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E x t e n s i v e Form Games 

I w i l l use a v a r i a n t o f Van D a m m e / S e l t e n ' s n o t a t i o n . 

1. E x t e n s i v e Form Game r = ( K , X p

t E , C , p 0 , V ) 

Game t r e e K 

The game t r e e i s a f i n i t e t r e e w i t h two t y p e s o f nodes d e c i s i o n 

nodes and t e r m i n a l n o d e s : X = s e t o f d e c i s i o n nodes and Z = s e t o f t e r m i n a l 

n o d e s . L e t < be a p a r t i a l o r d e r a s X u Z t h a t d e n o t e s p r e c e d e n c e . I f x < y 

we say x comes b e f o r e y and y comes a f t e r x . (Assume < t o t a l l y o r d e r s the 

p r e d e c e s s o r s o f e a c h member o f X Z s o t h a t t h e r e a r e no c y c l e s i . e . , e a c h node 

i n t r e e can be r e a c h e d by one and o n l y one p a t h f rom the i n i t i a l n o d e . ) L e t , 

• pd. | (x ) = max{y |y < x} = immed ia te p r e d e c e s s o r o f x . 

• p d n ( x ) = n^* 1 p r e d e c e s s o r o f x ( d e f i n e d r e c u r s i v e l y u s i n g a b o v e ) . 

• S ( x ) = { y | x e p ^ y ) } immed ia te s u c c e s s o r s o f x . 

• Z ( x ) = {y e z | x < y} = t e r m i n a l s u c c e s s o r s o f x . 

P l a y e r P a r t i t i o n X = { X Q , X , . . . , X . } 

The p l a y e r p a r t i t i o n d i v i d e s d e c i s i o n nodes i n t o I + 1 s e t s where X Q 

i s t he s e t o f d e c i s i o n nodes o f n a t u r e , and f o r i * 0 , X^̂  i s t he s e t o f d e c i 

s i o n nodes o f p l a y e r i . 

I n f o r m a t i o n P a r t i t i o n E = ( E , . . . , E j ) 

E j i s a p a r t i t i o n o f d e c i s i o n nodes o f o f p l a y e r 1 i n t o s o c a l l e d 

i n f o r m a t i o n s e t s e^ o f p l a y e r i . E i = {e^} . Assume f o r e v e r y i n f o r m a t i o n s e t 

e e E 

( i ) e v e r y p a t h i n t r e e i n t e r s e c t s e a t most o n c e , 

( i i ) a l l nodes i n t he i n f o r m a t i o n s e t have the same number o f immed ia te 

s u c c e s s o r s . 
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C h o i c e P a r t i t i o n C 
I 

The c h o i c e p a r t i t i o n C i s a c o l l e c t i o n C = {C |e e u £ . } where i s 
e U 1 1 6 

a p a r t i t i o n o f u { S ( x ) | x c e} i n t o s o c a l l e d c h o i c e s a t e s u c h t h a t e v e r y 

c h o i c e c o n t a i n s e x a c t l y one e lemen t o f S ( x ) , f o r a l l x e e . The i n t e r p r e t a 

t i o n i s a s f o l l o w s : i f p l a y e r i r e a c h e s h i s i n f o r m a t i o n s e t e t E | and t a k e s 

c h o i c e c e C then i f he i s a c t u a l l y a t x e e , t he n e x t node r e a c h e d by t he 

p l a y w i l l be some immed ia te s u c c e s s o r o f x and t h u s l i e s i n S ( x ) . We w i l l 

i d e n t i f y a c h o i c e a t an i n f o r m a t i o n s e t w i t h t he n e x t s e t o f nodes r e a c h e d by 

p l a y g i v e n t h a t c h o i c e . 

P r i o r on X Q 

Each p l a y e r b e l i e v e s n a t u r e c h o o s e s a node x e X Q w i t h p r o b a b i l i t y 

P Q ( X ) , S O p ( - ) i s , a p r o b a b i l i t y d i s t r i b u t i o n on immed ia te s u c c e s s o r s o f X Q . 

P a y o f f F u n c t i o n V = ( V 1 t . . . f V j ) : Z * R 1 

I f t e r m i n a l node z i s r e a c h e d , p l a y e r i r e c e i v e s u t i l i t y v i ( z ) ( s e e 

Example 1 ) . 

2 . S t r a t e g i e s  

Pure S t r a t e g i e s 

A pure s t r a t e g y w, o f p l a y e r i i s a f u n c t i o n TK w h i c h a s s i g n s a 

c h o i c e c f r om C t o e v e r y e e E^ 

I. s { « . : X e - X C } , 
1 1 e e E . e e S . 

l l 

M ixed S t r a t e g i e s 

A m ixed s t r a t e g y o f p l a y e r i i s a p r o b a b i l i t y d i s t r i b u t i o n n ^ . 

#n. 
S , = {a.: a. * R 1 | o . ( n . ) > 0 a l l * . and V o . ( n . ) = 1} . 

1 i I I ^-,.11 
IT . E D . 

1 1 



L o c a l S t r a t e g y ( a t an i n f o r m a t i o n s e t ) 

A l o c a l s t r a t e g y b i e o f p l a y e r i a t t he i n f o r m a t i o n s e t e e E j i s a 

p r o b a b i l i t y d i s t r i b u t i o n o v e r t he s e t o f c h o i c e s C g a t e where a p r o b a b i l i t y 

b i g ( C ) i s a s s i g n e d t o each c h o i c e c c C e . A l o c a l s t r a t e g y i s c a l l e d a pu re 

l o c a l s t r a t e g y i f i t a s s i g n s 1 t o some p a r t i c u l a r c h o i c e c a t e and 0 t o o t h e r 

c h o i c e s a t e . 

B e h a v i o r S t r a t e g i e s 

A b e h a v i o r s t r a t e g y b j o f p l a y e r i i s a f u n c t i o n t h a t a s s i g n s a 

l o c a l s t r a t e g y b i e t o e v e r y e c E ^ . L e t B i = the c o l l e c t i o n o f a l l b e h a v i o r 

s t r a t e g i e s o f i and B = x . . . « B j so b = ( b , . . . , b j ) e B . 

R e a l i z a t i o n P r o b a b i l i t i e s 

I f p l a y e r s p l a y b e h a v i o r s t r a t e g y b e B, t hen f o r e v e r y node x e X 

u Z we can compute the r e a l i z a t i o n p r o b a b i l i t y P b ( x ) where 

P b ( x ) = t he p r o b a b i l i t y t h a t node x i s r e a c h e d i n p l a y i f b e h a v i o r s t r a t 

egy v e c t o r b e B i s p l a y e d . 

In a s i m i l a r manner , f o r any a r b i t r a r y s e t o f nodes A w h i c h i s a s u b s e t o f 

X u Z 

P b ( A ) = p r o b a b i l i t y t h a t a t l e a s t one node o f A i s r e a c h e d i n p l a y i f b i s 

p l a y e d . 

E x p e c t e d P a y o f f s 

W i th t h e h e l p o f t h e s e r e a l i z a t i o n p r o b a b i l i t i e s we can d e f i n e t he 

e x p e c t e d p a y o f f to p l a y e r i g i v e n t h a t b e h a v i o r s t r a t e g y v e c t o r b e B i s 

p l a y e d . 

V . ( b ) = I P b ( z ) V . ( z ) . 
zeZ 
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C o m p l e t e l y Mixed B e h a v i o r a l S t r a t e g i e s 

A b e h a v i o r s t r a t e g y b^ o f p l a y e r i i s s a i d to be c o m p l e t e l y m ixed i f 

i t a s s i g n s c o m p l e t e l y m ixed l o c a l s t r a t e g y b ^ e t o e a c h i n f o r m a t i o n s e t e e E ^ , 

where a c o m p l e t e l y m i xed l o c a l s t r a t e g y a s s i g n s a s t r i c t l y p o s i t i v e p r o b a 

b i l i t y t o e v e r y c h o i c e c e C g . L e t B^ deno te s e t o f c o m p l e t e l y m ixed b e h a v i o r 

s t r a t e g i e s . L e t B° = B^ x . . . x B j . 

C o n d i t i o n a l R e a l i z a t i o n P r o b a b i l i t i e s ( w i t h c o m p l e t e m i x i n g ) 

A c o m p l e t e l y m ixed b e h a v i o r s t r a t e g y v e c t o r b e i n d u c e s a w e l l -

d e f i n e d c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n p b ( - | e ) o v e r a l l i n f o r m a t i o n s e t s 

e e E a c c o r d i n g t o t he f o r m u l a 

(1 ) f o r x e e , p b ( x | e ) = P ( * } 

I P b ( y ) 
yee 

where P b ( x | e ) = t he p r o b a b i l i t y t h a t x i s r e a c h e d i n p l a y when b i s p l a y e d 

g i v e n t h a t i n f o r m a t i o n s e t e has been r e a c h e d ( c o n f e r F i g u r e 2 ) . Now i f we 

t r y t o d e f i n e c o n d i t i o n a l p r o b a b i l i t i e s o v e r i n f o r m a t i o n s e t s ( a c c o r d i n g t o 

(1)) f o r a r b i t r a r y b e h a v i o r a l s t r a t e g i e s we w i l l have a p r o b l e m . The r e a s o n 

i s t h a t under a r b i t r a r y b e h a v i o r a l s t r a t e g i e s some i n f o r m a t i o n s e t s w i l l be 

reached w i t h p r o b a b i l i t y z e r o and f o r s u c h an i n f o r m a t i o n s e t (1 ) w i l l no t 

make s e n s e ( s i n c e we w i l l be d i v i d i n g by z e r o ) . 

N o t i c e i n Example 2 t h a t t he s t r a t e g y y v e c t o r b i n d u c e s a p r o b a b i l 

i t y d i s t r i b u t i o n on t he who le t r e e , f o r e x a m p l e : 

P b ( x 3 ) = b 0 ( L ) b l ( L | e l 1 ) 

P b ( x 8 ) i b 0 ( L ) b l ( L | e 1 1 ) b 2 ( r | e 2 1 ) . 
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I t a l s o i n d u c e s a c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n o v e r e a c h i n f o r m a t i o n 

s e t i n t he t r e e ( i f i t s c o m p l e t e l y m i xed t he c o n d i t i o n a l p r o b a b i l i t i e s a r e 

a l w a y s w e l l - d e f i n e d ) 

P b , . i pb(v V L > b i < M e 1 T > 

3 , 6 2 1 " p b ( x 3 ) + P b

( X j ( ) " wi^w^1 

b 1 ( L | e n ) 

b 1 (L | e 1 1 ) + b 1 (R | e 1 1 ) ' 

U s i n g e q u a t i o n (1 ) and the f i g u r e we can compute P b ( x g | e 1 3 ) t o be 

h p b < x « ) 

(2 ) P b ( x J e , J = 
8 1 3 " P b ( x ? ) + P b ( K 8 ) 

b n ( L ) b t ( L | e l 1 ) b 2 ( r | e 5 J 

b 0 ( L ) b 1 ( L J e 1 1 ) b 2 ( l | e 2 1 ) + b 0 ( L ) b 1 ( L | e l 1 ) b 2 ( r | e 2 1 ) * 

So 

J>, b 2 ( r l e 2 1 > 
( 3 ) P ( x 8 l e 1 3 } = b 2 ( l | e 2 1 ) • b 2 ( r | e 2 1 ) ' 

N o t i c e two t h i n g s abou t t h i s c o n d i t i o n a l p r o b a b i l i t y . F i r s t , i f e i t h e r o f t he 

numbers b Q ( L ) b 1 ( L | e , ] 1 ) were z e r o , t hen t he above f o r m u l a wou ld be nonsense ( o f 

c o u r s e they canno t be i f b ^ e i s c o m p l e t e l y m i x e d ) . 

S e c o n d , n o t i c e how the p r e v i o u s c h o i c e s o f p l a y e r 1 ( i . e . , s t r a t 

e g i e s b ^ L l e ^ ) and the r e s t ) e i t h e r c a n c e l ou t o r d o n ' t a p p e a r i n t he f i n a l 

f o r m u l a ( 3 ) . W e l l , t h i s a l w a y s happens and i t i s t h e key r e a s o n why t he a g e n t 

no rma l form " w o r k s . " S e l t e n p r o v e s t h i s i n h i s p a p e r . 
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S e l t e n ' s Lemma M ( r e w o r d e d ) 

G i v e n a c o m p l e t e l y m ixed b e h a v i o r s t r a t e g y v e c t o r b = ( b ^ , . . . , b j ) 

f o r an e x t e n s i v e form game w i t h p e r f e c t r e c a l l , t he c o n d i t i o n a l r e a l i z a t i o n 

p r o b a b i l i t i e s P b ( x | e ) f o r e E E . do no t depend on t he s t r a t e g y b i o f p l a y e r i . 

The lemma i s p roved by o b s e r v i n g i n a game w i t h p e r f e c t r e c a l l t he 

i n f o r m a t i o n s e t s e^̂  o f p l a y e r i have t he p r o p e r t y t h a t t he same c h o i c e s o f  

p l a y e r i a r e i n e v e r y p a t h t o a v e r t e x x E e ^ . 

C o n d i t i o n a l R e a l i z a t i o n P r o b a b i l i t i e s ( f o r a r b i t r a r y s t r a t e g i e s ) 

F o r some a r b i t r a r y b e h a v i o r s t r a t e g y v e c t o r b e B, some i n f o r m a t i o n 

s e t s i n E w i l l be r e a c h e d w i t h z e r o p r o b a b i l i t y . L e t E ( b ) deno te t h e s u b s e t 

o f i n f o r m a t i o n s e t s t h a t a r e r e a c h e d w i t h s t r i c t l y p o s i t i v e p r o b a b i l i t y . 

E ( b ) = (e e E | P b ( e ) = J P b ( x ) > 0 } . 

XEe 

L e t E / E ( b ) d e n o t e t he i n f o r m a t i o n s e t s r e a c h e d w i t h z e r o p r o b a b i l i t y under 

b . Now f o r any i n f o r m a t i o n s e t e E E ( b ) we s t i l l have a w e l l - d e f i n e d c o n d i 

t i o n a l p r o b a b i l i t y d i s t r i b u t i o n , i t i s o n l y t he u n r e a c h e d i n f o r m a t i o n s e t s i n 

E / E ( b ) t h a t g i v e us t r o u b l e . 

