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Abs t rac t 

In t h i s paper we ana l yze the c o n s t r a i n t s imposed by dynamic c o n s i s t e n c y i n a 
model o f op t ima l t a x a t i o n . We assume tha t on ly d i s t o r t i n g taxes are a v a i l a b l e 
to f i nance government consumpt ion. Opt imal f i s c a l p o l i c y r e q u i r e s the use o f 
debt to smooth d i s t o r t i o n s over t ime . Dynamic c o n s i s t e n c y r e q u i r e s tha t 
governments a t each p o i n t i n t ime not have an i n c e n t i v e to d e f a u l t on the 
i n h e r i t e d deb t . We cons ide r p o l i c y f u n c t i o n s which map the h i s t o r y o f the 
economy i n c l u d i n g the a c t i o n s o f past governments i n t o cu r ren t d e c i s i o n s . A 
s u s t a i n a b l e p lan i s a sequence o f h i s t o r y - c o n t i n g e n t p o l i c i e s which are o p t i 
mal a t each date g iven tha t f u tu re p o l i c i e s w i l l be s e l e c t e d acco rd ing to the 
p l a n . We show that i f agents d i scoun t the f u tu re s u f f i c i e n t l y l i t t l e and i f 
government consumption f l u c t u a t e s then op t ima l s u s t a i n a b l e p lans y i e l d p o l i 
c i e s and a l l o c a t i o n s which are i d e n t i c a l to those under f u l l commitment. We 
con t ras t our no t i on o f dynamic cons i s t ency w i th o ther d e f i n i t i o n s . 
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S ince the semina l paper on t ime c o n s i s t e n c y by Kydland and P r e s c o t t 

[1977] i t has been w ide l y recogn ized tha t dynamic cons i scency can impose 

severe c o n s t r a i n t s on the des ign o f op t ima l p o l i c y . S t r o t z [1955] showed tha t 

i n d i v i d u a l s can have p re fe rences which induce t ime i n c o n s i s t e n c i e s i n t h e i r 

d e c i s i o n s . The remarkable f e a t u r e o f Kydland and P r e s c o t t 1 s examples i s t ha t 

even when the p re fe rences o f i n d i v i d u a l agents are t ime c o n s i s t e n t , and there 

are no c o n f l i c t i n g i n t e r e s t s among members o f a s o c i e t y , op t ima l s o c i a l p o l i c y 

can be dynamica l l y i n c o n s i s t e n t . I t ha rd l y seems p l a u s i b l e tha t democra t i c 

s o c i e t i e s can commit t h e i r f u t u re s e l v e s to p o l i c i e s which they would u n a n i 

mously vote to change i n the f u t u r e . Consequent ly i t seems a p p r o p r i a t e to 

view cons i s t enc y as a c o n s t r a i n t on the s e t o f f e a s i b l e p o l i c i e s . The w e l f a r e 

o f p r i v a t e agents i s g e n e r a l l y lower g i ven t h i s c o n s t r a i n t than i t would be i f 

po l i cymakers cou ld somehow commit themselves i n advance. In t h i s paper we 

show tha t when agents d i scoun t the f u t u r e s u f f i c i e n t l y l i t t l e , op t ima l p o l i 

c i e s which s a t i s f y c ons i s t enc y c o n s t r a i n t s can l ead to the same l e v e l o f 

we l fa re as those under commitment. 

Lucas and Stokey [1983] i l l u s t r a t e d these i s s u e s i n a model o f 

op t ima l f i s c a l p o l i c y . They ana lyze the op t ima l r e s t r u c t u r i n g o f debt g i ven 

tha t governments cannot d e f a u l t on debt . In t h i s paper we cons ide r the p o s s i 

b i l i t y o f d e f a u l t . They cons ide r an economy w i th a l a r g e number o f i d e n t i c a l , 

i n f i n i t e l y l i v e d consumers. A s i n g l e , nons to rab le good i s produced i n each 

pe r iod us i ng l abo r as the on ly i npu t . Th i s good can be e i t h e r consumed p r i 

v a t e l y or used to p rov ide a p u b l i c good r e f e r r e d to as "government consump-

t i o n , f . The l e v e l o f government consumption i s exogenously s p e c i f i e d to f o l l o w 

some s t o c h a s t i c p r o c e s s . The revenues requ i red to p rov ide government consump

t i o n can be r a i s e d on ly through a p r o p o r t i o n a l , and the re fo re d i s t o r t i n g , 

income t a x . 
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The problem faced by s o c i e t y , t hen , i s to s t r u c t u r e the p a t t e r n o f 

taxes over t ime and over the s t o c h a s t i c r e a l i z a t i o n s o f government consumption 

to min imize the excess burden o f d i s t o r t i n g t a x a t i o n * From the p e r s p e c t i v e o f 

s o c i e t y a t date 0 t h i s problem i s f o r m a l l y i d e n t i c a l to the op t ima l tax p r o b 

lem i n a many-good s t a t i c economy f i r s t s t u d i e d by Ramsey [1927] . We f o l l o w 

Lucas and Stokey [1983] and use the Arrow-Debreu con t ingen t c l a ims fo rma l i sm 

to represen t the commodity space as the sequence o f date and event con t i ngen t 

goods. In g e n e r a l , f o r t h i s problem the revenues r a i s e d i n a g iven c o n t i n 

gency w i l l not equa l the va lue o f government consumption a t tha t c o n t i n 

gency. To put i t d i f f e r e n t l y , debt can be used to smooth tax d i s t o r t i o n s over 

t ime and ac ross s t a t e s (see Barro 1979, Turnovsky and Brock 1980). 

Cons ider then , the problem faced a t t ime 1. The p lan s p e c i f i e s 

con t ingen t payments, p o s s i b l y n e g a t i v e , by government to i n d i v i d u a l s . There 

i s now an obv ious i n c e n t i v e f o r a l l i n d i v i d u a l s i n the s o c i e t y to agree to 

M d e f a u l t f t on the debt i f i t i s p o s i t i v e . Such a d e f a u l t a c t s as a lump sum 

tax and i s , o f cou rse , p r e f e r r e d to d i s t o r t i n g t a x e s . P r i v a t e agen ts , c o r 

r e c t l y a n t i c i p a t i n g such a f u tu re d e f a u l t , w i l l not accept promises to pay i n 

the f u t u r e . Th i s l o g i c suggests tha t i t i s imposs ib le to smooth tax d i s t o r 

t i o n s . P a r a d o x i c a l l y , i t i s p r e c i s e l y these c o n s i d e r a t i o n s which suggest the 

p o s s i b i l i t y o f be t t e r p o l i c i e s . Suppose, f o r the moment, tha t each government 

a t each t ime b e l i e v e s tha t i f i t d e f a u l t s on the i n h e r i t e d debt a l l f u t u r e 

governments would a l s o d e f a u l t , wh i l e i f i t cont inued a long the o r i g i n a l l y 

dev ised p lan no f u tu re governments would d e f a u l t . Then the i n c e n t i v e s to 

d e f a u l t today are countered by the r e s u l t i n g l o s s i n we l f a re i n the f u t u r e and 

i t might even be p o s s i b l e to s u s t a i n the o r i g i n a l p l a n . 

An e s s e n t i a l component o f our argument i s tha t the " s t r a t e g i e s " o f 

each government depend on the cho ices o f p reced ing governments as w e l l as on 
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the amount o f debt t ha t i t i n h e r i t s and the r e a l i z a t i o n s o f government c o n 

sumpt ion. In t h i s paper , we r e f e r to such p o l i c i e s as h i s t o r y - c o n t i n g e n t 

p o l i c i e s . We w i l l say tha t a p lan i s s u s t a i n a b l e i f the p o l i c i e s a t each date 

induced by the p lan a re op t ima l g i ven tha t f u t u re p o l i c i e s w i l l be s e l e c t e d 

acco rd ing to the p l a n . Such p lans and the a s s o c i a t e d outcomes are s i m i l a r to 

the subgame p e r f e c t e q u i l i b r i a o f Lucas and Stokey [1983] . 

An a l t e r n a t i v e p o s s i b i l i t y i s to r e s t r i c t p o l i c i e s to depend on l y 

upon the s t a t e o f the system a t any t ime which i s the i n h e r i t e d debt toge the r 

w i t h the r e a l i z a t i o n s o f government consumpt ion. We use the term s t a t e -

con t ingen t p o l i c i e s to r e f e r to such p o l i c i e s . Time c o n s i s t e n t p lans are then 

s t a t e - c o n t i n g e n t p o l i c i e s which a re op t ima l a t each date g iven tha t f u t u r e 

governments w i l l choose o p t i m a l l y from the c l a s s o f such p o l i c i e s . Lucas and 

Stokey d e f i n e two e q u i l i b r i u m concep ts . They de f i ne a subgame p e r f e c t e q u i 

l i b r i u m much as we d e f i n e s u s t a i n a b l e p l a n s . They a l s o d e f i n e t ime c o n s i s t e n t 

e q u i l i b r i a . In the l a t t e r they view the s t r a t e g y spaces o f the c u r r e n t gov

ernment as c o n s i s t i n g o f not on ly the cu r ren t p o l i c y but a l s o a l l f u t u r e 

p o l i c i e s o f a l l f u t u r e governments. They d e f i n e an e q u i l i b r i u m to be t ime 

c o n s i s t e n t i f no government has an i n c e n t i v e to r e p l a n the e n t i r e f u t u r e 

course o f p o l i c y . For t h i s environment the e q u i l i b r i u m a l l o c a t i o n s under 

t h e i r d e f i n i t i o n c o i n c i d e s w i th the a l l o c a t i o n s under our d e f i n i t i o n o f c o n 

s i s t e n c y . Both i nvo l ve no debt i s sue at any s t a t e . 

In t h i s paper we i n v e s t i g a t e the r e l a t i o n s h i p among s u s t a i n a b l e 

p l a n s , f u l l commitment p lans and time c o n s i s t e n t p l a n s . We show tha t i f 

agents d i scoun t the f u t u r e s u f f i c i e n t l y l i t t l e and government consumption 

f l u c t u a t e s then s u s t a i n a b l e p lans y i e l d p o l i c i e s which are i d e n t i c a l to those 

under f u l l commitment. I f government consumption s e t t l e s down to a cons tan t 

l e v e l f o reve r s t a r t i n g a t any date then the unique s u s t a i n a b l e p lan i s the 
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t ime c o n s i s t e n t p l a n . We a l s o c o n s t r u c t examples where s u s t a i n a b l e p lans do 

s t r i c t l y b e t t e r than t ime c o n s i s t e n t p l ans but s t r i c t l y worse than under f u l l 

commitment. 

