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I. In t roduc t ion 

The l i t e r a t u r e on i n s u r a n c e / s i g n a l l i n g economies w i th 

p r i v a t e in fo rmat ion has employed a number o f d i f f e r e n t e q u i l i b r i u m 

concepts . Perhaps best known among these are the Nash e q u i l i b r i u m 

of Ro thsch i l d and S t i g l i t z [1976], the " i n f o r m a t i o n a l l y c o n s i s 

ten t " e q u i l i b r i u m o f Spence [1973] , and the " r e a c t i v e " e q u i l i b r i u m 

of Wi lson [1977] . I t i s we l l recognized that there are problems 

wi th each o f these approaches. Nash e q u i l i b r i a o f the R o t h s c h i l d -

S t i g l i t z type may f a i l to e x i s t , wh i le w i th the Spence approach, 

m u l t i p l i c i t y of e q u i l i b r i a o c c u r s . A l s o , fo r any o f these e q u i 

l i b r i u m concepts there i s no assurance t h a t , when e q u i l i b r i u m 

a l l o c a t i o n s do e x i s t , one or more o f them w i l l be Pareto O p t i 

ma l . Although t h i s l a s t fea tu re i s not a problem per se , i t does 

suggest tha t p o l i c y i n t e r v e n t i o n s are l i k e l y to be we l fa re improv

ing in such environments—ones in which p r i v a t e in fo rmat ion 

c rea tes e x t e r n a l i t i e s . As we s h a l l show, however, such a c o n c l u 

s ion may be unwarranted. 

The problem o f nonex is tence or m u l t i p l e e q u i l i b r i a i s 

bothersome, and some have attempted to address i t by a l l o w i n g f o r 

s t r a t e g i c behavior on the par t o f insurance f i r m s . Wi lson [1977] , 

fo r example, has ana lyzed an insurance economy in which each f i r m 

con jec tu res that o ther f i rms w i l l respond to i t s p o l i c i e s i n a 

p r e s p e c i f i e d and p r e d i c t a b l e manner. S p e c i f i c a l l y , o ther f i rms 

w i l l cance l any insurance con t rac ts that have become u n p r o f i t a b l e 

in the face of competing con t rac t o f f e r s . Th i s approach does g i ve 

ex i s tence and uniqueness in a broader c l a s s o f environments. 

However, the assumed d i s e q u i l i b r i u m behavior o f insurance f i rms i s 



d i f f i c u l t to j u s t i f y , s i n c e i t need not even r e s u l t in c e t e r i s 

par ibus p r o f i t max imiza t ion . 

Here, we recons ide r the insurance problem us ing ye t 

another e q u i l i b r i u m concept , a coopera t i ve concept c l o s e l y r e l a t e d 

to the c o r e . S ince there are e x t e r n a l i t i e s i n t h i s environment, 

however, a d e f i n i t i o n o f the core requ i res a s p e c i f i c a t i o n o f how 

r e s i d u a l c o a l i t i o n s respond to b lock ing at tempts . The s p e c i f i c a 

t i o n we employ i s s i m i l a r in many respec ts to e x i s t i n g core con

cepts f o r economies w i th p u b l i c goods. And, as w i l l be e x p l a i n e d , 

the behavior o f insurance f i rms ( a c t u a l l y , insurance c o a l i t i o n s 

here) i s s i m i l a r in some respec ts to the behavior o f f i rms tha t i s 

assumed in employing W i l s o n ' s no t ion o f e q u i l i b r i u m . U n l i k e 

Wi l son , however, we de f ine a core arrangement. In a core a r range

ment, each c o a l i t i o n s p e c i f i e s the a l l o c a t i o n i t s members are to 

r e c e i v e — c o n d i t i o n a l on who i t s members a r e , and what terms they 

can se t in other c o a l i t i o n s . As w i l l be made p r e c i s e i n what 

f o l l o w s , agents r a t i o n a l l y s o r t among c o a l i t i o n s , and "non-

c r e d i b l e t h r e a t s " are not pe rm i t ted . 

We p a r t i c u l a r l y l i k e the fea tu re that in a core a r range

ment, agents ' a l l o c a t i o n s depend upon who does--and who does not— 

j o i n t h e i r c o a l i t i o n . Th i s fea tu re cor responds, a t l e a s t in a 

s t y l i z e d way, to the con t rac t s a c t u a l l y o f fe red by mutual l i f e 

insurance companies. As Ro thsch i l d and S t i g l i t z noted in p a s s i n g , 

The p e c u l i a r p r o v i s i o n o f many insurance c o n t r a c t s , 

tha t the e f f e c t i v e premium i s not determined u n t i l the 

end o f the per iod (when the i n d i v i d u a l ob ta ins what i s 

c a l l e d a d i v i d e n d ) , i s perhaps a r e f l e c t i o n o f the 

unce r ta in t y assoc i a t ed wi th who w i l l purchase the 
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p o l i c y , which in turn i s assoc ia ted w i th the uncer 

t a i n t y about what con t rac t s o ther insurance f i rms w i l l 

o f f e r (p. 276) . 

Here, t h i s i s not a " p e c u l i a r p r o v i s i o n " o f insurance c o n t r a c t s ; 

r a t he r , i t i s an e s s e n t i a l f ea tu re o f the arrangement. 

We view t h i s study as a na tu ra l ex tens ion (and p a r t i a l 

syn thes i s ) o f two e a r l i e r l i n e s o f r esea rch . F i r s t , P r e s c o t t and 

Townsend [1984] i n v e s t i g a t e d (compet i t i ve ) mechanisms tha t p r o 

duced opt imal outcomes fo r c e r t a i n k inds o f p r i v a t e i n fo rma t ion 

economies. The mechanisms they i n v e s t i g a t e d d i d not produce 

opt imal outcomes f o r economies w i th adverse s e l e c t i o n problems, 

however. We i n v e s t i g a t e a "co re mechanism" that does produce 

opt imal outcomes i n these s e t t i n g s . Second, Myerson [1983] has 

used a coopera t i ve approach to mechanism design problems by a 

p r i n c i p a l endowed wi th p r i v a t e i n fo rma t i on . We a l s o i n v e s t i g a t e 

the p r o p e r t i e s of a coopera t i ve mechanism tak ing account o f the 

" e x t e r n a l i t i e s " in t roduced by the presence o f p r i v a t e i n f o r m a t i o n . 

