l d e r s , and ( i i ) p f c g t f o r cu r ren t government pur 

chases o f goods. 

At time t the government r a i s e s revenues by: ( i ) c o l l e c t i n g T f c 

d o l l a r s i n taxes from i t s consumers, and ( i i ) p r i n t i n g new money m t - m f c_ 1 

( the amount o f new money). I f money supply yesterday was m f c . , and today the 

t o t a l i s m f c , the change i n the money supply i s m t - m <._ 1-

Mow i f the government r e c e i p t s (T.+m.- i . .) f a l l shor t o f i t s c u r -

rent payments (I^B +p.g ) then i t can borrow from p r i v a t e consumers by p r i n t -t t t t 

ing and s e l l i n g more government bonds S . (which i t w i l l pay o f f next pe r iod 

a t I -B . ) . Pu t t i ng these together g i ves us the government budget con- 

s t r a i n t : 

( 1 " 7 ) B t + 1 = h*t + P t h ' T t " ( R t - R t - 1 } 
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( the amount the government has to borrow = cur rent expenses - cu r ren t r e 

serves) . 

We a l s o assume 

(1 .8) B 0 = B T + 1 = 0 , 

the government s t a r t s out and ends up w i th no d e b t / s a v i n g . 

The government i s a l s o sub jec t to a cash c o n s t r a i n t : to buy g^ 

app les the government must have P t g f c d o l l a r s . L e t t i n g M G denote the cash the 

government has, we have government cash- in-advance c o n s t r a i n t (good market 

c o n s t r a i n t ) : 

(1 .9 ) P t g t = M g . 

We now can summarize government p o l i c y by { g t , T T , M f c , B t + 1 ; M ° } Q . 

E q u i l i b r i u m for the Monetary Sequence Economy 

Let us de f ine an e q u i l i b r i u m fo r t h i s economy: Given government 

p o l i c y { g ^ , T . , M . , § . ; M G } ^ an e q u i l i b r i u m fo r t h i s monetary sequence economy 
t u t t+ i C u 

c o n s i s t s o f : ( i ) an a l l o c a t i o n o f consumption {C , } n f o r p r i v a t e agen ts , ( i i ) 

a se t o f asse t demands {M ,B, . } r , and ( i i i ) a set o f p r i c e s ( I ,p j . such 

t h a t : 

(1) Markets c l e a r : 

(A) goods market C + g = y v 

v c c 
(B) currency market M fc M | = MFC 

(C) bond market B f c = B f c 
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( 2 ) Consumer Max im iza t ion . ( C ' M t ' B t + 1 ^ 0 s o i v e s t h e consumers problem ( 1 . 6 ) a t 

p r i c e s {i ,p }. and given endowment and tax pa t te rn {y ,T }. 

(3) Government F e a s i b i l i t y . The government meets i t s budget c o n s t r a i n t s a t 

the e q u i l i b r i u m p r i c e s { l t , p f c } , § f c + 1 = 1 ^ + p t g t - T f c - ( M ^ - M ^ ) , and 

HOMEWORK: Add the f o l l ow ing problems to end o f l a s t problem s e t : 

Government Budget Cons t ra in t 

I. So lve out the government's sequence o f budget c o n s t r a i n t s to g i ve one 

present value type budget c o n s t r a i n t . Proceed as f o l l o w s : We have 

B t + i * l A + h * t - T t - { \ - \ - ^ -

To save space we w i l l l e t 

( 1 - 2 ) H t '= - T t - (VW-

S u b s t i t u t i n g ( 1 . 2 ) i n to ( 1 . 1 ) we have 

( 1 - 3 ) 5 t + i = I A + H f 

Now we want to s t a r t a t T + 1 and use ( 1 . 3 ) to keep s u b s t i t u t i n g out the 

S t a r t at T + 1 §_ . = I_EL + H m . S u b s t i t u t e out B_ us ing ( 1 . 3 ) f o r 
1 + 1 1 X 1 1 

t = T - 1 ( B T = I T _ 1 B T _ 1 * H T - 1 ) . 

B t + 1 = W t V A - i 5 + H T 

= V T - I B T - I + ! T H T - 1 * H r 
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Now s u b s t i t u t e out us ing (1.3) f o r t = T - 2 ( B ^ = I

T _ 2

B T - 2 + 

H T _ 2 ) . Keep going u n t i l you have only B Q (and I ' s and H 's ) on the r i g h t hand 

s i d e . D iv ide by I T • . . . • IQ on both s i d e s . S u b s t i t u t e back f o r (1 .2 ) f o r 

the H t ' s . S i m p l i f y and i n t e r p r e t . 

I I . Under what cond i t i ons w i l l the consumers good market c o n s t r a i n t p f c v < 

M f c? Bind w i th e q u a l i t y f o r every da te . ( H i n t : the c o n d i t i o n i s an i n t e r e s t 

r a t e s . ) Argue i n t u i t i v e l y why t h i s i s t rue fo r s i t u a t i o n s meeting your con

d i t i o n and e x p l a i n what happens i f i t ' s not met. 

I I I . Suppose the consumers c o n s t r a i n t i n the goods market b inds w i th e q u a l 

i t y . Use the e q u i l i b r i u m cond i t i ons to f i n d a formula f o r the p r i c e l e v e l ( i n 

terms o f p r i m i t i v e s ) . 

Instead of t r y i n g to c h a r a c t e r i z e the monetary sequence e q u i l i b r i u m 

def ined on page 1 1 . 1 1 d i r e c t l y , we s h a l l t r y an i n d i r e c t r o u t e . In p a r t i c u 

l a r , we w i l l reduce the consumers problem t o : ( i ) a date 0 problem wi th money 

(assuming I fc > 1 fo r a l l t ) , and ( i i ) a date 0 problem wi thout money. Reduce 

( i ) to ( i i ) , and then we w i l l c h a r a c t e r i z e ( i i ) . 

