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The design o f f i s c a l and monetary p o l i c y i s a c e n t r a l concern in 

aggregat ive economics. The p u b l i c f inance t r a d i t i o n stemming from Ramsey 

(1927) prov ides a u s e f u l framework fo r t h ink ing about opt imal p o l i c y d e s i g n . 

Ramsey s tud ied a s t a t i c , rep resen ta t i ve consumer economy wi th many goods. A 

government requ i res f i x e d amounts o f these goods which are purchased at market 

p r i ces and f inanced by p ropo r t i ona l exc i se taxes . Given the exc i se t axes , 

p r i ces and q u a n t i t i e s are determined in a compet i t ive e q u i l i b r i u m . The gov

ernment's problem i s to choose tax ra tes to maximize the wel fare o f the r ep re 

sen ta t i ve consumer. I t i s s t ra igh t fo rward to extend t h i s fo rmu la t ion to study 

f i s c a l p o l i c y i n dynamic models w i th uncer ta in ty by r e i n t e r p r e t i n g the goods 

i n the s t a t i c problem as s ta te cont ingent commodit ies. In t h i s context a 

p o l i c y fo r government i n t h i s context i s a r u l e s p e c i f y i n g s ta te cont ingent 

tax r a t e s . Given a p o l i c y , compet i t ive e q u i l i b r i u m p r i c e s and a l l o c a t i o n s are 

def ined as func t ions of the s ta te o f the economy. The design problem i s to 

choose a p o l i c y which maximizes a s o c i a l we l fa re func t ion def ined over the 

r e s u l t i n g compet i t ive a l l o c a t i o n s . An opt imal p o l i c y together w i th the r e 

s u l t i n g compet i t ive e q u i l i b r i u m i s a Ramsey e q u i l i b r i u m . 

In the Ramsey e q u i l i b r i u m , consumers make dec i s i ons once and fo r a l l 

a t the beginning of t ime. However, t h i s e q u i l i b r i u m can a l s o be i n te rp re ted 

as a one-time choice of government p o l i c y wi th consumers making d e c i s i o n s 

s e q u e n t i a l l y g iven the p o l i c y . Th is i n t e r p r e t a t i o n i s c e r t a i n l y appropr ia te 

i n environments where s o c i e t i e s have access to a commitment technology to b ind 

the ac t i ons of fu tu re governments. In many s i t u a t i o n s i t i s more appropr ia te 

to th ink of p o l i c i e s as being chosen a t each date w i th no a b i l i t y on s o c i e t y ' s 

par t to commit to fu tu re p o l i c i e s . In such environments, one i s tempted to 

conclude that the r e s u l t i n g p o l i c y cho ices co inc ide wi th the Ramsey p o l i 

c i e s . This i s not the case . Consider the p o l i c y choice problem at some date 
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t assuming that p o l i c i e s and a l l o c a t i o n s co inc ide w i th the Ramsey e q u i l i b r i u m 

u n t i l that date . The s o l u t i o n to the new p o l i c y cho ice problem t y p i c a l l y does 

not co inc ide w i th the Ramsey p o l i c i e s from that date onward. Kydland and 

Presco t t (1977), P resco t t (1977), Calvo (1978), and F i sche r (1980) showed that 

t h i s dynamic incons is tency of the Ramsey p o l i c i e s i s pervas ive in models o f 

f i s c a l and monetary p o l i c y . Th is dynamic incons is tency means that the Ramsey 

p o l i c i e s are s imply i r r e l e v a n t i n a world wi thout commitment. C l e a r l y , r a 

t i o n a l i n d i v i d u a l s w i l l not base t h e i r dec i s i ons on the Ramsey p o l i c i e s i f a 

d i f f e r e n t set o f p o l i c i e s w i l l be chosen i n the f u t u r e . 

A s o l u t i o n to the design problem without commitment must there fo re 

requ i re that p o l i c i e s be s e q u e n t i a l l y r a t i o n a l . That i s , the p o l i c y r u l e s 

must maximize the s o c i a l wel fare func t ion at each date g iven that p r i v a t e 

agents behave o p t i m a l l y . L i kew ise , o p t i m a l i t y on the par t of p r i v a t e agents 

requ i res that they f o recas t fu ture p o l i c i e s as being s e q u e n t i a l l y r a t i o n a l fo r 

s o c i e t y . A sequence of p o l i c y r u l e s , a l l o c a t i o n s , and p r i c e s s a t i s f y i n g these 

cond i t ions i s a time cons i s ten t e q u i l i b r i u m . We say there i s a time c o n s i s 

tency problem i f the Ramsey and time cons i s ten t e q u i l i b r i a are d i f f e r e n t . I t 

i s worth remarking that time cons is tency problems can a r i s e i n i n d i v i d u a l 

dec i s i on problems when preferences change over time (see S t r o t z 1955). We 

therefore r e s t r i c t ourse lves to s i t u a t i o n s where pre ferences are time c o n s i s 

tent in S t r o t z f s sense. The source of time cons is tency problems cannot then 

l i e i n such p re fe rences . 

In sec t i on 1, we argue that the source o f time cons is tency problems 

l i e s in c o n f l i c t among agents . In f a c t , in a team environment where the 

ob jec t i ves of a l l agents are i d e n t i c a l we show that there can be no time 

cons is tency problems. Most models o f f i s c a l and monetary p o l i c y use a rep re 

sen ta t i ve agent cons t ruc t and a s o c i a l wel fare func t ion which co inc ides w i th 
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the represen ta t i ve agen t ' s u t i l i t y f u n c t i o n . The rep resen ta t i ve agent fo rmu l 

a t i on should not mis lead us i n to th ink ing that the i n d i v i d u a l s i n t h i s economy 

form a team. The ob jec t i ves of i n d i v i d u a l s do not co inc ide because i n such 

models each i n d i v i d u a l cares only about h i s own consumption. Consequent ly, 

even in rep resen ta t i ve agent models there are genera l l y time cons is tency 

problems. We exp lore the p rec i se nature of the time cons is tency problem in 

two examples. 

The c l a s s i c i l l u s t r a t i o n s of the time cons is tency problem are c a p i 

t a l taxa t ion and de fau l t on government debt . In sec t i on 2 we analyze a v a r i 

ant o f F i s c h e r ' s (1980) model o f c a p i t a l t axa t i on and in s e c t i o n 3 we ana lyze 

a va r ian t o f P r e s c o t t ' s (1977) debt de fau l t model. In sec t i on 4 we prov ide a 

complete a n a l y s i s o f the c a p i t a l t axa t ion problem wi th an i n f i n i t e h o r i z o n . 

We def ine and c h a r a c t e r i z e time cons is ten t e q u i l i b r i a fo r these examples. 

Our fo rmula t ion of time cons i s ten t e q u i l i b r i a , based on Char i -Kehoe 

(1987a and b ) , a l l ows a l l o c a t i o n s and p o l i c i e s to depend on the e n t i r e h i s t o r y 

o f past dec i s i ons by governments as w e l l as past aggregate (or average pe r -

cap i ta ) a l l o c a t i o n s . Thus, p o l i c i e s and a l l o c a t i o n s are def ined as h i s t o r y - 

cont ingent f u n c t i o n s . Th is break from the genera l e q u i l i b r i u m t r a d i t i o n o f 

cons ider ing e q u i l i b r i a which are s ta te cont ingent func t ions i s e s s e n t i a l in 

imposing the requirement o f sequen t ia l r a t i o n a l i t y . Both governments and 

consumers must fo recas t how cur rent dec i s i ons a f f e c t fu tu re outcomes. A l l ow

ing fo r h i s t o r y cont ingent func t ion so lves t h i s f o recas t i ng problem. 

For f i n i t e hor izon models sequen t ia l r a t i o n a l i t y imp l ies that t h i s 

problem i s so lved by backward i nduc t i on . For i n f i n i t e hor izon models such a 

procedure i s no longer a v a i l a b l e . Indeed fo r i n f i n i t e hor izon models there i s 

t y p i c a l l y a la rge set of time cons is ten t e q u i l i b r i a which are qu i te d i f f i c u l t 

to c h a r a c t e r i z e . However, i t turns out that the set of a l l o c a t i o n s that can 



r e s u l t from time cons is ten t e q u i l i b r i a i s f a i r l y easy to c h a r a c t e r i z e . In 

sec t i on 4 we prov ide a s imple se t o f i n e q u a l i t i e s which can be used to charac 

t e r i z e such a l l o c a t i o n s . We show that w i th s u f f i c i e n t l y l i t t l e d i scoun t i ng 

even the Ramsey a l l o c a t i o n s can be supported by some time cons i s ten t e q u i l i b 

r ium. 

The p o l i c y plans and a l l o c a t i o n s ru l es we use to support the l a rge 

set of time cons i s ten t a l l o c a t i o n s are c l o s e l y r e l a ted to " t r i g g e r " s t r a t e g i e s 

o f repeated games (see, fo r example, Friedman, 1971). Loosely speak ing , fo r 

any given p a i r o f p o l i c y and a l l o c a t i o n sequences, the h i s t o r y - c o n t i n g e n t 

p o l i c y and a l l o c a t i o n r u l e s used to support them s p e c i f y con t i nua t i on w i th 

these sequences as long as there has been no d e v i a t i o n . I f there has been a 

d e v i a t i o n , rever t to the s i n g l e - p e r i o d time cons i s ten t e q u i l i b r i u m f o r e v e r . 