Very b r i e f l y , the r e s t o f the paper proceeds as f o l 

lows. Sec t i on II s p e c i f i e s the environment, and Sec t i on I I I 

s p e c i f i e s the game. Sec t i on IV d e f i n e s a candidate core a r range

ment. In Sec t i on V i t i s proved that the candidate i s indeed i n 

the c o r e . Sec t i on VI d i scusses uniqueness and presents the r e 

s u l t s we have o b t a i n e d ; not e n t i r e l y s a t i s f a c t o r y . S e c t i o n VII 

summarizes and d i s c u s s e s an agenda fo r fu tu re work. 
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11. The Environment 

The economy c o n s i s t s o f a nonatomic measure space o f 

agents , A. These agents can be p a r t i t i o n e d in to a f i n i t e number 

of " t y p e s " . There are n such types, indexed by i = 1, 2 , 

n. A l l agents o f a g iven type are i d e n t i c a l , ex an te , and each 

agent i s faced w i th the p o s s i b i l i t y o f e i t h e r of two s ta tes occu r 

r i n g ; s = 1, 2 . There i s a s i n g l e consumption good, w i th an agent 

in s t a te s r e c e i v i n g an endowment e g o f the good, e^ > e2 , so s = 

2 i s what i s commonly r e f e r r e d to as " the l o s s s t a t e " in t h i s 

con tex t . R e a l i z a t i o n s o f s are independent and i d e n t i c a l l y d i s 

t r i b u t e d ac ross agents o f the same type ; w i th type i agents f a c i n g 

a p r o b a b i l i t y p^ that s = 1. We w i l l p e r i o d i c a l l y appeal, to the 

law o f l a rge numbers, so that there i s no aggregate uncer 

t a i n t y , y F i n a l l y , we index types so that 1 > p n > p n - 1 > . . . > 

p.] > 0 . I t i s common i n t h i s context to r e f e r to types w i th 

h igher indexes as " lower r i s k " t ypes . 

Let c.j_ denote the consumption o f a type i agent i n 

s t a te s . A l l agents have i d e n t i c a l u t i l i t y f unc t i ons U(c) de f ined 

on R + , w i th U ' (c ) > 0, U"(c) < 0 fo r a l l c e R + . A l s o , l e t p. 

denote the measure of agents o f type i , l e t \s = ( u ^ , i i 2 , . . . , p ), 

l e t > 0 f o r a l l i h o l d , and l e t I M i = 1. 

I t remains to desc r i be the nature o f in fo rmat ion in t h i s 

environment. Each agent knows h i s type p r i o r to the r e a l i z a t i o n 

of the s t a te and p r i o r to en te r ing in to any r i s k sha r i ng a r range

ments. Type i s p r i v a t e i n fo rma t i on , ex an te . A l l t rades or 

arrangements entered in to are observab le by a l l , however. Hence 

t h i s i s a standard adverse s e l e c t i o n s e t t i n g . 
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I I I . The Arrangement Space 

Our o b j e c t i v e i s to p r e d i c t what k inds o f insurance 

arrangements w i l l p r e v a i l i n the environment s p e c i f i e d above. 

Agents are viewed as forming c o a l i t i o n s fo r the purpose o f poo l i ng 

r i s k . S ince agents are a l lowed to form a r b i t r a r y c o a l i t i o n s , we 

adopt an e q u i l i b r i u m concept that i s c l o s e l y r e l a t e d to s tandard 

core concepts . However, fo r reasons that are w e l l understood, an 

" i n f o r m a t i o n a l e x t e r n a l i t y " a r i s e s in adverse s e l e c t i o n s e t 

t i n g s . Thus core concepts tha t are app rop r ia te to t h i s s e t t i n g 

c l o s e l y resemble d e f i n i t i o n s o f the core fo r economies w i th e x t e r 

n a l i t i e s / p u b l i c goods. Hence some m o d i f i c a t i o n s o f standard 

d e f i n i t i o n s o f the core are r e q u i r e d . We regard our d e f i n i t i o n as 

something o f a syn thes i s of e x i s t i n g core concepts fo r e n v i r o n 

ments w i th p u b l i c goods. 

A c o a l i t i o n i s s imply a se t K o f agen ts ; K e P (A ) , where 

P(A) denotes the power set o f A. Here, s i n c e agents o f a p a r t i c u 

l a r type are i d e n t i c a l ex an te , we may cons ider two c o a l i t i o n s 

w i th d i f f e r e n t agents , but w i th i d e n t i c a l measures o f agents o f 

each type , as i d e n t i c a l f o r our purposes. Thus, as a shor thand, a 

c o a l i t i o n D i s regarded as a vector of measures 6 = 

( 6 ^ , ^ 2 1 • • - t 5

n ) £ R"» where 6^ i s the measure o f agents o f type i 

who are members o f D. C l e a r l y , 0 < 6. < y. f o r a l l i . 
L i 

To foreshadow, we adopt the approach tha t a coopera t i ve 

game begins wi th a l l agents belonging to an incumbent c o a l i t i o n 

(which i s a l s o the grand c o a l i t i o n ) . The incumbent c o a l i t i o n 

suggests , a t the f i r s t stage o f the game, a scheme for a l l o c a t i n g 

resou rces . We w i l l r e f e r to t h i s scheme as an arrangement. A f t e r 
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an arrangement i s s p e c i f i e d , a b l ock i ng c o a l i t i o n may form. The 

arrangement s p e c i f i e s what a l l o c a t i o n members o f the ( r e s i d u a l ) 

incumbent c o a l i t i o n r e c e i v e , g iven the b l ock i ng c o a l i t i o n that 

forms and the a c t i o n s i t t akes . 

Suppose a b lock ing c o a l i t i o n does form a f t e r an a r range

ment i s s p e c i f i e d . Denote the b l ock i ng c o a l i t i o n as B, and the 

( res idua l . ) incumbent c o a l i t i o n as 0. Denote the vector of mea

sures o f agent types i n B by 8, and o f agent types in e by 9. 

We now wish to de f i ne a c t i o n s that are f e a s i b l e fo r an 

a r b i t r a r y c o a l i t i o n , D. We adopt the f o l l o w i n g n o t a t i o n . R e c a l l 

tha t c i 3 i s the consumption o f a type i agent i n s t a te s . Let C j 

a ( c i 1 , c i 2 ) , and l e t c = ( c 1 , c 2 , . . . . c ^ ) . When we wish to denote 

the a l l o c a t i o n o f a c o a l i t i o n w i th vector o f measures 5, we w r i t e 

c 6 == ( o * , o * , . . . , o * ) . A l s o , we de f i ne V 1 ( o J ) = P ^ c ^ ) + 

( 1 - P i ) U ( c j 2 ) . 