C o n d i t i o n a l E x p e c t e d P a y o f f ( a t an i n f o r m a t i o n s e t ) 

F o r e v e r y i n f o r m a t i o n s e t e o f p l a y e r i t h a t i s r e a c h e d w i t h p o s i 

t i v e p r o b a b i l i t y under b, we have a w e l l - d e f i n e d n o t i o n o f c o n d i t i o n a l e x 

p e c t e d p a y o f f , deno ted v ^ b l e ) w h i c h e q u a l s t he c o n d i t i o n a l e x p e c t e d u t i l i t y 

to p l a y e r i i f b i s p l a y e d and g i v e n i n f o r m a t i o n s e t e E E^ i s r e a c h e d . F o r 

each e i n E ^ b ) , 

(4 ) V . ( b | e ) = I P b ( x | e ) [ I P b ( z | x ) V . ( z ) ] 
xse z>x 
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where P b ( z | x ) = P b ( z ) / P b ( x ) . To i n t e r p r e t t h i s f o r m u l a i m a g i n e : g i v e n t h a t x 

h a s been r e a c h e d what i s i ' s c o n d i t i o n a l e x p e c t e d p a y o f f ? C l e a r l y , i f x has 

been r e a c h e d , o n l y t h o s e t e r m i n a l nodes z t h a t f o l l o w x w i l l be r e a c h e d , and 

some p a r t i c u l a r t e r m i n a l node z a f t e r x w i l l be reached w i t h c o n d i t i o n a l 

p r o b a b i l i t y P b ( z | x ) and a t t h a t node z , p l a y e r i g e t s v ^ ( z ) . 

Now a l l t h a t p l a y e r i knows i s t h a t he i s i n some node x o f i n f o r m a 

t i o n s e t e ( r e c a l l d e f i n i t i o n o f i n f o r m a t i o n s e t ) . Even though p l a y e r i does 

n o t know what node he i s s i t t i n g a t , he can compute t he p r o b a b i l i t y o f b e i n g 

a t x i f he knows what o t h e r p l a y e r s b e h a v i o r a l s t r a t e g i e s a r e by u s i n g t he 

f o r m u l a P b ( x | e ) = P b ( x ) / £ y e e P b ( y ) . The e x p e c t e d u t i l i t y c o n d i t i o n on r e a c h i n g 

e i s t hen ( U ) . 

N o t i c e i f e e E j , bu t e E E / E ( b ) t hen p l a y e r i does n o t h a v e a w e l l -

d e f i n e d c o n d i t i o n a l e x p e c t e d p a y o f f a t e . W i t h o u t s u c h a p a y o f f i t i s n o t 

c l e a r what " r a t i o n a l b e h a v i o r " means a t e . We w i l l r e t u r n t o t h i s p o i n t 

l a t e r . 

The P rob lem o f Un reached I n f o r m a t i o n S e t s 

In Example 3 , I c l a i m : ( L , R , R ) i s a Nash e q u i l i b r i u m i n p u r e s t r a t 

e g i e s (on e q u i v a l e n t l y , ( 1 , 0 ; 0 , 1 ; 0 , 1 ) i s a Nash e q u a t i o n i n b e h a v i o r a l s t r a t 

e g i e s ) . In t h i s e q u i l i b r i u m , p l a y e r 2 ' s b e h a v i o r does no t make much s e n s e . 

In i t 2 p l a y s R w i t h p r o b a b i l i t y 1. However , i f node x 2 were e v e r r e a c h e d 

( s i n c e 2 knows t h a t 3 i s g o i n g r i g h t f o r s u r e ) t hen 2 s h o u l d p l a y L w i t h 

p r o b l e m 1 and g e t 4 i n s t e a d o f p l a y i n g R and g e t t i n g 1. How can we f o r m a l i z e 

t he i d e a t h a t 2 ' s b e h a v i o r i s n o n s e n s i c a l ? F i r s t , t h e u n c o n d i t i o n a l e x p e c t e d 

r e t u r n t o 2 under a r b i t r a r y b. 



( 2 . 1 ) V 2 ( b ) = P b ( z 1 ) V 2 ( z 1 ) + P b ( z 2 ) V 2 ( z 2 ) + P b ( z 5 ) V 5 ( z 5 ) 

= P b ( z 2 ) • 2 • P b ( Z l J ) • 4 • P b ( z 5 ) • 1 

where 

p b < 2 2 > " b 1 L b 3 R > = b 1 R b 2 L V F > b ( Z 5 ) = b 1 R b 2 R " 

In c o n t e m p l a t i n g b e s t r e s p o n s e s to any ( b ^ b ^ ) n o t i c e t h a t i f b ^ = 1, 2 ' s 

b e h a v i o r i s i r r e l e v a n t i n d e t e r m i n i n g h i s p a y o f f s i n c e he w i l l n e v e r be 

reached anyway he m igh t a s w e l l p l a y a n y t h i n g . 

So c l e a r l y 2 ' s b e h a v i o r i s no t i r r a t i o n a l i n t e rms o f u n c o n d i t i o n a l 

e x p e c t e d u t i l i t i e s ( s i n c e i t does no t even depend on what he c h o o s e s when 

b ^ L = 1 ) . How abou t i n te rms o f c o n d i t i o n a l e x p e c t e d u t i l i t y , ( g i v e n t h a t 

e 2 = {x 2 } i s r e a c h e d w i t h p o s i t i v e p r o b a b i l i t y ) 

( 2 . 2 ) V 2 ( b | e 2 ) = P b ( x 2 | e 2 ) [ £ P b ( z | x 2 ) V . ( z ) ] . 

Now { z | z > x 2 > = { z - . Z j j t Z g } . So 

V 2 ( b | e 2 ) = P b ( x 2 | e 2 ) [ P b ( z 3 | x 2 ) V 2 ( z 3 ) • P b ( Z l | | x ^ V ^ ) 

+ P b ( z 5 | x 2 ) V 2 ( z 5 ] . 

b 

Now f o r any b s u c h t h a t e 2 i s r e a c h e d under b , P ( x 2 | e 2 ) = 1 s o 

V 2 ( b | e 2 ) S [ b 2 L b 3 . V 2 ( z 3 ) + b 2 L b 3 R V 2 ( z 4 ) + b 2 R V 2 ( z 5 ) ) 
s i 4 b 2 L b 3 R + b 2 R l -

So l e t B R 2 ( b | e 2 ) = s e t o f b e s t r e s p o n s e s by 2 t o b g i v e n e 2 i s r e a c h e d be 

d e f i n e d t o be s o l u t i o n t o 

max V 2 ( b | e 2 ) ( g i v e n e 2 e E 2 ( b ) ) . 
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C l e a r l y t he c o n d i t i o n a l b e s t r e s p o n s e t o 2 a t e 2 i s t o p l a y R w i t h p r o b a b i l i t y 

o n e . ( F o r b s u c h t h a t e 2 i s r e a c h e d . ) The p r o b l e m i s t h a t f o r t h e p a r t i c u l a r 

b a r e i n t e r e s t e d i n , namely b = ( 1 , 0 ; 0 , 1 ; 0 ; 1 ) , e 2 i s no t r e a c h e d 

( e 2 e E 2 / E 2 ( b ) ) s o t h a t ( 2 . 2 ) d o e s no t make s e n s e s i n c e P D ( x 2 | e 2 ) does no t 

make s e n s e . 

T h i s t hen i s t he c r u x o f t he p r o b l e m . I n t u i t i v e l y 2 ' s b e h a v i o r i n 

t he e q u i l i b r i u m b i s u n r e a s o n a b l e because i f he were e v e r a c t u a l l y c a l l e d upon 

t o c a r r y ou t h i s move he wou ld have no i n c e n t i v e t o . However , a t t h e e q u i l i b 

r i u m s t r a t e g y c o n f i g u r a t i o n he w i l l n e v e r be c a l l e d on t o c a r r y i t o u t . In 

a d d i t i o n , a t t he e q u i l i b r i u m s t r a t e g y b t h e r e i s no w e l l - d e f i n e d c o n d i t i o n a l 

p rob lem d i s t r i b u t i o n ou r e 2 s o we c a n ' t even d e f i n e h i s c o n d i t i o n a l c h o i c e 

p r o b l e m . Now S e l t e n , K r e p s - W i l s o n and o t h e r s , have p r o p o s e d a number o f ways 

to s o l v e t h i s p r o b l e m . One i n t e r p r e t a t i o n o f t h e i r work i s t h a t t hey have 

v a r i o u s methods f o r i m p o s i n g w e l l - d e f i n e d c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u 

t i o n s o v e r i n f o r m a t i o n s e t s t h a t a r e n o t r e a c h e d under t he b e h a v i o r s t r a t 

egy b under c o n s i d e r a t i o n . 

B r i e f l y , S e l t e n i n d e f i n i n g t r e m b l i n g hand p e r f e c t e q u i l i b r i u m 

r e q u i r e s the c o n d i t i o n a l d i s t r i b u t i o n be g e n e r a t e d by a sequence o f c o m p l e t e l y 

m ixed s t r a t e g y v e c t o r s {b k } s u c h t h a t : 

1. b k * b 

2 . Each b k i s an e q u i l i b r i u m o f a c e r t a i n game ( w h i c h we w i l l d e f i n e momen

t a r i l y ) . 

In c o n t r a s t , K r e p s and W i l s o n (KW) r e q u i r e s o m e t h i n g w e a k e r . J u s t 

a s i n S e l t e n ' s d e f i n i t i o n , K r e p s and W i l s o n r e q u i r e t he c o n d i t i o n a l d i s t r i b u 

t i o n ove r i n f o r m a t i o n s e t s no t r e a c h e d i n e q u i l i b r i u m be g e n e r a t e d by a s e 

quence o f c o m p l e t e l y m ixed s t r a t e g y v e c t o r s b k s u c h t h a t b k - b. However , KW 
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do no t r e q u i r e t h e s e b be an e q u i l i b r i u m t o a n y t h i n g . I t s h o u l d be c l e a r 

t h a t under KW's c r i t e r i o n we can g e n e r a t e ( t o a l a r g e e x t e n t ) a l m o s t any 

c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s o v e r u n r e a c h e d nodes t h a t we wan t . 

(However , t h e r e a r e some s u b t l e r e s t r i c t i o n s abou t how t h e s e c o n d i t i o n a l 

d i s t r i b u t i o n s must be r e l a t e d , t h a t I w i l l d i s c u s s l a t e r . ) 

F o r now, s i m p l y r e a l i z e t h a t b o t h c r i t e r i o n a r e a way o f g e n e r a t i n g 

w e l l - d e f i n e d c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s o v e r i n f o r m a t i o n s e t s t h a t 

a r e r e a c h e d w i t h z e r o p r o b a b i l i t y under t he p r o p o s e d e q u i l i b r i u m c o n f i g u r a t i o n 

o f b e h a v i o r s t r a t e g i e s . 

N o t e 1. N o t i c e t h a t I have been assuming t h a t a t i n f o r m a t i o n s e t s w h i c h a r e 

r e a c h e d w i t h p o s i t i v e p r o b a b i l i t y i t makes s e n s e f o r an a g e n t to max im ize 

c o n d i t i o n a l e x p e c t e d u t i l i t y . I t may no t be t o t a l l y o b v i o u s t h a t m a x i m i z i n g 

c o n d i t i o n a l e x p e c t e d u t i l i t y node by node i s e q u i v a l e n t to m a x i m i z i n g u n c o n d i 

t i o n a l e x p e c t e d u t i l i t y o v e r p a t h s t h rough the t r e e . I t i s a theorem t h a t i n 

games w i t h p e r f e c t r e c a l l t h e s e a r e the same and t h i s g i v e s a s i m p l e way t o 

" d e c e n t r a l i z e " an a g e n t s d e c i s i o n mak ing p r o c e s s i n t o a sequence o f s m a l l 

" c o n d i t i o n a l " p r o b l e m s . I w i l l e x p l a i n t h i s i n more d e t a i l . 

F i r s t , some more d e f i n i t i o n s : 

( G l o b a l ) B e s t R e p l y 

A b e h a v i o r s t r a t e g y b^ o f i i s a b e s t r e p l y t o b i f 

B .e a r g max v . ( b ! , b . ) . 
1 b ! e B . 1 1 _ 1 

l l 

L o c a l Bes t R e p l y (an an i n f o r m a t i o n s e t ) 

A l o c a l b e h a v i o r s t r a t e g y b i g a t an i n f o r m a t i o n s e t e o f p l a y e r i i s 

a l o c a l b e s t r e p l y t o b i f 



-11 -

b. E a r e max v . ( b V , b . ) 
i e b'.'fiB, 1 1 - 1 

l l 

where b'.' = ( b . / b ! ) i s t he b e h a v i o r s t r a t e g y b, w i t h b i a r e p l a c e d w i t h b! and 
i i i e ° * 1 i e i e 

r e s t o f the s t r a t e g y i s t he same. 

C o n d i t i o n a l L o c a l B e s t Rep ly ( a t an i n f o r m a t i o n s e t ) 

b. i s a c o n d i t i o n a l l o c a l b e s t r e p l y t o b a t e i f 
i e 

6 . E a r g max V . ( b ! , b . | e ) . 
i e b ! = ( b . / b ! ) E B . 1 1 _ 1 

i i i e I 

The b e s t r e p l y c o n c e p t s a r e no t i n c o n f l i c t w i t h each o t h e r . 

P r o p o s i t i o n : 

1. 6 . i s a b e s t r e p l y to b i f f f o r e v e r y component 6 . o f 6 . , b. i s a l o c a l 

b e s t r e p l y t o b a t e , f o r a l l e e E ( b ) . 

2 . b^ i s a b e s t r e p l y t o b i f f f o r e v e r y component b ^ g o f b^ , b ^ g i s a c o n d i 

t i o n a l l o c a l b e s t r e p l y a t e , f o r a l l e E E ( b ) . 

Now, s o f a r we have been d i s c u s s i n g c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s o v e r 

i n f o r m a t i o n s e t s t h a t a r e g e n e r a t e d by a b e h a v i o r a l s t r a t e g y b and we have 

d e n o t e d them P b ( x | e ) . We no ted t h a t t h e s e a r e w e l l d e f i n e d o n l y a t i n f o r m a 

t i o n s e t s t h a t a r e r e a c h e d , t h a t i s f o r e E E ( b ) . L e t us now d e f i n e a r b i t r a r y 

c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s o v e r i n f o r m a t i o n s e t s ( t h a t may o r may 

n o t come f rom a b e h a v i o r s t r a t e g y ) . 