While such ru les resemble the t r i g g e r s t r a t e g i e s o f games i t i s important to 

po in t out that i n our models p r i v a t e agents behave compe t i t i ve l y and not 

s t r a t e g i c a l l y . In p a r t i c u l a r , p r i v a t e agents do not co l l ude to "pun i sh " the 

government. Rather , a f t e r a d e v i a t i o n p r i va te agents choose the s i n g l e per iod 

time cons is ten t a l l o c a t i o n s because they fo recas t that the government w i l l 

choose the s i n g l e per iod time cons i s ten t p o l i c y . The government i n t u r n , 

tak ing the aggregate a l l o c a t i o n r u l e fo r p r i v a t e agents as g i ven , o p t i m a l l y 

chooses t h i s p o l i c y . Because o f t h i s fea ture some of our r e s u l t s d i f f e r from 

the r e l a t e d r e s u l t s i n repeated games. 

1. A overview o f the time cons is tency problem 

In t h i s sec t i on we formulate p o l i c y design as a s imple s o c i a l cho ice 

problem and use t h i s framework to prov ide an overview o f the time cons is tency 

problem. We compare the e q u i l i b r i a o f an environment w i th commitment to those 

of an environment without commitment. We fo rma l i ze commitment as a p a r t i c u l a r 

t iming scheme fo r dec i s i on making. Soc ie ty f i r s t chooses a p o l i c y once-and-
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f o r - a l l and a f t e r t h i s , p r i va te agents choose t h e i r a c t i o n s . In the env i r on 

ment without commitment dec i s ions are made s e q u e n t i a l l y . An example of such a 

t iming scheme in a mu l t i pe r iod economy i s that f i r s t p r i va te agents choose 

t h e i r f i r s t per iod a c t i o n s , then the government chooses i t s f i r s t pe r iod 

p o l i c y then p r i v a t e agents choose t h e i r second per iod ac t i ons and so on. For 

ease of expos i t i on we consider a one-per iod economy. In t h i s case the two 

t iming schemes are p a r t i c u l a r l y s imp le . With commitment the government f i r s t 

se ts p o l i c y , then p r i v a t e agents make t h e i r d e c i s i o n s . Without commitment, 

p r i va te agents f i r s t make t h e i r dec i s i ons and then the government se ts p o l 

i c y . I t w i l l be c l e a r that a l l o f the r e s u l t s extend to mu l t i pe r i od econo

mies. 

Throughout the sec t i on we cons ider s p e c i a l cases of the f o l l o w i n g 

environment. There i s a soc ie t y c o n s i s t i n g o f n p r i v a t e agents. Each agent i 

( i = 1 , . . . , n ) chooses an ac t i on x^ from a set o f ac t i ons X^ . The vector o f 

ac t ions x = ( x p . . . , x ) i s c a l l e d an a l l o c a t i o n . Soc ie ty chooses a p o l i c y TT 

from a set of p o l i c i e s n. The preferences o f each p r i v a t e agent are g iven by 

a u t i l i t y f unc t i on U 1 ( X , T T ) , and s o c i e t y ' s pre ferences are given by S ( X , T T ) . 

I n i t i a l l y we model a l l o c a t i o n s as the outcome of a Nash e q u i l i b r i u m and l a t e r 

as the outcome of a compet i t ive e q u i l i b r i u m . 

I t turns out that the preferences o f p r i v a t e agents and soc ie t y p lay 

a c r i t i c a l r o l e i n determining i f the a l l o c a t i o n s w i th and without commitment 

co inc ide—tha t i s , i n determining i f there i s a time cons is tency problem. We 

f i r s t show that i f a l l agents ' preferences co inc ide wi th those of s o c i e t y , 

then there can be no time cons is tency problem. We then g ive necessary c o n d i 

t i ons fo r there to be a time cons is tency problem. We i l l u s t r a t e these c o n d i 

t i ons i s a simple model o f i n f l a t i o n and unemployment. 
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1.1. Team environments 

A team i s def ined to be a group of i n d i v i d u a l s whose o b j e c t i v e s are 

i d e n t i c a l . We show that i n a team environment there can be no time c o n s i s 

tency problem. S p e c i f i c a l l y , suppose that each agen t ' s preferences c o i n c i d e s 

wi th those of s o c i e t y . Let the u t i l i t y f unc t i on of each agent i over the 

whole vector x and the p o l i c y TT be given by some s t r i c t l y concave, twice 

d i f f e r e n t i a b l e func t ion U ( X , T T ) . Let t h i s func t i on a l so be the s o c i a l o b j e c 

t i v e f u n c t i o n . Not ice that together the p r i v a t e agents and s o c i e t y form a 

team. While team members c o n t r o l on ly t h e i r own a c t i o n s , they a l l choose 

these ac t i ons to achieve a common g o a l . 

Under commitment, soc ie t y chooses a p o l i c y TT and then g iven t h i s 

p o l i c y , p r i va te agents a l l s imul taneous ly choose x ^ F i r s t cons ider the 

choice o f p r i va te agents , g iven some p o l i c y IT. Each agent i faced w i th a 

p o l i c y IT and tak ing as given the dec i s i ons x_j = ( x - | , . . . ,x^_-| , x ^ , . . . , x n ) o f 

a l l o ther agents , so lves 

max U ( X , T T ) . (1 .1) 
x. 

l 

Assuming an i n t e r i o r s o l u t i o n , the f i r s t - o r d e r cond i t i on i s 

^ - = 0 . ( 1 . 2 ) 
3X. 

For a g iven p o l i c y , TT, an e q u i l i b r i u m fo r p r i v a t e agents i s a vec tor x such 

that f o r each i , so lves ( 1 . 1 ) , g iven x ^ . For any such p o l i c y , TT, denote 

the r e s u l t i n g equ i l i b r i um a l l o c a t i o n s by X ( T T ) . For s i m p l i c i t y , assume that 

fo r each TT there i s a unique e q u i l i b r i u m and that the r e s u l t i n g f unc t i on X ( T T ) 

i s d i f f e r e n t i a b l e . Th is func t ion X ( - ) i s c a l l e d the outcome f u n c t i o n . 

S o c i e t y ' s problem, then, i s to choose a p o l i c y TT to maximize i t s 

ob jec t i ve function-, tak ing the outcome func t ion X ( - ) as g i ven . That i s , s o c i 

ety so lves 
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max u(X( i r ) , t r ) . (1.3) 
it 

Assuming an i n t e r i o r s o l u t i o n , the f i r s t - o r d e r cond i t i on fo r soc i e t y i s 

? 3 U _ ! ! i + MI = o. (1.4) 

We then have the f o l l o w i n g d e f i n i t i o n : 

An equ i l i b r i um w i th commitment i s a p o l i c y TT* and an outcome func t i on X ( - ) 

that s a t i s f y 

• Maximizat ion fo r s o c i e t y . Given X ( - ) , the p o l i c y TT* so l ves ( 1 . 3 ) . 

• P r i v a t e e q u i l i b r i u m . For each TT, the outcome X(TT) i s an e q u i l i b 

rium fo r p r i v a t e agents. 

No t i ce that the p r i v a t e dec i s i ons a c t u a l l y taken i n such an e q u i l i b r i u m are 

given by x* = X ( T T * ) . 

Without a commitment technology, the e q u i l i b r i u m i s somewhat d i f f e r 

en t . In p a r t i c u l a r , p r i v a t e agents f i r s t choose a vector x and then s o c i e t y 

chooses a p o l i c y TT. Given some a l l o c a t i o n x , the problem faced by s o c i e t y i s 

max U ( X , T T ) . ( 1 . 5 ) 
IT 

The f i r s t - o r d e r cond i t i on fo r soc ie t y i s 

f = 0 . (1.6) 
dTT 

Assume that fo r each vec tor x , the p o l i c y TT def ined by ( 1 . 6 ) i s unique and 

that the r e s u l t i n g p o l i c y r u l e , n ( x ) , i s d i f f e r e n t i a b l e . In t h i s e q u i l i b r i u m 

each p r i v a t e agent i takes as given the p o l i c y r u l e n( - ) and the d e c i s i o n s of 

other p r i v a t e agents and so lves 

max U ( x , n ( x ) ) . ( 1 . 7 ) 
x. 

I 
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The f i r s t - o r d e r cond i t i on f o r each agent i i s 

H L + 3 M ! ^ = o. (1 .8) 
3x^ 3TT 3X^ 

(Not ice that we l e t each p r i v a t e agent take account o f the e f f e c t h i s a c t i o n 

has on the p o l i c y chosen by s o c i e t y . When the number o f p r i v a t e agents i s 

l a r g e , t h i s e f f e c t w i l l be s m a l l ; i n the l i m i t , i t i t w i l l be z e r o . ) We then 

have the f o l l ow ing d e f i n i t i o n : 

An e q u i l i b r i u m without commitment i s a vector of p r i v a t e dec i s i ons x* and a 

p o l i c y r u l e n(*) that s a t i s f y 

• P r i v a t e e q u i l i b r i u m . Given x*^ and n ( - ) , x? so lves ( 1 . 7 ) . 

• Maximizat ion fo r s o c i e t y . For any x, the p o l i c y r u l e n( - ) so l ves 

( 1 . 5 ) . 

We can now compare the e q u i l i b r i u m outcomes wi th and wi thout commit

ment. Combining (1.2) and ( 1 . 4 ) , we have that the e q u i l i b r i u m outcome w i th 

commitment i s completely cha rac te r i zed by 

an an 
= 0 and = 0, fo r a l l i . (1 .9) 

d TT d X . 