These r e s u l t s a re r e l a t e d i n an obv ious way to the f o l k theorems i n 

the l i t e r a t u r e on repeated games. One d i s t i n g u i s h i n g f e a t u r e i s t ha t ours i s 

not a repeated game. T e c h n i c a l l y , our environment induces a dynamic game, f o r 

which f o l k theorems have not been p roven. In f a c t , as our examples i l l u s 

t r a t e , the equ iva lence between s u s t a i n a b l e and f u l l commitment p lans depends 

c r i t i c a l l y on the nature o f the s t o c h a s t i c p rocess f o r government consump

t i o n . A second d i s t i n g u i s h i n g f e a t u r e i s tha t w i t h i n a g i ven p e r i o d there i s 

no c o n f l i c t among the agents i n our economy. Recent a p p l i c a t i o n s o f the f o l k 

theorems f o r repeated games to the study o f aggrega t i ve p o l i c i e s (Bar ro and 

Gordon 1983a and Rogoff 1985) r e l y c r u c i a l l y upon the assumpt ion tha t the 

o b j e c t i v e s o f po l i cymakers and the p u b l i c c o n f l i c t . 

In s e c t i o n 1, we d e s c r i b e our envi ronment . In s e c t i o n 2 we examine 

the e q u i l i b r i u m outcomes i f s o c i e t y can commit to a p l a n . In s e c t i o n 3 , we 

d e f i n e s u s t a i n a b l e p l a n s . In s e c t i o n 4, we prove our main r e s u l t t ha t s u s 

t a i n a b l e p lans can c o i n c i d e w i th f u l l commitment e q u i l i b r i a . Conc lud ing 

comments are i n s e c t i o n 5 . 

1. Environment 

We cons ide r an environment s i m i l a r to tha t ana lyzed i n Lucas and 

Stokey [1983] . Government consumption f o l l o w s an exogenously de f i ned s t o c h a s 

t i c p r o c e s s . We assume, i n the t r a d i t i o n o f the p u b l i c f i nance l i t e r a t u r e , 

tha t revenues to f i nance government consumption can be r a i s e d on l y through 

p r o p o r t i o n a l t a x a t i o n o f l abo r income. We w i l l a l s o assume tha t government 

debt i s nonnegat ive , we r e l a x t h i s assumption i n S e c t i o n 6. The e s s e n t i a l 

d i f f e r e n c e between our framework and tha t o f Lucas-Stokey i s tha t we assume 
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tha t the government can d e f a u l t on i t s i n h e r i t e d deb t . We model such d e f a u l t 

as a tax on debt . 

Cons ider a s imp le p roduc t i on economy popu la ted by a l a r g e number o f 

i d e n t i c a l i n f i n i t e l y - l i v e d consumers. There are two types o f goods, l e i s u r e 

and a produced good. Each consumer i s endowed w i t h one u n i t o f l e i s u r e each 

p e r i o d and has access to a p roduc t i on technology f o r which one u n i t o f l e i s u r e 

produces one u n i t o f ou tpu t . Th i s output i s s p l i t between p r i v a t e consumption 

and government consumpt ion. Government consumption f o l l o w s a g iven s t o c h a s t i c 

p rocess f o r which the r e a l i z a t i o n s up to and i n c l u d i n g t ime t are denoted g f c = 

( g o > - - - > § t ^ # ^ e P r o b a t > i l i t y ° f obse rv ing any p a r t i c u l a r h i s t o r y i s known to 

a l l and denoted by f(g^). Le t G f c denote the f i n i t e se t o f a l l p o s s i b l e h i s 

t o r i e s o f l eng th t . Each r e a l i z a t i o n g f c i s assumed to be i n the f i n i t e se t 

{ 0 , Y 1 , . . . f Y K > w i t h 0 < Y l < . . . < Y r 

There i s no o ther u n c e r t a i n t y i n the economy and so the commodity 

space L i s the space o f i n f i n i t e sequences 

L = { c t ( g t ) , x f c ( g t ) | g t € G t , t = 0 > 1 f . . . } 

where c f c (g f c ) and x^(g^) a re the p r i v a t e consumption o f the produced good and 

l e i s u r e a t t ime t g i ven h i s t o r y g ^ . Let L be endowed w i t h the sup norm. Le t 

c denote the c o l l e c t i o n o f elements c^(g^) one f o r each t and and d e f i n e 

s i m i l a r ob jec t s f o r o ther v a r i a b l e s . An a l l o c a t i o n ( c , x ) i s f e a s i b l e i f i t 

s a t i s f i e s 

(1 .1) c f c (g f c ) + x t(g f c) + g f c < 1 

fo r a l l dates t and h i s t o r i e s g f c . 

Consumer p re fe rences over ( c , x ) p a i r s are g iven by the expected 

u t i l i t y f u n c t i o n a l U (c , x ) where 
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(1 .2) U ( c , x ) = I 8 f c I f ( g f c | g 0 ) U ( c ( g f c ) , x (g f c ) ) 
t=0 t „ t U Z Z 

g €G 

where the p e r i o d u t i l i t y f u n c t i o n U i s smooth, monotone, s t r i c t l y concave and 

bounded above and below by some f i n i t e cons tan ts y and y . A l s o , f o r each 

f i x e d x , U . ( c , x ) « as c 0 and f o r each f i x e d c , U v ( c , x ) + ° ° a s x + 0 . 

Le t P t ( g f c ) denote the p r i c e o f a c l a i m to one u n i t o f the produced 

good a t t ime t g i ven h i s t o r y g f c i n an a b s t r a c t u n i t o f accoun t . L e t t i n g 

T f c ( g f c ) denote an ad valorem tax on l abo r income ( l - x f c ( g f c ) ) we have the date 0 

consumer budget c o n s t r a i n t , 

(1 .3) I I P . U ^ l c ( g V O - T J g ^ K l - x , ( g f c ) ) ] = 0 . 
t=o t _t z 

g eG 

The consumer's problem i s then to choose (c,x) to maximize (1 .2) subject to 

( 1 . 3 ) . The f i r s t order condit ions for th is problem are 

(1.4) 

(1 .5) 

; ; — = 1 - T (g ) 
U j c ^ h x ^ ) ) t 

t U c ( c f c ( g t ) , x t ( g f c ) ) f ( g f c | g 0 ) ) p ^ g S 

U c ( c 0 ( g 0 ) , x 0 ( g 0 ) ) P 0 ( g 0 ) 

For l a t e r developments i t i s necessary to f o l l o w the government 

balance sheets through t ime. To accompl i sh t h i s l e t us add to t h i s economy 

one-per iod s t a t e con t ingen t government debt tha t i s sub jec t to s t a t e c o n t i n -

t^ 1 t 

gent t a x e s . Let b (g + ) = b (g ,g ) denote the number of u n i t s o f debt 

i ssued a t t ime t g iven h i s t o r y g f c tha t pays o f f in u n i t s o f the produced good 

at t+1 g iven event g f c + - | o c c u r s . Each such u n i t o f debt rep resen ts a c l a i m , 

before t a x e s , to one u n i t o f the produced good in s t a t e g t + 1 = ( g t , g ^ + - j ) . I f 
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we denote the tax r a t e on such a c l a i m by ^ ^ ( g + )> then , i n c l u d i n g t a x e s , 

each u n i t o f debt i s a c l a i m to on ly (1 —«fc-t-1 ^ ) u n i f c s o f the produced good 

i n s t a t e g t + 1 . For each date t and h i s t o r y g f c , the government p e r i o d budget 

c o n s t r a i n t , expressed i n an a b s t r a c t u n i t o f account i s 

g t+1 

= P t ( g t ) ( l - 5 t ( g t ) ] b t ( g t ) + p f c(g t)g f c - P t ( g F C ) T t ( g t ) ( l - x t ( g t ) ) . 

In a d d i t i o n we w i l l assume debt i s s u e s are nonnegat ive 

(1 .7) b t ( g f c ) > 0 a l l t , g f c € G f c . 

We can mot iva te t h i s assumpt ion i n one o f two ways. On the one hand the 

environment we cons ide r a l l o w s on ly f o r p r o p o r t i o n a l taxes on l abo r income and 

taxes on the debt . Lump sum t a x a t i o n i s thought to be i n f e a s i b l e i n r e a l 

wor ld economies because o f c o n s i d e r a t i o n s o f he te rogene i t y and bankrup tcy . 

P r e c i s e l y these c o n s i d e r a t i o n s a l s o seem to us to suggest tha t nega t i ve va lues 

f o r government debt shou ld be r u l e d ou t . Of cou rse , t h i s argument can h a r d l y 

be r i g o r o u s i n the homogeneous, r e p r e s e n t a t i v e consumer environment we con 

s i d e r . 

A l t e r n a t i v e l y , we b e l i e v e the e s s e n t i a l d i f f e r e n c e s between s u s t a i n -

a b i l i t y and time cons i s t ency are e a s i e r to understand w i th t h i s assumpt ion . 

The a d d i t i o n a l comp l i ca t i ons tha t a r i s e w i th nega t i ve debt are d i s c u s s e d in 

s e c t i o n 6. We then have: 

A compet i t i ve e q u i l i b r i u m i s an a l l o c a t i o n ( c , x ) a p r i c e system p, and 

a government p o l i c y ( x , 6 , b ) s a t i s f y i n g 

• F e a s i b i l i t y : For each date and h i s t o r y , ( c , x ) s a t i s f y ( 1 . 1 ) . 
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• Consumer m a x i m i z a t i o n : Given the p r i c e system and government p o l i c y 

the a l l o c a t i o n ( c , x ) maximizes (1 .2 ) s u b j e c t to ( 1 . 3 ) . 

• Government budget c o n s t r a i n t s : G iven an a l l o c a t i o n and p r i c e sys tem, 

the government p o l i c y ( x , 5 , b ) s a t i s f i e s (1 .6 ) and (1 .7) f o r each date 

and h i s t o r y . 

Note tha t f e a s i b i l i t y and the consumer budget c o n s t r a i n t imply tha t x and x 

s a t i s f y the da te -0 budget c o n s t r a i n t , 

(1 .8 ) I I P t ( g t ) [ g T - T t ( g t ) ( l - x t ( g t ) ) ] = 0 . 
t t 

g 

2 . P o l i c y w i t h Commitment 

We w i l l i n i t i a l l y cons ide r the case i n which there i s an i n s t i t u t i o n 

or commitment technology through which a government can b ind i t s e l f a t date 0 

to a p o l i c y f o r the e n t i r e f u t u r e . In t h i s s i t u a t i o n the government chooses 

a t t ime 0 a p o l i c y a = (x,<5,b), which i s a d e s c r i p t i o n o f a c t i o n s to be taken 

f o r every p o s s i b l e h i s t o r y o f r e a l i z a t i o n s o f government spend ing . Le t A be 

the se t o f a l l such p o l i c i e s , 

A = t a = ( a t ) - s 0 | a t : G f c . B } 

where a^ = ^ T t ' 5 t , b t + 1 ^ ' w h e r e ^ i s a compact subset o f R^. 