Le t u : X x E * [0,1] t he s e t o f c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u 

t i o n s o v e r a l l i n f o r m a t i o n s e t s . F o r x E e l e t u ( x | e ) be t he c o n d i t i o n a l 

p r o b a b i l i t y o f x g i v e n i n f o r m a t i o n s e t e wh ich c o n t a i n s x i s r e a c h e d . F o r 

each e i n E l e t t h e c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n y ( - | e ) be s u c h t h a t 

1 u ( x | e ) = 1, u ( x | e ) > 0. So u = ( p ( - | e ) : e e E} i s a c t u a l l y a w h o l e c o l l e c -
xee 
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t i o n o f c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s each o f w h i c h s p e c i f y a c o n d i 

t i o n a l p r o b a b i l i t y d i s t r i b u t i o n o v e r a p a r t i c u l a r i n f o r m a t i o n s e t . KW c a l l y 

a sys tem o f b e l i e f s . 

Now, we can u s e t h i s n o t i o n o f s ys tem o f b e l i e f s t o m e c h a n i c a l l y 

s o l v e o u r p r o b l e m . G i v e n a b e h a v i o r s t r a t e g y b : 

1. F o r any i n f o r m a t i o n s e t t h a t i s r e a c h e d under b, l e t a l l a g e n t s use t he 

c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n g e n e r a t e d by b, when s o l v i n g t h e i r 

p rob lems ( i . e . , c a l c u l a t i n g t h e i r c o n d i t i o n a l l o c a l b e s t r e p l i e s ) . 

2 . F o r any i n f o r m a t i o n s e t t h a t i s no t r e a c h e d under b, l e t us s i m p l y make up 

some c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n y ( - | e ) o v e r the s e t o f nodes 

{ x | x € e>. 

L e t a g e n t s b e l i e v e the c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n o v e r e 

i s (under b) 

P b ( x | e ) i f e e E ( b ) 

y ( x | e ) i f e E E / E ( b ) 

Or we c o u l d s i m p l y l e t a g e n t s a l w a y s u s e y bu t t hen impose t h a t y 

a g r e e w i t h t he c o n d i t i o n a l d i s t r i b u t i o n g e n e r a t e d by b on i n f o r m a t i o n s e t s 

where t h a t d i s t r i b u t i o n i s w e l l - d e f i n e d , t h a t i s 

P b ( x | e ) f o r e E E ( b ) 

G i v e n b , y ( x | e ) = (some a r b i t r a r y ) 

y ( x | e ) f o r e E E / E ( b ) 

In t h i s i n t e r p r e t a t i o n , we have " s o l v e d " ou r p rob lem o f no t h a v i n g w e l l -

d e f i n e d p r o b a b i l i t i e s d i s t r i b u t i o n s (unde r b) a t c e r t a i n i n f o r m a t i o n s e t s by 

s i m p l y mak ing them up . 
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Now the g o a l o f K r e p s , W i l s o n , S e l t e n and o t h e r s i s to f i n d r e a s o n 

a b l e ways to make up b e l i e f s f o r u n r e a c h e d i n f o r m a t i o n s e t s . L e t y b d e n o t e 

t he c o l l e c t i o n { y b ( x | e ) | e e E } . C a l l ( u b , b ) an a s s e s s m e n t . S e l t e n ' s c r i t e 

r i o n i s t h a t g i v e n a p roposed e q u i l i b r i u m b e h a v i o r s t r a t e g y b, a s y s t e m o f 

b e l i e f s u b i s r e a s o n a b l e o n l y i f i t can be g e n e r a t e d a s t he l i m i t i n g c o n d i 

t i o n a l p r o b a b i l i t y d i s t r i b u t i o n f rom some sequence b k o f c o m p l e t e l y m ixed 

s t r a t e g i e s s u c h t h a t : 

1. b k * b 

v k 
2 . b K i s an e q u i l i b r i u m o f p e r t u r b e d game ( r , n ) . 

Where n k i s a sequence o f m i s t a k e p r o b a b i l i t i e s a t i n f o r m a t i o n s e t s s u c h 

t h a t n k ( c | e ) • 0 f o r a l l c e C g , f o r a l l e e E . We c a l l s u c h a ( u b , b ) a 

t r e m b l i n g hand p e r f e c t e q u i l i b r i u m . 

K r e p s - W i l s o n c r i t e r i o n i s w e a k e r . G i v e n a p r o p o s e d e q u i l i b r i u m 

b e h a v i o r s t r a t e g y v e c t o r b , a s y s t e m o f b e l i e f s y b i s r e a s o n a b l e o n l y i f i t 

can be g e n e r a t e d a s t he l i m i t i n g c o n d i t i o n a l d i s t r i b u t i o n o f a sequence b k o f 

c o m p l e t e l y mixed s t r a t e g i e s s u c h t h a t 

" k 
1. b • b. 

The c rux o f t he d i f f e r e n c e i s t h a t : 

For S e l t e n . The b e l i e f s must be g e n e r a t e d f rom c o m p l e t e l y m ixed b e h a v i o r 

s t r a t e g i e s t h a t a r e e q u i l i b r i a t o t h e p e r t u r b e d games ( r , n t ) . 

F o r K r e p s and W i l s o n . The b e l i e f s a r e a g a i n g e n e r a t e d f rom c o m p l e t e l y m i xed 

b e h a v i o r s t r a t e g i e s but t h e s e d o n ' t have t o be e q u i l i b r i a t o a n y t h i n g . 
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From t h i s i s s h o u l d be c l e a r : 

P r o p o s i t i o n . Eve ry t r e m b l i n g hand p e r f e c t e q u i l i b r i u m i s a s e q u e n t i a l e q u i 

l i b r i u m bu t e v e r y s e q u e n t i a l e q u i l i b r i u m i s no t t r e m b l i n g hand p e r f e c t . 

The f i r s t p a r t o f t he p r o p o s i t i o n f o l l o w s f rom d e f i n i t i o n . The 

second p a r t can be shown by Example 4 . 

In Example 4 I c l a i m t h a t ( L , r ) i s a s e q u e n t i a l e q u i l i b r i u m bu t no t 

a t r e m b l i n g hand p e r f e c t e q u i l i b r i u m . Deno te t he b e h a v i o r s t r a t e g i e s o f 1 by 

b 1 = ( b i L * b l R ^ a n d ° ^ 2 b y b 2 = ^ b 2 i ' b 2 r ^ " I n t h i s n o t a t i o n - t h e c l a i m i s 

t h a t b = ( 1 , 0 ; 0 , 1 ) i s s e q u e n t i a l bu t no t THP. Under b o t h s e q u e n t i a l and THP 

we w i l l have to check t h a t ou r p r o p o s e d e q u i l i b r i u m ( b , u ) i s s e q u e n t i a l l y 

r a t i o n a l . What t h i s means i s t h a t g i v e n b e l i e f s u t he b e h a v i o r s t r a t e g i e s 

b^ + b^ a r e c o n d i t i o n a l l o c a l b e s t r e p l i e s a t each i n f o r m a t i o n s e t . 

S i n c e we w i l l have t o check i t i n a m inu te l e t us w r i t e o u t what 

t h i s means f o r an a r b i t r a r y a s s e s s m e n t ( b , y ) . In t h i s examp le t h e r e a r e o n l y 

two i n f o r m a t i o n s e t s e 1 and e 2 . We need to check p l a y e r 1 ' s b e h a v i o r a t e 1 

and p l a y e r s 2 ' s a t e 2 . [ I w i l l w r i t e t h e x o u t u s i n g o u r n o t a t i o n s o t h a t you 

ge t used to s e e i n g i t , so b e a r w i t h me. ] 

P l a y e r 1. 

V ^ b l e , ) = I y ( x | e )[ £ P b ( z | x ) V < z ) J . 
x e e 1 z>x 

W i t h 

e 1 = { x Q } , u ( x Q | e 1 ) = 1 and { z | z > x Q } = iz} . z ^ z ^ z ^ } 

t n i s becomes 

V ^ b l e j ) = 1 • [ P b ( z l | x Q ) V 1 ( z 1 ) + P b ( z 2 | x ( ) ) V 1 ( z 2 ) ] 

• P b ( z 3 | x 0 ) V 1 ( z 3 ) P b ( z l 4 | x 0 ) V 1 ( z l 4 ) 
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= b 1 L [ 1 b 2 * + l * b 2 r ] + b 1 R [ 2 b 2 1 " b 2 r ] -

Thus 1 goes l e f t w i t h p r o b a b i l i t y 1 i f [b2i + b 2 ] J > [ 2 b 2 a - b^} w h i c h r e 

d u c e s to b 2 l < 2 / 3 . (Any b e l i e f s u w i l l have p ( x Q | e 1 ) = 1.) The b e s t r e p l y 

f o r 1 i s 

( 1 , 0 ) i f b 2 1 < | 

B R l J ( b 2 | e 1 ) = ( 0 , 1 ) i f > 

( a , 1 - a ) i f 

P l a y e r 2 . 

V 2 ( b | e 2 ) = I j i ( x | e )( I P b ( z | x ) V 2 ( z ) ) . 
x e e 2 z>x 

W i t h 

e 2 = { X T X 2 } ' { Z ' Z > X 1 } = { Z 1 ' Z 2 } ' f Z ' Z > X 2 } = { z 3 ' z 4 } ' 

we have 

V 2 ( b | e 2 ) = u ( X l | e 2 ) [ P b ( z 3 | x 2 ) V 2 ( z 3 ) + P b ( z 2 i X l ) V 2 ( z 2 ) ] 

+ y ( x 2 | e 2 ) [ P b ( z 3 | x 2 ) V 2 ( z 3 ) + P ^ Z j J x ^ V , , ^ ) ] 

= rt*i\*2H*2% + b 2 r ] + ^ x

2 l e 2 ) [ - b 2 r ] 

= b 2 l [ y ( x 1 | e 2 ) ] + b 2 r [ y ( x 1 | e 2 ) - w ( x 2 | e 2 ) j . 

So 2 goes l e f t w i t h p r o b a b i l i t y 1 i f u ( x 2 | e 2 ) > 0 , and 2 m i x e s i f 

p ( x 2 | e 2 ) = 0 . T h u s , (a ) f o r any_ s e t o f b e l i e f s u w i t h p ( x 2 | e 2 ) > 0 . 

B R ^ ( b 1 | e 2 ) = ( 1 , 0 ) a l l b v 

( C a l l t he s e t { u : v i ( x 2 | e 2 ) > 0} t ype A b e l i e f s , (b) f o r any s e t o f b e l i e f s y 

w i t h y ( x 2 | e 2 ) = 0 

B R ^ ( b 1 | e 2 ) = ( a , 1 - o ) , a e [ 0 , 1 ] a l l b y 
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( C a l l t he s e t ( y : y ( x | e 2 ) = 0} t y p e B b e l i e f s . So now i t becomes c l e a r t h a t 

t he o n l y way we can s u p p o r t ou r p roposed e q u i l i b r i u m i n w h i c h 2 goes r i g h t 

w i t h p r o b a b i l i t y 1 i s t o have 2 b e l i e v e t h a t node x 2 i s n e v e r r e a c h e d 

( u ( x 2 | e 2 ) = 0 ) . 

The Q u e s t i o n i s Are Such " B e l i e f s " by 2 R e a s o n a b l e ? 

K reps and W i l s o n s a y y e s t h e y a r e r e a s o n a b l e , w h i l e S e l t e n s a y s no 

they a r e no t r e a s o n a b l e . Now i n b o t h s e q u e n t i a l and THP the p r o p o s e d b e l i e f s 

y b have t o a g r e e w i t h t he c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n i n d u c e d by t h e 

p roposed e q u i l i b r i u m b e h a v i o r s t r a t e g y b a t a l l nodes t h a t a r e r e a c h e d w i t h 

s t r i c t l y p o s i t i v e p r o b a b i l i t y ( s i n c e t he c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n 

i s o n l y d e f i n e d a t t h e s e ) . So 

y b ( x ) = P b ( x | e ) a l l x e e f o r a l l e e E ( b ) . 

Here t h e r e a r e o n l y two i n f o r m a t i o n s e t s , E = ( e ^ , e 2 ) and u n d e r t he 

p r o p o s e d e q u i l i b r i u m b, b o t h a r e r e a c h e d . So 

1. y b ( x 1 | e 2 ) = P b ( x 1 | e 2 ) = t> 1 L = 1. 

2 . y b ( x 2 | e 2 ) = P b ( x 2 | e 2 ) = b 2 L = 0 . 

3 . [ y b ( x 2 | e Q ) = P b ( x 1 | e Q ) = 1 ] . 

So y b i s c o m p l e t e l y p i n n e d down by b. 

S i n c e t h e r e a r e no u n r e a c h e d i n f o r m a t i o n s e t s under b , we have no 

leeway t o p l a y w i t h the c o n d i t i o n a l p r o b a b i l i t i e s a t u n r e a c h e d n o d e s . 

A g a i n i n bo th s e q u e n t i a l and THP we need t o f i n d a s e q u e n c e o f 

k b k 

a s s e s s m e n t s (b ,y ) s u c h t h a t : 

1. M i x i n g : b k i s c o m p l e t e l y m i xed V k. 
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k b^ " b 

2 . C o n v e r g e n c e : (b ,u ) * ( b , y ) ( ou r p r o p o s e d e q u i l i b r i u m ) . 

3 . S e q u e n t i a l B e s t R e p l i e s : G i v e n b e l i e f s i i b , t he s t r a t e g i e s b a r e s e q u e n 

t i a l b e s t r e p l i e s f o r a l l p l a y e r s . 

C o n d i t i o n s ( 1 ) , ( 2 ) , and (3) a r e a l l we need f o r a s e q u e n t i a l e q u i 

l i b r i u m . ( N o t e : The " c o n s i s t e n c y " c o n d i t i o n o f KW i s subsumed by my d e f i n i 

t i o n o f y b , w h i c h I r e p e a t h e r e 

P b ( x | e ) f o r e e E ( b ) 
G i v e n b, u ( x | e ) = 

any * y ( x | e ) f o r e E E / E ( b ) 

(*) where " a n y " u ( x | e ) means some a r b i t r a r y u ( x | e ) t h a t does no t c o n t r a d i c t 

t he i n f o r m a t i o n s t r u c t u r e o f t he game—more on t h i s p o i n t l a t e r . ) 

However THP r e q u i r e s no t o n l y ( 1 ) , ( 2 ) , and (3) bu t a l s o (4 ) P e r -
k 

t u r b e d E q u i l i b r i u m : (b ,u ) a r e e q u i l i b r i a to t he p e r t u r b e d games ( r , n ) , 

and a s k + » , n k ( c | e ) •» 0 V c E C e , '4 e e E . 