1 

Combining (1.6) and (1.8) we have that the equ i l i b r i um outcome wi thout commit

ment i s cha rac te r i zed by 
an an 

= 0, f o r a l l i , and f ± = 0 . (1.10) 
d X . d TT 1 

Not ice that (1.9) and (1.10) are i d e n t i c a l and that e i t h e r se t of equat ions 

are the f i r s t - o r d e r cond i t i ons to 

max U ( X , T T ) . 
X ,TT 
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By s t r i c t concav i t y , the s o l u t i o n to t h i s problem i s unique and hence we have 

es tab l i shed the f o l l ow ing p r o p o s i t i o n : 

P ropos i t i on 1 (No time cons is tency problem in a team environment) 

I f a l l agents have the same ob jec t i ve func t ion as soc ie t y the e q u i 

l i b r i u m a l l o c a t i o n s and p o l i c i e s w i th and without commitment are i d e n t i c a l . 

Thus i n order fo r there to be a time cons is tency problem there needs 

to be some c o n f l i c t of i n t e r e s t s e i t h e r between soc ie t y and p r i va te agents or 

among p r i va te agents themselves. We turn now to such s i t u a t i o n s . 

1.2. Benevolent agents and a s e l f - i n t e r e s t e d soc ie t y 

A v a r i e t y o f papers in the l i t e r a t u r e have examined s i t u a t i o n s i n 

which the preferences o f s oc i e t y do not co inc ide w i th those of p r i v a t e 

agents. (For example, see Kydland and P r e s c o t t , 1977, Barro and Gordon, 1983, 

and Rogoff, 1988.) In our framework we model such a s i t u a t i o n by l e t t i n g each 

p r i va te agen t ' s o b j e c t i v e func t ion be U ( X , T T ) and l e t t i n g s o c i e t y ' s o b j e c t i v e 

func t ion be some other f u n c t i o n , say S ( X , T T ) . For t h i s s p e c i f i c a t i o n an ana l y 

s i s s i m i l a r to the team environment a n a l y s i s g ives that an e q u i l i b r i u m wi th 

commitment i s summarized by 

an 
g - = 0, fo r a l l i 

i 

and 

y as 9 X i + as 
3x. 3TT + 3TT 1=1 1 

L i kew ise , an e q u i l i b r i u m without commitment i s summarized by 



and 

| L . + | M | I L = o , f o r a l l i . 3 x i 3TT 3 x i ' 

I t i s c l ea r t ha t , i n gene ra l , the s o l u t i o n s to these two se ts o f equat ions 

w i l l be d i f f e r e n t . 

One j u s t i f i c a t i o n fo r assuming that the preferences of s o c i e t y do 

not co inc ide w i th those of i t s cons t i t uen t agents i s that p o l i c y cho ices are 

made by a s e l f - i n t e r e s t e d government. As we have seen, the d iscrepancy i n 

ob jec t i ves between such a government and the members of soc i e t y induces a 

c o n f l i c t o f i n t e r e s t s that can lead to a time cons is tency problem. I t i s not 

c l ea r to us why the preferences of soc i e t y do not r e f l e c t the pre ferences o f 

i t s c o n s t i t u e n t s . Thus the time cons is tency problems j us t descr ibed do not 

seem an i n t e r e s t i n g way to model s o c i a l cho ice in democrat ic s o c i e t i e s . 

1 . 3 . S e l f - i n t e r e s t e d agents and a benevolent soc ie t y 

We now cons ider an environment in which the pre ferences of each 

p r i va te agent can d i f f e r . In p a r t i c u l a r , l e t the preferences of agent i be 

given by U 1 ( X , T T ) . No t i ce that s ince each agen t ' s u t i l i t y i s a f f ec ted by other 

agents d e c i s i o n s , t h i s i s an economy wi th ex te rna l e f f e c t s . We model s o c i e t y 

as being benevolent i n the sense that i t so l ves a Pareto problem by maximizing 

n 
I X . U ^ x , * ) 

i = 1 

f o r some set o f we l fa re weights X = ( X X ). 
1 n 

With commitment, the f i r s t - o r d e r cond i t i on fo r each agent i s 
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and the f i r s t - o r d e r cond i t i on fo r soc i e t y i s 

L i kew ise , wi thout commitment the f i r s t - o r d e r cond i t i on fo r soc i e t y i s 

n 
= 0 

i=1 

and the f i r s t - o r d e r cond i t i on fo r an agent i i s 

3U 1

 + 3 U 1 311 Q 

3x^ 3ir 3x^ 

Not ice tha t , i n gene ra l , these two s o l u t i o n s w i l l d i f f e r so that when there 

are e x t e r n a l i t i e s there i s t y p i c a l l y a time cons is tency problem. 

1.4. Representat ive agent models 

A p a r t i c u l a r l y i n t e r e s t i n g c l a s s of s o c i a l choice problems a r i s e s in 

compet i t ive e q u i l i b r i u m models wi th a rep resen ta t i ve agent. I t turns out that 

such problems can be represented i n our genera l s o c i a l cho ice framework. For 

t h i s c l a s s o f problems the ob jec t i ve func t ions o f agents are 

Modeling p r i v a t e agents as compet i t ive amounts to assuming that each agent i 

takes both the aggregate a l l o c a t i o n x and the p o l i c y TT as given and that n i s 

const ra ined to depend only on the aggregate a l l o c a t i o n x. In the case w i th 

commitment the f i r s t - o r d e r cond i t i ons reduce to 

U ^ x , * ) = U ( X . , X , T T ) 

where x = - I^-i x- denotes the average or aggregate per c a p i t a a l l o c a t i o n s . 

The ob jec t i ve func t ion of soc ie t y i s 
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= 0, f o r a l l i 3x. ' 1 

and 

y a u 1 ax + a u 1 _ 0 

- 3TT 3TT 1=1 3X 

In the case without commitment the f i r s t - o r d e r cond i t i ons are 

3U J 
1 1 ^TT1 

I T - - 0 

i = i 3 1 1 

and 

= 0, f o r a l l i . 3x. ' l 

I t i s c l e a r tha t , i n gene ra l , the s o l u t i o n s to these problems are d i f f e r e n t . 

Not ice that i f the u t i l i t y func t ions d id not depend on the aggregate a l l o c a 

t i on x, then the s o l u t i o n s to these problems would be the same. Dependence o f 

the u t i l i t y func t ions on aggregate a l l o c a t i o n s induces a sub t le source o f 

c o n f l i c t among agents . We next i l l u s t r a t e the nature of t h i s c o n f l i c t i n a 

s imple model o f i n f l a t i o n . We cons ider more compl icated examples i n sec t i ons 

2 and 3. 

1.5. C o n f l i c t among agents in a s imple model o f i n f l a t i o n 

Perhaps the most widely used example i n the time cons is tency l i t e r a 

ture i s a P h i l l i p s curve model o f i n f l a t i o n and unemployment. Kydland and 

Presco t t (1977) f i r s t used t h i s model to i l l u s t r a t e the problem of time con

s i s t e n c y . Barro and Gordon (1983) and Rogoff (1988) have e labora ted on the 

bas i c model. The idea i s that unan t i c ipa ted i n f l a t i o n prov ides b e n e f i t s to 

soc i e t y wh i le a n t i c i p a t e d i n f l a t i o n i s c o s t l y . Wi th in our s o c i a l cho ice 

framework, we can model these fea tures as f o l l o w s . 
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Each p r i va te agent chooses the ( log o f ) h i s nominal wage x^. S o c i 

e t y , which here i s i d e n t i f i e d wi th the monetary a u t h o r i t y , chooses the ( log 

of ) the p r i c e l e v e l TT. The aggregate x = 1/n I^.^ i s fche average nominal 

wage in the economy. The u t i l i t y func t ion of p r i v a t e agents i s g iven by 

U 1 ( X , T T ) = U ( X I - 7 T , X - T T , T T ) 

whi le the u t i l i t y func t ion of the monetary a u t h o r i t i e s i s given by 

n 
S ( X , T T ) = £ U ( X . - T T , X - T T , 7 T ) . 

i=1 1 

As u s u a l , we consider two kinds of commitment techno log ies . The f i r s t - o r d e r 

cond i t i ons wi th commitment reduce to 

( X ^ - T T , X - T T , T T ) = 0, fo r a l l i 

and 

n 
I [ U 9 ( x . - 7 T , X - 7 T , 7 T ) [ f ^ -1] + l U x . - T T , X - 7 T , 7 r ) ] = 0. (1.11) 

The f i r s t order cond i t i ons without commitment reduce to 

( X ^ - T T , X - T T , T T ) = 0 

and 

n 
I [U (x - T T , X - T T , T T ) - U (x - T T , X - T T , T T ) ] = 0. (1.12) 

i=1 5 1 d 1 

In t h i s type o f model i t i s common to assume that fo r a f i x e d p r i c e l e v e l TT 

and aggregate nominal wage x^ , the u t i l i t y of agent i i s maximized by s e t t i n g 

the nominal wage equal to the p r i c e l e v e l p lus a constant k. Thus U^(-) = 0 

when the f i r s t argument equals k. One r a t i o n a l i z a t i o n fo r t h i s i s that a r e a l 

wage higher than the one given by the constant k leads to lower employment and 

hence lower u t i l i t y . 
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S ince U ^ ( 0 = 0 when the r e a l wage x 1 - TT equals k, i n an e q u i l i b 

rium wi th commitment 3X/8TT = 1 . I t f o l l ows from equat ions (1.11) and (1.12) 

that the so lu t i ons to the two problems are d i f f e r e n t . Not ice that i t i s 

c r u c i a l f o r soc ie t y to care about the second argument, x - IT, that i s , the 

average r e a l wage i n the economy. I f the u t i l i t y func t ions of p r i v a t e agents 

or s oc i e t y d id not depend upon t h i s argument, then the s o l u t i o n s would be 

i d e n t i c a l . Barro (1985) and Rogoff (1988) recognize the importance of t h i s 

assumption. They argue that unan t i c ipa ted i n f l a t i o n prov ides s o c i a l b e n e f i t s 

i f the na tu ra l ra te o f unemployment exceeds the s o c i a l l y opt imal l e v e l due to 

the presence of e x t e r n a l i t i e s or d i s t o r t i n g t a x a t i o n . S ince these fea tu res 

are not modeled i t i s hard to assess the v a l i d i t y o f the argument. S u f f i c e i t 

to say , some such fo rce must be present i f t h i s model i s to generate a time 

cons is tency problem. 