F i r s t , l e t us turn the consumer's sequence o f asse t market con

s t r a i n t s i n t o one date 0 c o n s t r a i n t . Rewri te ( 1 . 6 ) ( i ) as 

( 1 - 1 0 ) B t + i = h B t + p t - i y t - i " M t " T t - « t - i - P t - i 0 t - i > ' 

Using the standard s u b s t i t u t i o n s (1.10) can be w r i t t e n as 

<1-11) I I \ r ^ P t - i y t - r V V ^ t - i A - i V i ^ = ° -
t=0 s=0 s 
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Now assume I t > 1 for each t, then p t c t = M t for each t. Substituting this 

into (1.11) gives (Mfc = p f c c t and P t _ 1 - Pt_i ct-1 = ° ) 

(1.12) f ( • f t f ) l p t . i y t - i - P t V T J -
t=0 s-0 s 

t 
Now let In «.: = H I then we can rewrite (1.12) as 

0 , t s=0 3 

T T 

(1.13) i ?—Ptot' I r - ( p t - i y t - r T t l -
t=o A o,t z z t=o A o, t z 1 c z 

Breaking the right hand side of (11.3) into two pieces we have 

(LID l r - p t

c

t

s I r - ( p t - i y t - i ) - I T ^ V -
t=0 l0,t * " t=o A o, t z 1 z t=o Ao,t z 

Now from the homework problem we have the government's budget constraint 

(1.15) i T—ptzt-- [ f - v ! r — f R t - R t - i J -
t=o Lo,t z z t=o lo,t z t=o lo,t z z 

Solving (1.15) for discounted taxes gives, after combining sums 

T T 
d . i 6 ) I r l P t M H 

t=o x o , t z t=o lo,t z z z z ' 

Substituting (1.16) into (1.14) and combining sums gives 

< i - m I t ; P t C t = i o T t [ P t - ' , t - ' * ( f , t " f l t - ' , - p A l ' 
Now from the homework problem III we have: M = p.y. and M = p .y . 

Substituting this into (1.17) gives 

(1.18) I Y— P t c t = I r - l ^ - ^ y r ^ - P t B t l -

t=0 A 0,t C C t=0 J 0,t yt-1 Z Z yt-1 c z 

Collecting terms gives 

T T 

(1.19) I Y~ ptc = I r - ( p t ( y t - g t > l -
t=o ^o.t fc z t=o x o, t fc fc z 



- 4 9 -

Let R„ ^ s — I „ be the r e a l i n t e r e s t r a t e , then (1.19) becomes 
0 , t p Q 0 , t 

{ 1 - 2 0 ) j n R h C t = X^iy^h 

t=o 0 , t t=0 0 , t 

That i s the consumer's problem (1 .6) i s equ iva len t to the f o l l o w i n g : 

T 

(2 .1) max I 6 u(c. ) 

such tha t 

? - 1 - s _L_r!t A - V i u 

Jo Ro,t C f c " uo Ro,t p t + 1 P t J 1 

where p.. = — . 
fc y t 

Let us review the steps in a two-per iod model. The consumer 's 

probelm i s 

max u ( c Q ) + Bu(c 1 ) 

such tha t 

(2 .3 ) M Q + = 0 + I Q B 0 - T Q 

(2.4) M 1 + B 2 = P [ ) y D + 1 ^ - T 1 • ( M 0 - p 0 c 0 ) 

and 

(2 .5) P n c 0 . M Q 

(2.6) p 1 c l = M 1 

From (2.4) we have 

(2 .7) B 2 = I l B l • [ p o y 0 - M r T 1 + ( M 0 - p 0 c 0 ) ] 



- 50 -

Substitute (2.5) and (2.6) into (2.7) 

(2.8) B 2 = I ] B L • [ p 0 y 0 - p l c 1 - T l ] . 

Mow solving (2.3) for gives 

(2.9) B 1 = I 0 B Q + [ -M Q -T 0 ] . 

Substituting (2.5) into (2.9) gives 

(2.10) B, = I 0 B 0 + [ - P o V T 0 ] . 

Substituting (2.10) into (2.8) gives 

(2.11) B 2 = 1}I0BQ • I, [ - P o V T 0 ] • [ p ( ) y 0 - p 1 C l - T 1 l . 

Imposing B 2 = B N = 0 and dividing by I Q I ^ gives 

( 2 . 1 2 ) 0 . . [ f o ^ f o , , FS+pUli 
x0 0 1 

Rearranging terms and let IQ = 1, I Q j = 

(2.13) P 0 c 0 . ( I i . , . 
u u A0,1 0,1 u ^,1 

Now the government's budget constraint can be written 
p i g i T i - r f l r f l o , 

(2.14) p g • J - l . T 0 * r J - * H 0 + ( y 1 -^ ) 
U U X0,1 u *0,1 0,1 

(we have put M - 1 =0). Solving (2.14) for discounted taxes gives 

T1 P1 g1 - , V R 0 , 

Substituting (2.15) into (2.13) gives 

o , t i P l ° 1 P ° Y ° M f" 1 ~% P l g 1 

(2.16) p c + j s j + M0 * I ) " P 0 8 0 " i • 
U U ' o . l A0,1 U I Q 1

 U U 0,1 



Now from the problem se t we have M Q = p Q y 0 and = Pfly S u b s t i t u t i n g these 

in to (2 .16) g ives 

p i c i p o y o r

p i y r p o y

Q l n o

 p i g i 
(2.17) p Q c + x = + p y + I—y- J - P Q g 0 - j • 

u 0 l 0 ,1 ^ , 1 U U ] 0 , 1 u u ^ , 1 

Now cance l i ng terms g i ves 

P 1 C 1 p 1 y 1 p 1 g 1 
(2.18) p c + j — = P 0 y 0 + j P Q g 0 - j — • 

u u ^ , 1 0,1 0,1 
P1 

Now d i v i d i n g (2.18) by p Q and l e t t i n g R Q ) 1 = — IQ 1 we have f i n a l l y  