For a r b i t r a r y p o l i c i e s a compe t i t i ve e q u i l i b r i u m need not e x i s t . 

Let F denote the subset o f p o l i c i e s f o r which a compe t i t i ve e q u i l i b r i u m ex 

i s t s . With s u i t a b l e r e s t r i c t i o n s on the s t o c h a s t i c p rocess fo r g , tha t we 

make p r e c i s e i n S e c t i o n 4 , F w i l l be nonempty. Assume f o r each p o l i c y a i n F 

there i s unique e q u i l i b r i u m a l l o c a t i o n . A s u f f i c i e n t c o n d i t i o n f o r t h i s to be 

t rue i s tha t consumption and l e i s u r e are normal goods. Each a i n F we denote 

the a s s o c i a t e d a l l o c a t i o n by ( c ( a ) , x ( a ) ) = { c f c ( g f c ; a ) , x ( g f c ; a ) | a l l t , g t € G t } . 

and we l e t V(a) denote the expected u t i l i t y o f t h i s a l l o c a t i o n , 
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(2 .1 ) V(a) = J 8 f c I f ( g t | g 0 ) U ( c f c ( g f c ; a ) , X t ( g f c ; a ) ) . 

We then have : 

D e f i n i t i o n : A p o l i c y a i s an op t ima l p o l i c y w i th f u l l commitment i f i t s o l v e s 

(2 .2 ) max V ( a ) . 

f o r i t . F i r s t , s o l v e f o r a l l o c a t i o n s as a f u n c t i o n o f p o l i c y then maximize 

over such p o l i c i e s . However, a s imp le r way to c h a r a c t e r i z e i t i s to w r i t e the 

c o n d i t i o n s d e f i n i n g e q u i l i b r i u m as c o n s t r a i n t s on the max imiza t ion problem i n 

which ( c , x , p , i , 6 , b ) are a l l chosen. That i s , choose ( c , x , p , x , 6 , b ) to maximize 

(1 .2 ) s u b j e c t to (1 .1) and (1.3)—(1-7)- The f o l l o w i n g lemma w i l l show t h a t , 

except f o r some a d d i t i o n a l c o n s t r a i n t s tha t r e q u i r e debt to be nonnega t i ve , 

t h i s f u l l commitment problem can be reduced to the f u l l commitment problem o f 

Lucas and Stokey i n which governments a re not a l lowed to tax debt . The reason 

f o r t h i s i s , b a s i c a l l y , tha t l e t t i n g governments tax debt does not expand the 

se t o f a l l o c a t i o n s a t t a i n a b l e under a government p o l i c y . We have: 

Lemma 1. For any a l l o c a t i o n ( c , x ) , p r i c e system p, and tax p o l i c y T tha t 

s a t i s f y f e a s i b i l i t y and consumer m a x i m i z a t i o n , there i s a p o l i c y o f i s s u i n g 

and t ax i ng debt (b ,6) tha t s a t i s f i e s the government budget c o n s t r a i n t s (1 .6 ) 

and i n which the tax on debt i s i d e n t i c a l l y z e r o , 5 t ( g t ) = 0 a l l t and g f c . 

The a s s o c i a t e d debt i ssue p o l i c y i s 

a€F 

Th i s d e f i n i t i o n o f op t ima l p o l i c y suggests an a l g o r i t h m f o r s o l v i n g 

(2 .3) 

g g 
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S t where the summation i s taken over a l l f u t u re paths g = (g ,g , . . . ,g ) t ha t 
I S 

come a f t e r the g iven g f c h i s t o r y . 

The proof i s immediate. I f ( c , x , p , x ) s a t i s f y the f e a s i b i l i t y c o n d i 

t i o n (1 .1 ) and the consumer budget c o n s t r a i n t (1 .3 ) then the s p e c i f i e d (6 ,b ) 

s a t i s f y ( 1 . 6 ) . 

Us ing t h i s lemma the f u l l commitment problem reduces to choos ing 

( c , x , p , r ) to maximize (1 .2 ) sub jec t to ( 1 . 1 ) , ( 1 . 3 ) - ( 1 . 5 ) and ( 1 . 7 ) . There 

are many p o l i c i e s f o r (5 ,b ) c o n s i s t e n t w i th the r e s u l t i n g ( c , x , p , t ) , one o f 

which i s g iven i n the lemma. Then we can s i m p l i f y t h i s problem f u r t h e r , as 

Lucas and Stokey do, by s u b s t i t u t i n g (1 .4 ) and (1 .5) i n t o (1 .3 ) to e l i m i n a t e T 

and p and then us ing (1 .1 ) to e l i m i n a t e c . L i kew ise we can use ( 1 . 1 ) , ( 1 . 4 ) , 

(1 .5) and (2 .3 ) to s i m p l i f y ( 1 . 7 ) . The f u l l commitment problem can thus be 

reduced t o : choose x to maximize 

(2 .3 ) I I e f c f ( g t | g ° ) u ( i - x t ( g t ) - g t , x t ( g

f c ) ) 
t t 

g 

sub jec t to 

(2 .4 ) I I B t f ( g t | g ° ) [ ( l - x t ( g t ) - g t ) U c ( g t ) - ( l - x t ( g t ) ) U x ( g t ) l = 0 
t t 

g 

and, f o r a l l t and g f c , 

CO 

(2 .5) I I 8 f c - S f ( g S | g f c ) [ ( l - X 3 ( g S ) - g g ] U c ( g S ) - ( l - x s ( g S ) ) U x ( g S ) ] > 0 
s=t s 

g 
where i n (2 .4) and ( 2 . 5 ) , U_(g s ) and U v ( g s ) are shor thand n o t a t i o n f o r the 

c x 
p a r t i a l d e r i v a t i v e s o f U eva lua ted a t (1-x ( g S ) - g ,x ( g S ) ) f o r any s > t . In 

s s s 

t h i s problem c o n s t r a i n t (2 .4 ) i s equ i va l en t to ohe date 0 budget c o n s t r a i n t o f 

the government ( 1 . 8 ) . The sequence o f c o n s t r a i n t s (2 .5) ensure tha t debt i s 

always nonnegat ive . Then g iven the x that s o l v e s t h i s problem the op t ima l 
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( c , p , x ) can be found u s i n g (1 .1 ) and (1.3)—(1.5) and then (6 ,b) can be f i l l e d 

i n a v a r i e t y o f ways to be c o n s i s t e n t w i t h ( 1 . 6 ) . In p a r t i c u l a r , they can be 

s p e c i f i e d as i n the lemma. 

In s h o r t , i f we l e t Y denote the se t o f a l l o c a t i o n s tha t a re a t t a i n 

a b l e under f u l l commitment, t ha t i s , 

Y = { ( c , x ) € L | there e x i s t s an aeF s . t . ( c , x ) = ( c ( a ) , x ( a ) ) } 

then we have shown 

(2 .6) Y = { ( c , x ) € L | ( 1 . 1 ) , ( 2 . 4 ) , ( 2 . 5 ) ho ld f o r a l l t , g t € G f c } . 

Thus, under the f u l l commitment the cho i ce o f an op t ima l p o l i c y a i s e q u i v a 

l e n t to the cho ice o f an op t ima l a l l o c a t i o n ( c , x ) tha t s o l v e s 

(2 .7) max U ( c , x ) 
( c , x )€Y 

where Y i s g iven by ( 2 . 6 ) . 

For l a t e r i t w i l l be u s e f u l to c o n t r a s t t h i s f u l l commitment s o l u 

t i o n w i t h the "au ta rky s o l u t i o n " i n which the government i s c o n s t r a i n e d to 

keep i t s budget c o n t i n u a l l y ba lanced , tha t i s (1 .6 ) i s r ep laced by 

(2 .6) g f c = t t ( g t ) ( l - x t ( g t ) ] . 

Us ing (1 .1 ) we can r e w r i t e t h i s as 

(2 .7 ) 1 - x f c (g f c ) - g t = ( 1 - T f c ( g t ) ) ( l - X f c ( g t ) ) . 

The au ta rky problem reduces to a sequence o f s t a t i c problems: a t t ime t g i ven 

h i s t o r y g f c , choose x f c ( g t ) t o ^ s o l v e 

max U ( l - x t ( g t ) - g t , x t ( g t ) ) 
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sub jec t to 

(2 .8 ) 1 - x t (g f c ) - g 
t ^ O - V g ' ) ) 

c 

where U v and Un are eva lua ted a t f l - x , ( g )-g, ,x, (g )) and where we have com-

x c C u t 

bined (1 .4) and (2 .7 ) i n t o (2 .8 ) by e l i m i n a t i n g taxes x t ( g f c ) . The au ta rky 

a l l o c a t i o n f o r l e i s u r e x f c (g f c ) i s a t ime i n v a r i a n t f u n c t i o n o f the c u r r e n t g t 

t A 
say x (g ) = X (g ). Denote the au ta rky consumption and tax r a te f o r l a b o r as 

In what f o l l o w s we w i l l use (2 .9) r e p e a t e d l y . 