Given these n o t a t i o n a l convent ions , we w i l l say tha t an 

a l l o c a t i o n c 6 i s resource f e a s i b l e f o r c o a l i t i o n 6 i f 

(1) I « 1 [ P 1 ( c { 1 - e 1 ) + ( 1 - P 1 ) ( o * 2 - e 2 ) ] <- 0. 

We denote the set o f a l l o c a t i o n s s a t i s f y i n g (1) f o r g iven 6 by 

R(6 ) . Fu r the r , an a l l o c a t i o n c 5 i s i n cen t i ve f e a s i b l e f o r c o a l i 

t i o n 6 i f 

(2) V . ( c J ) > V . ( C j

5 ) 

f o r a l l i and j such tha t 6 . 6 . > 0. We denote the s e t o f a l l o c a -
i J 

t i ons s a t i s f y i n g (2) f o r g iven 6 by 1 (6 ) . An a l l o c a t i o n i s s a i d 

to be f e a s i b l e fo r 6 i f i t i s resource and i ncen t i ve f e a s i b l e . 
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The set of a l l o c a t i o n s that i s f e a s i b l e fo r 6 i s denoted F(6) = 

R(6) n 1 (6 ) . A l s o , we requ i re t h a t , i f 5^ = 0 f o r some i , c^ = 

( e ^ e g ) fo r tha t i . 

I t i s now p o s s i b l e to lay out the coopera t i ve game more 

e x p l i c i t l y . Th is game can be viewed as being played i n three 

s tages . At s tage one, the incumbent (and a t t h i s juncture grand) 

c o a l i t i o n s p e c i f i e s an arrangement. A f t e r s p e c i f i c a t i o n o f the 

arrangement stage two of the game o c c u r s , in which any p o t e n t i a l 

b l ock ing c o a l i t i o n may form. The b l ock i ng c o a l i t i o n B announces 

i t s membership, or e q u i v a l e n t l y from our view p o i n t , announces 

8 * 0 and an a l l o c a t i o n c e F ( 8 ) . Upon format ion o f a b l ock i ng 

c o a l i t i o n and a cho ice o f c 6 , stage three of the game occurs in 

which members o f the b lock ing c o a l i t i o n rece i ve the a l l o c a t i o n 

c , and members o f the ( r e s i d u a l ) incumbent c o a l i t i o n rece i ve the 

a l l o c a t i o n s p e c i f i e d by the arrangement. In p a r t i c u l a r , the 

arrangement s p e c i f i e s an a l l o c a t i o n fo r the incumbent c o a l i t i o n as 

a func t i on o f the b lock ing c o a l i t i o n that forms, and the a c t i o n s 

i t takes . 

Th is s p e c i f i c a t i o n of the a c t i o n s taken by the incumbent 

c o a l i t i o n may be viewed as f o l l o w s . In economies w i th e x t e r n a l i 

t i e s / p u b l i c goods, the nature o f the core can depend c r i t i c a l l y on 

how a r e s i d u a l c o a l i t i o n reac ts to the attempted format ion of a 

b lock ing c o a l i t i o n . Our s p e c i f i c a t i o n s imply requ i res the incum

bent c o a l i t i o n to announce in advance how i t w i l l reac t to any 

b lock ing at tempt . 
n 

Forma l l y , then, l e t A n = fyeR" : £ y. < 1; 0 < y i < 

U j J . F u r t h e r , l e t c denote the a l l o c a t i o n o f the b l o c k i n g c o a l i 

t i o n 8, and de f i ne 



V? = max V . ( c ) V i = 1, n , 

so V? i s the h ighest expected u t i l i t y l e v e l a type i agent can 

8 

ob ta in by j o i n i n g the b lock ing c o a l i t i o n . Let V 5 

( V 8 , V 8 , . . . , V 8 ) , and l e t W denote the s e t of vec to rs V 8 generated 

by f e a s i b l e a l l o c a t i o n s x e F ( B ) ; 8 e A n . Then an arrangement i s 

a mapping a : A n X W + R^ n that s p e c i f i e s an a l l o c a t i o n c 9 = 

a ( e , V S ) = a ( u - 8 , V S ) . As above, we r e q u i r e c 9 s a ^ e . V 6 ) = ( e ^ e j ) 

i f 9. = 0 . A f e a s i b l e arrangement s p e c i f i e s an a l l o c a t i o n that i s 

f e a s i b l e fo r 9; i . e . , a ( 9 , V 8 ) e F (9 ) fo r each 9 = y-8 and fo r each 

V 8 e W. 

I t w i l l be d e s i r a b l e to p lace an a d d i t i o n a l r e s t r i c t i o n 

on the k inds o f arrangements that can be announced by the incum

bent c o a l i t i o n . Th i s r e s t r i c t i o n prevents the incumbent c o a l i t i o n 

from announcing arrangements s p e c i f y i n g a l l o c a t i o n s a ( 9 , V 8 ) that 

the incumbent c o a l i t i o n would unanimously wish to change ex post 

i f a b l ock i ng c o a l i t i o n 3 = v - 9 a c t u a l l y formed, and announced 

an a l l o c a t i o n g i v i n g r i s e to the vec to r V . In p a r t i c u l a r , we 

w i l l say that g iven a b lock ing c o a l i t i o n 8, and g iven an a l l o c a 

t i o n c 8 e F ( s ) , an arrangement i s c r e d i b l e i f there f a i l s to e x i s t 

an a l l o c a t i o n c 6 e F ( 9 ) , c 9 * a ( 9 , V 8 ) , such that 

(3) V . ( c 9 ) > V 8 V i such that Qi > 0 

(4) V c i ) - m a x V c ) v 1 

such tha t 8j > 0 ; and such that 

(5) V j o J ) > V i [ a . ( 9 , V 8 ) ] 



- 9 -

fo r a l l i such that 9^ > 0, w i th s t r i c t i n e q u a l i t y f o r a t l e a s t 

one such We w i l l say that f e a s i b l e arrangements that are 

a l s o c r e d i b l e are a d m i s s i b l e . We r e s t r i c t the incumbent c o a l i t i o n 

to the announcement o f adm iss ib l e arrangements. Th is r e s t r i c t i o n 

prevents an incumbent from announcing a l l o c a t i o n s in the event o f 

some de fec t i on that the ( r e s i d u a l ) incumbent c o a l i t i o n would 

unanimously wish to change i f that de fec t i on a c t u a l l y o c c u r r e d . 