1.6. Summary 

To summarize t h i s overview s e c t i o n , we have made three main 

p o i n t s : F i r s t , time cons is tency cannot a r i s e in a team environment. Second, 

time cons is tency problems t y p i c a l l y a r i s e whenever governments do not maximize 

the we l fa re of p r i va te agents. T h i r d , even i f governments are benevolent , 

c o n f l i c t s among p r i va te agents can cause time cons is tency problems. In the 

sec t ions that fo l l ow we consider two examples that i nves t i ga te how the i n t e r 

ac t i ons between ex te rna l e f f e c t s and the t iming of dec i s i ons generate time 

cons is tency problems. 

2 . The c a p i t a l taxa t ion model 

In t h i s sec t i on we cons ider a ve rs ion o f F i s c h e r ' s (1980) c a p i t a l 

taxa t ion model, modi f ied along the l i n e s of Char i and Kehoe (1987a). I n i 

t i a l l y we consider a one-per iod ve rs ion of the model. For t h i s ve rs ion we 
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def ine and cha rac te r i ze the e q u i l i b r i a w i th and wi thout commitment. We then 

show that these r e s u l t s immediately gene ra l i ze to a f i n i t e - p e r i o d ve rs i on o f 

the model. In sec t i on 4 we d iscuss the i n f i n i t e hor izon ve rs ion o f t h i s 

model. 

Consider an economy wi th a l a rge number o f i d e n t i c a l consumers and a 

government. There i s a l i n e a r product ion technology fo r which the marg ina l 

product o f c a p i t a l i s a constant R > 1 and the marg ina l product of labor i s 

1. Consumers make dec i s i ons at two d i s t i n c t po in ts i n t ime, the f i r s t stage 

and the second s tage . They make consumption-investment dec i s i ons a t the f i r s t 

stage and consumption- labor supply d e c i s i o n s a t the second s tage. In p a r t i c u 

l a r , a t the f i r s t stage consumers are endowed wi th u> u n i t s o f the consumption 

good from which they consume c-, and save k. At the second stage each agent 

consumes c 2 and works I u n i t s . Second-stage income, net o f taxes , i s (1-5)Rk 

+ ( 1 - T H , where 6 and T denote the tax ra tes on c a p i t a l and labor respec 

t i v e l y . For s i m p l i c i t y we assume that f i r s t - s t a g e consumption i s a pe r f ec t 

subs t i t u t e fo r second-stage consumption. A consumer, confronted w i th tax 

ra tes 6 and T , chooses (c<| , k ; c 2 , £ ) to so lve 

max i K c ^ c ^ f c ) (2.1) 

subject to 

c^ + k < a> 

c 2 < (1-5)Rk + ( 1 - T H . 

I f the tax ra te on c a p i t a l 6 i s set so that (1-6)R = 1, the consumer 

i s i n d i f f e r e n t about the t iming of consumption. We assume that i n such a 

case, the consumer saves h i s en t i r e endowment. 
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The government se ts p ropo r t i ona l tax ra tes on c a p i t a l and labo r 

income to f inance an exogenously g iven amount of second-stage per c a p i t a 

government spending g . The government's budget cons t r a i n t i s 

g < 5RK + T L (2 .2) 

where K and L denote the per c a p i t a (or aggregate) l e v e l s o f c a p i t a l and 

l abo r . We assume that g > Ru> so that even i f consumers save e n t i r e endowments 

and the tax on c a p i t a l i s set equal to one, the government s t i l l needs to tax 

l a b o r . 

In what f o l l ows we adopt the n o t a t i o n a l convent ion that lowercase 

l e t t e r s denote i n d i v i d u a l v a r i a b l e s and uppercase l e t t e r s , denote aggregate 

v a r i a b l e s . Th is no ta t ion i s used to emphasize what var ious agents take as 

g i ven . 

2 . 1 . C a p i t a l taxa t ion wi th commitment 

In an economy wi th commitment, the government se ts tax ra tes before 

p r i va te agents make t h e i r d e c i s i o n s . We c a l l such a p o l i c y a f u l l commitment  

p o l i c y . In t h i s setup i t i s s t ra igh t fo rward to de f ine an e q u i l i b r i u m . Let x-j 

= (c<|,k) and x 2 = ( c 2 , J l ) denote an i n d i v i d u a l consumer's f i r s t - and second-

stage a l l o c a t i o n s and l e t X-j = (C-j,K) and X 2 = ( C 2 , L ) denote the corresponding 

aggregate a l l o c a t i o n s . Let TT = (5,x) denote government p o l i c y . We have the 

fo l l ow ing d e f i n i t i o n : 

A f u l l commitment e q u i l i b r i u m i s an i n d i v i d u a l a l l o c a t i o n ( x ^ , x 2 ) , 

an aggregate a l l o c a t i o n ( X 1 , X 2 ) , and a tax p o l i c y TT that s a t i s f y : 

• Consumer max imizat ion. Taking the tax p o l i c y TT as g i v e n , the i n d i 

v i dua l a l l o c a t i o n s so lve the consumer's problem ( 2 . 1 ) . 
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• Government budget c o n s t r a i n t . At the aggregate a l l o c a t i o n ( X 1 F X 2 ) , 

the p o l i c y TT s a t i s f i e s the government budget c o n s t r a i n t ( 2 . 2 ) . 

• Representa t iveness. The i n d i v i d u a l and aggregate a l l o c a t i o n s 

c o i n c i d e , that i s , ( x ^ x ^ = ( X ^ , X 2 ) . 

Given that the i n d i v i d u a l and aggregate a l l o c a t i o n s c o i n c i d e , we can 

r e f e r to such an e q u i l i b r i u m as a U , X ) p a i r , where X = ( X 1 , X 2 ) . Let E denote 

the set of p o l i c i e s TT fo r which an e q u i l i b r i u m e x i s t s . Assume that fo r each TT 

in E there i s a unique e q u i l i b r i u m a l l o c a t i o n X(TT) assoc ia ted w i th TT. Let 

S ( T T , X ( T T ) ) denote the e q u i l i b r i u m value of u t i l i t y under the p o l i c y TT S O that 

S ( T T , X ( T T ) ) = U(C 1 ( i r )+C 2 ( i r ) f L( i r ) ) . (2.3) 

We say that a p a i r (TT ,X ) i s a Ramsey e q u i l i b r i u m i f TT so l ves 

max S ( T T , X ( T T ) ) 
ireE 

and X = X ( T T ) . We then have 

P ropos i t i on 2 (The Ramsey Equ i l i b r i um) 

The Ramsey e q u i l i b r i u m (TT ,X) has f i r s t - s t a g e a l l o c a t i o n s C 1 = 0 and 

K = a) and a c a p i t a l tax ra te 6 = (R-1 ) /R . 

Proof . I f the tax on c a p i t a l i s such that (1 -6)R > 1, then each consumer 

saves h i s e n t i r e endowment, wh i le i f (1-6)R < 1, then the consumer saves 

noth ing . Thus the tax on c a p i t a l ac ts l i k e a lump-sum tax when i t i s se l ec ted 

at any l e v e l l e s s than or equal to (R-1 ) /R . C l e a r l y i t i s opt imal to r a i s e as 

much revenue as p o s s i b l e from t h i s tax . S ince g > Ra>, government spending i s 

greater than the maximal poss i b l e revenues from t h i s c a p i t a l tax , so i t i s 

opt imal to set 6 = (R-1 ) /R . Faced wi th t h i s tax , consumers save t h e i r e n t i r e 

endowment. The tax ra te on labor i s then set so as to r a i s e the res t of the 

needed revenues. 0 
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2 .2 . C a p i t a l t axa t i on without commitment 

Forma l l y , the lack o f commitment i s modeled by assuming tha t the 

government does not set p o l i c y u n t i l a f t e r consumers have made t h e i r f i r s t -

stage d e c i s i o n s . Thus the t iming i s (1) consumers make f i r s t - s t a g e d e c i s i o n s , 

(2) the government se ts tax p o l i c y , (3) consumers make second-stage d e c i 

s i o n s . In t h i s se tup, the government's tax ra tes can vary depending on what 

the aggregate f i r s t stage dec i s i ons have been. Thus, a government p o l i c y i s 

no longer a p a i r o f tax ra tes TT = (6 ,x) but ra ther a s p e c i f i c a t i o n o f tax 

ra tes f o r every p o s s i b l e X - , , say o ( X 1 ) = ( 6 ( X 1 ) , T ( X 1 ) ) . To keep the d i s t i n c 

t i on between these c l e a r , we c a l l the func t i on a a p o l i c y p lan and we c a l l a 

s p e c i f i c set o f tax ra tes TT s imply a p o l i c y . 

Each consumer's second-stage dec i s i ons depend on the f i r s t - s t a g e 

dec i s i ons x ^ the aggregate f i r s t - s t a g e d e c i s i o n s X - , , and the tax p o l i c y 

s e l e c t e d . Thus, a consumer's second-stage dec i s i ons are descr ibed by a p a i r 

o f f u n c t i o n s , say ^ ( x ^ X - , , * ) = ( C

2 ^ X 1 >X1 ' ^ X 1 , > X 1 ) * W e c a l 1 f 2 a s e c " 

ond-stage a l l o c a t i o n r u l e to d i s t i n g u i s h i t from a p a r t i c u l a r second-stage 

a l l o c a t i o n x 2 . L i kew ise , the aggregate a l l o c a t i o n ru l e F 2 i s de f ined as a 

func t ion o f the aggregate f i r s t - s t a g e d e c i s i o n X 1 and the p o l i c y TT and i s 

denoted by F 2 ( X - | , T T ) . 