G 2 y 1 S l 

(2.19) o + = = y + g 0 - p 
0 R 0 ,1 0 ! 0 , 1 0 R 0 ,1 

Thus, the consumer can so lve 

(2.20) max u(c.) • Bu(c . ) 
r i 0 
l c o ' V 

such tha t 

°1 y 1 
G° + R

0,i = y ° + Ro , i
 6 0 R

0,r 
A l s o , we can rewr i te the government budget c o n s t r a i n t as 

gi T o 1
 Ti Mo i ,Hr% 

(2 .^1) g n + p = — + z — + — + p [— J . 
0 R 0 ,1 P 0 R 0 ,1 P 1 P 0 R 0 ,1 p 1 

L e t t i n g t f c E T t / P t w e h a v e 

h T i Mo 1 r M r M

0 l (2.22) g . + ^ = x + = + — + r — . 
0 0 R 0 ,1 P 0 R 0 ,1 p 0 

Consider the impact o f budget d e f i c i t s on t h i s economy. Now go back 

to 1,29 fo r a minute. Under equat ion ( 4 . 6 ) , we considered the three ways to 

WORD a budget d e f i c i t a t date 0 ( rep lace 1 w i t h 0 ) . They a r e : 
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( 1 ) cut taxes at 0 ( T « +) 

( 2 ) raise spending at 0 (g Q +•) 

( 3 ) cut money supply at 0 ( M ^ + ) . 

Now given that the government runs a def ic i t the f i rs t period, i t 

must run a surplus the second period ( i f i t obeys its budget constraint). To 

run a surplus the second period ( 1 ) the government can: 

( 1 ) raise taxes (T 1 t) 

( 2 ) cut spending (gj *) 

( 3 ) raise the money supply (M., + ) . 

Now the changes involving spending and/or taxes are the same as before, we 

wi l l concentrate on changing the money supply. 

Let {gQ,g^,TQ , t j ,MQ,M^} be the original policy. (Notice wc have 

used real taxes {TQ>t^} v s - nominal taxes { T Q , T ^ } . ) 

Now suppose the government cuts the money supply by AQ in the period 

0 and raises i t by just enough in period 1 to keep its budget balanced, say, 

by a , . 

Thus, i f we let {g^,g^,T^,MQ,M^} be new policy, then 

g 6 = G 0 ' G 1 = G * ' T 0 = V T 1 = T1 

m; - Mi - v 
Now what happends to consumption, prices, and interest rates? Well, 

the consumer's budget constraint in ( 2 . 2 0 ) is unaffected by this change and 

the good market equilibrium conditions: 
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(2.22) date 0 : e Q = y Q - g Q 

date 1: c 1 = y 1 - g 1 

are a l s o una f f ec ted ; t he re fo re , the consumption i s una f f ec ted . Now we know 

from before that the r e a l i n t e r e s t ra te i s g iven by 

1 u 1 < ° 1 > 
(2.23) ^— -- 8 - j - . 

K 0 ,1 U ] ( c 0 ) 

S u b s t i t u t i n g the goods market e q u i l i b r i u m cond i t i ons in to (2 .23) g ives 

1 U 1 ( y - g ) 
(2.24) ^ — 8 . 

0,1 u ( y 0 - g 0 ) 

( r e a l i n t e r e s t ra te i s una f f ec ted ) . So i f the consumption of goods i s un

changed, the r e a l i n t e r e s t ra te i s unchanged. 

Now the p r i c e l e v e l s i n the two cases are 

Pn = > P 

(2.25) 

0 ' y 0 ° *0 

pi ' T, <
 pi = "TT-

The p r i c e l e v e l f a l l s i n the per iod 0 (s ince there i s a lower money supp ly ) 

and r i s e s in per iod 1 ( s i nce there i s a h igher money s u p p l y ) . Now the nominal 

i n t e r e s t ra te i s g iven by 

P 1 , p i (2.26) I_ . - — R„ . < II . = r R_ . . 0,1 p Q 0,1 0,1 p^ 0,1 

In summary, a cut in the money supply a t 0, which i s balanced ( i n 

terms o f the government budget) by an increase i n money supply at 1, 
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does not a f f e c t consumption, 

does not a f f e c t r e a l i n t e r e s t r a t e s , 

lowers p r i c e s at 0 , r a i s e s p r i c e s a t 1, and 

r a i s e s the nominal i n t e r e s t r a t e . 

So f a r , we have not s p e c i f i e d how A 1 must r e l a t e to A Q in order tha t 

the government budget c o n s t r a i n t i s met: 

g T , M M 
(2.27) (a) g + = - ] - = x + jr-i- * + -H ) 

0 R 0 ,1 0 R 0 ,1 P 0 R0,1 P1 0 

g1 T1 M 0 ~ A 0 1 r r

M 1 . w „ . - i i 
(b) g + 5 = T + = + • — , + r 1,-T +A J - [ M -A J . 

0 R 0 J 0 R 0 J p Q R 0 , l P 1 1 0 0 

Equat ions (2.27) ( a )—o ld po l i cy—and (b)—new pol icy- -money s u p p l i e s must 

s a t i s f y 

Let us s u b s t i t u t e out the p r i c e s us ing (2.25) 

( 2 . 2 9 ) y „ + < 5 - L [ _ L - I — < U L ] y 

U K 0 , l M 1 ' U K 0 ,1 M l +A 1 

Now sub t rac t y Q from both s i des and m u l t i p l y by Ro,1 / y 1 fc0 o b t a i n 

M . - M N ( M . + A 1 ) - ( M n - A n ) 
(2.30) J 2 = [—I—I 2__2_]. 