Core Arrangement: D e f i n i t i o n 

We are now prepared to de f ine b l ock i ng and the c o r e . 

P r i o r to do ing s o , we impose a r e s t r i c t i o n on the k inds o f b l o c k 

ing c o a l i t i o n s that can form. In p a r t i c u l a r , we requ i re tha t f o r 

a b lock ing c o a l i t i o n 8^ e {0, v^}; tha t i s , a b l ock i ng c o a l i t i o n 

e i t h e r has (a lmost) a l l or no agents o f each type . Th is r e s t r i c 

t i on i s not necessary to the a n a l y s i s , but does g r e a t l y s i m p l i f y 

the e x p o s i t i o n below. 

We say that an adm iss ib l e arrangement a ( 9 , V 8 ) i s b locked 

by a c o a l i t i o n B wi th assoc ia ted vec to r o f measures 8 * 0 i f 8^ e 

{0,1^} V i , and i f there e x i s t s an a l l o c a t i o n c 3 e F(8) such tha t 

(6) V . ( c 8 ) > V . [ a . ( u - S , V 8 ) ] 

fo r a l l i such tha t 8. > 0 , for a l l j : 

(7) V . [ a . ( , - 8 , V 8 ) ] > V 8 

for a l l i such that y. - > 0 ; and such tha t 

(8) V . ( c 8 ) > V . [ a . ( y ) ] y 
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for a l l i such tha t 8 i > 0 . F i n a l l y , an a d m i s s i b l e arrangement 

that i s unblocked i s c a l l e d a core arrangement 

A word o f exp lanat ion i s in order about cond i t i ons (6) 

and (7 ) . These cond i t i ons requ i re t h a t , i f a b l ock i ng c o a l i t i o n 

i s to c o n s i s t of a p a r t i c u l a r mix of t ypes , then the a l l o c a t i o n 

c must p rov ide i ncen t i ves f o r the proper se t o f types to d e f e c t , 

g iven the arrangement s p e c i f i e d by the incumbent c o a l i t i o n . Or, 

in o ther words, (6) and (7) requ i re that agents be " r a t i o n a l l y 

s o r t e d " among c o a l i t i o n s . These c o n d i t i o n s on b l ock i ng may be 

viewed as an aspect o f the f e a s i b i l i t y c o n s t r a i n t s imposed on 

c o a l i t i o n format ion by the presence o f p r i v a t e i n fo rma t i on . 

IV. A Candidate Arrangement 

The arrangement s p e c i f i e d here , which we w i l l prove i s 

unblocked, i s c l o s e l y r e l a t e d ( i n terms o f the a l l o c a t i o n s i t 

s p e c i f i e s ) to the a l l o c a t i o n s s tud ied by Miyazak i (1977) and 

Spence (1978). I t a l s o r e f l e c t s some o f the ideas embodied i n 

W i l s o n ' s (1977) e q u i l i b r i u m concept. I t w i l l be e a s i e s t to begin 

wi th the a l l o c a t i o n s p e c i f i e d by a ( y ) , ( t ha t i s , the a l l o c a t i o n o f 

the incumbent i f no b lock ing c o a l i t i o n fo rms) , which i s e x a c t l y 

the Miyazak i -Spence a l l o c a t i o n . 

Suppose, then, that B = <t>; i . e . , that no b l ock i ng c o a l i 

t i o n forms in the second stage of the game. We w i l l show that a 

core arrangement e x i s t s that in t h i s case s p e c i f i e s the a l l o c a 

t i on c M = a(u) that so l ves the f o l l o w i n g problem ( P ) : 

(P) max V (c ) 
D 2n n n 

ceR 
+ 
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sub jec t to 

(9) c e F(u) 

(10) V ^ c ^ > V 1 

(11) V . ( c . ) > V . ( y ) ; i=2, n -1 . 

Cons t r a i n t (9) i s s imply f e a s i b i l i t y , which embodies the f u l l se t 

of i n cen t i ve c o n s t r a i n t s faced by the c o a l i t i o n , as w e l l as the 

resource c o n s t r a i n t . In order to desc r i be c o n s t r a i n t s (10) and 

(11) , i t i s necessary to de f ine V 1 and V \ ( u ) ; 2 < i < n -1 . 

The va lue i s de f ined to be the maximum l e v e l o f 

expected u t i l i t y tha t type 1 agents cou ld ob ta in i n a c o a l i t i o n 

c o n s i s t i n g e n t i r e l y o f type 1 agen ts . Thus ? 1 i s the expected 

u t i l i t y l e v e l obta ined by s o l v i n g 

(12) max V ^ c ^ 

sub jec t to p ^ c ^ - e ^ + (1 -p , ) ( c , 2 - e 2 ) < 0. 

Then, g iven V^, the va lues V^(u) are de f i ned r e c u r s i v e l y 

as the expected u t i l i t y l e v e l s g i ven by the s o l u t i o n s to the 

problems, ( P . i ) : 

( P . i ) max V. ( c . ) 
D 2 i 1 

ceR + 

sub jec t to 

(13) V j t C j ) > V j ( c k ) V j , k < i 

(14) V j ( C j ) > V j ( y ) ; j=1, i-1 

(15) ^ i l i . [ p . ( c . l - e 1 ) + ( 1 - p . ) ( c J 2 - e 2 ) ] < 0 , 
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where V^(u) = V . . Thus, V \ ( y ) i s the h ighest l e v e l o f expected 

u t i l i t y that can be obta ined by type i agents in a c o a l i t i o n 

c o n s i s t i n g on ly o f themselves and agents o f lower t ypes , i f agents 

o f lower types are to have no i ncen t i ve to d e f e c t [ c o n s t r a i n t 

(14 ) ] . 

The a l l o c a t i o n s o l v i n g the problem (P) has been s tud ied 

by M iyazak i (1977) , Spence (1978), and Judd (1985), and has been 

assoc i a t ed w i th a Wi lson (1977) e q u i l i b r i u m . For our purposes, 

however, i t i s necessary to go f u r t he r and d i s c u s s a l l o c a t i o n s 

s p e c i f i e d by the arrangement i f 6 * 0 , that i s , i f a b l ock i ng 

c o a l i t i o n forms. 