For ou r examp le c o n d i t i o n (4 ) w i l l no t be met f o r any p o s s i b l e 

sequence ( b k , u b ) t h a t c o u l d p o s s i b l y s u p p o r t ( b , y b ) . 

I. S u p p o r t i n g ( b , y b ) a s a S e q u e n t i a l E q u i l i b r i u m 

I c l a i m b k = ( 1 - ( E 1 ) k , e K ; E K , 1 - e k ) works f o r any e , , E 2 > 0 . L e t us 

Check ( 1 ) , ( 2 ) , and (3) 

1. M i x i n g : c l e a r l y b k i s c o m p l e t e l y m ixed f o r e a c h k. 

k h k b 
2 . C o n v e r g e n c e : ( o f b K t o b and u t o p ) 

(A) C l e a r l y b k * ( 1 , 0 ; 0 . 1 ) - b 
b k 

(B) v i s g i v e n by 

u b ' < ( x 1 | e 2 ) - P b k ( x 1 | e 2 ) = o k

L = 1 - E K . 1 . b ] L 
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/ ( x 2 | e 2 ) , / ( x 2 | e 2 ) = b k

R = e

k > 0 - b 1 R 

[ y ^ x j e , ) = 1 = u ^ l e , ) ! 

b k ; 
v * u 

3 . S e q u e n t i a l B e s t R e p l i e s : We need to check t h a t g i v e n b e l i e f s y b , b^ 

( b , r , b 1 D ) = ( 1 , 0 ) i s p l a y e r 1 ' s ( c o n d i t i o n a l ) l o c a l b e s t r e p l y a t e 1 f and b_ 
1L In 1 t 

A A 

( b 2 1 , b 2 r ) = ( 0 , 1 ) i s p l a y e r 2 ' s c o n d i t i o n a l b e s t r e p l y a t e 2 >  

F o r 1: we know f o r any s e t o f b e l i e f s y 

( 1 , 0 ) b 2 1 < | 

B R l j ( b 2 | e 1 ) = ( 0 , 1 ) > . 
( a , 1 - c ) 

So f o r ou r y and ou r b wh ich has b 2 1 = 0 (< 2 / 3 ) we know 

B R ! ( ( ( 0 , 1 ) | e 1 ) = ( 1 , 0 ) = b 2 . 

F o r 2 : we know f o r : t y p e A b e l i e f s ( i . e . , y s u c h t h a t y ( x 2 | e 2 ) > 0) 

B R ^ ( b 1 | e 2 ) = ( 1 , 0 ) a l l b , . 

t y p e B b e l i e f s ( i . e . , y s u c h t h a t y ( x 2 | e 2 ) = 0) 

B R ^ ( b 1 | e 2 ) = ( a , l - a ) , a e [ o , l ] a l l b , . 

Bu t y b , y b ( x 2 | e 2 ) = 0 B i s t y p e B so 

b . 
BR U ( b . | e 2 ) = [ 0 , 1 ] x [ 0 , 1 ] wh i ch c o n t a i n s ( 0 , 1 ) = b 2 -
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So (b,vi ) i s a s e q u e n t i a l e q u i l i b r i u m . 

* b 
I I . I m p o s s i b i l i t y o f S u p p o r t i n g ( b , u ) as a THP E q u i l i b r i u m 

( R e c a l l t h a t an e q u i l i b r i u m be THP r e q u i r e s t h e r e e x i s t a s e q u e n c e 

k f k i 
o f minimum m i s t a k e p r o b a b i l i t i e s n = [n ( c | e ) , V c e e , V e e EJ t h a t a l l c o n 
ve rge to z e r o a s k goes to i n f i n i t y and a sequence o f a s s o c i a t e d p e r t u r b e d 

k ' k b games ( r , n ) where the b e h a v i o r a l s t r a t e g i e s (b ,y ) a r e e q u i l i b r i u m o f 

( r , n k ) . ) 

b k Now t o show (b , i i ) i s no t THP we must show f o r a l l n s e q u e n c e s 

k b k 

t h e r e canno t be a sequence o f (b ,v ) w h i c h a r e e q u i l i b r i a o f ( r , n k ) . I n 

s p e c t i o n o f p l a y e r 2 ' s b e s t r e s p o n s e makes i t c l e a r . S i n c e any s u c h s e q u e n c e 
k b k 

o f b i s c o m p l e t e l y mixed then t he a s s o c i a t e d " b e l i e f s " u w i l l be t y p e A 

b e l i e f s ( w i t h y k ( x _ | e _ ) = b k > 0 a l l k ) so t he e q u i l i b r i u m ( b k , u b ) w i l l 

a l w a y s have 2 p l a y i n g l e f t a t e 2 f o r a l l b 1 s o b k w i l l l o o k l i k e 

( b k

L , b k

R ; 1 , 0 ) + ( . . . ; 0 , 1 ) s o ( b r U

b ) i s no t THP. 

Now what i s t he i n t u i t i v e s t o r y f o r what i s g o i n g on? B a s i c a l l y , 

t he o n l y way 2 w i l l p l a y r i g h t i s i f h e / s h e i s s u r e 1 i s g o i n g l e f t . S e l t e n 

t h i n k s t h a t s u c h b e l i e f s a r e u n r e a s o n a b l e because i f 1 t r e m b l e s a t a l l , 2 w i l l 

a l w a y s p l a y l e f t . T h a t i s , i n any game t h a t i s c l o s e to ou r game ( i n t e r m s o f 

p e r t u r b e d s t r a t e g i e s ) the e q u i l i b r i a w i l l be f a r f rom o u r e q u i l i b r i a . So t h i s 

e q u i l i b r i a i s " u n s t a b l e w i t h r e s p e c t to s m a l l p e r t u r b a t i o n s i n s t r a t e g i e s . " 

K reps and W i l s o n d o n ' t t h i n k ( a t l e a s t g i v e n t h e i r d e f i n i t i o n ) t h a t 

s u c h b e l i e f s a r e u n r e a s o n a b l e s i n c e they can be i n d u c e d a s t h e l i m i t i n g c o n d i 

t i o n a l p r o b a b i l i t y d i s t r i b u t i o n o f some sequence o f c o m p l e t e l y m i xed b e h a v i o r 

s t r a t e g i e s ( o f c o u r s e , t h e s e b e h a v i o r a l s t r a t e g i e s w i l l no t n e c e s s a r i l y be 

e q u i l i b r i u m o f a n y t h i n g ) . 
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I I I . However , ( b , p ) i s a Weak T r e m b l i n g Hand P e r f e c t E q u i l i b r i u m 

KW r e l a x S e l t e n ' s d e f i n i t i o n o f THP to a l l o w t r e m b l e s on t he p a y o f f 

v e c t o r v a l o n g w i t h t r e m b l e s on t h e s t r a t e g i e s . 

Weak T r e m b l i n g Hard P e r f e c t (WTHP) 
^ k 

An a s s e s s m e n t ( b , u ) i s WTHP i f t h e r e e x i s t s a sequence {b ,y ,V } 

such t h a t 

1. M i x i n g : b k i s c o m p l e t e l y m i x e d . 

2 . C o n v e r g e n c e : o f s t r a t e g i e s , b e l i e f s and p a y o f f v e c t o r s 

k ^ 
( b k , U

b , V k ) - ( b , y b , V ) 

3 . S e q u e n t i a l B e s t R e p l y : G i v e n y b , s t r a t e g i e s a r e s e q u e n t i a l b e s t r e p l i e s . 

k b 
4 . P e r t u r b e d E q u i l i b r i a : (b ,u ) a r e e q u i l i b r i a to p e r t u r b e d game r = 

( r , n k , v k ) , 

K and W p r o v e : 

KW P rop 6 . F o r any e x t e n s i v e fo rm game, t he s e t s o f weak THP and s e q u e n t i a l 

e q u i l i b r i a c o i n c i d e . 

R e t u r n to ou r e x a m p l e , t h i s means i f we a l l o w o u r s e l v e s t o p e r t u r b 

t he outcome f u n c t i o n s ( v ^ ) s l i g h t l y a l o n g t he sequence then we can s u p p o r t 

* b 

( b , y ) . O r i g i n a l l y 

v 1 = ( v 1 ( z 1 ) , v 1 ( z 2 ) , v 1 ( z 3 ) , v 1 ( z l 4 ) ) = ( 1 , 1 , 2 , - 1 ) 

and 

v 2 = ( v 2 ( Z 1 ) , v 2 ( Z 2 ) , v 2 ( Z 3 ) , v 2 ( z 4 ) ) = ( 1 , 1 , 0 , - 1 ) . 
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k k k k I c l a i m the f o l l o w i n g v K = (VyV^) w i l l work . Leave v 1 a l o n e (pu t v^ = v^ ) 

k k k 

and put v 2 = ( 1 - e ,1+E , 0 , - 1 ) . To s e e why l e t us compute 2 ' s c o n d i t i o n a l b e s t 

r e s p o n s e a t e 2 g i v e n 2 has p a y o f f s v 2 i n s t e a d o f v 2 . 

v 2 ( b l f e 2 , v k ) - b 2 l [ ( 1 - E

k ) b l L ] + b 2 r [ ( U e k ) b l L - b 1 R ] . 

k k 

So 2 goes l e f t w i t h p r o b a b i l i t y 1 i f ( 1 - e ) b 1 L > (1+e ) b 1 L - b 1 R w h i c h i m p l i e s 

b 1 R > ( 2 e ) b 1 L . Thus 
( 1 , 0 ) i f b 1 R > ( 2 £

k ) b . [ 

B R 2 ( b 1 | e 2 , v k ) = ( 0 , 1 ) i f b 1 R 
< ( 2 e k ) b 1 L 

( a l t o 2 ) i f b 1 R - ^ I L 

Now c o n s i d e r t he p e r t u r b e d game ( r 
k 

v k ) . The b e s t 

k k k k k 

p r o b a b i l i t i e s n = ( i 1 L > r , i R > n 2 i , r i 2 r ^ a n d w i t h b 1 i n t h e P e r t u r b e d s t r a t e g y 

s p a c e S ( i i k ) 

(1 - n 2 R , n 2 R ) i f b , R > ( 2 e k ) b 1 L 

B R 2 ( b l | e , v k , n k ) = ( n 2

k , 1 - n k , ) i f b 1 R < ( 2 £ k ) b 

( a l f a 2 ) i f b 1 R = (2c f b 1 L 

where 

n 2 < a 1 - 1 " n 2 R ' n 2 R " a 2 " 1 " n 2 L ' ° 1 + a 2 = U 

In a s i m i l a r manner we f i n d ( R e c a l l = v^) 

(1 - n 1 R , n 1 R ) i f b 2 1 < 3 

B R l ( b | e 2 , v k ) = ( n ^ J - n k

L ) i f b 2 1 > | 

( Y l , Y 2 ) i f b 2 1 = | 
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where 

n 1 L " Y 1 " 1 " n 2 L ' n 1 R S Y 2 $ 1 " n 2 R ' Y 1 * Y 2 = 1 ' 

( R e c a l l u n p e r t u r b e d games p l a y e r s p l a y t h e i r p u r e b e s t r e s p o n s e s a s much a s we 

l e t them and t h e i r n o n b e s t r e s p o n s e s a s l i t t l e a s we l e t them. ) 

Now to s u p p o r t b = ( 1 , 0 ; 0 , 1 ) we need t o choose the r e l a t i v e s i z e o f 

the n ' s and e so t h a t a l o n g t he s e q u e n c e : 

• p l a y e r 1 p l a y s l e f t a s much a s p o s s i b l e ( g i v e n and 

• p l a y e r 2 p l a y s r i g h t a s much a s p o s s i b l e ( g i v e n n 2 ) i s an e q u i l i b r i u m 

t o t he p e r t u r b e d game. 

T h a t i s we want b k t o l o o k l i k e b k = ( b k ; b k ) where 

b 1 = ( b 1 L ' b 1 R ) = ( 1 " n 1 R ' T l 1 R ) | 

b 2 = ^ l ' ^ r * = ^ 2 1 ' 1 - n 2 1 ) ' 

k k k k Now i f b 1 i s to be a b e s t r e s p o n s e i n ( r , n ,v ) t o b 2 i t must be t he c a s e 

t h a t b 2 1 < 2 / 3 . To s e e t h i s l o o k a t B R 2 ( » 1 . . . ) . Thus one r e s t r i c t i o n on 

t he n k sequence i s n 2 1 < 2 / 3 . Nex t i f b k i s t o be a b e s t r e s p o n s e i n 

k k k ( r , n ,v ) to b^ i t must be t h e c a s e t h a t : 

To s e e t h i s l o o k a t B R 2 ( • | . . . ) ( • | e , v k , n 2 ) . Which i n te rms o f o u r e q u a t i o n 

becomes n k

D < ( 2 £

k ) ( 1 - n k

D ) o r (1 + 2 e k ) n k < 2 e k . Thus a second r e s t r i c t i o n 
in IK In 

k k on t he n and e sequence i s 

o k 

k . 2e 1R . 0 k" 1 + 2e 
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C l e a r l y i f we put 

k 
k k k e , k k » 

n21 = e ' n 1 R = I 7k' ( n 2 r = n 1 L = E ) 

l + 2e 

t hen t he two r e s t r i c t i o n s (A) and (B) a r e met ( a t l e a s t f o r k l a r g e enough f o r 

E k < 2/3 o r k I n c < I n 2/3 o r k < ( I n 2 / 3 ) / ( l n e) ( a n e g a t i v e n u m b e r ) . 

So b = ( 1 , 0 ; 0 , 1 ) i s a weak t r e m b l i n g ha rd p e r f e c t e q u a t i o n . 