S o l v i n g (2.30) fo r A Q g i ves 

M +A 
( 2 . 3 D A Q = ( L ) ( M R M Q ) - ( f l r f l 0 ) - A , . 

M1 

Consider a two-per iod ve rs ion o f the two-country CIA model. Le t the 

endowments o f home consumer be {PHO '^HO^ A N D T H E E N D O W M E N T S °? f o re i gn consum

ers be {PFO» V FO^ - N o t i c e t h a t home consumers' endowments are i n u n i t s o f home 

currency and f o re ign consumers' endowments are in u n i t s o f f o re i gn cu r rency . 
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The home consumers maximizat ion problem i s to choose 

{ c H t ' c F t ' M H t ' M F t ' B H t + 1 ' B F t + l l t = 0 ' 1 } t o s o l v e 

(2 .1) max U ( c H O + c p o ) + B U ( c H 1 + c F 1 ) 

such that 

(1) MH0 + 6 0 M F 0 + BH1 + 6 0 B F 1 = 0 + W H O + e 0 I F 0 B F 0 " T o 

(2) MH1 + 6 1 M F1 + B H2 + 6 1 B F 2 = W H O + r H i B H i + e i I F i B F i - T 1 

(3) P p - M 
HO HO " H O ' 

P F0°F0 = M F 0 

(4) PH1°H1 = M H T PF1°F1 = M F1 

( 5 ) BH0 = B F 0 - BH2 = B F 2 = ° 

where (1) equals asset market c o n s t r a i n t in per iod 0 . 

(2) equals asset market c o n s t r a i n t i n per iod 1. 

(3) equals cash- in -advance c o n s t r a i n t s i n pe r iod 0 . 

( 4 ) equals cash- in -advance c o n s t r a i n t s i n pe r iod 1 . 

(5) equals i n i t i a l and te rm ina l cond i t i ons on debt . 

The fo re ign consumers' problem i s i d e n t i c a l to the home consumers' 

except that there are a s t e r i s k s on a l l q u a n t i t i e s . Fore ign consumers choose 

^ H t ^ F t ^ H t ^ F t ' ^ I ^ F t . l ! 1 - - 0 ' 1 ^ t 0 S O l V e 

(2.2) max U ( c * 0 , + c * 0 ) + S l K c ^ + c ^ ) 

such that 

( 1 ) MHO + 6 O M FO * B H I + e o B F i - 0 + W H O + 6 O I F O B F O - T o 

(2) M*, + • B * 2 • ^ B f c . p ^ • I ^ B j j , • e ^ B ^ - T* 
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( 3 ) PHOCHO = M H 0 ' P FO G FO = M F 0 

( 4 ) P H! C H1 = M H 1 ' P F ! C F 1 = M F 1 " 

The home government 's p o l i c y can be desc r ibed by 

(2.3) { g H t ' f l H t ' B H t + 1 ' T t ; M H t : t = ° ' 1 ^ 

The home government's p o l i c y i s assumed to s a t i s f y 

(2 .4) (a) B m - I H 0 B H 0 • p H O g H Q - T Q - ( M H 0 ) 

( b ) BH2 = r H1 B H1 + PH1 gH1 " T 1 " < * W W 

(per iod budget c o n s t r a i n t s ) a long w i th the i n i t i a l and te rm ina l c o n d i t i o n s 

( O B H 0 - 5 H 2 - 0. 

The home government i s a l s o sub jec t to cash- in -advance c o n s t r a i n t s o f the 

form: 

( 2 - 5 ) P H0 g H0 = M H0 

PH1 gH1 = M H T 

L ikew ise f o r the f o r e i g n government 's p o l i c y can be desc r ibed by 

{g* M ,B , T * ; M g * ; t = 0 , 1 ) . The f o r e i g n government 's p o l i c y i s assumed to 

s a t i s f y per iod budget c o n s t r a i n t : 

g F1 " W?0 + P F 0 g F 0 " T * " R F 0 

5 F 2 = X F 1 g F 1 + P F 1 g F 1 " T 1 " ( R F r R F 0 } -

The f o re ign government's cash- in -advance c o n s t r a i n t s a re o f the form 
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pFO gFO = FO 

P F 1 g F l = M f r 

We are ready to define a monetary sequence equilibrium for this 

economy. Converting the consumers' sequence budget constraints into date 0 

nominal constraints by solving (2 .1 ) (1) for B H 1 + eQBp1 and substituting i t 

into (2 .1) ( 2 ) , then imposing the conditions in ( 2 . 1 ) (3) and ( 4 ) in order to 

substitute out the money demands in terms of consumption. Impose conditions 
pi 

in ( 2 . 1 ) (5) and divide by IJJQ^HI * ^ s e t h e n o t a t i o n ĤO s *0 1 = *H0*H1' 

Convert the consumers' sequence budget constraints into date 0 real 

constraints by using the Fisher relation between nominal and real interest 

H M rates Rn , = p u 1 / p u n ( I A , ) . Use the same definit ion of taxes ft.,T .;t=0,1} as U, 1 Ml HU (J, 1 t t 

in (A). 