An e q u i l i b r i u m in t h i s environment i s def ined r e c u r s i v e l y . F i r s t , a 

second-stage compet i t ive e q u i l i b r i u m i s de f i ned , g iven the h i s t o r y o f past 

dec i s i ons by consumers and the government. We cons ider symmetric h i s t o r i e s 

( X ^ X ^ T T ) fo r which the i n d i v i d u a l a l l o c a t i o n x 1 equals the aggregate a l l o c a 

t i on X ^ . The r e s u l t i n g a l l o c a t i o n ru les are used to de f ine the problem f a c i n g 

the government. Next, the f i r s t - s t a g e compet i t i ve e q u i l i b r i u m i s d e f i n e d . 

Combining a l l o f these g ives an e q u i l i b r i u m which we c a l l a time c o n s i s t e n t  

e q u i l i b r i u m . We def ine a second-stage compet i t ive e q u i l i b r i u m as 
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A compet i t ive e q u i l i b r i u m at the second s tage, g iven the h i s t o r y 

(x-j,X-j f IT) , i s a set o f i n d i v i d u a l and aggregate a l l o c a t i o n r u l e s f 2 and F 2 

such that the f o l l ow ing cond i t i ons are s a t i s f i e d : 

• Consumer max imizat ion . Taking as g iven the h i s t o r y ( X ^ X ^ T T ) , the 

i n d i v i d u a l a l l o c a t i o n r u l e f 2(x<| , X ^ ,TT) so lves 

max U(c,|+c 2,Jl) 
c 2 > * 

subject to c 2 < R(1-6)k + ( 1 - T ) J I . 

• Government budget c o n s t r a i n t . The aggregate a l l o c a t i o n r u l e 

F 2 ( X 1 , T T ) s a t i s f i e s g < R6K + xL. 

• Representat iveness. f 2 ( X ^ , X ^ ,TT) = F 2 ( X ^ , T T ) . 

Since t h i s equ i l i b r i um i s def ined fo r each h i s t o r y , we can summarize i t by the 

f unc t ion F 2 ( X < | ,TT) . 

Next cons ider the s i t u a t i o n o f the government. Given the past 

aggregate dec i s i ons X-j and knowing that fu tu re dec i s i ons are se lec ted acco rd 

ing to the ru le F 2 ( X 1 , i r ) , the government s e l e c t s a p o l i c y , say TT = a ( X 1 ) , tha t 

maximizes the wel fare o f the consumers. The government's o b j e c t i v e f unc t i on 

i s 

S ( a , F 2 ; X 1 ) = U ^ + C g ^ ,TT ) , L ( X 1 ,TT) ) (2 .4) 

where TT = a ( X - | ) . Given X - | and F 2 , the government must s e l e c t a p o l i c y a ( X - | ) 

that s a t i s f i e s i t s budget c o n s t r a i n t : 

g < 6 ( X 1 ) R K + T ( X 1 ) L ( X 1 > O ( X 1 ) ) . (2 .5) 

Let Z ( F 2 ; X < ) ) denote the se t o f a l l p o l i c i e s a ( X 1 ) that s a t i s f y ( 2 . 5 ) . The 

problem of the government i s to p i ck a p lan a such that fo r every F ^ , a ( X ^ ) 

maximizes u t i l i t y (2.4) over the se t of f e a s i b l e p o l i c i e s z ( F P ; X 1 ) . 
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F i n a l l y , cons ider the consumer's problem at the f i r s t s tage . Each 

consumer chooses an i n d i v i d u a l a l l o c a t i o n f o r the f i r s t s tage, = ( c ^ , k ) , 

together wi th an a l l o c a t i o n ru l e f 2 f o r tak ing ac t i ons a t the second s tage . 

Each consumer takes i t as given that the cur rent aggregate a l l o c a t i o n i s some 

X^ ; fu tu re p o l i c y i s se t accord ing to the p lan a ; and fu ture aggregate a l l o c a 

t i ons are set accord ing to some r u l e F 2 . Given these assumptions the f i r s t -

stage compet i t ive e q u i l i b r i u m i s de f ined analogously to the second-stage com

p e t i t i v e equ i l i b r i um and i s summarized by ( a , X - | , F 2 ) . 

We have r e c u r s i v e l y def ined the consumer and the government prob

lems. Combining these g ives an e q u i l i b r i u m wi th sequen t ia l r a t i o n a l i t y b u i l t 

i n f o r both the p r i v a t e agents and the government. Because of t h i s , we say 

the e q u i l i b r i u m i s time c o n s i s t e n t . Fo rma l l y , 

A time cons i s ten t e q u i l i b r i u m i s a t r i p l e (a ,X<| ,F 2 ) that s a t i s f i e s 

• Sequent ia l r a t i o n a l i t y by consumers. ( a , X 1 , F 2 ) i s a f i r s t - s t a g e 

compet i t ive equ i l i b r i um and, fo r every h i s t o r y ( T T ' , X ! j ) , F 2 ( i r ' , X ! j ) 

i s a second-stage compet i t i ve e q u i l i b r i u m . 

• Sequent ia l r a t i o n a l i t y by the government. Given F 2 , the p o l i c y 

p lan a so lves the government's problem fo r every h i s t o r y X ! j . 

We then have the f o l l o w i n g p r o p o s i t i o n . 

P ropos i t i on 3 ( S i n g l e - p e r i o d time cons i s ten t equ i l i b r i um) 

The s i n g l e - p e r i o d time cons i s ten t e q u i l i b r i u m has f i r s t - s t a g e a l l o 

ca t ions C^ = a) and K = 0 and a c a p i t a l tax p lan 6 ( X ^ ) e 1 . 

Proof . Consider f i r s t the p o l i c y p lan a . For any g iven f i r s t - s t a g e aggregate 

a l l o c a t i o n X ^ = ( C ^ , K ) , i t i s c l e a r l y opt imal fo r the government to r a i s e as 

much revenue as p o s s i b l e from tax ing the given amount of c a p i t a l . By assump

t i o n , g > Ru> so that even i f a l l the endowment i s saved and the r e s u l t i n g 
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c a p i t a l i s f u l l y taxed, the revenues f a l l shor t of government spending. Thus, 

6(X^) = 1. Faced w i th such a tax , i t i s opt imal fo r consumers to save noth ing 

and consume a l l of t h e i r endowments. 0 

I t i s easy to v e r i f y that the u t i l i t y l e v e l o f each consumer i n the 

time cons is ten t e q u i l i b r i u m i s s t r i c t l y lower than the l e v e l i n the Ramsey 

e q u i l i b r i u m . An important quest ion that remains i s , What i s the source o f the 

c o n f l i c t i n t h i s example? To i n v e s t i g a t e t h i s quest ion we cast our model i n 

the genera l s o c i a l cho ice framework considered i n sec t i on 1. To accompl ish 

t h i s we need to embed the budget c o n s t r a i n t s o f consumers and the government 

in to p re fe rences . Let the preferences of each p r i v a t e agent be g iven by 

U(cu-k+(1-5)Rk+(1-TH,Jl) + W ( K , L , 6 , T ) 

where the func t ion W equals zero i f i t s arguments ( K , L , 6 , x ) s a t i s f y the gov

ernment's budget c o n s t r a i n t , g < 6RK + T L , and W equals some la rge negat ive 

number o therwise. N o t i c e , a l s o , that we have assumed consumers are p r i c e -

take rs , i n the sense that they regard aggregates as being unaf fec ted by t h e i r 

d e c i s i o n s . Thus, t h i s model i s a s p e c i a l case of the rep resen ta t i ve agent 

model considered i n subsect ion 1.3. 

2 .4 . A f i n i t e hor izon model o f c a p i t a l taxa t ion 

Consider a f i n i t e r e p e t i t i o n of c a p i t a l t axa t i on model. To keep 

th ings s imple we assume that c a p i t a l cannot be s tored between p e r i o d s , that 

there i s no borrowing and lend ing across pe r i ods , and that government spending 

i s constant . With commitment, the government chooses a sequence of tax ra tes 

once and fo r a l l a t the beginning of t ime. A compet i t ive e q u i l i b r i u m i s then 

a sequence of i n d i v i d u a l and aggregate a l l o c a t i o n s that maximize consumer 

we l fa re , c l e a r markets, and s a t i s f y rep resen ta t i veness . The Ramsey e q u i l i b -
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rium i n t h i s mu l t i pe r iod model i s simply the one-per iod Ramsey e q u i l i b r i u m 

repeated f i n i t e l y many t imes. 

Without commitment, the problem i s more compl icated because a l l 

dec i s ions must be s e q u e n t i a l l y r a t i o n a l . Consumers must fo recas t how fu tu re 

tax ra tes w i l l be chosen, and the government must f o recas t how i t s cur ren t 

choices in f luence fu ture dec i s i ons o f consumers. Fo l low ing Char i -Kehoe (1987a 

and b) we reso lve t h i s f o r e c a s t i n g problem by making a l l o c a t i o n s and p o l i c i e s 

func t ions of the h i s t o r y that c o n s t i t u t e s the se t o f a l l past d e c i s i o n s . 

Formal ly , the h i s t o r y o f an i n d i v i d u a l consumer at the f i r s t stage o f per iod t 

i s 

h i t = ( v V ' s l 8 5 0 " - " ^ -

Let H-| t denote the aggregate h i s t o r y at the f i r s t stage 

H 1 t = ( V % | s = 0 , . . . , t - 1 ) . 