3 . S u s t a i n a b l e P lans 

The e q u i l i b r i u m desc r i bed i n s e c t i o n 2 has l i t t l e coun te rpa r t i n the 

wor ld we observe . In terms o f tax p o l i c y governments ha rd l y seem r e s t r i c t e d 

by commitments made by t h e i r p redecesso rs . I t might be argued tha t the p o s s i 

b i l i t y o f d e f a u l t on government debt i s not a s e r i o u s one i n an advanced 

democracy. However, the f a c t remains tha t governments do tax the i n t e r e s t 

payments on debt . A l t e r n a t i v e l y , one can th ink o f the tax on r e a l debt i n our 

model as p l a y i n g a r o l e analogous to tha t the i n f l a t i o n tax p l ays i n a model 

w i th nominal debt , as i t does, f o r example, i n s e c t i o n 5 o f Lucas and Stokey 

[1983] . These c o n s i d e r a t i o n s suggest tha t the p o s s i b i l i t y tha t f u t u r e gove rn 

ments would want to dev i a te from the p lans made by cu r ren t governments shou ld 

be an i n t e g r a l pa r t o f the a n a l y s i s . The problem o f dynamic c o n s i s t e n c y i s 

p a r t i c u l a r l y acute i n our environment s i nce each government would l i k e to 

d e f a u l t on i n h e r i t e d debt but to c o n s t r a i n a l l f u tu re governments not to do 

s o . 
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C o n s i d e r , t h e r e f o r e , the case i n which the re i s no techno logy 

through which a government can i r r e v o c a b l y b ind i t s e l f to a p a r t i c u l a r p o l i c y 

path a t date z e r o . In t h i s case the government a t t ime t , g iven the h i s t o r y 

up to t ime t , chooses a p o l i c y a c t i o n a t t . In t h i s s e t t i n g the h i s t o r y 

preced ing t ime t i s summarized by the h i s t o r y o f r e a l i z a t i o n s o f government 

spending up to and i n c l u d i n g t ime t , namely g f c = ( g g , . . . , g t ) , as w e l l as the 

h i s t o r y o f past p o l i c y a c t i o n s taken a t " " 1 = ( a Q , . . . ,a t_>]). We denote such a 

h i s t o r y by h f c = ( g ^ a ^ ) where t h i s h i s t o r y on l y reco rds p o l i c i e s tha t were 

a c t u a l l y taken a long path g f c , namely ( a Q ( g 0 ) , a 1 ( g 1 ) , . . . , a f c ^ 1 ( g f c ~ 1 ) ) . C a l l h f c 

a f e a s i b l e h i s t o r y i f i t i s c o n s i s t e n t w i th the e x i s t e n c e o f an e q u i l i b r i u m , 

i n the sense tha t there i s some sequence o f p o l i c i e s from t onwards denoted 

a f c = ( a f c , a f c + 1 , . . . ) such tha t a = ( a f c " 1 , a f c ) i s a f e a s i b l e p o l i c y . Le t H t 

denote the se t o f a l l f e a s i b l e h i s t o r i e s a t t , 

H f c = { h f c = ( g f c , a t " 1 ) | g t € G t and ( a f c " 1 , a f c ) € F f o r some a f c } . 

For each f e a s i b l e h i s t o r y h f c = ( g f c , a f c " 1 ) we d e f i n e the s e t o f f e a s i b l e p o l i 

c i e s a t t g iven h f c as 

F t ( h t ) = {a f c | ( a f c " \ a , a t + 1 ) € F f o r some I t + 1 } 

For any f e a s i b l e h i s t o r y h f c = ( g ^ a ^ 1 ) and f e a s i b l e p o l i c y path 

a = (a , a ), l e t 

CO 

(3 .1) V (h a ' ) = I 8 S~k I f ( g s | g t ) U ( c ( g 3 ; a ) , x ( g s ; a ) ) . 
Z Z s = t s s s 

g 

Thus, V^.(h^,a^) i s the expected d i scoun ted u t i l i t y from time t onwards under 

the p o l i c y a , c o n d i t i o n a l on h i s t o r y h f c . 

At each date t the government s e l e c t s a p o l i c y p lan a t t which i s a 

f unc t i on a f c that a s s i g n s a f e a s i b l e p o l i c y a t t to every f e a s i b l e h i s t o r y . 

Let S f c denote the se t o f p o l i c y p lans a t t 
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S f c = { a t | a t : H t . F t ( H t ) } . 

C a l l the c o l l e c t i o n a = ( a

f c ) ^ . 0

 w i t h a t € S t ^ o r a 1 1 fc a P o l i c y P l a n a n d l e f c s 

denote the se t o f such p o l i c y p l a n s . 

We can use t h i s n o t a t i o n to f o r m a l i z e the idea o f a s u s t a i n a b l e 

p l a n . L o o s e l y , a p o l i c y p lan i s s u s t a i n a b l e i f f o r any f e a s i b l e h i s t o r y i t i s 

op t ima l f o r the government a t t to choose a h i s t o r y - c o n t i n g e n t p o l i c y c o n s i s 

ten t w i th the p l a n , g i ven tha t t h i s government takes i t as g iven tha t f u t u r e 

governments w i l l choose h i s t o r y - c o n t i n g e n t p o l i c i e s c o n s i s t e n t w i th the 

p l a n . In our d e f i n i t i o n we w i l l l e t a ^ C h , a , , a) = {a (h , a , ja) } 0 3 « denote 

the h i s t o r y - c o n t i n g e n t p o l i c y induced by h i s t o r y h f c , cu r ren t a c t i o n a f c , and 

p o l i c y p lan a , where 

(3 .2) a t + l ( h t , a t , a ) ( h f c + 1 ) = ^ ( h ^ ) 

where h f c + 1 = ( h f c ; a f c , g t + 1 ) and so on f o r s > t + 1. We w i l l a l s o l e t F f c ( h t , a ) 

denote the se t o f f e a s i b l e p o l i c y paths a t t g i ven f e a s i b l e h i s t o r y h f c = 

(g , a u ~ ' ) under the p lan a , 

F t ( h t , a ) = {a f c | ( a f c - 1 , a t , £ t + 1 ( h t , a t , a ) ) € F } . 

We then have 

D e f i n i t i o n : A p o l i c y p lan a e S i s s u s t a i n a b l e i f f o r every h i s t o r y 

h f c = ( g t , a t " 1 ) € H f c , 

(3.3) a t ^ h t ^ € a r g m a x ^ V t ^ h t , a t , a t + ^ h t , a t , Q ^ l a t € F t ^ h t , a ^ * 

Let £ denote the set o f s u s t a i n a b l e p l a n s . 

When a l l governments f o l l o w a p lan a a p a r t i c u l a r p o l i c y i s r e a l 

i z e d . Th is p o l i c y i s de f i ned r e c u r s i v e l y by (3 .2) w i th h f , « = (h, ; a , (h, ) , g , ) 
' t t t t 
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f o r a l l t . I f a i s i n L we c a l l such a p o l i c y the p o l i c y s u s t a i n e d by g , we 

denote i t by a(a) and we c a l l c ( a ( a ) ) , x ( a ( o ) ] the a l l o c a t i o n s u s t a i n e d by 

a . L i k e w i s e , we say an a l l o c a t i o n ( c , x ) e Y i s s u s t a i n a b l e i f there i s some 

a € F and a € Z such tha t a s u s t a i n s ( c , x ) . 

Under a s u s t a i n a b l e p lan a the va lue o f u t i l i t y , V ( a ) , i s the va lue 

o f u t i l i t y f o r the a l l o c a t i o n s u s t a i n e d by a . That i s , f o r any a € £, 

CO 

V(a) = I S f c I f t (g f c | g 0 )U c (gt;a(a))1x ( g t ; a ( a ) ) . 
t=0 t „ t U z z 

g €G 

We then have 

D e f i n i t i o n . A p o l i c y p lan a i s an op t ima l s u s t a i n a b l e p lan i f i t s o l v e s 

(3.4) max V ( o ) . 

F i n a l l y , we have 

D e f i n i t i o n . An e q u i l i b r i u m f o r s o c i e t y c o n s i s t s o f a p lan a , an a l l o c a t i o n 

( c , x ) and a p r i c e system p such tha t a i s an op t ima l s u s t a i n a b l e p lan and 

( c , x , p , a ( a ) ) i s a compe t i t i ve e q u i l i b r i u m . 

There are a t l e a s t two ways o f r e q u i r i n g dynamic c o n s i s t e n c y i n t h i s 

environment. Our e q u i l i b r i u m a l l o w s po l i cymakers i n any pe r iod to d e v i a t e as 

they choose from the recommended p l a n . However, we r e q u i r e that they take the 

consequent p o l i c y f u n c t i o n s that f u tu re governments use as g i v e n . These 

p o l i c y f u n c t i o n s depend not on ly upon the r e a l i z a t i o n o f g ^ , as they must, but 

a l s o upon the a c t i o n s chosen by past governments. Lucas and Stokey r e f e r to 

t h i s n o t i o n o f dynamic cons i s tency as subgame p e r f e c t i o n , we c a l l i t " s u s t a i n -

a b i l i t y . M 

Lucas and Stokey cons ide r the case i n which the a c t i o n s o f past gov

ernments are r e s t r i c t e d to i n f l u e n c e the cho ices o f cu r ren t governments on ly 
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through the debt t ha t cu r ren t governments i n h e r i t . We r e f e r to such p o l i c i e s 

as s t a t e - c o n t i n g e n t p o l i c i e s . We argue , as they do , tha t the unique outcome 

i n t h e i r f o r m u l a t i o n i n v o l v e s a ba lanced budget a t each date and even t . The 

argument i s by c o n t r a d i c t i o n . Suppose a government a t t i n h e r i t s some p o s i 

t i v e debt . I t i s a lways f e a s i b l e to d e f a u l t on the p a r t o f the deb t , reduce 

cu r ren t tax r a t e s by the i m p l i e d amount, l eave the debt passed on to f u t u r e 

government una f f ec ted and hence leave a l l f u t u r e a l l o c a t i o n s u n a f f e c t e d . 

C l e a r l y , t h i s r a i s e s cu r ren t w e l f a r e . S i n c e i t l eaves the d e c i s i o n problems 

o f f u tu re governments una f fec ted t h i s d e v i a t i o n does not l ead to lower w e l f a r e 

i n the f u t u r e . Thus, faced w i t h any p o s i t i v e debt the cu r ren t government w i l l 

always d e f a u l t . The r e s u l t then f o l l o w s from i n d u c t i o n . 

Given our d e f i n i t i o n s we w i l l show tha t a sequence o f p o l i c i e s which 

i nvo l ve c o n t i n u a l budget ba lance form a s u s t a i n a b l e p l a n . However, t y p i c a l l y 

there are s u s t a i n a b l e p lans which y i e l d h ighe r u t i l i t y than the p lan o f c o n 

t i n u a l budget ba l ance . 

4 . C h a r a c t e r i z a t i o n o f an E q u i l i b r i u m f o r S o c i e t y 

In t h i s s e c t i o n we c h a r a c t e r i z e an e q u i l i b r i u m fo r s o c i e t y as the 

s o l u t i o n to a p a r t i c u l a r programming problem. We s t a r t by showing tha t the 

"au ta rky " p lan o f c o n t i n u a l budget ba lance i s s u s t a i n a b l e . Th i s guarantees 

the set o f s u s t a i n a b l e p lans i s nonempty. We then use p lans which we c a l l the 

" r e v e r t to au tarky p l a n s " to c h a r a c t e r i z e the se t o f s u s t a i n a b l e a l l o c a 

t i o n s . (Such p lans p lay a r o l e i n t h i s dynamic model s i m i l a r to the one t ha t 

Abreu 's [1982] op t ima l s imp le penal codes p lay i n repeated games.) F i n a l l y , 

we prove an e q u i l i b r i u m f o r s o c i e t y e x i s t s . 