I f a b l ock i ng c o a l i t i o n forms a t stage 2 , then remaining 

members o f the incumbent c o a l i t i o n can be d i v i d e d i n t o three 

c a t e g o r i e s , accord ing to t h e i r type. 

( i ) Category 1. Let i be the lowest index o f type 

represented i n the b l ock i ng c o a l i t i o n ; i . e . , the sma l l es t va lue o f 

i such that 3^ > 0. Then category 1 agents in the ( r e s i d u a l ) 

incumbent c o a l i t i o n s are agents of types 1 , 2 , . . . , i - 1 ( i f i > 

1) . 

( i i ) Category 2 . Category 2 agents in the ( r e s i d u a l ) 

incumbent c o a l i t i o n are agents w i th indexes i such that 3^ ^ > 0 

(wh i le c l e a r l y = 0 ) . Or , in o ther words, category 2 c o n s i s t s 

o f agents i n the incumbent c o a l i t i o n o f type i , wh i l e type i - 1 

agents are in the b l ock i ng c o a l i t i o n . 

( i i i ) Category 3. Category 3 agents are members of the 

( r e s i d u a l ) incumbent c o a l i t i o n in the f o l l ow ing s i t u a t i o n . Le t 

6 . = 0 (so type j agents are in the incumbent c o a l i t i o n ) , and 
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l e t 6 j + ^ > 0 ( i f j * n ) . Let j - s - 1 be the l a r g e s t index in the 

b lock ing c o a l i t i o n l e s s than j ( i f j - s - 1 > 1 ) . Then category 3 

c o n s i s t s o f agents w i th indexes i s a t i s f y i n g j - s < i < j . 

F igu re 1 g i ves a schematic r ep resen ta t i on of how, f o r 

one example, members o f the ( r e s i d u a l ) incumbent c o a l i t i o n are 

d i v i ded in to c a t e g o r i e s . The ca tego r i es are exhaus t i ve . 

We w i l l prove below that an arrangement s p e c i f y i n g 

a l l o c a t i o n s as fo l l ows i s adm iss ib l e and unblocked. 

( i 1 ) Category 1. I f a type i agent belongs to category 1, then 

a^(p-8 ,V j = c j i s the i component of the vec to r 

(c,| jCg* • • • »Cj j ] s o l v i n g the problem ( P . i - 1 ) . 

( i i 1 ) Category 2. We temporar i l y de fe r s p e c i f y i n g the a l l o c a t i o n 

o f agents belonging to category 2. However, i f a type i agent 

belongs to category 2, de f ine the vec to r c^ = ic^yci2^ ^° ' 3 e ^ e 

a l l o c a t i o n s o l v i n g two equat ions 

d 7 ) P i K r ^ ) + ( 1 -Pi>(° i 2 - e 2) = ° -

Then de f i ne 

(18) V . ( u - S , V 6 ) = V . ( c . ) 

which w i l l be used i n a moment. 

( l i i ' ) Category 3. I f an agent o f type i i s in category 3, l e t 

j - s - 1 be the h ighest type l e s s than i i n the b lock ing c o a l i t i o n , 

and l e t j + 1 be the lowest type g rea te r than i in the b l o c k i n g 



c o a l i t i o n ( i f any type h igher than i i s in the b l ock i ng c o a l i 

t i o n ) . Then our arrangement a ( e , V 8 ) s p e c i f i e s an a l l o c a t i o n 

( c 1 ! " 8 , . . . , ^ " 6 ) = [ a . ( y - e , V 8 ) , . . . , a . ( y - 8 , V 8 ) ) fo r both category 

2 and category 3 members o f the r e s i d u a l c o a l i t i o n tha t s o l v e s the 

f o l l o w i n g problem: 

( A . j ) max V . ( C j ) 

sub jec t to 

(19) V ^ c . ) > V i ( c k ) ; V i , k = j - s , . . . . j 

(20) V s - l ' W S V s - 1 ( c J - 3 - l ) -

(21) I p i [ p i ( c i 1 - e l ) + ( 1 - p i ) ( c i 2 - e 2 ) ] . 0 
i= j - s 

(22) V . _ s ( c . _ s ) > V . _ s ( u - S , V 8 ) 

(23) V . ( C i ) > V . ( y - S , V B ) ; j - s • 1 < i < j - 1 . 

Equat ions (19) and (20) are i ncen t i ve c o n s t r a i n t s , wh i l e equat ion 

(21) i s a resource c o n s t r a i n t f o r agents o f types j - s , j - s + 1 , 

j . The term Vj s ( y - S , V 8 ) in equat ion (22) was de f ined in equat ion 

(18) . The terms V i ( y - 6 , V ) appear ing in (23) are de f ined r e c u r 

s i v e l y as the l e v e l s o f expected u t i l i t y assoc i a t ed w i th the 

s o l u t i o n s to the f o l l o w i n g problems: 

( A . i ) max V . ( c . ) 

sub jec t to 

(24) V k ( c k ) > V k ( c m ) ; V k,m = j - s , i 

(25) W « j _ > * W"jVl) 
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(26) I y i [ p . ( c . r e l ) + ( 1 - p . ) ( c i 2 - e 2 ) ] = 0 
k=j -s 

(28) V k ( c k ) > V k ( y - 8 , V 6 ) ; j-s+1 < k < 1-1. 

D iscuss ion 

Whi le the s p e c i f i c a t i o n o f a l l o c a t i o n s f o r members o f 

the r e s i d u a l incumbent c o a l i t i o n i s n o t a t i o n a l l y cumbersome, the 

bas i c idea i s s t r a i g h t f o r w a r d . Suppose types j - s - 1 and j + 1 have 

jo ined the b l ock i ng c o a l i t i o n , wh i le types j - s , j have no t . 

Cons ider , then, the a l l o c a t i o n s o f types j - s through j i n F igu re 

1. The i r a l l o c a t i o n s are chosen to be resource and i n c e n t i v e 

f e a s i b l e , w i th no resources f low ing from t h i s group to any c l a s s 

lower than j - s , and no resources being rece ived from any c l a s s 

h igher than j . Th is subset o f the r e s i d u a l c o a l i t i o n i s , by 

cons t ruc t i on o f the arrangement, s e l f - s u f f i c i e n t in resou rces . 