L i kew ise , l e t denote the aggregate h i s t o r y con f ron t ing the government a f t e r 

consumers have made t h e i r f i r s t stage dec i s i ons i n per iod t : 

H f c = ( X s . * a | a = 0 t -1) u X l f c . 

Note that the aggregate h i s t o r y does not inc lude i n d i v i d u a l a l l o c a t i o n s . Th is 

i s i n keeping wi th the assumption that tax ra tes are the same across a l l 

consumers and cannot be a l t e r e d by the dec i s i ons o f any s i ng l e consumer. At 

the second s tage, a consumer's h i s t o r y records a l l dec i s i ons up to then and i s 

given by 

h 2 t = ( h 1 t ' X 1 t ' X 1 t ' 7 t t K 
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L ikew ise , the aggregate h i s t o r y a t the second stage i s 

H 2 t = ( H 1 t ' X 1 t ' V -

A l l o c a t i o n s and p o l i c i e s are def ined as func t ions o f the h i s t o 

r i e s . Let f t = ( f i t , f 2 t ^ d e n o t e i n d i v i d u a l a l l o c a t i o n func t ions which map 

f i r s t and second stage i n d i v i d u a l h i s t o r i e s in to dec i s i ons at the r e s p e c t i v e 

s tages. Let F f e = ^ F 1 t , F 2 t ^ d ^ n o t e t h e corresponding aggregate a l l o c a t i o n 

func t ion which maps aggregate h i s t o r i e s i n to aggregate a l l o c a t i o n s . Let a 

denote the government's p o l i c y func t i on which maps h i s t o r i e s H t i n to d e c i s i o n s 

at t . 

Now in order »to de f ine a time cons i s ten t e q u i l i b r i u m , we need to 

exp la in how a l l o c a t i o n and p o l i c y func t ions induce fu ture h i s t o r i e s . In what 

f o l l o w s , we cons ider only symmetric h i s t o r i e s . Let = ( f ^ f ^ , . . . ) denote 

a sequence of i n d i v i d u a l a l l o c a t i o n r u l e s from t onward. Let F^ and denote 

the corresponding ob jec ts fo r the aggregate a l l o c a t i o n r u l e s and p o l i c y 

p lans . Given a h i s t o r y h 1 f c , the func t ions f f c , F f c , and a f c induce i n d i v i d u a l 

h i s t o r i e s as f o l l o w s : 

h 2 t = t h 1 t , f 1 f c ( h 1 t ) , F l t ( H 1 t ) , a t C H 1 t t F 1 t ( H l t ) ] } f 

h 1 t + 1 = ( h 2 t » f 2 t ( h 2 t ) ' F 2 t ( H 2 t ) ) 

and so on. L i kew i se , from any i n i t i a l aggregate h i s t o r y , say H ^ , the c o n t i n 

gency plans F f c and a f c induce fu tu re h i s t o r i e s ( H

t » H 2 t ' ^ 1 1 + 1 9 ' ' * ̂  * n a s ^ - m i ^ a r 

f a sh ion . 

Consider the f i r s t stage of per iod t . Given some h i s t o r y h-^., an 

i n d i v i d u a l consumer chooses a cont ingency p lan f*\ Each consumer takes i t as 

given that fu ture aggregate a l l o c a t i o n s and p o l i c i e s w i l l evolve accord ing to 

the h i s t o r i e s induced by F f c and a * \ R e c a l l i n g that we only cons ider symmetric 

h i s t o r i e s , we have: 
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A compet i t i ve e q u i l i b r i u m at the f i r s t stage o f t , g iven a h i s t o r y 

H^ . , i s a set o f cont ingency plans f^, F f c , and that s a t i s f y : 

• Consumer max imizat ion . Given H ^ . , F*% and a ^ , the i n d i v i d u a l a l l o 

ca t i on r u l e s maximize 

I 8 S - t U ( c 1 s ( h 1 s ) + c 2 s ( h 2 s ) , a ( h 2 s ) ) 
s=t 

sub jec t to c , (h , ) < u> - k (h . ) 

I S Is S I S 

c 2 s ( h 2 s ) < R [ l - 6 s ( H 8 ) ] k ( h l 3 ) + [ l - T s ( H s ) ] l ( h 2 s ) 

where fo r a l l s > t , the fu ture h i s t o r i e s are induced by f^, F f c , 

and a * \ 

• Government budget c o n s t r a i n t . For a l l fu tu re h i s t o r i e s induced by 

FT and a t , 

g < R6 (H )K (H 1 ) + T (H )L (H- ). s s s i s s s s 2 s 

• Representa t iveness. = F*\ 

We re fe r to t h i s e q u i l i b r i u m as a p a i r ( o ^ , F ^ ) . L i kew ise , a compet i t i ve e q u i 

l i b r i u m at the second stage of t , g iven a h i s t o r y h 2 t , i s a set o f cont ingency 

plans ( f 2 t , f t + 1 ) , ( F 2 t , F t + 1 ) , and a t + 1 that s a t i s f y cond i t i ons s i m i l a r to 

those above. We r e f e r to t h i s e q u i l i b r i u m as ( a t + \ F 2 t , F t + ^ ) . 

Next cons ider the s i t u a t i o n of the government i n per iod t . Given 

some h i s t o r y H t and tak ing i t as g iven that fu ture aggregate a l l o c a t i o n s 

evolve according to ( F 2 t , F t + 1 ) , the government s e l e c t s a p o l i c y p lan crfc that 

maximizes consumer we l f a re . The government's ob jec t i ve func t ion i s 

S t ( o t , F 2 t , F t + 1 ; H t ) = U ( C l t + C 2 t ( H 2 f c ) , L t ( H 2 t ) ) (2.6) 

+ I / ~ V 1 s ( H 1 s ) + C 2 s ( H 2 s ) , L s ( H 2 s ) ) . 
s=t+1 
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Given the h i s t o r y H f c and the a l l o c a t i o n ru l es ( F 2 t , F f c + 1 ) , the government must 

s e l e c t a p o l i c y p lan that not only s a t i s f i e s i t s cur rent budget c o n s t r a i n t , 

g * V H t ) R K t + W W 

but also sa t i s f i es i t s future budget constraints, 

g < R6 (H )K (H, ) + T (H )L (H_ ) 
S S S I S s s s ^ s 

t"t" 1 t 

f o r a l l aggregate h i s t o r i e s induced by ( F

2 t , F ^ a n d 0 9 L e t 

I (F , F t + 1 ; H ) be the se t of a l l p o l i c y p lans o f c that s a t i s f y these budget 

c o n s t r a i n t s . The problem of the government at t , then, i s to p i ck a p lan o f c 

that maximizes consumer wel fare (2.6) over the se t o f a l l f e a s i b l e p o l i c i e s 

V ^ t ' ^ V -

Combining these var ious d e f i n i t i o n s g ives us a type o f e q u i l i b r i u m 

that w i l l not "break down" as time evo l ves , s ince by cons t ruc t i on the va r i ous 

cont ingency plans w i l l be c a r r i e d out f o r any p o s s i b l e set o f h i s t o r i e s . We 

have the fo l l ow ing d e f i n i t i o n : 

A time cons i s ten t e q u i l i b r i u m i s a (a ,F) pa i r that fo r each t s a t i s 

f i e s 

• Sequent ia l r a t i o n a l i t y by consumers. For every h i s t o r y H 1 t , 

( a t , F t ) i s a f i r s t - s t a g e compet i t i ve e q u i l i b r i u m . For every h i s 

tory H 2 t , the t r i p l e ( a t + 1 , F 2 t , F t + ) i s a second-stage compet i t i ve 

e q u i l i b r i u m . 

• Sequent ia l r a t i o n a l i t y by the government. For every h i s t o r y H f c , 

the p lan a* maximizes consumer wel fare over the set o f f e a s i b l e 

plans Z t ( F 2 t , F t + 1 ; H t ) . 

We abbrev ia te no ta t ion and l e t S Q ( a , F ) denote the value of u t i l i t y at t ime 0 

in a time cons is ten t e q u i l i b r i u m . 
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I t i s easy to cha rac te r i ze time cons is ten t e q u i l i b r i a us ing backward 

i nduc t i on . At the second stage o f the l a s t p e r i o d , the consumer's d e c i s i o n 

problem depends only upon cur rent tax ra tes and the cur rent c a p i t a l s t o c k ; i t 

i s independent o f the r e s t o f the h i s t o r y . Consequent ly, the government's 

dec i s i on problem depends only upon the cur rent c a p i t a l s tock . I t f o l l o w s that 

the e q u i l i b r i u m in the l a s t per iod i s i d e n t i c a l to the s i n g l e pe r iod e q u i l i b 

rium and i s independent of the h i s t o r y . Next cons ider the problem i n per iod 

T - 1. C l e a r l y , ne i the r the government's dec i s i ons nor p r i va te agents ' d e c i 

s ions have any e f f e c t on outcomes in per iod T. Hence, the per iod T - 1 prob

lem i s a l s o s t a t i c and the outcomes are i d e n t i c a l to those i n the s i n g l e -

per iod case . 

Repeating t h i s argument, i t f o l l ows that fo r the f i n i t e ho r i zon 

case, the time cons i s ten t e q u i l i b r i u m i s unique and i s s imply the sequence o f 

the s i n g l e - p e r i o d time cons is ten t e q u i l i b r i a . As we w i l l see in s e c t i o n 4 , i n 

the i n f i n i t e hor izon case t h i s backward induc t ion argument cannot be used to 

cha rac te r i ze the set o f time cons i s ten t e q u i l i b r i a , and the set o f such e q u i 

l i b r i a i s t y p i c a l l y qu i te l a r g e . 