A monetary sequence equilibrium for above economy given government 

policies of home government fg,,. ,M... ,6,,. , ,T. ;Mg 11=0,1} and of foreign gov-
Ht Mt Mt+1 t Mt 

ernment { g * f c , R p t , B p t + 1 , T * ; M | * ( t = 0 , 1 } i s : (i) a set of allocations 

^ C H t ' C F t ; C H t ' C F t l t = 0 ' 1 ^ 3 S 6 t ° f a S S 6 t d e m a n d s ' M Ht , M Ft , B Ht+1' B Ft+1 ; 

M H t ' H F t ' B H t + 1 ' B F t - 1 ' ' a n d ( i U ) 3 p r i C e S y S t 6 m ^ I H t ' I F t ' P H t ' P F t ' e t } S U C h t h a t : 

A. Markets clear 

goods market 

CHt + °Ht + gHt = yHt t " °» 1 

C Ft + °Ft + g Ft " y F t 1 = ° ' 1 

money markets 

(i) 

(home) 

(foreign) 

( i i ) 
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(home) MH f c • Mjjt + M*fc = H^. 

(foreign) M p t • M«fc + = M p t 

( i i i ) bond markets 

(home) B H t • Bjj t = B H t 

(foreign) B p t + B»fc = B P F C . 

B. Consumers maximization 

{ C H t ' C F t ' M H t ' M F t ' B H t + 1 ' B F t + l : t = 0 ' 1 ^ S O l V e S ( 2 - 1 ) a t e q u i l i b r i u m 

prices, and { c * t , c * t , M * t , B * t + 1 , B » f c + 1 : t = 0 , 1 } solves (2.2) at equilibrium 

prices. 

C. Government feasibi l i ty 

^ H t ' R H f B H t + T T t ; M H t J « * i s f i e a « . 3 ) and (2.4) 

{ g « t , f l P T , B p t + 1 , T * ; M g

t } sat isf ies analogue of (2.3) and (2 .4) . 

Now instead of trying to characterize this monetary sequence equi

librium direct ly, we wi l l convert i t to a simpler type of equilbrium. In 

fact , we can convert this equilibrium to a real date 0 economy. We proceed in 

several steps. 

Converting the government's sequence budget constraints to date 0 

nominal constraints by simply substituting (2.4) (b) into (2.4) (a) and impos

ing (2.4) (c). 

Converting the government's sequence budget constraint to date 0 

real constraints by using the Fisher relation between real and nominal inter

est rates. Then converting the commodity taxes T Q , T, to real taxes tQ = 

T Q / P H O , T 1 = Tj/P|f]. And then converting the revenues from money creation 

Mnr,. M„. - M.,n into "inflation taxes" riu HI HU 
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M M - M 
M _ H 0 M H1 HO 

T ° = P H O ' T 1 = P H I 

and s u b s t i t u t i n g these i n t o s tep ( i ) . 

Conver t ing the Monetary Sequence Economy to a Real Date 0 Economy 

Convert the government's budget c o n s t r a i n t to a date 0 c o n s t r a i n t by 

r e w r i t i n g the sequence budget c o n s t r a i n t s i n ( 2 . 3 ) as f o l l o w s 

P H 0 G H 0 P H 1 G H 1 T 0 T 1 R H 0 | W 
( 2 . 0 ) -= + j—;— = -j— + j—f— + f— + —;—f • 

A H 0 A H 0 A H 1 HO HO HI A H 0 HO H1 

Puc IH Q = 1 and i g ^ -- I H Q I H 1 

P H 1 G H 1 m T1 B

 ( R H 1 - R H 0 ) 

( 2 " 7 ) P H O G H 0 + ~~TH = T 0 + AT + M H 0 + — H • 
A 0 , 1 0 , 1 0 , 1 

Let R 0 1 5 P H ^ P H O ( J O I^' M U L T I P 1 y (2-D b y 1 / P H O A N D U S E FCHE D E F I N I T I O N O F 

RQ .J to ob ta i n 

a T T M" -M 
._ P . G H 1 0 ( 1 % 1 HO ^ t HI "HO-, 1 
( 2 . 8 ) g + T. = — + [ — J R + B ~ + • 

H U K 0 , 1 P H 0 P H 1 " 0 , 1 P H 0 P H 1 N 0 , 1 
T t 

Now l e t T = ( r e a l va lue o f commodity taxes on home consumption a t t ) and 
z p H t 

l e t 
M 

M HO 
To - p. 

and 

HO 

M - M 
M H1 HO 
1 : P H 1 

Then ( 2 . 8 ) can be w r i t t e n 

M 
M RT, G H 1 T 1 M 
( 2 . 9 ) g . , A + 5 = T . + = + i. * HO R 0 J 0 R Q ) 1 -0 R 0 ) 1 
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ten 

S i m i l a r l y , the budget c o n s t r a i n t o f f o re i gn government can be wr i t -

Ma 
>F1 *1 M r 1 (2.10) g . + r = x* + p + x + =-

F 1 R 0 ,1 0 R 0 ,1 0 R 0 ,1 

where 

!L 

M (M -M ) 
M* _F0 _ M* _ • F1 F 0 ; 

To = P F O

 = T1 = " P F 1 

Using a s i m i l a r method to handout I I , we can wr i te the consumers' 

budget c o n t r a i n t s as home consumer 

ro H I r i ^ H l ^ l * YH1 , T1 , , M T1 ^ 

( 2 . 1 D ( c H 0 + c F 0 ) • R q ( 1 = y H 0

 + R^~J" " ( V R ^ T ] - [ V R ^ - J 

and f o re ign consumer 

,-,1 r * * \ f 'HI F h J F 1 f * 1 1 f M« '1 i 

(2.12) ( c * 0 + c p 0 ) • ( - R ^ - ) = y F 0 * - U S + R ^ ; J - ( T o + P — J -
M M * „ 

N o t i c e we can express the i n f l a t i o n taxes x f c , x f c i n terms of p r i m i t i v e s as 

f o l l o w s : 

M U "HO 

M - R M - M M M nH1 HO H1 "HO ,. r. n H 0 i 
T . _ y = ( 1 _ — j y . 