I f government consumption i s too l a r g e an e q u i l i b r i u m f o r s o c i e t y 

w i l l not e x i s t . We r e q u i r e , l o o s e l y , tha t government consumption always be 

s t r i c t l y below the peak o f the L a f f e r cu r ve . In p a r t i c u l a r , l e t r (g ) be the 
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maximal amount o f revenue net o f government consumption tha t can be r a i s e d i f 

government consumption i s g , 

U ( 1 - x - g , x ) 
(4 .1 ) r(g) = max ( 1 - p * ( U x ^ x ) ) ( 1 - * ) - g 

and l e t c ( g ) , x(g) denote the a s s o c i a t e d a l l o c a t i o n s . We r e q u i r e 

Assumption 1. There e x i s t s an r > 0 such tha t 

r (g ) > r f o r a l l g € { 0 , , . . . , y k } , 

Mote tha t t h i s assumpt ion i m p l i e s m < where 

U c ( c ( g 0 ) , x ( g 0 ) 
m = mm 3 0 , 6 1 )€{0 ? « 

r " k 

Note a l s o tha t t h i s assumpt ion i m p l i e s tha t a compe t i t i ve e q u i l i b r i u m w i l l 

e x i s t under a p o l i c y o f c o n t i n u a l budget ba l ance . 

In our e x i s t e n c e p roo f we need to show the se t o f s u s t a i n a b l e p l a n s 

i s nonempty. I t i s easy to show tha t the "au ta rky p l a n " i s a lways s u s t a i n a b l e 

where t h i s p lan i s de f i ned as f o l l o w s : i n any pe r i od t g i ven any h i s t o r y h^ , 

d e f a u l t on a l l i n h e r i t e d deb t , i s sue no new debt and se t taxes on l a b o r to 

ba lance the budget. Denote t h i s p lan by a A and denote the au tarky p o l i c y by 

a ^ . We then have, 

Lemma 2 . The autarky p lan i s s u s t a i n a b l e . 

A A 
P roo f . For every f e a s i b l e h i s t o r y h f c € H t , € F^ (h^ ,a ). We need to show 

A 
tha t f o r any h i s t o r y h .̂ the p o l i c y a^ i s maximal i n the sense o f ( 3 . 3 ) . 

A 

Suppose to the con t ra ry tha t f o r some t and h .̂ some o ther p o l i c y a!_ * a h i s 

maximal . The assumption tha t debt i s nonnegat ive i m p l i e s tha t under any such 

p o l i c y net government revenues T (1-x ) - g must be p o s i t i v e . However, under 
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a the p r i c e o f any debt i ssued by the government a t t i s ze ro s i n c e the 

government a t t + 1 w i l l d e f a u l t on i t . That i s , under 5 A , S t + <| equa ls one 

r e g a r d l e s s o f the h i s t o r y . However, the p e r i o d budget c o n s t r a i n t o f the 

government (1 .6 ) i m p l i e s tha t such a d e v i a t i o n i s not f e a s i b l e . 0 

In theorem 1 we c h a r a c t e r i z e the s e t o f s u s t a i n a b l e a l l o c a t i o n s . In 

the proo f we use a mod i f i ed v e r s i o n of the au tarky p l a n . For any p o l i c y a € F 

de f i ne the " r e v e r t to au tarky p l a n " as f o l l o w s : a t t ime t g i ven h i s t o r y 

t s choose a (g ) i f a l l p reced ing po l i cymakers have chosen a (g ) f o r s < t . c s 
A A 

A f t e r any d e v i a t i o n r e v e r t to the au ta rky p o l i c y a . Denote t h i s p lan a ( a ) . 

We have 

Theorem 1. An a l l o c a t i o n ( c , x ) € Y i s s u s t a i n a b l e i f f f o r a l l t and g f c , 

(4 .2) I I B ^ f t e V W e ( g s ) , x ( g 8 ) ) > I I e s - f c f ( g s | g f c ) u A ( g )/ 
S=t S S = t S 

g g 

( S u f f i c i e n c y ) s i n c e ( c , x ) € Y there i s some a € F such tha t ( c , x ) = 

( c ( a ) , x ( a ) ) . We c l a i m tha t i f ( c , x ) s a t i s f i e s (4 .2 ) then a A ( a ) s u s t a i n s 

( c , x ) . We need to show f o r any h i s t o r y h^ no po l i cymaker w i l l d e v i a t e from 

t h i s p l a n . We need on l y check two types o f h i s t o r i e s . Suppose f i r s t t ha t 

under h^ no po l icymaker has dev ia ted from p o l i c y a up u n t i l t . I f the p o l i c y 

maker a t t s t i c k s w i th the p lan and chooses a t ( g f e ) the d i scoun ted va lue o f 

u t i l i t y from t onward i s g iven by the l e f t s i d e of ( 4 . 2 ) . I f the po l i cymaker 
A t t 

a t t dev ia tes by choosing p o l i c y a f c (g ) * a ^ ( g )> t l i e d i scoun ted va lue o f 

u t i l i t y from t onward i s equal to the r i g h t s i d e o f ( 4 . 2 ) . S i nce the au ta rky 

p o l i c y i s the best one shot d e v i a t i o n from a A ( a ) , any o ther d e v i a t i o n a t t 

w i l l y i e l d u t i l i t y no g rea te r than the r i g h t s i d e o f ( 4 . 2 ) . t hus , no d e v i a 

t i o n s from t h i s s tage o f a A ( a ) are p r o f i t a b l e . 
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Next suppose tha t under h f c some po l i cymaker has d e v i a t e d from a a t 

some s < t . Under such a h i s t o r y a A ( a ) reduces to the au ta rky p l an which by 

Lemma 2 i s s u s t a i n a b l e . Thus a A ( a ) i s a s u s t a i n a b l e p lan such tha t a = a ( a A ) . 

( N e c e s s i t y ) We need to show any s u s t a i n a b l e a l l o c a t i o n ( c , x ) s a t i s f i e s (4 .2 ) 

f o r a l l t and g f c . S i nce ( c , x ) i s s u s t a i n a b l e there i s some s u s t a i n a b l e p l an a 

such tha t ( c , x ) = ( c ( a ( a ) , x ( a ( a ) ) . We f i r s t show tha t (4 .2 ) ho lds f o r t = 0, 

tha t i s 

CO 

(4 .3) V(a) > I I 6 t f ( g t | g n ) U A ( g , ). 
t=0 t u t 

g 

R e c a l l from the d e f i n i t i o n o f a s u s t a i n a b l e p l a n : f o r each t and h f c € H t , 

(4 .4) V f c ( h f c , a t ( h t ) ) , I t + 1 ( h t , a t ( h t | , a ) ) > V t ( h f c , a ; , £ t + 1 ( h t , a ' , a ) ) 

f o r a l l a£ e F ^ ( h ^ , o ) . The idea o f the p roo f i s to repea ted l y use (4 .4 ) f o r a 
sequence o f "au ta rky h i s t o r i e s " to b u i l d up a sequence o f i n e q u a l i t i e s t ha t 

A A converge to ( 4 . 3 ) . To tha t end l e t a denote the au ta rky p o l i c y a t t and h 

A t A A 

denote o f h i s t o r y o f au tarky p o l i c i e s , tha t i s , h = (g , a n , . . . , a . ) . 

C l e a r l y h f c i s a f e a s i b l e h i s t o r y . A l so f o r any h i s t o r y h^ € and any p l an 

a , a i s con ta ined i n F (h , a ) . So , i n p a r t i c u l a r , (4 .4) i m p l i e s 

(4 .5 ) V t h J , a t ( h J ) , 5 t + 1 ( h £ , 0 t ( h J ) , a ) > U A (g f c ) 

+ B E [ V f c + 1 h A

+ r 5 t + 1 ( h A

+ r a ) | g t ] 

where the c o n d i t i o n a l expec ta t i on i s under the p r o b a b i l i t y law f . S i n c e a i s 

s u s t a i n a b l e , a d e v i a t i o n to au tarky a t date 0 i s not p r o f i t a b l e . Thus, 

(4 .6) V(a) > U A ( g Q ) + BE[V 1 h A , £ 1 ( h A , a ) | g 0 ] . 
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Now eva lua te (4 .5 ) f o r t = 1, m u l t i p l y both s i d e s by 8, sum over events and 

s u b s t i t u t e the r e s u l t i n g e x p r e s s i o n i n t o (4 .6 ) to o b t a i n 

(4 .7 ) V(o) > I I 8 t f ( g t | g 0 ) U A ( g ) + 8 2 E[V h A i 2 ( h A a ) | g 1 ] . 
t = 0 t 

g 

We can aga in use (4 .5 ) to s u b s t i t u t e f o r the second term on the r i g h t i n 

(4 .7 ) . Con t inu ing i n t h i s manner we o b t a i n a f t e r T s teps 

T 

(4 .8 ) V(o) > I I 8 t f ( g t | g 0 ) U A ( g t ) + 8 T + 1 E [ V T + 1 h A

+ 1 , £ T + 1 ( h A

+ r a ) | g T ] . 
t—0 t 

g 
However, we know 

oo 
/ H n\ ^TH- 1 _r.T , A - T + 1 / , A \ i T i ^ „T+1 v ~ t -(4 .9) 6 E[V h , a (h , a ) | g J < 8 I 8 u 

1 + 1 i + i i + i t = T + 1 

where y i s the p o s i t i v e cons tan t bounding u t i l i t y . Tak ing l i m i t s as T « i n 

( 4 . 8 ) , and u s i n g (4 .9 ) we o b t a i n 

oo 

( 4 . 1 0 ) V(a) > I I 8 t f ( g t | g n ) U A ( g . ). 
t = 0 t u u 

g 

So f a r we have e s t a b l i s h e d the i n e q u a l i t y f o r t = 0 . We can e s t a b 

l i s h i t f o r a r b i t r a r y t and h i s t o r y h f c = ( g t , a t " 1 ) by c o n s i d e r i n g h i s t o r i e s o f 
t+k t - 1 A A the form h = (g ,a , a , . . . , a ,_<.). For these h i s t o r i e s the d e f i n i t i o n 

U + K U U + K — I 

of s u s t a i n a b i l i t y y i e l d s a sequence o f i n e q u a l i t i e s s i m i l a r to those i n 

( 4 . 5 ) . We can use these to ob ta i n a sequence o f i n e q u a l i t i e s s i m i l a r to those 

in ( 4 . 8 ) , t ak ing l i m i t s then g i ves the d e s i r e d r e s u l t . 0 

I f we l e t X denote the se t o f s u s t a i n a b l e a l l o c a t i o n s then theorem 1 

together w i th ( 2 . 7 ) i m p l i e s 

( 4 . 1 1 ) X = { ( c , x ) | ( 1 . 1 ) , ( 2 . 4 ) , ( 2 . 5 ) , ( 4 . 2 ) ho ld f o r a l l t , g t } . 
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An i m p l i c a t i o n o f t h i s theorem 

C o r o l l a r y . ( c , x ) i s an e q u i l i b r i u m a l l o c a t i o n f o r s o c i e t y i f f ( c , x ) s o l v e 

max U ( c , x ) 

(C ,X )€X 

where X i s g iven i n ( 4 . 1 1 ) . 