3. A f i n i t e hor izon model of debt and de fau l t 

In the mu l t i pe r i od c a p i t a l t axa t ion model of sec t i on 2, we assumed 

that c a p i t a l deprec ia ted completely between per iods and that agents cou ld not 

borrow or l e n d . T e c h n i c a l l y , t h i s impl ied that there were no s ta te v a r i a b l e s , 

l i k e c a p i t a l or debt , connect ing one per iod to the next . In a d d i t i o n , we 

assumed a l i n e a r product ion func t ion so that the c a l c u l a t i o n of e q u i l i b r i u m 

p r i c e s would be t r i v i a l . These fea tures helped make our a n a l y s i s o f the model 

s imp le , and thus the model served as a u s e f u l i n t roduc t i on to m u l t i p e r i o d 

models wi th time cons is tency problems. In most macroeconomic models o f i n t e r 

e s t , however, there are p h y s i c a l s ta te v a r i a b l e s and the c a l c u l a t i o n of e q u i -
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l i b r i u m p r i c e s i s n o n t r i v i a l . The main goal o f t h i s sec t i on i s to g ive an 

in t roduc t ion to such models and to h i g h l i g h t some of the issues that a r i s e . 

We accompl ish t h i s by s tudy ing a s imple model o f debt and d e f a u l t . A second

ary goal i s to show that even i n t h i s s imple model i t i s a n o n t r i v i a l problem 

to determine whether or not there i s a time cons is tency problem. In p a r t i c u 

l a r , we show that whi le the c o n f l i c t s among agents of the type cons idered i n 

sec t i on 1 are necessary fo r a time cons is tency problem, they are not s u f f i 

c i e n t . 

We cons ider a f i n i t e hor izon model of debt s i m i l a r to the models o f 

Presco t t (1977), Lucas and Stokey (1983), and Barro (1979). In p a r t i c u l a r , i n 

the model government consumption f l u c t u a t e s over time and the revenues to 

f inance t h i s consumption are ra i sed through d i s t o r t i o n a r y taxa t ion of l a b o r . 

The government i s a l lowed to tax debt . Any tax on debt i s i n t e r p r e t e d a 

p a r t i a l de fau l t and a 100 percent tax i s i n te rp re ted as a complete d e f a u l t . 

For s i m p l i c i t y we assume there i s no c a p i t a l . 

In the commitment e q u i l i b r i u m the government uses debt to smooth 

d i s t o r t i o n s from labor t axa t i on over t ime. With a f l u c t u a t i n g stream of 

government consumption, t h i s imp l ies that the Ramsey p o l i c y w i l l be not to 

balance the budget i n each p e r i o d . In the no-commitment e q u i l i b r i u m i t i s 

t h i s lack of budget balance that d r i ves the time cons is tency problem. In 

p a r t i c u l a r , without commitment whenever the outstanding government debt i s 

p o s i t i v e , the government has an i ncen t i ve to de fau l t on the debt i n order to 

decrease the amount o f d i s t o r t i o n a r y labor t a x a t i o n . 

In t h i s sec t i on we i n i t i a l l y assume that the only type o f debt i s 

s i n g l e - p e r i o d debt. Lucas and Stokey (1983) consider a model s i m i l a r to ours 

and a l low for debt of a l l poss i b l e m a t u r i t i e s . I t i s easy to show that w i th 

commitment there i s no l o s s of g e n e r a l i t y in cons ider ing only one per iod debt 
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in the sense that the Ramsey a l l o c a t i o n s when there i s on ly one per iod debt 

co inc ide wi th the Ramsey a l l o c a t i o n s , when there i s mu l t i pe r i od debt . However 

as Lucas and Stokey show, without commitment r e s t r i c t i n g debt to be one per iod 

a l t e r s the se t o f a l l o c a t i o n s a t t a i n a b l e i n a time cons i s ten t e q u i l i b r i u m . 

For no ta t i ona l s i m p l i c i t y we e x p l i c i t l y w r i t e out the budget c o n s t r a i n t s on ly 

fo r the case o f one-per iod debt . However, we cha rac te r i ze the time c o n s i s t e n t 

equ i l i b r i um fo r the case of mu l t i pe r i od debt . 

3 . 1 . Debt and de fau l t w i th commitment 

Consider an economy populated by a l a rge number o f i d e n t i c a l agents 

who l i v e f o r T+1 pe r i ods . In each per iod there are three goods: l a b o r , a 

p r i v a t e l y produced good, and a p u b l i c good. A constant r e t u r n s - t o - s c a l e 

technology i s a v a i l a b l e to t ransform one u n i t o f labor i n to one u n i t o f ou t 

put. The output can be consumed p r i v a t e l y or used to prov ide a p u b l i c good, 

re fe r red to as government consumption. The per c a p i t a l e v e l o f government 

consumption i n each p e r i o d , denoted g f c , i s exogenously s p e c i f i e d . Let c t 

and l denote the i n d i v i d u a l l e v e l s o f consumption and l a b o r , and l e t C f c and 

L f c denote the aggregate (or per cap i t a ) va lues of these v a r i a b l e s . An aggre-
T 

gate a l l o c a t i o n (C,L) = { c

t > L

t } t - 0

 i s f e a s i b l e i f i t s a t i s f i e s 

C t + g t = L t . ( 3 - D 

The preferences o f each agent are g iven by 

T f 
I ( H K c . , ! J (3 .2) 

t=0 C C 

where U i s s t r i c t l y i n c r e a s i n g , s t r i c t l y concave, and bounded, and where 0 < 8 

< 1. 
Let p f c denote the p r i c e o f the consumption good at t ime t i n an 

T 
abs t rac t un i t of account , and denote the vector of p r i c e s by p = { P t } t _ 0

-
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Since the constant r e t u r n s - t o - s c a l e technology transforms a un i t o f l abor i n to 

one un i t o f output , the wage ra te equals the p r i c e o f the consumption good. 

We assume that revenues can be ra i sed only through a p ropo r t i ona l tax on labor 

income. Let x f c denote the tax ra te on the labor income earned i n per iod t , 

T 

and l e t T = ^ t J t - O d e n o t e t h e sequence o f such tax r a t e s . The budget con

s t r a i n t of the rep resen ta t i ve consumer i s then 

I P t [ c t - ( 1 - t t ) t t ] = 0. (3.3) 
t—0 

L ikew ise , the government's budget cons t ra i n t i s 

j 0 p t [ « t - ' t L t i • ° - < 3 A ) 

Not ice that we have wr i t t en the consumer's budget c o n s t r a i n t in 

"date 0" or p resen t -va lue form. I m p l i c i t i n t h i s c o n s t r a i n t i s a sequence o f 

government debt he ld by consumers. To understand the government's i n c e n t i v e s 

to tax (or to d e f a u l t ) on the debt , i t i s u s e f u l to e x p l i c i t l y w r i t e out t h i s 

sequence. Suppose, fo r s i m p l i c i t y , there i s only s i n g l e - p e r i o d debt . Let 

b ^ denote the number u n i t s o f government debt bought a t t by a consumer. 

Each such un i t o f debt represents a c l a i m , before taxes , to one u n i t o f the 

consumption good a t per iod t+1. Denote the tax ra te on such c la ims by <$t+<|> 

so that then, a f t e r taxes , each un i t i s a c la im to only ( 1 -$ t + . j ) u n i t s o f the 

consumption good at t+1. The p r i ce of such a c la im i s then s imply 

P*. ^ (1 -6 . «) . Now suppose that a t time t , b f u n i t s of the debt mature and the 
U + l t + I ^ 

current consumption and labor supply are c^ and JI . Then (3.3) imp l i es tha t 

new purchases of debt evolve according to 

P t [ V ( 1 - T T H T ] + P T + 1 0 - s t + i > b t + i = P t ( 1 - W ( 3 ' 5 ) 
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That i s , the value of an agen t ' s consumption net of labor income p lus new 

purchases o f debt must add up to h i s outs tanding net debt p o s i t i o n . A s i m i l a r 

law of motion holds f o r the aggregate l e v e l o f debt , 

P T [ C f c - ( 1 - x T ) L T ] + P t + 1 < 1 - « T + L > B T + 1 - P t O - W ( 3 - 6 ) 

Using the f e a s i b i l i t y cond i t i on (3.1) and rear rang ing terms, we can rewr i t e 

t h i s law o f motion i n the more f a m i l i a r form, 

p f c + i ( 1 - 6 t + i ) B t + i = p t

( 1 - V B t + p t k t - T t L t J - ( 3 - 7 ) 

We requ i re that B Q = 0 and B T + 1 = 0 so that the sequence o f c o n s t r a i n t s (3 .7) 

i s equ iva len t to the government's p resen t -va lue budget cons t r a i n t ( 3 . 4 ) . 

L ikewise we requ i re that fo r each agent, b Q = 0 and b T + 1 = 0 so tha t the 

sequence o f c o n s t r a i n t s (3.5) i s equ iva len t to the agen t ' s p resen t -va lue 

budget cons t r a i n t ( 3 . 3 ) . 

In t h i s economy an i n d i v i d u a l agen t ' s a l l o c a t i o n i s a vec tor o f 

T 

consumption, l a b o r , and debt l e v e l s , denoted by x = { x

t } t _ 0 > w h e r e x t = 

(c ,Jl ,b J . An aggregate a l l o c a t i o n i s de f ined analogously and denoted by 

U U + I 

X = (X f c ) £_ 0 where X f c = ( C t , L t , B f c + 1 ) . A. p o l i c y fo r the government i s a se¬

T 

quence of tax ra tes on labor and on debt and i s denoted by TT = {* t} t =o w h e r e 

( T . ,6. ). We then have the f o l l ow ing d e f i n i t i o n : 

A compet i t i ve e q u i l i b r i u m i s a set o f i n d i v i d u a l a l l o c a t i o n s x , an 

aggregate a l l o c a t i o n X, a p r i c e system p, and a p o l i c y TT that s a t i s f y 

• F e a s i b i l i t y . The aggregate a l l o c a t i o n X s a t i s f i e s the f e a s i b i l i t y 

cond i t i on (3.1) fo r each t . 