IV . C o n s i s t e n t B e l i e f s 

You m igh t ( m i s t a k e n l y ) b e l i e v e t h a t the s e q u e n t i a l e q u a t i o n c o n c e p t 

we can pu t a r b i t r a r y b e l i e f s a t nodes t h a t a r e r e a c h e d w i t h p r o b a b i l i t y z e r o 

under some p r o p o s e d e q u i l i b r i u m b e h a v i o r a l s t r a t e g y . The argument wou ld be 

t h a t we can a l w a y s choose a sequence o f s t r a t e g i e s t h a t impose a r b i t r a r y 

c o n d i t i o n a l d i s t r i b u t i o n s a l o n g t he sequence ( s i n c e t h e s e s t r a t e g i e s do no t 

have t o be an e q u i l i b r i u m ) and s o a l s o i n t he l i m i t . T h i s argument i 3 i n c o r 

r e c t . B a s i c a l l y , we need b e l i e f s a t un reached nodes to r e s p e c t t he i n f o r m a 

t i o n s t r u c t u r e o f t he game. 

To s e e t h i s c o n s i d e r Example 5. In i t n a t u r e c h o o s e s ( L , R ) w i t h 

p r o b l e m ( b Q L , b Q R ) . P l a y e r 1 a t e 1 = { x . j , x 2 } c h o o s e s ( a , u ) w i t h p r o b l e m 

( b 1 a , b 1 y ) . P l a y e r 2 a t e 2 = [ X o f z ^ ] chooses ( L , R ) w i t h p r o b a b i l i t y 

( b 2 L > b 2 R ) - N o w s u P P o s e D i a = 1 a n d D i u = 0» t n e n i n f o r m a t i o n s e t e 2 i s 

r e a c h e d w i t h z e r o p r o b a b i l i t y . The q u e s t i o n i s can we under s e q u e n t i a l e q u i 

l i b r i u m impose a r b i t r a r y b e l i e f s a t e 2 . Tha t i s , f o r any p o s s i b l e c o n d i t i o n a l 

d i s t r i b u t i o n a t e 2 s a y ( y ( x ^ | e 2 ) , y ( x 1 < | e 2 ) ) , can we f i n d a sequence o f com

p l e t e l y m ixed b e h a v i o r s t r a t e g i e s say b k such t h a t t he i n d u c e d c o n d i t i o n a l 

b k b k 

p r o b a b i l i t y d i s t r i b u t i o n ( (P (x^\e^),P ( x ^ e ^ ) c o n v e r g e s to [\i{x^\e^)), 

TT(X. I e_ )? The answer i s no ( t h i n k abou t i t b e f o r e r e a d i n g o n ) . 
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and 

F o r any c o m p l e t e l y m ixed b k we have e 2 e E ( b k ) and 

3 ' 2 b 0 L b 1 u + b O R b i u b O L * b O R ~ 0 L 

P b k

( x . e }

 b 0 R b 

4 ' 2 b 0 R b 1 u + b 0 R b 1 u ~ b 0 R + b 0 L " 0 R ' 

S i n c e n a t u r e ' s move i s p a r t o f t he game so t h a t P Q i s a p a i r o f g i v e n num

b e r s . I f , f o r examp le , P Q ( X ^ ) = b g L = 1 / 3 , P Q ^ x 2 ^ = b 0 R = 2 / 3 t b e n t h e o n ^ 

c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n on e 2 t h a t i s c o n s i s t e n t i s ( 1 / 3 , 2 / 3 ) . 

C o n s i d e r n e x t Example 6 on t h e n e x t p a g e . Imag ine the e q u i l i b r i u m 

i s 

b = ( b 1 A , b l L , b 1 R ; b 2 A , b 2 u ; b 3 L , b 3 R ) 

= ( 1 , 0 , 0 ; 0 , 1 ; 1 , 0 ) . 

S i n c e 1 goes A w i t h p r o b a b i l i t y 1, t he r e s t o f t he t r e e i s r e a c h e d w i t h z e r o 

p r o b a b i l i t y . In p a r t i c u l a r , e 2 1 , e 3 , and e 2 2 a r e u n r e a c h e d i n f o r m a t i o n s e t s . 

Now, under s e q u e n t i a l e q u i l i b r i u m can we i n d u c e any c o n d i t i o n a l p r o b a b i l i t y 

d i s t r i b u t i o n on t hese u n r e a c h e d i n f o r m a t i o n s e t s t h a t we want? The answer i s 

no . F o r e x a m p l e , c o n s i d e r the b e l i e f s : a t e 2 1 : y ( x 2 | e 2 1 ) = 0 . 9 , y ( x 3 | e 2 1 ) = 

0.1 and a t e 2 2 : u ( x 6 | e 2 2 ) = y ( x g | e 2 2 ) = 0 , y ( x 7 | e 2 2 ) = 0 . 9 , y ( x 9 | e 2 2 ) = 0 . 1 . 

I c l a i m t h e s e " b e l i e f s " y ( - l e _ , ) and y ( - | e - _ ) a r e i n c o n s i s t e n t b o t h 
d\ dd 

w i t h each o t h e r and w i t h p l a y e r 3 ' s s t r a t e g y . ( T r y to f i g u r e t h i s o u t b e f o r e 

r e a d i n g o n . ) 

Imagine you were p l a y e r 2 s i t t i n g a t e 2 ^ , you have t he above b e l i e f s 

a t e 2 1 namely ( y | x 2 | e 2 1 ) = 0 . 9 , y ( x 3 | e 2 1 ) = 0 .1 and you know the e q u i l i b r i u m 

s t r a t e g y v e c t o r i s b = ( 1 , 0 , 0 ; 0 , 1 ; , 0 , 1 ) , what wou ld you compute t he c o n d i -
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t i o n a l p r o b a b i l i t i e s a t e 2 2 t o be? You would most l i k e l y compute a s f o l 

l o w s : S a y , f o r example Xy 

* u ( x _ | e „ . ) b b-
p b , W ( x | e } . 2' 21 2u 3R . 

7 2 2 u ( x 2 | e 2 1 ) b 2 u b 3 R + u ( x 2 | e 2 1 ) b 2 u b 3 L 

= b 3 R = 0 ( * 0 . 9 = u ( x y | e 2 2 ) ) 

and so o n . B a s i c a l l y , b e l i e f s a t un reached nodes have to " r e s p e c t " t he i n f o r 

m a t i o n s t r u c t u r e o f the game. 

C o n s i d e r f i n a l l y Example 7 . Imagine b = ( b i L » b i R ' b 2 A , b 2 a ; ' ' ' ^ = 

( 0 . 1 , 0 . 9 ; 1 , 0 ; . . . ) i s be i ng p l a y e d and i m a g i n e we c l a i m the f o l l o w i n g b e l i e f s : 

f o r un reached i n f o r m a t i o n s e t 

e 3 : ( y

b ( x 2 | e 2 ) , p b ( x 3 | e 2 ) ) = ( 0 . 1 , 0 . 9 

and 

e 4 : ( p b ( x 4 | e 3 ) , u b ( x 4 | e 3 ) ) = ( 0 . 9 , 0 . 1 ) 

a r e c o n s i s t e n t . I c l a i m they a r e no t (why?) R e c a l l t h a t t o be c o n s i s t e n t t he 

b e l i e f s must be the l i m i t o f t he c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s i n d u c e d 

by a sequence o f c o m p l e t e l y m ixed b e h a v i o r a l s t r a t e g y t h a t c o n v e r g e s t o t he 

c o n j e c t u r e d e q u i l i b r i u m b e h a v i o r a l s t r a t e g y , say b. 

Now f o r any c o m p l e t e l y m ixed b we know e^ e E ( b ) , so 

u b ( x J e . ) = ? b ( x , | e . ) = . h

b l L b 2 " z ~- h

 blL

h = b i r 
3 3 3 3 b 1 L b 2 u + b 1 R b 2 u b 1 L * b 1 R 1 L 

and s i m i l a r l y 

M b ( x l l | e 3 ) = b 1 R 
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So f o r b = ( 0 . 1 , 0 . 9 ; 1 , 0 ) we know a l o n g the sequence 

k k 
( p b ( x 3 | e 3 ) , y b ( x 4 | e 3 ) ) = ( b f L , b k

R ) • ( 0 . 1 , 0 . 9 ) 

f o r any b k + b. T h i s i s a f i n a l i m p l i c a t i o n o f t he KW c o n s i s t e n c y c o n d i t i o n 

on b e l i e f s ( s e e KW f o r more d e t a i l e d d i s c u s s i o n ) . 

V . The S t r u c t u r e o f t he S e t o f S e q u e n t i a l E q u a t i o n may be C o m p l i c a t e d 

KW p r o v i d e two i n t e r e s t i n g examples i n w h i c h they show the s e t o f 

s e q u e n t i a l e q u i l i b r i u m may have i s o l a t e d p o i n t s . L e t us compute t h e s e t o f 

s e q u e n t i a l e q u i l i b r i u m , f o r Example 8 . 

S t e p 1. Compute t he L o c a l B e s t R e p l i e s f o r A r b i t r a r y B e l i e f s 

F o r p l a y e r 1, h i s o n l y i n f o r m a t i o n s e t i s a s i n g l e t o n and i t s t a r t s 

t he game so he needs no ( e x t r a ) b e l i e f s . 

v ^ b l e , ) = b ^ • b 1 L [ 3 b 2 L - 2 b 2 R ] • b , R [ 2 b 2 L - b 2 R ] 

= b 1 A + b 1 L [ 5 b 2 L - 2 ] + b 1 R [ 3 b 2 L - 1 ] -

So A i s p r e f e r r e d to b o t h L and R i f 3 /5 > b 2 L and 2 / 3 > b 2 L o r 0 < b 2 L < 

3 / 5 . L i k e w i s e R i s p r e f e r r e d to b o t h A and B i f 2 / 3 < b 2 L and b 2 L < 1 / 2 , bu t 

t h i s i s empty. F i n a l l y , L i s p r e f e r r e d t o bo th A and R i f 3 / 5 < b 2 L and b 2 L > 

1/2 o r 1 > b 2 L > 3 / 5 . I f b 2 L = 3 / 5 then 1 mixes between A and L . Thus f o r 

any b e l i e f s u , p l a y e r 1 ' s b e s t r e p l y i s 

d . 0 , 0 ) o < b 2 L < | 

B R ! [ ( b 2 | e 1 ) = ( a , 1 - a , 0 ) b 2 L = | 

(0 ,1 ,0 ) | < b 2 L < 1 

f o r any o i n [ 0 , 1 ] . 



- 27 -

F o r P l a y e r 2 . The o n l y i n f o r m a t i o n s e t i s e g , l e t us d e n o t e b e l i e f s t h e r e 

a s ( u ( x 1 | e 2 ) , u ( x 2 | e 2 ) ) or s i m p l y ( y ( x 1 ) , u ( x 2 ) ) . W i t h 

V » ( b | e 2 ) = u ( X l ) b 2 L + u ( x 2 ) b 2 R . 

G i v e n y 

( 1 , 0 ) i f n C x ^ > | 

B R ' J ( b | e 2 ) = ( 0 , 1 ) u ( X l ) < | . 

U , 1 - a ) , a E [ 0 , 1 ] , v(xy) = | 

Now l o o k back a t the p i c t u r e . The re a r e two c a s e s : 

Case I. I f 1 p l a y s a w i t h p r o b a b i l i t y 1, t hen e 2 i s an u n r e a c h e d i n f o r m a t i o n 

s e t and we w i l l have a l o t o f f l e x i b i l i t y i n a s s i g n i n g c o n s i s t e n t b e l i e f s a t 

e 2 ( i . e . , c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n s o v e r x 1 and x->). 

Case I I . I f 1 does no t p l a y a w i t h p r o b l e m 1, t hen e 2 i s r e a c h e d w i t h p o s i 

t i v e p r o b a b i l i t y and t he b e h a v i o r o f 1 p i n s down the b e l i e f s a t e 2 . 

L e t us d e a l w i t h Case I I f i r s t . I n s p e c t i o n o f 1 ' s b e s t r e s p o n s e 

t e l l s us the o n l y way he w i l l p l a y ( 0 , * , * ) i s i f 3 / 5 > b 2 L < 1 t h e n he w i l l 

p l a y ( 0 , 1 , 0 ) ( i . e . , l e f t f o r s u r e ) , bu t i f he does t h a t p i n s down 2 ' s b e l i e f s 

to be u ( x 1 ) = 1 and u(x. , ) = 0 and w i t h t h e s e b e l i e f s 2 p l a y s ( 1 , 0 ) , s o t he 

o n l y t y p e o f e q u i l i b r i u m f o r t h i s c a s e i s 

b = ( 0 , 1 , 0 ; 1 , 0 ) w i t h u b = ( 1 , 0 ) 

t h a t i s 1 p l a y s L w i t h p r o b a b i l i t y 1, 2 b e l i e v e s t h i s and p l a y s 1 w i t h p r o b a 

b i l i t y 1. I t i s c l e a r 

b e = ( e l , 1 - 2 e 1 , e l ; 1 - E 2 , e 2 ) - b = ( 0 , 1 , 0 ; 1 , 0 ) 

and 
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1 1 

F o r Case I 

• f o r 1 to p l a y ( 1 , 0 , 0 ) we need 2 t o p l a y t>2 w i t h 0 < b 2 1 < 3 / 5 

• f o r 2 t o do t h i s he must b e l i e v e v(x^) < 1/2 

• f o r any s u c h b e l i e f s we have an e q u i l i b r i u m i . e . t he s e t o f e q u i l i b 

r i u m f o r c a s e I i s : 

{ ( b , p ) | b = ( 1 , 0 , 0 ; a , 1 - a ) w i t h 0 < a < 3 / 5 

t o g e t h e r w i t h u b = ( Y , 1 - Y ) 0 < Y < 1/2} . 

In more d e t a i l , we have two t y p e s o f e q u i l i b r i u m i n Case I 

Type I .A . b = ( 1 , 0 , 0 ; 0 , 1 ) w i t h u b = ( a , 1 - a ) a < 1/2 

Type I . B . b = ( 1 , 0 , 0 ; a , 1 - a ) w i t h u b = ( 1 / 2 , 1 / 2 ) . 

To s u p p o r t t h i s c o n s i d e r : 

b £ = ( 1 - e , - e 2 , e 1 , e 2 ; l - e ^ . c ^ ) 

w h i c h i m p l i e s b e l i e f s y b 

K £ E 1 e o 

1 2 I c. 