The s p e c i f i c a t i o n o f t h i s arrangement corresponds qu i t e 

c l o s e l y to the behav io ra l assumptions employed in d e f i n i n g a 

Wilson e q u i l i b r i u m . In p a r t i c u l a r , the behav io ra l assumption 

employed by Wi lson (1977) i s that insurance f i rms "d rop" p o l i c i e s 

that become u n p r o f i t a b l e as a r e s u l t o f ac t i ons by other f i r m s . 

Our s p e c i f i c a t i o n o f an arrangement i s r e l a t e d , i n tha t the incum

bent c o a l i t i o n behaves as f o l l o w s . I f agents o f type j j o i n the 

b lock ing c o a l i t i o n , agents o f types h igher than j do not s u b s i d i z e 

agents o f types lower than j in the ( r e s i d u a l ) incumbent c o a l i 

t i o n . Thus, ra the r than "dropping p o l i c i e s , " the incumbent r e 

fuses to " i n d i r e c t l y s u b s i d i z e " the b l ock i ng c o a l i t i o n by sub-
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s i d i z i n g agents wi th indexes l e s s than j (which would have the 

e f f e c t o f r e l a x i n g an i n c e n t i v e c o n s t r a i n t from the po in t o f view 

o f the b lock ing c o a l i t i o n ) . 

IV. Ex i s tence o f a Core Arrangement 

I t should be c l e a r t ha t , by c o n s t r u c t i o n , the a r range

ment j u s t presented i s f e a s i b l e fo r the incumbent c o a l i t i o n . We 

wish a l s o to show that i t i s a c r e d i b l e arrangement. Denote the 

arrangement j u s t descr ibed by a * ( 9 , V 6 ) . Then we s t a t e the f o l l o w 

ing lemma. 

Lemma 1. a * ( e , V 3 ) i s a c r e d i b l e arrangement. 

Proof . S ince B i e {0,VK} f o r a l l i , the set of agent types rep re 

sented i n the ( r e s i d u a l ) incumbent c o a l i t i o n can be p a r t i t i o n e d as 

f o l l o w s . Let i^ be the sma l l es t index w i th = 0 ( i . e . , the 

lowest type remaining i n the incumbent c o a l i t i o n ) f o r any g iven 3, 

and l e t 1̂  + 1 be the sma l l es t index l a r g e r than i^ which i s 

represented in the b lock ing c o a l i t i o n . Then types i., I. are 

in the ( r e s i d u a l ) incumbent c o a l i t i o n . S i m i l a r l y l e t be the 

sma l l es t index l a rge r than which i s represented in the incum

bent c o a l i t i o n and de f i ne i" 2 ana logous ly to 1̂ , so that types 

i ^ , a r e i-n the incumbent c o a l i t i o n , whi le type + 1 i s 

not ( i f < n ) . Proceeding s i m i l a r l y , there are i n t e r v a l s o f 

types ( i ^ , . . . , ^ ) ; ( i 2 , . . . , I 2 ) ; . . . ; (i_h,...,Ih), w i th h depend

ing on 3, such that f o r any index i w i th 6̂ ^ = 0 , i e ( i ^ , . . . , ! ^ ) 

fo r some k; 1 < k < h. Of cou rse , an i n t e r v a l may inc lude on ly 

one c l a s s o f agent so that i ^ = 1̂ . F igu re 2 may h e l p to e x p l a i n 

how these i n t e r v a l s a re d e f i n e d . 
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Now suppose that i. = 1. I f s o , i t should be c l e a r from 

the s p e c i f i c a t i o n o f a * ( e , V S ) , that the a l l o c a t i o n [ a * ( y - 8 , V S ) , 

. . . , a r ( u - S , V p ) J so l ves the problem ( P . i . ) . I f i . > 1, then the 
1 „ j, " 

a l l o c a t i o n [a. ( y - s , V S ) , . . . , a - ( y - 6 , V S ) ] so l ves the problem 

(A.I.). S i m i l a r l y , the a l l o c a t i o n [a . ( y - 8 , V 6 ) , ar ( y - 8 , V 6 ) ] 
-k lk 

so l ves the problem (A . I ) ; 1 < k < h. 

Next suppose, f o r the purpose o f producing a c o n t r a d i c 

t i o n , that the arrangement a * ( e , V 8 ) i s not c r e d i b l e f o r some 

b l ock i ng c o a l i t i o n 8. Then f o r t h i s 8 there e x i s t s an a l l o c a t i o n 

c e F(y -6 ) such that V . ( c . ) > V . ( a * ( y - S , V 8 ) ] f o r a l l i such tha t 

8^ = 0 , w i th s t r i c t i n e q u a l i t y f o r some such i ; and such tha t 

V . ( c . ) > V 8 f o r a l l i such tha t 8 i = 0 , wh i le V . ( c . ) < V 8 f o r a l l 

i such tha t 8^ > 0 . 

Now no t i ce that [a . ( - ) , . . . , a - r (-) ] so l ves e i t h e r the 
±1 L1 

problem (P.I^) or the problem ( A . i ^ ) . In e i t h e r case , s i n c e 

V i (c^^) > V i [ a ^ ( p - 6 , V e ) ] f o r a l l i e i n s p e c t i o n of the 

problem (P.I^) [or (A.I^)] i n d i c a t e s that 
T 1 

(29) I P j l P j t c ^ - e ^ + d - P j J t c j ^ ) ] > 0, 

w i th s t r i c t i n e q u a l i t y i f V ^ c ^ ) > V\ [ a | ( y - 8 , V 8 ) ] fo r some i 
# % 

E ( i . , . . . , ! . ) . S i m i l a r l y , s i nce [a. ( - ) , . . . , a * (-) ] s o l v e s the 
-k k 

problem (A.I. ); 1 < k < h, and s i n c e V . ( c . ) > V.[a*(-)j f o r a l l i 

e i t must be the case that 

-

(30) ^ I v J | p j ( c j 1 - e l ) + ( 1 - p J ) ( c J 2 - c 2 ) > 0 
j -k 

holds fo r a l l k; k = 2 , h ; w i th s t r i c t i n e q u a l i t y i f V ^ S j ) 

> V. f a * ( - ) ] fo r some i e f i. , . . . ,1, 1. l 1 l ' '•-k' kJ 
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Mow sum (30) over a l l k = 2, h, and add the r e s u l t 

to (29) to ob ta i n 

( 3 D J i ( y . - s J ) | p J ( 5 j 1 - e 1 ) + ( 1 - p . ) ( 5 . 2 - e 2 ) ] > 0 . 