F i n a l l y , we have 

Theorem 2 . An e q u i l i b r i u m f o r s o c i e t y e x i s t s . 

P roo f . From Lemma 1 i t i s c l e a r tha t X i s nonempty. X i s c l o s e d s i n c e the 

i n e q u a l i t i e s t ha t c h a r a c t e r i z e i t a re a l l con t i nuous . X i s compact s i n c e i t 

i s a c l o s e d subset o f the compact se t 

L 1 = { ( c , x ) € L | c f c ( g t ) + x t ( g t ) + g f c < 1 a l l t , g f c } . 

S ince the pe r i od u t i l i t y f u n c t i o n U i s cont inuous g i ven a d d i t i v e s e p a r a b i l i t y 

and d i s c o u n t i n g t h i s i m p l i e s the u t i l i t y f u n c t i o n a l U i s cont inuous i n the sup 

norm on L 1 . Thus an e q u i l i b r i u m a l l o c a t i o n ( c , x ) e x i s t s . By c o n s t r u c t i o n 

t h i s a l l o c a t i o n i s maximal i n the se t o f s u s t a i n a b l e a l l o c a t i o n s . 

From ( c , x ) we cons t r uc t a p r i z e system p from (1 .5) and a p o l i c y 

a = ( x , 5 , b ) from (1 .4) and ( 1 . 6 ) . From the p roo f o f theorem 1 and the c o r o l -

A " 
l a r y i t i s c l e a r tha t a (a) i s an op t ima l s u s t a i n a b l e p lan tha t s u s t a i n s a . 0 

5. S u s t a i n a b l e P lans and F u l l Commitment E q u i l i b r i a 

In t h i s s e c t i o n we show tha t g iven c e r t a i n assumptions on the s t o 

c h a s t i c process f o r government consumption and g iven a s u f f i c i e n t l y l a r g e 

d i scoun t f a c t o r , the f u l l commitment p lan i s s u s t a i n a b l e . We a l s o g i ve exam

p les to show that when these assumptions are not met f u l l commitment i s not 

s u s t a i n a b l e f o r any d iscoun t f a c t o r l e s s than or equal to one. 
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The key assumpt ion i s t ha t no matter what the h i s t o r y , there i s a 

p r o b a b i l i t y , un i fo rm ly bounded away from z e r o , tha t government consumption 

w i l l f l u c t u a t e i n the f u t u r e . 

Assumption 2 . There i s a cons tan t n > 0 such tha t f o r every g u ~ ' € G° , 

there i s some y € {Y-J , . . . >Y^} tha t s a t i s f i e s 

f ( g F C " ] Y , 0 | g ^ 1 ) > ir > 0 . 

Let y(g^~^) denote the l a r g e s t va lue o f y tha t s a t i s f i e s t h i s assumpt ion . 

Assumption 2 i s c e n t r a l to the p roo fs o f the theorems i n t h i s s e c 

t i o n . We i l l u s t r a t e the need f o r such an assumpt ion by g i v i n g examples o f 

p rocesses f o r government consumption which v i o l a t e i t i n which the f u l l com

mitment e q u i l i b r i u m i s not s u s t a i n a b l e f o r any nonzero d i scoun t f a c t o r . 

Example 1. E v e n t u a l l y constant government consumpt ion. 

Le t there be some T such tha t government consumption i s zero a f t e r 

T, tha t i s f ( g t , 0 ) = 1 f o r a l l t > T. As long as government consumption i s 

p o s i t i v e f o r some t < T, i t i s easy to show tha t i n the f u l l commitment e q u i 

l i b r i u m the i n h e r i t e d debt a t T i s p o s i t i v e and tha t tax ra tes are cons tan t 

and p o s i t i v e f o r a l l t > T. In p a r t i c u l a r , f o r g t = 0 the au tarky a l l o c a t i o n 

C A ( 0 ) , X A ( 0 ) so l ves 

max U(c^ ,x ) s . t . c f e + x < 1. 

Thus, f o r a l l t > T any a l l o c a t i o n ( c , x ) € F s a t i s f i e s 

CD CO 

(5 .1) I 6 S _ f c U ( c x ) < I 8 S _ t U A ( 0 ) 
s=t s=t 

Combining (4.2) fo r t > T w i th (5 .1 ) i m p l i e s b t ( g f c ) and x f c (g f c ) a re zero f o r 

a l l t > T. R e c u r s i v e l y us ing (1 .6 ) and (1 .7 ) i m p l i e s b f c (g f c ) = 0 f o r a l l 

t < T. 
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We can e x p l a i n t h i s r e s u l t i n t u i t i v e l y as f o l l o w s . Cons ider the 

problem faced by the government a t some t > T. I f i t i n h e r i t s any p o s i t i v e 

debt then r e g a r d l e s s o f the p o l i c i e s o f f u t u r e governments i t i s o p t i m a l to 

d e f a u l t on t h i s deb t , t ha t i s se t <5fc equa l to 1. Cons ider next the problem 

faced by the government a t T - 1. The e q u i l i b r i u m p r i c e o f any debt i t i s s u e s 

i s zero and hence no revenues can be r a i s e d by s e l l i n g deb t . Consequent ly i f 

t h i s government i n h e r i t s any debt i t i s op t ima l to d e f a u l t on i t by s e t t i n g 

$T_1 equa l to one. Repeat ing t h i s argument f o r a l l t < T i t f o l l o w s tha t a l l 

governments d e f a u l t and no debt i s ever i s s u e d . Thus the f u l l commitment 

p o l i c y i s not s u s t a i n a b l e f o r such a process o f government consumpt ion. 

S i m i l a r arguments app ly i f government consumption e v e n t u a l l y s e t t l e s down to 

any constant amount. No t i ce tha t i n t h i s example date T a c t s l i k e a f i n i t e 

endpoint and then backward i n d u c t i o n unwinds any s t r a t e g y o ther than "au ta r ky 

f o r e v e r . " 

Example 2 . Markov cha in w i th absorb ing s t a t e s . 

Let government consumption be a Markov cha in w i t h an absorb ing s t a t e 

o f 0. I t i s easy to show tha t under the f u l l commitment p lan the debt i n h e r 

i t e d i n any zero s t a t e i s s t r i c t l y p o s i t i v e . Us ing a backward i n d u c t i o n 

argument s i m i l a r tha t o f example 1, i t i s c l e a r tha t the f u l l commitment p l an 

i s not s u s t a i n a b l e . However, one can show that the debt con t ingen t on s t a t e s 

other than zero i s t y p i c a l l y nonzero . Th i s i m p l i e s the s u s t a i n a b l e p lan does 

s t r i c t l y be t t e r than the autarky p lan which r e q u i r e s cont inuous budget ba lance 

but i t does s t r i c t l y worse than the f u l l commitment p o l i c y . 

Th i s example po in t s out how important u n c e r t a i n t y i s i n t h i s e n v i 

ronment. In p a r t i c u l a r , t h i s i s an example f o r which every h i s t o r y ending 

w i th a 0, namely any ( g t - 1 , 0 ) , a c t s as a f i n i t e endpo in t . However, c o n t r a r y 

to the c e r t a i n t y case backward i n d u c t i o n from any such endpoint does not 
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unwind any nonautarky p l a n . Consequent l y , op t ima l s u s t a i n a b l e p l ans can 

dominate au ta rky but s t i l l be worse than f u l l commitment. 

Example 3 . E v e n t u a l l y absorb ing s t a t e s . 

Le t K = 1 and l e t g € {0,y^} be a t ime dependent Markov cha in w i t h 

t r a n s i t i o n m a t r i x . 

1 / t 1 - 1 / t 
n t = 

1 - i r ^ i r ^ 

For l a r g e t arguments s i m i l a r to those used i n example 2 imply tha t f u l l 

commitment i s not s u s t a i n a b l e . 

In the r e s t o f t h i s s e c t i o n we e s t a b l i s h tha t g iven our assumpt ions 

on government consumption and g iven a s u f f i c i e n t l y h igh d i scoun t f a c t o r , the 

f u l l commitment p o l i c y i s s u s t a i n a b l e . In order to prove t h i s r e s u l t we w i l l 

need to show that the s i n g l e pe r i od d e v i a t i o n from f u l l commitment i s o u t 

weighed by the d iscoun ted va lue o f l o s s e s from r e v e r s i o n to au ta r ky . We prove 

t h i s i n s e v e r a l s t e p s . We s t a r t w i th a p r e l i m i n a r y lemma, the p roo f o f which 

i s con ta ined i n the append ix . 

Cons ider a two pe r i od (t=0,1) d e t e r m i n i s t i c analogue o f our e n v i r o n 

ment w i th an a r b i t r a r y d i scoun t f a c t o r a < 1. Let gQ = g > 0 and g^ = 0. 

Pre fe rences are g iven by 

(5.2) u ( c o ^ x o ) + c t U ( c 1 , x 1 ) w i th a e ( 0 ,1 ] . 

Budget ba lance and f e a s i b i l i t y r e q u i r e 

(5.3) [ C 0 U C o - ( 1 - X 0 ) U X q ] + a t c ^ - O - x j U ^ ] = 0 

and 
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(5 .4) c t + x f c + g f c < 1 t = 0 , 1. 

where U„ and U w a re s i m i l a r to our e a r l i e r shor thand n o t a t i o n . I f we a l s o 
c t x t 

r e q u i r e t ha t the budget be ba lanced i n each p e r i o d then 

(5 .5) c U - (1-x )U = 0 . 

Let w(g,a) be the maximized va lue o f (5 .2) sub jec t to (5 .3 ) and ( 5 . 4 ) . Le t 

w A (g ,a ) be the maximized va lue o f the au ta rky p l a n , maximize (5 .2) s u b j e c t to 

( 5 . 3 ) - ( 5 . 5 ) . We then have, 

Lemma J$. Given g € { v y • ,7^} and a > 0 , there e x i s t s a constant D > 0 such 

tha t f o r a l l a € [a , 1 ] 

(5 .6) w(g,ct) = w(g,a) - w A ( g ,a ) > D. 