To g e n e r a t e b e l i e f s f o r t y p e I . B . pu t e 1 = e 2 = = e . To g e n e r a t e b e l i e f s 

f o r t y p e I .A . pu t £.,= ( 1 / a - 1 ) e 1 b e c a u s e then 

b e e 1 ( a " 1 ) E l 

v = ( T T ~ I — T 7 — ) = ( a - 1 - a ) -
— 1 - 1 
a a 
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(To s e e how t o g e t t h i s pu t e 2 = 6 e 1 and s o l v e z^/{]+6)z^ = 1/1+6 = a , f o r 6 

in te rms o f a . ) 

L e t us p l o t ( p r o j e c t ) t h e s e e q u i l i b r i a i n ( b 2 L , u b ( x . , ) ) s p a c e : ( s e e 

F i g u r e 8 ) . 

C o n s i d e r n e x t t he game r e p r e s e n t e d i n F i g u r e 9- We compute t he 

s e q u e n t i a l e q u i l i b r i a f o r t h i s a s f o l l o w s : 

S t e p 1. Compute t h e b e s t r e s p o n s e s a t e a c h i n f o r m a t i o n s e t , f o r a r b i t r a r y 

b e l i e f s . 

S t e p 2 . B reak s t r a t e g y s p a c e i n t o " c a s e s " ( i n t o s t r a t e g i e s t h a t l e a d t o a l l 

nodes b e i n g r e a c h e d and i n t o t h o s e t h a t l e a v e some u n r e a c h e d n o d e s . 

S t e p 3 . C o n s t r u c t c o m p l e t e l y m i xed s t r a t e g i e s t h a t s u p p o r t t he p r o p o s e d 

e q u i l i b r i u m . 

We s t a r t w i t h S t e p 1. 

P l a y e r 1. o n l y one i n f o r m a t i o n s e t e 1 

V l ( b | e i ) = b 1 A + b 1 L [ 2 b 2 L b 3 L - 0 . 1 b 2 L b 3 R + 2 b 2 R b 3 L - 0 . 1 b 2 R b 3 R ] 

= b U + b 1 L ( 2 b 3 L - ° - 1 b 3 R l + b

1 R ( 2 - 1 b 3 L ] 

= b 1 A + b 1 L t 2 ' 1 b 3 L - ° - 1 ] * b 1 R l 2 - 1 b 3 L l ' 

S i n c e e 1 i s r e a c h e d w i t h p r o b a b i l i t y 1 f o r any s t r a t e g i e s , 1 ' s s t r a t e g i e s a r e 

i n d e p e n d e n t o f h i s / h e r b e l i e f ' s . 

C l e a r l y L i s dom ina ted by R, s o 1 w o n ' t p l a y L . 1 w i l l p l a y A w i t h 

p r o b a b i l i t y 1 i f 1 > (2 . 1 )b~ , o r 1/2.1 > b , . . Thus 1 ' s b e s t r e s p o n s e i s 
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d . 0 , 0 ) ° * b 3 L < T n 

B R ^ b l e ^ = ( a , 0 , 1 - a ) , a e [ 0 , 1 ] D

3 L = 2~f 

( 0 , 0 , 1 ) < b 3 L < 1 

P l a y e r 2 . The o n l y i n f o r m a t i o n s e t i s e 2 = { x 1 ? x 2 } w h i c h may o r may n o t be 

r e a c h e d i n e q u i l i b r i u m . So f o r a r b i t r a r y b e l i e f s [ u ( x ^ | e 2 ) , v ( x ^ | e 2 ) ) w h i c h we 

deno te by ( u ( x ^ ) , u ( x 2 ) ) we h a v e : 

V ^ ( b | e 2 ) = y ( X l ) [ b 2 L b 3 L + b 2 R b 3 R ] + u ( x 2 ) [ b 2 L b 3 L ] 

= b 2 L [ b 3 L ] + b 2 R [ u ( x 1 ) b 3 R ] 

= b 2 L [ b 3 L ] • b 2 R [ y ( X l ) - u(^)b3L]. 

So b 2 L = 1 i f b 3 1 > u ( x 1 ) - u ( x 1 ) b 3 L o r u ( x 1 ) / [ 1 + u ( x 1 ) ) < b 3 L < 1 

( 1 , 0 ) i f u ( x 1 ) / ( U p ( x 1 ) J < b 3 L < 1 

B R ^ ( b | e 2 ) = ( a , 1 - a ) i f u U , ) / ( 1 + w ( x 1 ) ) = b ^ 

( 0 , 1 ) i f M ( X 1 ) / ( 1 + U ( X 1 ) ) > b 3 L > 0 

P l a y e r 3 . The o n l y i n f o r m a t i o n s e t i s e 3 w h i c h may o r may no t be r e a c h e d . 

Denote a r b i t r a r y b e l i e f s a r e e 3 = { x 3 , X | j , X c ; , x g } by 

{ u ( x 3 ) , u ( x 4 ) , y ( x 5 ) , u ( X g ) } 

then V ^ ( b | e 3 ) = p ( x 3 ) b 3 R + u U ^ b ^ + w ^ ^ r , + p ( x 6 ) b 3 L 

= b 3 L ( u ( X j j ) + u ( x 5 ) + u ( x ^ ) ] + b 3 R [ u ( x 3 ) ] 

= b 3 L [ 1 - u ( x 3 ) ] + b 3 R [ u ( x 3 ) ] . 
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( 1 , 0 ) 0 < M ( X - ) < I 

( a , 1 - a ) , a E [ 0 , 1 ] p ( x 3 ) = | 

( 0 , 1 ) ^ < u ( x 3 ) < 1 

S t e p 2 . B reak the s t r a t e g y s p a c e i n t o c a s e s . 

Case I. S t r a t e g i e s t h a t l e a d t o a l l i n f o r m a t i o n s e t s b e i n g r e a c h e d . 

Case I I . S t r a t e g i e s t h a t l e a v e some i n f o r m a t i o n s e t s u n r e a c h e d . 

Case 1. U n l e s s 1 p l a y s A w i t h p r o b a b i l i t y 1, b o t h e 2 and e^ w i l l be 

r e a c h e d . Now 1 p l a y s ( 0 , 0 , 1 ) f o r any b-̂  w i t h 1/2.1 < b ^ L < 1 and 1 m i x e s 

( a , 0 , 1 - a ) f o r any w i t h 1/2.1 = b ^ . 

N o t i c e under e i t h e r o f 1 's s t r a t e g i e s we have e 2 b e i n g r e a c h e d s o 

• G i v e n the b e l i e f s on e 2 a r e p i n n e d down by b 1 we have 2 p l a y s l e f t 

w i t h p r o b a b i l i t y 1 ( t o see t h i s s u b s t i t u t e \i i n t o 2 ' s b e s t r e s p o n s e . 

• F o r p l a y e r 3 , g i v e n 1 p l a y s ( 0 , 1 , 0 ) o r ( a , 1 - a , 0 ) (and 2 p l a y s ( 1 , 0 ) ) 

we have the i n f o r m a t i o n s e t e 3 h a v i n g a c o n d i t i o n a l p r o b a b i l i t y 

u ( x ^ ) = 0 , so 3 p l a y s L w i t h p r o b a b i l i t y 1 f o r c a s e I. 

• But g i v e n the s t r a t e g i e s o f 2 and 3 ; 1 p l a y s ( 0 , 1 , 0 ) . 

So f o r c a s e I we have a un ique e q u i l i b r i u m 

b = ( 0 , 1 , 0 ; 1 , 0 ; 1 , 0 ) 

w i t h 

So 

B R ^ ( b | e 3 ) = 
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b f b, , b, , b , , b , , b , , b , , \ 
U = (u ( x ^ . y ( x 2 ) ; y ( x 3 ) , y ( x 4 ) , y ( x 5 ) , y ( x 6 ) J 

= ( 0 , 1 ; 0 , 0 , 1 , 0 ) . 

I c l a i m b E = ( e r 1 - 2 e 1 , e 1 ; 1 - e 2 , e 2 ; 1 - e 3 , e 3 ) w i t h e 1 = E 2 = e 3 = e s u p p o r t s 

t h i s . C l e a r l y 

b e - b and y b
£

 r _ l L I l f l l £ 1 ( 1 " ^ f i l l 

= * -1-c 1 » 1 -e , ' 1 -e , ' 1 - e , ' 

( 1 - 2 e , ) ( 1 - e 2 ) ( 1 - 2 e , ) e 2 

i ^ • - T T T ; — ) 

i s s u c h t h a t y + v and by above t h e s e q u e n t i a l b e s t r e p l y h o l d s f o r ( y , b ) . 

Case I I . I n f o r m a t i o n s e t s e 2 , e 3 w i l l be u n r e a c h e d i f 1 p l a y s (1 ,0 ,0 ) 

1. 1 w i l l p l a y t h i s i f b 3 L < 1 /2 .1 . 

2. 3 w i l l p l a y s u c h a s t r a t e g y i f y ( x 3 ) > 1/2. N o t i c e t h a t we can s e t y ( x 1 ) 

a r b i t r a r i l y bu t t h a t g i v e n y ( x 1 ) , p l a y e r 2 ' s s t r a t e g y p i n s down p l a y e r 3 ' s 

b e l i e f s a c c o r d i n g t o 

3. y ( x 3 ) = b 2 L y ( x 1 ) . 

W e ' l l use (1 ) , ( 2 ) , and (3) i n what f o l l o w s : 

F i x y ( x , ) = (a ) I f b 3 L > p , / ( 1+ i i , ) t hen b 2 L = 1 and by (3 ) , v ( x 3 ) = u , . 

Now i f = 1/2 then p l a y e r 3 m i x e s any ( a , 1 - a ) , bu t by (1) we c o n s i d e r o n l y 

b 2 L = a < 1/2.1 and by h y p o t h e s i s 

u , _ 2 f "I ) . 1 
b 3 L < 7 7 1 - 1777} - 3 

i + 2 

so b = ( 1 , 0 , 0 ; 1 , 0 ; a , 1 - a ) w i t h 1/3 < a < 1/2.1 w i t h b e l i e f s 
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b/ \ b/ \ 
U = y ( X 3 ) = £ 

i s an e q u i l i b r i u m . (b) I f b 3 L = y ^ / ( 1 + y.j) then b 2 ^ i s any 6 e [ 0 , 1 ] and 3 

p l a y s any Y E [ 0 , 1 ] i f = b 2 ^ u . | = 1/2- G i v e n b 2 ^ = 5 i this becomes 3 p l a y s 

any Y i f 5 P 1 = 1 / 2 . So b = ( 1 , 0 , 0 ; 6 , 1 - 6 ; Y » 1 - Y ) t o g e t h e r w i t h ( y ^ . y ^ ) = 

( 1 / 2 6 , 1 / 2 ) i s an e q u i l i b r i u m , w i t h Y < 1 / ( 2 . 1 ) bu t s i n c e b ^ = u^/il+u^) and 

b 3 L < 1 / ( 2 . 1 ) i m p l i e s y ^ O + y , ) < 1 / ( 2 . 1 ) o r y,, < 1 / ( 1 . 1 ) . So f o r y , e 

[ 1 / 2 , 1 / 1 . 1 ] , u 3 = 1/2 we have 

A A A A A 

b = ( 1 , 0 , 0 ; b 2 L , b 3 R ; b 3 L , b 3 R ) 

w i t h y ^ ( 1 + - b 3 L < 1 / ( 2 . 1 ) , b 2 L = 1 /2y 1 and i t s e a s y to s u p p o r t t h i s 

w i t h a sequence o f c o m p l e t e l y m ixed s t r a t e g y b e = 

( 1 - e l , - E 2 , E 1 , e 2 ; a , 1 - O ; Y , 1 - Y ) f o r a , y > 0 

i f 

e 1 = u 1 £ e 2 = ^ 

V I . S e q u e n t i a l E q u i l i b r i a a r e no t I n v a r i a n t to Innocuous Changes i n t he  

Game T r e e . 

( T h i s s e c t i o n i s f rom K o h l b e r g - M e r t e n s "On the S t r a t e g i c S t a b i l i t y 

o f E q u i l i b r i a , " h e r e a f t e r r e f e r r e d t o a s ( K M ) . ) K-M p r o v i d e t h e f o l l o w i n g 

e x a m p l e s : 

Examples 10 and 11 . In Example 10 p l a y e r 1 has one i n f o r m a t i o n s e t e 1 a t 

wh i ch he chooses ( T , M , B ) . In Example 11 p l a y e r 1 has two i n f o r m a t i o n s e t s e^ 

and e ^ . A t e 1 ? p l a y e r 1 c h o o s e s e i t h e r T o r D w h i l e e ^ , p l a y e r 1 c h o o s e s 
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e i t h e r M o r B . P l a y e r 2 ' s s i t u a t i o n i s the same i n b o t h . B a s i c a l l y , t h e s e 

two games a r e the same and a l l we have done i s to add an " i r r e l e v a n t " move f o r 

1 (by s p l i t t i n g h i s d e c i s i o n i n t o two s t a g e s ) . A l t h o u g h t h e s e games a r e e q u a l 

(up to t h i s i nnocuous a d d i t i o n o f an e x t r a move f o r 1) t he s e q u e n t i a l e q u i l i b 

r i a do no t c o i n c i d e . 

In b o t h games "3 ,3" i s a s e q u e n t i a l e q u i l i b r i u m , h o w e v e r , i n t he 

f i r s t game, " 2 , 2 " i s a s e q u e n t i a l e q u a t i o n , bu t i t i s no t i n t he s e c o n d . 

r ( x ) : S t e p 1. 

P l a y e r 1. 

V l ( b | e i ) = b 1 T[2] • b l m [ 3 b 2 L • 1.5b2R] • b 1 B [ b 2 R ] 

= b 1 T ( 2 ) + b 1 m [ 1 - 5 + 1 " 5 b 2 L ] + b 1 B [ 1 " b 2 L ] -

B i s s t r i c t l y domina ted by T , t h a t i s , T i s p r e f e r r e d t o M i f 2 > 1.5 + 1.5b2L 

w h i c h s i m p l i f i e s t o 1/3 > b g ^ . 

Thus f o r a r b i t r a r y y ( s i n c e e^ r e a c h e d w i t h p r o b a b i l i t y 1) t h e b e s t 

r e s p o n s e o f p l a y e r 1 i s , 

(1,0,0) b 2 L < l 

B R ! ) ( b | e 2 ) = ( a , 1 - a,0) b 2 L = | . 

(0,1,0) b 2 L > j 

P l a y e r 2 . 