Pui M n l M m n H 1 n H 1 

S i m i l a r l y 

(2 .14) t f = y » Q 

M 
M* f , "FO| 

- 2 - h - ~ \ y h -
M F1 
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A r e a l date 0 e q u i l i b r i u m assoc i a ted w i th the above monetary e q u i 

l i b r i u m g iven government p o l i c i e s {SH t ;> T

t » T t } ^ g F t ' T t ' T t ^ i s : ^ 3 S e t 0 f " 

a l l o c a t i o n s {c , c * } , and ( i i ) and a p r i c e system {R. .} such t h a t : 

A. Markets c l e a r c f c + c* = y H f c + y * f c 

B. Consumer max imizat ion 

fc, } so l ves max U ( c n ) + 6U(c. ) such tha t 

l v , l 0 

M 
C 1 YH1 r

 T1 % r M T 1 i 

° ° * v =
 Y"° * V " ( v v ' " ( V VT' 

and Ic*} so l ves max U(c*} + BU(c*) such tha t 
" 1 Ic* c*\ 0 1 

« * * M * 
* °1 * y F 1 r » T 1 •> r M* 2 P _ ) 

C ° + R O J = y F O + R o , i " l V R o , i " l T ° + R o , i 

C. Government f e a s i b i l i t y 

The home government i s 
M 

g H1 , T1 ( M T 1 ^ 
+ - = T „ + = + T „ + 

and the f o re ign government i s 

g F l f » T1 ^ r M* T i 
B F 0 R 0 ,1 " ^ 0 R 0 ,1 * 0 R 0 ,1 " 

Consider a monetary sequence economy that o r i g i n a l l y has government 

p o l i c i e s . The home government i s 

( 3 - 1 } ^ H t " q H t ' § H U r T t ; M H t ' t = 0 ' 1 ^ 

and the fo re ign government i s 

(3 .2) { 8 F t » H F T . B F t + r T j ; M f t ; t s 0 f i : 
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Suppose fo r these se t s of p o l i c i e s there i s an e q u i l i b r i u m w i t h : 

( i ) an a l l o c a t i o n { c H t , c F f c ; c * t , c * t ; t = 0 , 1 } , and ( i i ) a p r i c e system 
Li C* 

{ IQ J , I Q 1 ; P H T » P F T > E

T J R o i l t = 0 ' 1 ' - N o w c o n s i d e r a monetary sequence economy 

i d e n t i c a l to the above except the home government pursues a new se t o f p o l i 

c i e s , g iven by 

( 3 . D - { g i t ' B H t ' B H t + r T t ' M t , 5 t - " 0 ' 1 J ' 

Suppose f o r p o l i c i e s ( 3 . 1 ) ' and ( 3 . 2 ) there i s an e q u i l i b r i u m w i t h : ( i ) an 

a l l o c a t i o n {c ' , c ' ; e » * , c * ' : t = 0 , l } , and ( i i ) a p r i c e system 

Now cons ide r new p o l i c i e s of home government that lead to h igher 

government d e f i c i t s a t home a t date 0 ( i . e . , h igher under new p o l i c i e s than 

under o l d ) . These d e f i c i t s can a r i s e f o r one of three reasons : 

( A 1 ) a cut in commodity taxes in cur ren t per iod ( 0 ) . 

( A 2 ) a cut i n cur ren t i n f l a t i o n t axes . 

( A 3 ) a r i s e i n cu r ren t government spending. 

I f the government obeys i t s budget c o n s t r a i n t these d e f i c i t s must e v e n t u a l l y 

be pa id fo r by one o f three methods: 

( B 1 ) a r i s e i n fu tu re commodity t axes . 

( B 2 ) a r i s e i n fu tu re i n f l a t i o n t axes . 

( B 3 ) a decrease in fu tu re government spending. 

Let 
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U < c H t * c F t ) = l n ^ H f ^ F t * 1 °> 1 

U » ( c J t + c » t ) = m ( c * t . c * t ) t = 0 , i . 

Compute the e q u i l i b r i u m a l l o c a t i o n s and p r i c e s under o r i g i n a l p o l i 

c i e s . Then compute the e q u i l i b r i u m a l l o c a t i o n s and p r i c e s under new p o l i c i e s 

f o r home government. (Assume the f o r e i g n c o u n t r y ' s government budget con

s t r a i n t i s balanced in each p e r i o d . ) C h a r a c t e r i z e consumption l e v e l s and the 

p r i c e system given and: ( i ) (A1) and (B1) , ( i i ) (A2) and (B2 ) , and ( i i i ) (A3) 

and (B3) . 

Real Exchange Rates and Purchas ing Power P a r i t y 

In order to d i scuss r e a l exchange ra tes we f i r s t must de f i ne two 

types o f goods: nontraded goods and t raded goods. 

Nontraded Goods 

A nontraded good o f country i i s some good which i s not t raded on 

the wor ld market, that i s , supp l i ed and demanded only by country i r e s i 

den ts . Of ten goods from s e r v i c e sec to r s are nontraded. (For example, h a i r 

cuts in country i , d inners i n country i , e t c . ) E m p i r i c a l l y , the s i n g l e most 

important nontraded good i s housing s e r v i c e s . 

In the context o f a s imple exchange economy we w i l l de f ine a non-

traded good i n country ( i ) as any good such t h a t : 

( N 1 ) Only country i r e s i d e n t s r e c e i v e u t i l i t y from consumption o f the 

good. 

(N2) Only country i r es i den t s have a p o s i t i v e endowment o f the good. 

(N3) Only the government o f country i spends and taxes i n terms o f t h i s 

good. 
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Traded Goods 

A t raded good in country i i s any good tha t v i o l a t e s a t l e a s t one o f 

the above cond i t i ons N1, N2, N3. 