The i n e q u a l i t y i s s t r i c t , s i nce there e x i s t s (by hypothes is ) at 

l e a s t one i such tha t 6. = 0 and V . f c . ) > V. [ a * ( y - 8 , V 3 ) ] . But 

(31) c o n t r a d i c t s the assumption that c e F ( y - 8 ) , so a * ( e , V 8 ) i s 

c r e d i b l e , and Lemma 1 i s proved. 

We next show that the arrangement a * ( e , V 6 ) i s not 

b locked . 

P r o p o s i t i o n 1. The arrangement a * ( e , V 3 ) i s a core arrangement. 

Proof . For the purpose of d e r i v i n g a c o n t r a d i c t i o n , suppose a 

b lock ing c o a l i t i o n B does e x i s t , w i th assoc i a ted vec to r o f mea

sures 8 * 0 . Then there e x i s t s a l a r g e s t index in the b l ock i ng 

c o a l i t i o n , I. - 1. To s i m p l i f y no ta t i on c a l l t h i s index q . 

Then, S q > 0 , 6. = 0 i f q < n and q < i < n. 

Now, observe three f a c t s . F i r s t , by c o n s t r u c t i o n o f the 

arrangement a * ( e , V 3 ) 

q-1 

(32) _ ^ ( y . - 8 i ) [ p i ( a * l ( - ) - e l ) + ( 1 - p . ) ( a | 2 ( - ) - e 2 ) ] = 0. 

Second, 
(33) V . ( c 3 ) > V j a ^ y ) ] > \F.(y) 

fo r a l l i such that 8 i > 0 . The f i r s t i n e q u a l i t y in (33) f o l l o w s 

from the d e f i n i t i o n o f b l o c k i n g , and the second f o l l o w s from 

equat ion (11) i n the cons t ruc t i on o f a * ( u ) . T h i r d , and f i n a l l y , 
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(34) V . [ a * ( y - 8 , V B ) ] > V . ( u - B , V S ) > V . ( y ) , 

fo r a l l i such that 8 i = 0 and i < q . The f i r s t i n e q u a l i t y i n 

(34) i s by c o n s t r u c t i o n o f a j ( - ) . The second i n e q u a l i t y in (3*0 

should be c l e a r from (33) . In p a r t i c u l a r , the de fec t i on of types 

w i th indexes lower than i cannot make types above i worse o f f , 

s i nce such a de fec t i on re laxes an i ncen t i ve c o n s t r a i n t ( s ) a t no 

resource cost to the incumbent c o a l i t i o n . 

Mow cons ide r the problem ( P . q ) . [ I f q = n, cons ide r the 

problem ( P ) . ] In t h i s problem, by (32) , (33 ) , and (34) , i t i s 

f e a s i b l e to s e t 

a * ( y - 8 , V 6 ) ; i f e i = 0 

(35) C i = 

c ^ ; o the rw ise , 

f o r a l l i < q . Resource f e a s i b i l i t y of the a l l o c a t i o n (35) i s 
Q 

guaranteed by (32) and the resource f e a s i b i l i t y o f c . I ncen t i ve 

f e a s i b i l i t y of (35) i s guaranteed by the i ncen t i ve f e a s i b i l i t y of 

the arrangement a * ( - ) , the i n c e n t i v e f e a s i b i l i t y o f c fo r 8 , and 

the " r a t i o n a l s o r t i n g " cond i t i ons (6) and (7 ) . F i n a l l y , (33) and 

(34) imply tha t V . ( c . ) > V . (y ) f o r a l l i < q i f c± i s chosen 

accord ing to (35) . ] 

But then, r e c a l l that V (y) i s the expected u t i l i t y 

l e v e l g iven by the s o l u t i o n o f ( P . q ) , and t he re fo re , V^(y) > 

V q ( c 8 ) . ( I f q = n, take V q ( y ) = V* n(y) = V n [ a * ( y ) ] . ) However, by 

( 8 ) , v

q ( c q ) > V q I a q ( y H - ^ e c l u a t i - o n ( 1 1 ) i n t h e c o n s t r u c 

t i o n of a * ( y ) ] . Th i s i s a c o n t r a d i c t i o n , so a * ( e , V S ) i s un

b locked . 
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V I . Uniqueness 

S ince the arrangement a * ( e , V 8 ) i s a core arrangement, i t 

s p e c i f i e s an e q u i l i b r i u m a l l o c a t i o n a*(u) that so l ves the problem 

(P) above. However, there may be other a d m i s s i b l e , unblocked 

arrangements that lead to the same e q u i l i b r i u m a l l o c a t i o n o r , 

a l t e r n a t i v e l y , to a d i f f e r e n t a l l o c a t i o n a l s o in the co re . 

We have not made much progress on the ques t ion o f 

un iqueness. However, i t i s u s e f u l to know tha t there are s i t u a 

t i o n s o f i n t e r e s t in which any core arrangement a ( e , V 8 ) , w i th 

a ( 9 , V 8 ) * a * ( 6 , V 8 ) f o r some combinat ion ( 9 , V 8 ) , must have a(y) = 

a * ( y ) . Or, s ta ted o therw ise , any unblocked arrangement must 

s e l e c t a(y) to be the s o l u t i o n to (P) in these s i t u a t i o n s . 

We now produce a se t o f c o n d i t i o n s s u f f i c i e n t f o r t h i s 

to be t r u e . F i r s t , we r e s t r i c t there to be only two types (n = 

2 ) . Second, we de f ine the R o t h s c h i i d - S t i g l i t z a l l o c a t i o n ( f o r n = 

2) to be the a l l o c a t i o n s a t i s f y i n g 

(36) c n = c 1 2 = p 1 e 1 + ( 1 - p l ) e 2 , 

(37) p 2 ( 8 2 1 - e 1 ) + ( 1 - P 2 ) ( c 2 2 - e 2 ] = 0, 

and 

(38) ¥,(5,) = V 1 ( 5 2 ) , 

with c.j = ( c ^ , c . j 2 ) g iven by (36). Then we have the f o l l o w i n g 

p r o p o s i t i o n . 