V ^ ( b | e 2 ) = y (x 1 ) [3b 2 L ] + y ( x 2 ) [ b 2 R ] 

= b 2 L [ 3 y ( x 1 ) ] + b 2 R [ l - y ( x 1 ) ] . 
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L i s p r e f e r r e d to R i f 3 u ( x ^ ) > 1 - u ( x 1 ) w h i c h s i m p l i f i e s to y ( x ^ ) > 1/*J. 

Thus the b e s t r e s p o n s e o f 2 i s , 

( 1 , 0 ) y ( X l ) > ^ 

B R ^ ( b | e 2 ) = ( a , 1 - a ) v(x^) = J . 

( 0 , 1 ) y ( X l ) < J 

S t e p 2 . Case I: S t r a t e g i e s s . t . e 2 i s r e a c h e d . Case I I : S t r a t e g i e s s . t . e 2  

not r e a c h e d . 

Case I. e 2 w i l l be r e a c h e d i f b 2 L > 1/3 and 1 p l a y s M w i t h p o s i t i v e p r o b a b i l 

i t y . T h i s p i n s down b e l i e f s y ( X l ) = P b ( x ^ | e 2 ) = b 1 M / ( b l M + b^g) = ( 1 - o ) / ( 1 - o ) 

= 1 and y ( x 2 ) = 0 , so 2 r e s p o n d s w i t h L . The s e t o f e q u i l i b r i a f o r t h i s c a s e 

have b = ( 0 , 1 , 0 ; 1 , 0 ) w i t h b e l i e f s y b = ( y b ( X l ) , y b ( x 2 ) ) = ( 1 , 0 ) . C l e a r l y b £ = 

b e 

( e , 1 - 2 e , e ; 1 - e , e ) w i t h y = ( 1 - 2 e / 1 - e , e / 1 - e ) s u p p o r t s t h i s . 

Case I I . e 2 w i l l n o t be r e a c h e d i f 1 p l a y s ( 1 , 0 , 0 ) , 1 w i l l p l a y t h i s i f b 2 L < 

1/3- 2 ' s b e s t r e s p o n s e i n c l u d e s t h i s i f y ( x ^ > 1 /4 . F o r t h i s c a s e t h e s e t 

o f e q u i l i b r i u m a r e 

{b = ( 1 , 0 , 0 ; o , 1 - a ) , y b = ( Y , 1 - Y ) w i t h a < - j , y < J } . 

To s u p p o r t t h i s pu t 

b e = ( 1 - £ ^ - e 2 , e 1 , e 2 ; a , 1 - a ) ( f o r a > 0) 

b E = ( 1 - e 1 - e 2 , e 1 , E 2 ; E 3 , 1 - e ^ ) ( f o r a = 0) 

w i t h b e l i e f s u 
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To g e t t h e s e b e l i e f s t o converge t o ( y ,1 - y) pu t e 2 = A e , , so 

w h i c h i m p l i e s 

1 1 

1 + A = - o r A = - - 1. 
Y Y 

So pu t 

o r b £ = ( 1 - ^ e , e , ( ^ - 1 ) e ; e , 1 - e ) . 

C l e a r l y t h i s w o r k s . 

r ' ( x ) : T h i s i s b a s i c a l l y the same game e x c e p t t h a t we have i n t r o d u c e d an 

e x t r a ( s t r a t e g i c a l l y ) i r r e l e v a n t move. However , we a r e no t f o r c e d t o c h e c k 

t he s e q u e n t i a l b e s t r e p l y a t b o t h e , and e } . The key node i s i n e} 

v ; ( b | « ; ) = b 1 M [ 1 . 5 + 1 . 5 b 2 L ] • b l B [ 1 - b 2 L ] 

B R ^ C b J ) = ( 0 , 1 , 0 ) a l l b 2 L . 

T h i s p i n s down y ( x - ) = 1 and e l i m i n a t e s a l l c a s e I I e q u i l i b r i a o f r . So h e r e 

t he o n l y s e q u e n t i a l e q u i l i b r i u m i s b = ( 0 , 1 , 0 ; 1 , 0 ) , y b = ( 1 , 0 ) . 

Remark : N o t i c e (2 .2) i s no t even subgame p e r f e c t . K o h l b e r g and M e r t e n s 

b e l i e v e t h i s t y p e o f example p o i n t s ou t a s e r i o u s d e f e c t o f s e q u e n t i a l e q u a 

t i o n , n a m e l y : The s e t o f s e q u e n t i a l e q u a t i o n may change a g r e a t d e a l a s we 

change t he game t r e e i n s e e m i n g l y i n n o c u o u s ways . 
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V I I . R e f i n e m e n t s o f S e q u e n t i a l E q u i l i b r i a f o r S i g n a l i n g Games 

[ T h i s s e c t i o n i s f rom K r e p s " S i g n a l i n g Games and S t a b l e E q u i l i b 

r i a . " ] K r e p s and o t h e r s have p r o p o s e d a v a r i e t y o f c r i t e r i a t h a t e l i m i n a t e 

" b a d " s e q u e n t i a l e q u i l i b r i a . F o r t he most p a r t t h e s e c r i t e r i a and t h e i r 

a s s o c i a t e d r e f i n e m e n t s have been d e v e l o p e d f o r a s i m p l e c l a s s o f ( e x t e n s i v e 

form) games c a l l e d s i g n a l i n g games. We w i l l b e g i n by d e f i n i n g a s i g n a l i n g 

game and then w i l l c o n s i d e r s e v e r a l e x a m p l e s . 

7.1 A S i g n a l i n g Game ( w i t h 2 p l a y e r s , o n e - s i d e d u n c e r t a i n t y and 2 s t a g e s ) 

C o n s i d e r a s i m p l e ( B a y e s i a n ) game w i t h two p l a y e r s : A and B. 

S t a g e 1. P l a y e r A l e a r n s some p r i v a t e i n f o r m a t i o n , namely t h a t h i s t y p e i s 

some s p e c i f i c t y p e t o f some f i n i t e l i s t o f t y p e s T f l . G i v e n t h i s i n f o r m a t i o n , 

A s e l e c t s an a c t i o n , h e r e , t o send a " m e s s a g e " M t o B f rom some f i n i t e l i s t o f 

messages M. 

S t a g e 2 . P l a y e r B r e c e i v e s t he message f rom A , and then c h o o s e s some a c t i o n , 

h e r e c a l l e d a " r e s p o n s e " r f rom some f i n i t e l i s t o f r e s p o n s e s R. 

I f A ' s t y p e i s t , and A p l a y s M and B p l a y s r . t he u t i l i t y o f A i s 

U ^ ( t , m , r ) and t he u t i l i t y o f B i s U g ( t , m , r ) . 

A t s t a g e 1, A knows B ' s t y p e ( s i n c e h i s t y p e s e t i s a s i n g l e t o n ) , so 

A ' s b e l i e f s w i l l be t r i v i a l . A t s t a g e 2 . i n o r d e r t o s e l e c t an a c t i o n B must 

have some w e l l - d e f i n e d b e l i e f s abou t A ' s t y p e . B ' s b e l i e f s w i l l depend on A ' s 

message . L e t u ( t A | m ) = the ( s u b j e c t i v e ) c o n d i t i o n a l p r o b a b i l i t y t h a t A ' s t y p e 

i s t^ g i v e n message M i s s e n t f rom A t o B. 

Now we l e t b^ = ( b f t m ( t ) | t e T f t ) deno te t he b e h a v i o r a l s t r a t e g y o f A 

where b f t m ( t ) i s a p r o b a b i l i t y d i s t r i b u t i o n o v e r p o s s i b l e messages M ( n o t i c e we 

l e t each t y p e o f p l a y e r A have a d i f f e r e n t d i s t r i b u t i o n ) . L e t bg = 
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( b g r ( m ) | m e M) deno te a b e h a v i o r a l s t r a t e g y o f B. F o r e a c h message m t h a t A 

s e n d s , B w i l l be a t a d i f f e r e n t i n f o r m a t i o n s e t ( w h i c h we i ndex h e r e by m 

i t s e l f ) . F o r each i n f o r m a t i o n s e t B w i l l choose a p r o b a b i l i t y d i s t r i b u t i o n 

o v e r p o s s i b l e r e s p o n s e s r e R. b g r ( m ) = a p r o b a b i l i t y d i s t r i b u t i o n o v e r R, 

g i v e n t h a t i n f o r m a t i o n s e t i ndexed by m i s r e a c h e d . A ' s u t i l i t y depends on 

h i s t ype t f l and t he b e h a v i o r s t r a t e g y b . L e t 

V b l V - I K m ( t A ) b B r ( m ) U A ( t A ' m ' r ) 

meM reR 

and 

V - ( b | m ) = I I y ( t |m )b B ( m ) U B ( t , , m , r ) . 
t f i E T A r £ R 

For A : G i v e n A ' s t ype i s t f l , A c h o o s e s m w i t h p r o b a b i l i t y 

b A m ( t A ) . G i v e n t h i s c h o i c e , B c h o o s e s r w i t h p r o b a b i l i t y b B r ( m ) . So g i v e n 

t f l , t he p r o b a b i l i t y o f m and r i s b A m ( t A ) b B r ( m ) , t hen we j u s t sum o v e r a l l m 

and r . 

F o r B : C o n d i t i o n a l on r e c e i v i n g m, B b e l i e v e s A i s t y p e t A w i t h 

p r o b a b i l i t y y ( t f l | m ) . B p l a y s r w i t h p r o b a b i l i t y b B r ( m ) , t h e n j u s t sum o v e r 

p o s s i b l e t y p e s o f A and p o s s i b l e a c t i o n s o f B . 

7.2 The V o d k a - Q u i c h e Example 

We w i l l m o t i v a t e the g e n e r a l c a s e w i t h a s i m p l e e x a m p l e . C o n f e r 

Example 12 a t end o f t e x t , n o t i c e t he b a s i c s t r u c t u r e can be summar ized a s 

f o l l o w s : A i s one o f two t y p e s tough o r wimp, T f l = {T,W}. A knows h i s t y p e 

by t he t ime he moves. { " N a t u r e " s e l e c t s t y p e T w i t h p r o b a b i l i t y P T = 0.9 and 

W w i t h P w = 0.1 o r we may s i m p l y say B ' s p r i o r s o v e r T f t a r e P T = 0.9 and P w = 

0.1.} 
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B w i l l e v e n t u a l l y d e c i d e t o d u e l o r no t d u e l A 

• I f A i s t o u g h , B w i l l l o s e by d u e l i n g . 

• I f A a wimp, B w i l l w i n by d u e l i n g . 

B e f o r e B d e c i d e s he g e t s to s e e what A has f o r b r e a k f a s t , Vodka o r Q u i c h e 

( t h a t i s t he s i g n a l s e n t by A) 

• I f A i s t o u g h , he p r e f e r s V o d k a . 

• I f A i s a wimp, he p r e f e r s Q u i c h e . 

In b o t h c a s e s t he c o s t to A o f h a v i n g t he l e s s p r e f e r r e d b r e a k f a s t 

i s s m a l l e r t h a n t he c o s t o f h a v i n g t o engage i n a d u e l ( i . e . , t h e tough guy 

wou ld e a t q u i c h e i f i t meant B wou ld no t c h a l l e n g e and t h e wimp wou ld d r i n k 

Vodka i f i t meant B wou ld no t c h a l l e n g e ) . 

In o u r n o t a t i o n : 

T A = {T,W}, M = { v , q } , R = {d ,n } . 

A ' s messages = d r i n k v o d k a , e a t q u i c h e , B ' s r e s p o n s e s : d u e l / n o t d u e l . A ' s 

i n f o r m a t i o n s e t s : e A ( T ) = s e e s he i s tough o r e A ( w ) = s e e s he i s wimp. B ' s 

i n f o r m a t i o n s e t s : e B ( v ) = s e e s A d r i n k v o d k a , e B ( q ) = s e e s A e a t q u i c h e . 

b A = ( b f l v ( T ) , b f t q ( T ) ; b f l v ( W ) , b A q ( W ) ) ( w h i c h , r e s p e c t i v e l y , r e p r e s e n t t he p r o b a 

b i l i t i e s o f p l a y i n g : vodka i f t o u g h , q u i c h e i f t o u g h ; vodka i f wimp, q u i c h e i f 

w i m p ) . b B = ( b B d ( V ) , b B n ( v ) ; b B d ( q ) , b B r ) ( q ) ) ( w h i c h r e s p e c t i v e l y , the p r o b a b i l i 

t i e s o f p l a y i n g d u e l i f v o d k a , do no t d u e l i f v o d k a ; d u e l i f q u i c h e , no t d u e l 

i f q u i c h e ) . 
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K r e p s c l a i m s t h e r e a r e two c l a s s e s o f S e q u e n t i a l E q u i l i b r i a : 

C l a s s I. A has vodka r e g a r d l e s s o f t y p e . (1.1) B d u e l s i f q u i c h e , no t d u e l s 

i f v o d k a , and t h i s i s s u p p o r t e d w i t h o f f the e q u a t i o n p a t h b e l i e f s ; i f A has 

q u i c h e then A i s more l i k e l y to be a wimp [o r (1.2) B r a n d o m i z e s i f q u i c h e ] . 

C l a s s I I . A has q u i c h e r e g a r d l e s s o f t y p e . ( I I . 1 ) B d u e l s i f v o d k a , no t 

d u e l s i f q u i c h e and t h i s i s s u p p o r t e d by ou t o f e q u a t i o n b e l i e f s : I f A has 

v o d k a , t hen A i s more l i k e l y t o be a wimp then a tough [o r ( I I . 2 ) B r a n d o m i z e s 

i f v o d k a ] . K r e p s t h i n k s t he C l a s s I I . e q u i l i b r i a a r e " u n i n t u i t i v e " s i n c e B 

i n t e r p r e t s A ' s d r i n k i n g vodka as a good i n d i c a t i o n A i s a wimp, even though i t 

i s t he tough A t h a t p r e f e r s v o d k a . 