Consider a s imple two country exchange economy. The economy l a s t s 

fo r two per iods ( t = 0, 1) and there i s one traded good and one nontraded good 

fo r each count ry . We index coun t r i es by i = H, F and we index goods by sub

s c r i p t (T, traded and N, nontraded) . 

For concre teness , th ink o f the home country as the U.S. and the 

fo re ign country as Germany. Think o f the t raded good as app les , the home 

nontraded good as h a i r c u t s in the U .S . and the fo re ign nontraded good as 

h a i r c u t s i n Germany. 

Home consumers have endowments {y_ , , y . . . | t = 0 , l } . Fore ign consumers 

have endowments {y* fc,y* t | t = 0 , l } . 

Home consumers pay lump sum taxes {T T , , T . . 11=0,1} - Fore ign con-

suraers pay lump sum taxes {T* , T * t | t = 0 , l } . 

Home consumers consume {c , c | t=0, l } and have pre ferences over 

t h i s stream o f consumption g iven by 

(1.1) U = [ a T i n c T j 0 + a N i n c ^ ] + 8 ^ In c ^ ^ In o ^ , ] . 

Fore ign consumers consume {c* ,cf. | t=0, l } and have pre ferences over t h i s 
1 , t w , t 

stream g iven by 

(1.2) U* = [a* i n c | ) 0 + a * i n c * i 0 ] • 6 [ a | In c | > 1 + a j | In e j f l ) . 

Before we de f ine the budget c o n s t r a i n t we need to de f ine the p r i c e 

system. In a model w i th two or more goods per per iod there i s no unique 

d e f i n i t i o n of " t he " r e a l i n t e r e s t r a t e . 
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In t h i s model there are three goods per per iod ( t r aded , home non-

t raded , and fo re ign nontraded) . P o s s i b l e r e a l i n t e r e s t ra tes a r e : 

( i ) the own ra te o f i n t e r e s t on the traded good. 

( i i ) the own ra te o f i n t e r e s t on the home nontraded good. 

( i i i ) the own ra te o f i n t e r e s t on the fo re ign nontraded good. 

( i v ) any index o f ( i ) , ( i i ) , and ( i i i ) . 

The " r e a l " i n t e r e s t ra te we compute by us ing the nominal i n t e r e s t ra te minus 

the i n f l a t i o n ra te i s an index of type ( i v ) . For t h i s model, however, i t i s 

more convenient to use ( i ) . Let RQ 1 equal the own ra te o f i n t e r e s t on the 

traded good. That i s , one u n i t o f the traded good at time 0 buys R Q j u n i t s 

of the t raded good a t time 1. 

Let {q H f : t = 0 , l } be the r e l a t i v e p r i c e between home nontraded goods 
N , t 

a t t and t raded goods a t t . That i s , one un i t o f the home nontraded good a t t 

buys q N fc u n i t s o f the traded good a t t . 

Let {q* | t=0, l } be the r e l a t i v e p r i c e s between f o r e i g n nontraded 

goods a t t and traded goods a t t . One un i t o f the fo re ign nontraded good a t t 

buys q* . u n i t s o f the traded good a t t . 

With t h i s investment in no ta t ion we can wr i te the home consumers' 

budget c o n s t r a i n t s ( i n present va lue form) as f o l l o w s : 

c +q c 

(1.3) K . C / W N O ' + I ^ R ^ ~ t y T 0 + q N 0 y N 0 - T T 0 " q N 0 T N 0 ' + 

U, ' 

(

y f 1 + q N 1 y f r T T l " q N 1 T N 1 ] 
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Consumers Max imizat ion Problem 

Home consumers choose { c H t , | t = 0 , 1 } to maximize (1 .1) sub jec t to 

(1.3) . Fore ign consumers choose {c* f c ,c* f c | t=0,1} to maximize (1.2) sub jec t to 

(1.4) . 

The home government's p o l i c y i s assumed to s a t i s f y the f o l l o w i n g 

present value c o n s t r a i n t : 

(1.6) • g T 0 + q N 0 g N 0 ' + R 
l _ l 
0,1 

g T 1 + q N 1 g T l ' = t T T0 + q N0 T N0^ 
' 0 , 1 

T T 1 + q N 1 T N 1 ' " 

A date 0, e q u i l i b r i u m fo r t h i s economy given government p o l i c i e s 

(1.5) and (1 .7) i s : ( i ) an a l l o c a t i o n {c T f c , c N ( . ; c | t , c * f c 11=0,1}, and ( i i ) a 

p r i c e system {RQ 1 , q N t , q J t l t = 0 » 1 } t n a t s a t i s f i e s A, B, and C below. 

A. Market c l e a r 

(a) t raded goods c 

(b) home nontraded goods c 

+ e* 
Tt T t 

5 Tt >Tt = y rt ' T t ' 

Nt 5 Nt = y „ , , t = o, 1 

(c) f o r e i g n nontraded goods c * f c + g * f c 

= 0, 1 

B. Consumer maximizat ion 

(a) { c T t , c N t | t = 0 , 1 } so l ves (1 .1) sub jec t to (1 .3) a t p r i c e s 

t R 0 , 1 ' q N t ' q N t l t = ° ' 1 > -

(b) {< 'T t ' Nt t=0, l } so l ves (1.2) sub jec t to (1.4) a t p r i c e s 

i R 0 , 1 ' q N t ' q N t l t = 0 ' 1 ' K 

C. Government f e a s i b i l i t y 

(a) The home government's p o l i c y (1.5) s a t i s f i e s i t s budget c o n s t r a i n t 

(1 .6) at the e q u i l i b r i u m p r i ces ( i i ) . 

(b) The fo re ign government's p o l i c y (1 .7) s a t i s f i e s i t s budget c o n s t r a i n t 

(1 .8) at the e q u i l i b r i u m p r i c e s ( i i ) . 
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Notice the difference between the traded goods equilibrium condition 

(1.9a) and the nontraded goods equilibrium conditions (1.9) (a) and (c). 