P r o p o s i t i o n 2 . I f n = 2 , and i f the R o t h s c h i i d - S t i g l i t z a l l o c a 

t i o n i s a Pareto optimum, then any core arrangement s e l e c t s a(u) 

to be the a l l o c a t i o n that so l ves ( P ) . 
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Remarks. I f the R o t h s c h i i d - S t i g l i t z a l l o c a t i o n i s a Pareto o p t i 

mum, then i t i s the (unique) s o l u t i o n to ( P ) . The Ro thsch i i d -

S t i g l i t z a l l o c a t i o n i s a Pareto optimum i f and on ly i f 

M p - p U' c ) U ' ( c ) -U ' ( c 
(39) (- ! — ) [ _ 4 - U > 

1 - M 1 P 2 d - P 2 ) - U ' ( c 2 2 ) U ' ( c 2 1 ) 

holds [see R o t h s c h i l d and S t i g l i t z (1976), equat ion (H ) ] . 

Proof . To prove the p r o p o s i t i o n , we suppose that there e x i s t s a 
Q A 

core arrangement a (e ,V ) w i th a(y) not equal to the s o l u t i o n to 

( P ) . We then d e r i v e a c o n t r a d i c t i o n by c o n s t r u c t i n g a b l o c k i n g 

c o a l i t i o n . 

In p a r t i c u l a r , suppose tha t a ( e , V 8 ) i s an a d m i s s i b l e 

arrangement w i th a(y) not equal to the s o l u t i o n to ( P ) . Cons t ruc t 

a b l ock i ng c o a l i t i o n that c o n s i s t s of a l l type 2 agents ( i . e . , 

M 0 , • 
= 0 ) , and l e t c 0 = c 0 . C l e a r l y c „ e F ( 6 ) . Moreover, 

s ince a ( - ) i s a d m i s s i b l e , and hence c r e d i b l e , f o r t h i s 8 (and 

imp l ied V 8 ) , a ^ y - B . V 8 ) = c 1 must h o l d . We now check tha t the 

d e f i n i t i o n o f a b l ock i ng c o a l i t i o n i s s a t i s f i e d . 

F i r s t , s i n c e a(y) does not so l ve ( P ) , wh i le ( c . , c „ ) 

does, c l e a r l y 

V 2 ( c 8 ) > V 2 [ a 2 ( u ) ] , 

so (8) h o l d s . A l s o , as i s apparent from (38) , 

V ^ ^ f y - S ^ ' 8 ) ] = V ^ c ^ > V ^ c 8 ) = V^[c2), 

whi le 

V 2 ( c 8 ) > V 9 ( 5 J = V 9 ( a i ( y - 8 , V f 
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as w i l l be ev ident from Ro thsch i l d and S t i g l i t z (1976) . Thus (6) 

and (7) h o l d , and t h i s i s i n f a c t a b l ock i ng c o a l i t i o n . Then the 

hypothes is that a ( - ) i s unblocked leads to a c o n t r a d i c t i o n , e s 

t a b l i s h i n g the p r o p o s i t i o n . 

V I I . Extending the Resu l t s 

S ince the two type case has been e x t e n s i v e l y s t u d i e d , i t 

would seem that t h i s i s a n o n t r i v i a l uniqueness r e s u l t . Un for 

t una te l y , however, we have not been ab le to produce s t ronger 

r e s u l t s than t h i s . We b e l i e v e tha t a n a t u r a l way to proceed would 

be based on the obse rva t i on t h a t , in the set of economies examined 

here, there are t y p i c a l l y net resource f lows from h igher types to 

lower t ypes . A s p e c i f i c a t i o n of a game in which h igher types can 

e x p l o i t the advantage i m p l i c i t in d i spens ing net s u b s i d i e s to 

other groups would seem to be a n a t u r a l ex tens ion . I t would a l s o 

seem that such a s p e c i f i c a t i o n would reduce the se t o f core a r 

rangements. We b e l i e v e that ex tens ions o f t h i s type would con

s t i t u t e an i n t e r e s t i n g l i n e f o r fu tu re r e s e a r c h . 
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Motes 

-^The a p p l i c a b i l i t y o f the law o f l a rge numbers in t h i s 

context i s j u s t i f i e d by Green (1984) and Judd (1985). An approach 

us ing nonstandard a n a l y s i s appears i n S t u t z e r (1986). 

^ S e e , e . g . , Fo ley (1970) , R i c h t e r (1974) , and S t a r r e t t 

(1973). 

^ C o n d i t i o n s (3) and (4) r equ i re tha t candidate a l l o c a 

t i o n s c 9 not change the i n c e n t i v e s o f i n d i v i d u a l agents about 

which c o a l i t i o n they wish to j o i n . Cond i t i on (5) says tha t c i s 

weakly p re fe r red by a l l c o a l i t i o n members to the a l l o c a t i o n s p e c i 

f i e d by the arrangement a ( - ) . I t a l s o bears emphasizing t h a t , i n 

the d e f i n i t i o n of a c r e d i b l e arrangement, the a l l o c a t i o n o f the 

b lock ing c o a l i t i o n as w e l l as i t s compos i t i on , i s taken as f i x e d . 

- ' ' i f 8 = 0 so that there i s no b l o c k i n g c o a l i t i o n we 

w r i t e c u = a ( y ) . 

5/A s t r i c t i n e q u a l i t y i s employed i n (8) because t h i s 

s i m p l i f i e s the statement o f the proofs below. However (8) can be 

re laxed to V . ( c B ) > V . [ a . ( y ) ] fo r a l l i such tha t B . > 0, w i th 

s t r i c t i n e q u a l i t y f o r some i . 

^ R e c a l l that c 6 . . i s taken as g iven by the incumbent 
j - s - I 

c o a l i t i o n . 
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F igure 1 

Res idua l 
Incumbent B l o c k i n g 

Type C o a l i t i o n C o a l i t i o n Category 

J + 1 > X 

J X 3 

J - s + 1 X 3 

J - s X 2 

J - s - 1 > X 

J - s - 2 X 2 

- — > X 

X 1 

X 1 

1 . X 1 

F igu re 2 

I n t e r v a l s Res idua l 
Incumbent B lock i ng 

1 ^ . . . ! ^ C o a l i t i o n C o a l i t i o n 

Hi X 

X 

in X 

12 = l2 

E1 X 

X 

il X 

•> X 

•> X 

•> X 
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