In t he c l a s s II e q u i l i b r i u m A c o u l d make t he f o l l o w i n g s p e e c h : 

"I w i l l have vodka and you s h o u l d c o n c l u d e I am t o u g h , because i f you 
c o n c l u d e d t h i s t hen you w i l l no t d u e l and I am b e t t e r o f f . You 
s h o u l d c o n c l u d e t h i s b e c a u s e i f I were a wimp t h e n I wou ld have no 
i n c e n t i v e t o make t h i s d e f e c t i o n f rom e q u i l i b r i u m . Because were I a 
wimp, no m a t t e r what c o n c l u s i o n you made abou t my t y p e f rom me d r i n k 
i n g v o d k a , I wou ld be worse o f f t hen i f I s t u c k t o t he e q u i l i b r i u m . " 

K r e p s then r u l e s o u t e q u i l i b r i a o f c l a s s I I a s u n i n t u i t i v e . L e t u s 

f i r s t show t h e s e a r e s e q u e n t i a l e q u i l i b r i a . 

S t e p 1. Compute t he b e s t r e s p o n s e s f o r A a t e a c h i n f o r m a t i o n s e t , A has two 
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So t he wimp e a t s q u i c h e i f 1 + 2 b g n ( q ) > 2 b g n ( v ) 

( 1 ' 0 ) b B n ( ^ < b B n ( v ) " \ 

B R A ( b | w ) = b A v ( w ) , b f t q ( w ) ) = ( a , 1 - o ) 

( 0 , 1 ) > 

A t i n f o r m a t i o n s e t e f t ( T ) : 

V A ( b | T ) = b A v ( T ) [ 3 b B n ( v ) + b B d ( v ) ] • b A q ( T ) [ 2 b B n ( q ) ] 

" « » A v ( t ) [ l • 2 b B n ( v ) ] • b A q ( T ) [ 2 b B n ( q ) ] . 

So tough guy d r i n k s vodka i f 1 + 2 b B n ( v ) > 2 b B n ( q ) 

( 1 ' 0 ) i f b B n ( 0 > < b B n ( v ) " \ 

B R A ( b | T ) = ( b A v ( T ) , b A q ( T ) ) = ( o , 1 - a ) 

( 0 , 1 ) > 

Compute t he b e s t r e s p o n s e s f o r B a t e a c h i n f o r m a t i o n s e t ; B has two i n f o r m a 

t i o n s e t s e B ( v ) + e B ( q ) ( d e n o t e d " v " and " q " ) . 

L e t ( u ( T | v ) , u ( W | v ) ) be t he c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n o v e r 

e B ( v ) , 

V g ( b j v ) = u ( T | v ) [ b B n ( v ) | + u ( W | v ) [ b B n ( v ) + 2 b B d ( v ) ] 

= b B n ( v ) [ w ( T | v ) + u ( W | v ) ] + b B d ( v ) [ 2 M ( W | v ) ] 

= b B n ( v ) + b B d ( v ) [ 2 u ( W | v ) | . 

So B doe3 no t d u e l s vodka d r i n k e r i f y (W|v ) < 1/2 ( i . e . , u ( T | v ) > 1/2) t h a t 

i s , i f vodka " s i g n a l s " A i s t ough guy w i t h p r o b a b i l i t y > 1 / 2 ) . 
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( 1 , 0 ) u(W|v) < | 

B R j ( b | v ) = ( b B n ( v ) , b B d ( v ) ) = ( a , l - a ) u(W|v) = \ . 

( 0 , 1 ) u(W|v) > | 

L e t ( u ( T | q ) , y ( W | q ) ) be t he c o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n on e B ( q ) . 

V R ( b | q ) = b R n ( q ) + b r H ( q ) [ 2 y ( w | q ) J . 

< 1 /2 . ( I f e a t i n g q u i c h e " s i g n a l s " B 

( 1 , 0 ) < \ 

( a , 1 - a ) y (w |q ) = | 

( 0 , 1 ) > \ 

S t e p 2 . B reak a n a l y s i s i n t o c a s e s : 

Case I. Bo th tough and wimp d r i n k vodka w i t h p r o b a b i l i t y o n e . 

C a s e I I . Bo th tough and wimp ea t q u i c h e w i t h p r o b a b i l i t y o n e . 

Case I. I f T and W p l a y b f l v ( T ) = b A v ( w ) = 1 then B ' s i n f o r m a t i o n s e t e B ( q ) i s 

u n r e a c h e d . 

• To g e t T to p l a y t h i s we need b B n ( q ) < b B n ( v ) - 1 / 2 . 

• To g e t w t o p l a y t h i s we need b B n ( q ) < b B n ( v ) - 1 /2 . 

F o r b o t h i n e q u a l i t i e s to h o l d we need b B n ( q ) < b B n ( v ) - 1/2 (we need B t o n o t  

d u e l vodka d r i n k e r s much) 

• B ' s i n f o r m a t i o n s e t e B ( v ) has t he c o n d i t i o n a l p i n n e d down t o t he 

p r i o r ( s i n c e b o t h T and W m im ic e a c h o t h e r t h e r e i s no new i n f o r m a 

t i o n ) so u ( T | v ) = P = 0 . 9 , y (W|v ) = P w = 0 . 1 . S i n c e u (W|v) = 0 .1 < 

1/2 t h i s I i m p l i e s B p l a y s b B n ( v ) =1 ( i . e . , B d o e s n ' t d u e l t he vodka 

d r i n k e r s i n c e he b e l i e v e s t he vodka d r i n k e r has a 0 . 9 (> 1/2) c h a n c e 

o f b e i n g a tough g u y ) . 

B does no t d u e l q u i c h e e a t e r i f y ( w | q ) 

i s a tough g u y . ) 

B R j ( b | q ) = ( b R n ( q ) . b R . ( q ) ) = 
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• B ' s i n f o r m a t i o n s e t e B ( q ) i s un reached under ou r p r o p o s e d s t r a t e g i e s 

so we can impose a r b i t r a r y b e l i e f s h e r e . Now i n o r d e r t o g e t T and W 

to p l a y t h e i r s t r a t e g i e s we need b B n ( q ) < 1/2 ( s u b s t i t u t e b B n ( v ) = 1 

i n t o the above i n e q u a l i t y s o we need B t o d u e l q u i c h e e a t e r w i t h 

p r o b a b i l i t y > 1 / 2 ) . B e l i e f s p(W|q) > 1/2 w i l l s u p p o r t t h i s . So 

b A = ( b A v ( W ) , b A q ( W ) ; b A v ( T ) , b A q ( T ) = ( 1 , 0 ; 1 , 0 ) 

b B = ( b B n ( v ) , b R d ( v ) ; b B n ( q ) , b B d ( q ) ) = ( 1 , 0 ; a , 1 - a) 

w i t h b e l i e f s 

v = ( u ( W | v ) , v ( T | v ) ; w ( W | q ) , y ( T | q ) ) 

= ( 0 , 1 ; o , 1 - o ) 

w i t h a < 1 / 2 , a > 1/2 i s a s e t o f s e q u e n t i a l e q u i l i b r i u m o f c l a s s I. 

Case I I . I f T and W p l a y b A q ( T ) = b f l q ( W ) = 1 then B ' s i n f o r m a t i o n s e t e B ( v ) 

i s u n r e a c h e d . 

• To ge t T t o p l a y t h i s we need b B n ( q ) > b B n ( v ) - 1 / 2 . 

• To g e t W co p l a y t h i s we need b B n ( q ) > b B n ( v ) + 1 / 2 . 

Bo th h o l d i f b B n ( q ) > b B n ( v ) + 1/2 (we need B to no t d u e l q u i c h e e a t e r s v e r y 

much) 

• B ' s i n f o r m a t i o n s e t e B ( q ) : has t he c o n d i t i o n a l p i n n e d down t o t h e 

p r i o r ( s e e i n g q u i c h e e a t e r g i v e s B no new i n f o r m a t i o n ) . So u ( T | q ) = 

0 . 9 , u (W|q) i 0 . 1 . S i n c e u(W|q) = 0 . 9 > 1/2 t h i s i m p l i e s B p l a y s 

b B n ( q ) s i . (B d o e s n ' t d u e l q u i c h e e i t h e r s i n c e he b e l i e v e s a q u i c h e 

e a t e r i s a tough guy w i t h p r o b a b i l i t y = 0 . 9 > 1 / 2 . ) 

• B ' s i n f o r m a t i o n s e t e B ( v ) : i s un reached under p r o p o s e d s t r a t e g i e s t o 

g e t T and W t o p l a y t h e i r s t r a t e g i e s we need b B n ( v ) < 1/2 ( s u b s e q u e n t 

b R (q ) = 1 i n t o above b o x ) . B e l i e f s u(W|v) > 1/2 w i l l s u p p o r t t h i s . 
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7 . 3 The I n t u i t i v e C r i t e r i o n f o r S i g n a l i n g Games 

R e t u r n to t he g e n e r a l n o t a t i o n o f ( 7 . 1 ) . F o r e a c h message m e M, B 

w inds up a t a d i f f e r e n t i n f o r m a t i o n s e t s a y e B ( m ) w h i c h we deno te s i m p l y by 

m. Thus B s o l v e s a t e B ( m ) 

max V o ( b l m ) . 

reR 

L e t BRg(m) = s u b s e t o f R o f b e s t r e s p o n s e s by p l a y e r B g i v e n message m. F o r 

some s e t S o f t y p e s o f A , w h i c h i s a s u b s e t o f T , l e t B R B ( S , m ) = B e s t r e 

s p o n s e s by B, f o r a l l b e l i e f s |i a s s i g n p r o b a b i l i t y 1 t o t he s u b s e t S o f t y p e s . 

u 
B R R ( S , m ) = U{BR ( m ) | y ( t | m ) s u c h t h a t £ u ( t | m ) = 1}. 

t e S 

L e t t h e r e be a s e q u e n t i a l e q u i l i b r i u m i n w h i c h t he e x p e c t e d u t i l i t y t o t y p e t o 

p l a y e r A i s u A ( t ) , t e T f t . 

I n t u i t i v e C r i t e r i o n : 

D e f i n i t i o n . A s e q u e n t i a l e q u i l i b r i a f o r t h i s s i g n a l i n g game f a i l s t h e i n t u i 

t i v e c r i t e r i o n i f we can f i n d 

( i ) a message m 1 t h a t i s u n s e n t i n e q u i l i b r i u m , 

( i i ) a p r o p e r s u b s e t S o f t y p e s , ( S C T ) . 

( i i i ) a c e r t a i n t y p e t 1 E T / S , s u b j e c t t o : 

1. F o r a l l t e S , and a l l r e B R ( T , m ' ) , u f c > u ( t , m ' , r ) . 

2 . F o r a l l r e B R ( T / S , m ' ) , u * < u ( t * , m ' , r ) . 

In words a s e q u e n t i a l e q u i l i b r i u m f a i l s t he i n t u i t i v e c r i t e r i o n i f some t y p e 

t 1 can p r o f i t a b l y d i s t i n g u i s h h i m s e l f f rom a s e t o f t y p e s S by s e n d i n g a 

message m' 
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Where i f t h i s t y p e t ' can c o n v i n c e t he r e c e i v e r o f m' t h a t t ' i s no t 

o f t ype S then t ' does s t r i c t l y b e t t e r t hen i n o r i g i n a l e q u i l i b r i u m 

as l o n g a s B c o n c l u d e s A i s no t i n t y p e S ( f o r a l l r e B R ( T / S , m ' ) , 

u t , < u ( t * , m ' , r ) . 

And i f any p l a y e r w i t h a t y p e i n S t r i e s t o do t h e same he w i l l end 

up worse o f f than he was i n t he o r i g i n a l e q u i l i b r i u m , no m a t t e r what 

t ype B c o n c l u d e s he i s 

( a l l t E S , a l l r e B R ( T , m ' ) , u f c > u ( t ' , m \ r ) . 
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X = ' - X Q J X T »• • • » x 5 J 

X 0 = (x 0 > 

X , = { x r x 2 } 

X 2

 = ( x ^ , . . . , X g } 

Z = (Xy , . . . I X J Jj } 

p d ^ X y ) = X3 

p d 2 ( X y ) = X 1 

p d 3 ( X y ) = XQ 

S ( x , ) = { x 3 , x u > 

2 ( X , ) = {Xy , X g , Xg , X ^ Q } 

E , = [ e u = { x ^ . e ^ = {x 2>} 

E 2 = { e 2 1 = { x 3 , x J 4 } , e 2 2 = { x 5 , x 6 } } ' , 

C e < i = {L,R} = ( x 3 , x 4 ) 

C e 2 1 = { 1 ' r } = < V V ' { X 8 ' X 1 0 } 

V ^ X g ) = 0 

v 2 ( x g ) = 4 



Example 2 
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b 1 = ( b 1 e ; b i e > I e 1 1 i e 1 2 

b 1 e = ( b ^ L l e ^ J . b ^ R l e ^ ) } , b 1 ( - | e n ) > 0 , 
11 

b 1 ( L | e 1 l ) + b ^ R j e ^ ) = 1 

b 1 e 1 2 = ( b 1 ( L | e 1 2 ) , b 1 ( R | e 1 2 ) } 

b 2 = ( b 2 e 2 1 ' b 2 e 2 2

) 

J 2 e 21 
= { b 2 ( l | e 2 1 ) , b 2 ( r | e 2 l ) } t b 2 ( . | e 2 2 ) > 0 

'21e 22 

b 2 1 e = i b ? ( l | e ? 1 ) , b p ( r | e ? 1 ) } 
22 

21 

b 2 ( l | e 2 1 ) + b ? ( r | e ? 1 ) = 1 21 
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Example 3 

The P rob lem o f Unreached I n f o r m a t i o n s e t s : 

(A S l i g h t M o d i f i c a t i o n o f S e l t e n ' s Example 2) 
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Example 4 



Example 5 (KW p. 873) 
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Example 6 

c 1 = e , {x , } 

E 2 = e 2 1 = { x 2 , x 3 } , e 2 2 = { x 6 , x 7 , x g , x g } 

e 3 = e 3 = { x j j , x 5 } 



C o n s i d e r f i n a l l y Example 

e 2 = { x 2 1 , x 3 } 

e 3 = ( x 4 , x 5 ) 



Example 8  

e 1 = t x 0 } 

e 2 = { x 1 t x 2 } 
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Example 9 : C o n s i d e r a n o t h e r example f rom KW. 

e , = { x 0 } 

e 2 = { x ^ } 

e^ = ( x 3 , . . . , X 1 } 



Example 10 

Example 11 

e i < x

0

} 

e 2 = ( x 1 , x 

e 1 { x 0 } 

e} = ( x ' } 

e 2 = { x - , x 
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Example 12 : (The V o d k a - Q u i c h e Examp le ) 