The most straightforward way to compute this equilibrium is to solve 

for the demand functions of consumers. Then plug these demand functions into 

the market clearing condtions and solve for prices. Next plug these equi l ib

rium prices back into the demand functions and solve for the equilibrium 

allocations. 

We wil l use a similar technique, however, we wi l l take account of 

the fact that having nontraded goods makes the problem simpler. From the 

equilibrium conditions for nontraded goods we can immediately derive the 

consumption of nontraded goods: 

( 2 - 0 ) ( 3 ) CMt = yNt " gNt 1 = ° ' 1 

( b ) CN*t = *Nt " gN"t t = 0, 1 . 

Substituting this result into the consumers problem gives home consumer: 

( 2 > 1 ) / T f n ,1 I a T l n C T 0 * ° l l l n ( y H 0 - g N 0 ) l * flKln^1*aNln(yNrgN1)] |c T t|t=0,1} 

such that 

U, 1 

RQ 1 f y T l " " q N l y N r T T r q N t T N 1 I * 

Let 

y 0 : yT0 " TT0 + <WgN0""TN0 )  

Y 1 : yT1 " TT1 + q N1 ( g Nl" T N1 ) * 
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Then we can rewrite (2.2) as 

(2.3) max In c_. + B in c T 1 

ic c ) T 0 T 1 

such that 

CT1 
C T O + R 0 F L

 = y 0 + R 0 ) 1 -

Now this is identical in form to our previous one-good model, so the demand 

functions are given by: 

B R 0 ,1 r - h , 
C T I -- rrtiv R̂ 7»-

Similarly, we can substitute (2.0) (b) into the foreign consumers' 

problem. Using the same method as above, we can show the foreign consumers' 

problem becomes 

(2.5) max In c* + 8 In c* 
fc» c* \ 

such that 

c™ + v— = y£ + 

where 

T 0 R o, i
 J° R0,1 

y 0 : = y T0 " TT0 * q N0 ( g N0~ T NV 

y«: = y*^ - t j j + ( g Nl" T N1 J * 

The demand functions for this problem (2.5) are given by 
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6 R 0 . 1 r - . y1 
( b ) CT1 = T T W R Q ( 

Now to solve for the equilibrium, plug the demand functions into the 

market clearing conditions and solve for prices. Plug (2.4) (a) and (2.6) (a) 

into the goods market at 0 for traded goods: 

1 r ~ 1 1 1 r ~ » 1 l , 
(2.7) c T 0 + c» Q = 7 - ^ l y 0

+

 R q 1̂ + T~T3^y0* RQ }* = yT0 * yT0 " ( g T 0 + g T0' 

Now assume for simplicity the governments of both countries tax 

nontraded goods just enough to cover their spending of nontraded goods; i . e . , 

assume: 

(2.8) r N t = g N t t - 0 , 1 

T N t = g N t t = ° ' 1 -

Given this assumption, we can rewrite y t , y* as follows: 

( 2 ' 9 ) y t = y T t " TTt 

yt y T t Tt ' 

Plugging (2.8) into the governments budget constraint (1.6) and (1.8) gives 

(2.10) (a) g T Q + ± - g T 1 = T T Q • g l - x T 1 

( b ) gT0 * RQ J gT1 = TT0 + Rn j T ? r 

Now using (2.9) and (2.10), we can rewrite (2.7) as 
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( 2 - 1 1 ) 1 + B ' ( y T 0 " g T 0 ) + R Q ^ n " 8 ^ ' * 1 + B ' ^ T O ' ^ O ^ R Q ^ T I ^ T V 

= y T 0 + y * 0 - ( ? T O + 8 T V ' 

S o l v i n g fo r the i n t e r e s t ra te g i v e s : 

to ^\ -L. a

 ( y TO" g TO" t " y TO" g fo ) 

^ ' R (v -e +v* —2* )" 
0,1 v y T 1 g T1 y T1 g T r 

Now the consumption a l l o c a t i o n s are g iven by 

(2.13) (a) c M t = y N t - g N t 

( b ) C Nt S y N t " g N t 

( C ) C T0 = T 7 ~ 8 ^ y T 0 " g T 0 ) + R ~ 7 ( y T r g T 1 ^ 
u, 1 

(d) 

( e ) C T0 = 1 + 8 ^ y T 0 " g T 0 ) + R N / y T r 8 T 1 * 

( f ) * * * * * * 

where R Q y i s g iven in ( 2 . 1 2 ) . 

Let W\J.Q = the present value o f home consumers endowments o f t raded 

goods minus the present va lue o f home government 's spending o f traded goods. 

Let * * * * * * equal the present value of fo re ign consumers endowments o f 

t raded goods minus the present va lue o f home governments spending o f traded 

goods. That i s 

****** 

(3.0) 
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****** 

Then with this notation, we have 

****** 

( 3 - D 
****** 

Now in any competitive equilibrium, we know prices are ratios of 

marginal u t i l i t i e s . The interest rate equals the rate of marginal u t i l i t y of 

time 0 traded goods (or traded goods) to time 1 traded goods using home con

sumer : 

(3 .2) (a) * * * * * * 

****** 

or using foreign consumer 

(b) ****** 

****** 

The relative price of home nontraded goods at t to traded goods at t 

is q N t equals the ratio of the marginal u t i l i t y of consumption of home non-

traded goods at t to be the WORD of traded goods at t 

(3 .3 ) * * * * * * 

Using (2.13) (a) and ( 3 - D , we have 

(3 .3 ) (a) * * * * * * 



(b) * * * * * * 

S i m i l a r l y , we have 

( c ) * * * * * * 

****** 