We prove t h i s lemma i n the append ix . 

F i n a l l y , we w i l l assume tha t the l e v e l debt under the f u l l commit

ment p o l i c y i s un i f o rm ly bounded i n 6. That i s , 

Assumption 3* There e x i s t s a cons tan t B < » and a SQ € ( 0 , 1 ) such tha t f o r 

any 6 € ( 6 Q T 1 ] the f u l l commitment debt say , b t ( g f c , 6 ) s a t i s f i e s 

b t ( g t , B ) < B a l l t and g f c € Gl. 

We show in Theorem 4 that t h i s assumption i s s a t i s f i e d i f government consump

t i o n f o l l o w s a Markov process w i th a s t r i c t l y p o s i t i v e t r a n s i t i o n m a t r i x . For 

now c o n s i d e r , 

Theorem 3 Given assumptions 1 -3 , there i s a 8 € ( 0 , 1 ) such tha t f o r a l l 

8 e ( 8 , 1 ) the f u l l commitment p o l i c y i s s u s t a i n a b l e . 
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P roo f . Le t V (g ,8) and V. (g ,8) denote the d i scoun ted u t i l i t y o f consumpt ion 

from time t onwards g iven some g f c and d i s c o u n t f a c t o r 8 under the f u l l commit

ment and au ta rky p o l i c i e s r e s p e c t i v e l y . In view o f Theorem 1 i t s u f f i c e s to 

show there i s some 8 € (0 ,1) 

V f c ( g f c , B ) > V A ( g f c , 8 ) f o r a l l 8 € (8 ,1 ) 

We w i l l cons t r uc t a p lan which i s f e a s i b l e and which s u f f i c i e n t l y dominates 

autarky f o r l a r g e 8. For any h i s t o r y g f c and a s s o c i a t e d debt l e v e l b t ( g t ) the 

p lan i s as f o l l o w s . For k (g f c , 8 ) pe r i ods se t taxes h igh enough to j u s t r e t i r e 

the ou ts tand ing debt . For any h i s t o r y g s ~ 1 w i th s > t + k ( g f c , s ) do the f o l 

l o w i n g : I f g S = ( g S ~ 1 , y ( g S " 1 ) ) l e t the a l l o c a t i o n s c s ( g s " ] y ( g s " 1 ) ) , 

x

s ( g S ~ ! Y ( g S ~ 1 ) ) and c s + 1 ( g s ~ ! Y ( g S ~ 1 ) , 0 ) , x g + 1 ( g s ~ ] y ( g S " 1 ) , 0 ) s o l v e the p r o b -

s-1 

lem maximize (5 .2) s u b j e c t to (5 .3 ) and (5 .4 ) where g Q = y(g ), g^ = 0 and 

ct = 8 f ( g S " 1 , Y ( g S " 1 ) , 0 | g S - 1 , Y ( g S " 1 ) ) . 

For a l l o the r g 3 l e t the a l l o c a t i o n s be the au tarky a l l o c a t i o n s . Le t A (g^ ,8 ) 

denote the d i f f e r e n c e d iscoun ted u t i l i t y between t h i s p lan and the au ta rky 

p l a n . 

We w i l l f i r s t show there e x i s t s some 8^ € (0 ,1) and a k̂  < « such 

that f o r a l l 3 € ,1 ] 

k ( g t , 6 ) < k 1 a l l gl € G f c . 

Mow the d iscoun ted va lue o f revenues r a i s e d by a p o l i c y o f maximiz ing revenues 

i n each s t a t e f o r some a r b i t r a r y number o f p e r i o d s , say k, i s at l e a s t 

( 5 . 7 ) R ( g C , 8 , k ) = r ( g C ) + I I Qs-Z f ( g s | g ^ ) - ^ _ _ r ( g - ) 
s = t+1 s U c ( g U ) 
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where U c ( g s ) denotes the marg ina l u t i l i t y o f consumption under t h i s p l an and 

where r ( g f c ) i s g i ven i n ( 5 . 1 ) . From assumpt ion 1 we have 

t+k 
(5 .8) R ( g t , 8 , k ) > r + J £ 8 S f ( g S | g )mr > h (g , k ) 

s=t+1 s 
g 

k-1 

where h (8 , k ) = mr (1-8 ) / ( 1 - 8 ) . C l e a r l y , h i s s t r i c t l y monotone and c o n t i n 

uous i n (8 ,k ) f o r k > 2 . Fur thermore, f o r each f i x e d k, 

l i m h (8 , k ) = k - 1. 
6+1 

I f we l e t k<| = 1 + 2B/mr, then c l e a r l y there i s a 8, € (0 ,1) such tha t f o r 

a l l 8 € ( 6 ^ , 1 ) , h ( S , k ^ ) > B. By c o n s t r u c t i o n i t f o l l o w s f o r a l l 

8 € ( 8 r D , k ( g t , 8 ) < k 1 f o r a l l g f c e G t . 

Now we w i l l use t h i s va lue o f k̂  to prove the r e s u l t . G iven g f c and 

8 l e t A^ (g f c , 6 ) denote the d i f f e r e n c e i n expected d i scoun ted u t i l i t y under the 

above p lan and the autarky p lan f o r pe r i ods t up to t + k ( g f c , 8 ) . Le t 

^ ( g ^ S ) denote the cor respond ing d i f f e r e n c e from t + k ( g f c , 8 ) onwards. S i n c e 

k (g f c , 8 ) < k 1 we have 

(5.9) A ^ g ^ ) > - k ^ y - y ) 

where y and u are the f i n i t e cons tan ts tha t bound the u t i l i t y f u n c t i o n U. 

Next , 

CO 

(5.10) A 2 ( g t , 8 ) > I I 3 S - t f ( g S - 1 , Y ( g 3 " 1 ) | g f c ) [ w ( Y ( g S " 1 ) , a ( g S - 1 ) ] 
s=t+k. s-1 

1 g 

S — 1 f s — 1 s — 1 S — 1 S — 1 \ 
where a ( g " ) = 8 f ( g " , y ( g " ) , 0 | g " , y ( g " ) ) and w i s de f i ned i n ( 5 .6 ) . 

S — 1 S — ^ 3—1 

From assumption 2 we have a ( g ) > STT > 0 fo r a l l g - l € ! . Choosing 

a = 8TT, i t f o l l o w s from Lemma 2 tha t f o r a l l a € [ a , 1 ] 
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w(g,a) > D > 0 f o r a l l g e { Y l , . . . , Y k } . 

Thus, f o r a l l 8 € ( 8 ^ 1 ) 

A (g f c , 8 ) > D I I f t g 3 - 1 ^ 3 - 1 ) ^ ) 
s=t+k, 3 - 1 

wh ich , us ing assumpt ion 2 a g a i n , i m p l i e s f o r a l l such 8 

A 2 ( g U , S ) > 8 W ( 1 - S ) . 

No t i ce tha t the r i g h t s i d e o f t h i s exp ress ion i s cont inuous and s t r i c t l y 

i n c r e a s i n g i n 8 . Hence f o r any N < °° there i s a 8 2 e ( 0 , 1 ) such tha t f o r a l l 

8 € [ 8 2 , 1 ] 

A 2 ( g T , 8 ) > N a l l g f c € G f c . 

Choose 8 = max ( 8 Q , 8 1 , 8 2 ) and the p roo f i s c o m p l e t e . 0 . 

Cons ide r i ng examples 1-3 i t i s c l e a r tha t we need to r u l e out p r o 

cesses f o r government consumption which a long some sequence o f r e a l i z a t i o n s 

s e t t l e down to a cons tan t . However, i t i s c l e a r from the proof o f the theorem 

tha t we can weaken Assumption 2 to 

Assumption 2 1 : There i s some cons tan t IT > 0 and i n t e g e r n < °° such tha t f o r 

every g t - 1 € G ^ " 1 there i s some y e { , . - . , Y r } and i n t e g e r s i , j w i th 0 < i < 

j < n such tha t 

f ( g t " 1 , g t + r . . . , g t + i . 1 , Y , g t . + i + 1 , . . . , g t + J I 0 | g f c - 1 ) > * > ( ) . 

Not i ce tha t TT and n do not depend on the sequence g " " 1 . Thus, f o r Theorem 3 

to ho ld we need on ly assume tha t f o r a l l h i s t o r i e s there i s some p o s i t i v e 

p r o b a b i l i t y tha t government consumption i s p o s i t i v e and then zero w i t h i n a 

f i n i t e amount o f t ime. 
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We show in Theorem 4 tha t i f government consumption i s a Markov 

cha in w i t h a s t r i c t l y p o s i t i v e t r a n s i t i o n ma t r i x then Assumption 3 i s s a t i s 

f i e d . To prove t h i s we use a s imp le r e s u l t on s t r i c t l y p o s i t i v e Markov 

c h a i n s . Le t n be a t r a n s i t i o n ma t r i x f o r a n - s t a t e Markov c h a i n , 

n = ( 7 T . j | i , j = 1 , . . . , n ) 

wi th TT^. > 0 f o r a l l i , j and ][ IT. . = 1 f o r a l l i . For any vec to r z € R n l e t 
j 1 J 

II z II = ). I z . I. We then have 
L i 1 I 1 

Lemma 4 . I f n i s a t r a n s i t i o n ma t r i x s a t i s f y i n g ir^ > e > 0 f o r a l l i , j 

and y , z € R^ s a t i s f y 

I h - I z i = 1 

l l 

then 

(5.11) llxll-yllll < ( l -ne ) l l x - y l l 

P roo f . 

s i n c e e ^ ^ ( y ^ - z ^ ) = 0. Rear rang ing the order o f summation and us i ng the 

Cauchy-Schwartz i n e q u a l i t y we have 

Hyn-znil < I I | ( y . - z ) ( * -e) | < £ [ | y r z |£ |ir - c | ] 
i j J i j J 

< (1-ne) I j y - z . l = ( l - n e ) l l y - z l l * . 

We w i l l add Theorem 4 i n the next d r a f t . 

5 . Conc lus ion 

In t h i s paper we have ana lyzed the c o n s t r a i n t s imposed by dynamic 

cons i s tency on the des ign o f s o c i a l p o l i c i e s . The c l a s s i c problem i n the t ime 
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cons i s tency l i t e r a t u r e i s the i s s u e o f l e v i e s on c a p i t a l . In o rder to keep 

the framework as s imp le as p o s s i b l e we have a b s t r a c t e d away from the accumula

t i o n of c a p i t a l . However, note tha t t a x a t i o n or d e f a u l t on i n h e r i t e d debt 

f u n c t i o n s e x a c t l y l i k e t a x a t i o n o f c a p i t a l i n tha t does not d i s t o r t c u r r e n t 

d e c i s i o n s . A n t i c i p a t i o n s o f such taxes i n the f u t u r e , however, can have a 

s i z a b l e e f f e c t on cu r ren t d e c i s i o n s . I n t roduc ing c a p i t a l accumula t ion c o m p l i 

ca tes our a n a l y s i s but we b e l i e v e the s u b s t a n t i v e c o n c l u s i o n s w i l l rema in . 

Our e q u i l i b r i u m concept i s a d e r i v a t i v e o f subgame p e r f e c t i o n i n 

game theory . In our framework, po l i cymakers i n any p e r i o d choose p o l i c i e s 

t ak i ng as g iven the p o l i c y f u n c t i o n s tha t f u t u r e po l i cymakers use . We have 

shown that the c l a s s o f f e a s i b l e p o l i c i e s depends c r i t i c a l l y on the domain o f 

the p o l i c y f u n c t i o n s . I f the s t a t e o f the system i s d e f i n e d as the i n h e r i t e d 

debt and the r e a l i z a t i o n s o f government consumpt ion, the on l y s u s t a i n a b l e p l an 

i s never to i ssue any deb t . I f the domain i s expanded to i nc lude pas t p o l i 

c i e s , then even f u l l commitment p lans are s u s t a i n a b l e w i t h s u f f i c i e n t l y l i t t l e 

d i s c o u n t i n g . 

We have chosen to focus on the e f f e c t o f the a c t i o n s o f c u r r e n t 

po l icymakers on the a c t i o n s o f f u tu re po l i c ymake rs . I t might be thought t ha t 

i n our framework s i m i l a r r e s u l t s can be ob ta ined by r e s t r i c t i n g the domain o f 

po l i cymakers ' f u n c t i o n s and a l l o w i n g the b e l i e f s o f p r i v a t e agents about 

f u tu re p o l i c i e s to vary in response to cu r ren t a c t i o n s . For example, suppose 

tha t we assume that p r i v a t e agents b e l i e v e tha t i f cu r ren t po l i cymakers de 

f a u l t , a l l f u tu re po l i cymakers w i l l a l s o d e f a u l t . Suppose a l s o po l i cymakers 

are cons t ra ined to use f u n c t i o n s which depend on ly on the i n h e r i t e d debt and 

government consumption. We w i l l argue tha t no debt w i l l be i ssued in e q u i l i b 

r ium. The argument i s by c o n t r a d i c t i o n . Suppose a long the e q u i l i b r i u m pa th , 

no fu tu re governments w i l l d e f a u l t . Then, r e g a r d l e s s o f the d e c i s i o n s o f 
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cu r ren t governments, i t w i l l not be r a t i o n a l f o r p r i v a t e agents to b e l i e v e 

tha t f u tu re governments w i l l d e f a u l t . Consequent l y , i t i s bes t f o r c u r r e n t 

po l i cymakers to d e f a u l t on the i n h e r i t e d debt and reduce cu r ren t taxes app ro 

p r i a t e l y . I t f o l l o w s tha t no debt i s ever i s sued i n e q u i l i b r i u m . 

An a l t e r n a t i v e e q u i l i b r i u m concept we have not exp lo red i n t h i s 

paper i s one f o r which dynamic c o n s i s t e n c y r e q u i r e s p o l i c i e s to be o p t i m a l 

when Preplanning" i s pe rmi t ted i n the f u t u r e . W i th i n our framework, one cou ld 

t h i nk o f s o c i e t y a t each i n s t a n t s e l e c t i n g p o l i c y f u n c t i o n s f o r the e n t i r e 

f u t u r e g iven tha t f u t u re s o c i e t i e s w i l l a l s o a c t s i m i l a r l y . I t i s easy to see 

tha t i n our framework no debt w i l l ever be i ssued i n e q u i l i b r i u m . We do not 

f i n d t h i s r ep lann ing e q u i l i b r i u m concept a p p e a l i n g . I f governments cannot 

commit themselves to a c t i o n s i n the f u t u r e we ha rd l y f i n d p l a u s i b l e the i d e a 

tha t they can commit the f u n c t i o n s f u t u r e governments w i l l use . 

I t i s sometimes argued tha t the problems r a i s e d by t ime c o n s i s t e n c y 

suggest the s u p e r i o r i t y o f r u l e s over d i s c r e t i o n . S ince any sequence o f 

p o l i c i e s can be i n t e r p r e t e d as a r u l e , t h i s d i s t i n c t i o n i s not mean ing fu l i n 

economic t heo ry . Rather the l i t e r a t u r e on t ime c o n s i s t e n c y emphasizes the 

va lue of r u l e s as a form o f commitment and the d i f f i c u l t i e s i n b i n d i n g f u t u r e 

s o c i e t i e s to p o l i c i e s cu r ren t s o c i e t i e s f i n d d e s i r a b l e . In t h i s paper we 

suggest that even though s o c i e t i e s cannot make b ind ing commitments about debt 

repayments t h i s need not imply tha t governments can never s e l l any deb t . 

Indeed, w i th s u f f i c i e n t l y l i t t l e d i s c o u n t i n g the p o l i c i e s and r e s u l t i n g a l l o 

c a t i o n s are i d e n t i c a l to those i n a wor ld w i th commitment. 
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Appendix 

Th i s appendix proves Lemma 3 . In the proo f we use arguments s i m i l a r 

to those used i n s e c t i o n 3 o f Lucas and Stokey [ 1 9 8 3 ] . 

P r o o f : We prove the lemma i n two s t e p s . F i r s t , we show that f o r any a > 0 

and g > 0 , w(a,g) > 0 . Second, we show f o r any a > 0 , w ( g , - ) : [ a , 1 ] i s a 

cont inuous f u n c t i o n . The r e s u l t then f o l l o w s immedia te ly . 

To e s t a b l i s h the f i r s t s tep i t s u f f i c e s to prove tha t the s o l u t i o n 

to the prob lem: choose ( C Q , X Q , C ^ , x ^ ) to maximize ( 4 . 2 ) sub jec t to ( 4 . 2 ) and 

( 4 . 3 ) i n v o l v e s a p o s i t i v e amount o f deb t , tha t i s , 

( A . 1 ) b = ( g - t 0 ( 1 - x 0 ) ) > 0 . 

C I 

Because then adding c o n s t r a i n t ( 4 . 4 ) to t h i s problem n e c e s s a r i l y l eads to a 

s t r i c t l y lower l e v e l o f u t i l i t y . 

The f i r s t order c o n d i t i o n s f o r the w(g,a) problem i n c l u d e : f o r t = 0 , 1 . 

( A . 2 ) ( 1 + X ) U c + x [ e t U c c + < V l ) U c x K = ° 

and 

( A . 3 ) ( 1 + X ) U + x f c . U + ( x , - 1 ) 0 1-u. = 0 
x 1 t cx t x x J t 

where X are the Lagrange m u l t i p l i e r s f o r ( 4 . 3 ) and ( 4 . 4 ) r e s p e c t i v e l y . We can 

manipulate these f i r s t order c o n d i t i o n s to e s t a b l i s h the f i r s t pa r t o f the 

p roo f . M u l t i p l y ( A . 2 ) by c f c and ( A . 3 ) by ( x F C - 1 ) and add them to g e t : f o r 

t = 0 , 1 , 

( A . 3 ) ( U \ ) [ c t U c + ( x T - 1 ) U j - X Q T - [ c f c + x t - l ] u t = 0 

where 
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Q. = [c^U +2c . ( x . - 1 )U +(x - 1 ) 2 U 1. 
t 1 t cc t t C X t X X J 

Since U i s s t r i c t l y concave, Q f c < 0 f o r t = 0 , 1. Eva lua te (A.3) a t t = 0 and 

add i t to a t imes (A.3) eva lua ted a t t = 1 to get 

C o n s t r a i n t (4 .2 ) i m p l i e s the f i r s t term i s zero wh i l e c o n s t r a i n t s (4 .3) e v a l u 

a ted a t t = 0, 1 imply C Q + X Q - 1 = -g and c^ + x-j - 1 = 0. Thus we can 

r e w r i t e (A.4) as 

The m u l t i p l i e r > 0, s i n c e r e l a x i n g (4 .3) by i n c r e a s i n g the endowment o f 

l e i s u r e s t r i c t l y i n c r e a s e s the va lue o f u t i l i t y g i ven tha t U i s s t r i c t l y mono

tone. S ince y Q > 0 and Q t < 0 , we have X > 0 . 

We use the f a c t tha t X > 0 to show the debt i s p o s i t i v e . E v a l u a t i n g 

(A.3) f o r t = 1 g i v e s 

(A.6) ( 1 + X ) [ c l U c + ( x t - 1 ) U x ] + X Q 1 = 0 . 

S ince X > 0 and Q-j < 0 , the bracketed term i n ( A . 6 ) i s p o s i t i v e . S i n c e 

U C > 0 , t h i s i m p l i e s 

(A.4) ( i + x ) [ ( c 0 a c + ( x 0 . i ) u x ) + 6 ( C l o c + ( x r i ) u x ) ] + X I Q Q + S Q J 

(A.5) xfQQ+fiQj + y Q g = 0 . 

U 

or 

( A . 7 ) 0 < c 
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Rewr i t i ng (4 .3 ) as 

I V ^ V - S o l * u— 1 = ° ' 
c o 

i t i s c l e a r tha t (A .7) i m p l i e s the debt b g i ven i n (A.1) i s s t r i c t l y p o s i 

t i v e . Thus adding c o n s t r a i n t (4 .4) to t h i s problem lowers the maximal va lue 

o f u t i l i t y f o r any a > 0 and g > 0. 

Next , f o r any a > 0 the maximum theorem o f Berge i m p l i e s the f u n c 

t i o n w ( g , « ) : [a ,1 ] R. i s con t i nuous . For any g > 0, l e t 

w(g) = min w(g,ct) | a€ [a , 1 ] 

S ince w(g , - ) i s a cont inuous f u n c t i o n and [a ,1 ] i s a compact subset o f R, such 

a minimum e x i s t s . From the f i r s t pa r t o f the lemma, w(g) > 0 f o r any g > 0 . 

Le t 

D = | min [ w ( g ) | g f c € { Y L , . . . , Y K } ] . 

Th i s cons tan t D s a t i s f i e s (4 .6) and the proof i s complete. 