• Consumer max imizat ion . Given TT, p, and X, the i n d i v i d u a l a l l o c a 

t i on x maximizes u t i l i t y (3.2) sub jec t to the c o n s t r a i n t s (3 .5) and 
b 0 = b f c + 1 = o. 
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• Government budget c o n s t r a i n t . Given p and X , the p o l i c y IT s a t i s 

f i e s cons t r a i n t s (3.7) and B Q = = 0. 

• Representa t iveness. x = X. 

The f e a s i b i l i t y cond i t i on together w i th the consumer's budget c o n s t r a i n t imply 

the government's budget c o n s t r a i n t . We inc lude the l a t t e r c o n s t r a i n t i n the 

d e f i n i t i o n of e q u i l i b r i u m only f o r emphasis. S ince in any e q u i l i b r i u m the 

i n d i v i d u a l and aggregate a l l o c a t i o n s c o i n c i d e , we re fe r to such a compet i t i ve 

equ i l i b r i um as a t r i p l e ( i r , X , p ) . Let E denote the set o f p o l i c i e s f o r which 

an e q u i l i b r i u m e x i s t s . Assume that fo r each TT in E there i s a unique a l l o c a 

t i on X(TT) and p r i c e system p(ir) assoc ia ted wi th TT. Let S ( T T , X ( T T ) ) denote the 

equ i l i b r i um value of u t i l i t y under a p o l i c y TT 

T t-
S ( T T , X ( T T ) ) = I 6 UU(C, ( T T ) , L , ( T T ) ) . 

t=0 z z 

We say ( i r , X , p ) i s a Ramsey e q u i l i b r i u m i f TT so lves 

max S ( T T , X ( T T ) ) 

TT€E 

and X = X(TT) and p = P ( T T ) . 

In t h i s model we have a l lowed government to tax labor and debt . As 

we s h a l l see i n the no-commitment e q u i l i b r i u m , the i ncen t i ve to use the tax on 

debt to renege on c la ims d r i ves the time cons is tency problem. However, i n t e r 

e s t i n g l y enough, i n the Ramsey e q u i l i b r i u m the a b i l i t y to tax debt i s i r r e l e 

vant and, in terms of a l l o c a t i o n s , a l l that r e a l l y matters i s the tax on 

l abo r . S p e c i f i c a l l y , the set of compet i t ive e q u i l i b r i u m a l l o c a t i o n s i n t h i s 

model are i d e n t i c a l to that i n a model i n which the government i s p r o h i b i t e d 

from tax ing debt. That i s , i f ( T T , X , P ) i s an e q u i l i b r i u m wi th 6^ p o s s i b l y 

p o s i t i v e fo r some t , then ( T T , X , P ) i s a l so an equ i l i b r i um wi th x f c = 0, 5 f c = 0 , 

C F C = C F C , L = L f c , and B = B t / 1 ~ 5 t ^ f o r e a c h t # T h i s r e s u l t imp l ies that the 
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Ramsey a l l o c a t i o n s co inc ide wi th those of the standard opt imal tax problem in 

which no d e f a u l t on debt i s permi t ted . In p a r t i c u l a r , Char i and Kehoe (1987b) 

prove the f o l l ow ing p r o p o s i t i o n : 

P ropos i t i on 4 (Ramsey equ i l i b r i um) 
rn 

The a l l o c a t i o n s { c

t > L

t l t - o i n t h e R a m s e y e q u i l i b r i u m so l ve the 
fo l l ow ing problem 

T . 
max Y 6 U ( C . , L . ) 

t=0 z z 

subject to 

C t + L t = *t 
T 

t=o c z 1 z 

In t h i s p ropos i t i on the f i r s t set o f c o n s t r a i n t s are s imply the f e a s i b i l i t y 

cons t ra i n t s wh i le the second cons t ra i n t i s equ iva len t to the date 0 budget 

cons t ra in ing o f the government ( 3 . 4 ) . To der i ve t h i s we use the f a c t that i n 

any compet i t i ve e q u i l i b r i u m , wi th the tax on debt i d e n t i c a l l y z e r o , the con

sumer's f i r s t order cond i t i ons imply 

p t = B f c U c ( C t , L t ) 

and 

3 .2 . Debt and de fau l t wi thout commitment 

In an environment without commitment, we can no longer r e t a i n the 

f i c t i o n that a l l agents make dec i s i ons once and fo r a l l at the beginning of 

time and then simply execute those dec i s i ons at the appropr ia te t ime. Indeed, 
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we need to ensure that these dec i s i ons are s e q u e n t i a l l y r a t i o n a l . In terms o f 

the t iming o f d e c i s i o n s , we model the sequen t ia l d e c i s i o n making by assuming 

that governments i n each per iod choose a p o l i c y at the beginning o f the per iod 

and then consumers choose t h e i r consumption and labor supply d e c i s i o n s . As i n 

sec t i on 2, governments choose p o l i c i e s as a func t ion o f the aggregate h i s t o r y 

which fo r t h i s model c o n s i s t s of the past aggregate consumption, l a b o r , and 

debt -ho ld ing dec i s i ons and the past p o l i c i e s . Thus an aggregate h i s t o r y 

conf ron t ing the government a t time t i s 

H t = { V * s | s = 0 , . . . , t - 1 } . 

Consumers make t h e i r cho ices over consumption, l a b o r , and t h e i r debt 

ho ld ings a t date t as func t ions of t h e i r i n d i v i d u a l h i s t o r i e s . Such a h i s t o r y 

inc ludes the p o l i c y choice i r t as w e l l as the past i n d i v i d u a l d e c i s i o n s , past 

aggregate d e c i s i o n s , and past p o l i c y cho i ces . The h i s t o r y i s g iven by 

h 1 t = { v X s . * s | s = 0 » - - - » t - l } u 

F i n a l l y , the aggregate h i s t o r i e s are 

In keeping w i th the rep resen ta t i ve agent model used, we cons ider on ly sym

metr ic h i s t o r i e s . 

For t h i s environment a time cons is ten t e q u i l i b r i u m c o n s i s t s o f an 

i n d i v i d u a l a l l o c a t i o n r u l e f , an aggregate a l l o c a t i o n r u l e F, a p o l i c y p lan a , 

and a p r i c e system p that s a t i s f y c e r t a i n sequen t ia l r a t i o n a l i t y c o n d i t i o n s . 

T 

An i n d i v i d u a l a l l o c a t i o n r u l e i s sequence o f func t ions f = where f̂ . 

maps each i n d i v i d u a l h i s t o r y in to an agen t ' s cur rent choice o f consump

t i o n , l abo r , and debt. L i kew ise , an aggregate a l l o c a t i o n ru l e i s a sequence 
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o f func t ions F = ^ t ^ t - O ' w h e r e F t m a p s e a c h a S g r e S a t e h i s t o r y H 1 f c i n to an 

aggregate amount o f consumption, l abo r , and debt . A p o l i c y p lan a i s a se¬

T 
quence of func t ions a = {a

t}t_o> w h e r e a t m a p s e a c h h i s t o r y H f c i n to a cu r ren t 

tax rate on labor and debt . F i n a l l y , a p r i c e system p i s a sequence o f f unc -

T 

t i ons p = { P ^ I ^ . Q ? where p̂ . maps each h i s t o r y i n to a p r i c e l e v e l f o r the 

consumption good at t . Now j u s t as i n s e c t i o n 2, g iven any h i s t o r y h ^ , the 

contingency p lans f f c , F f c , and induce fu tu re i n d i v i d u a l h i s t o r i e s . For 

example, an agen t ' s h i s t o r y at time t + 1 i s 

h i t + i = t h i t » f t ( h i t ) ' F t ( H i t ) » a t ( H i t ) } 

and so on. In a s i m i l a r f a s h i o n , given any aggregate h i s t o r y the cont ingency 

p lans and a f c induce fu tu re aggregate h i s t o r i e s i n the obvious way. 

In a time cons i s ten t e q u i l i b r i u m sequen t i a l r a t i o n a l i t y by consumers 

i s modeled by assuming that the p o l i c y p l a n s , a l l o c a t i o n r u l es and p r i c e 

func t ions form a compet i t i ve e q u i l i b r i u m fo r each aggregate h i s t o r y . In t h i s 

e q u i l i b r i u m each consumer i s assumed to ac t compe t i t i ve l y i n that he assumes 

the evo lu t i on o f p o l i c i e s and p r i c e s i s un in f luenced by h i s a c t i o n s . In 

p a r t i c u l a r , s i nce fu tu re p o l i c i e s and p r i c e s are determined by aggregate 

h i s t o r i e s , ac t i ng compe t i t i ve l y imp l ies that each consumer be l i eves that h i s 

ac t i ons have no e f f e c t on aggregate h i s t o r i e s . 

The problem o f the consumer a t time to fo r some given f unc t i ons 

F*% a f c , pk and h i s t o r y h ^ i s to maximize 

l / ' ^ s ^ ^ s ^ ' ( 3 ' 8 ) 

s=t 

sub jec t to the budget c o n s t r a i n t 

L P S ^ I S ^ S ^ I S ^ W V K ^ I S ) ] = P t ^ l t ^ - V V K ( 3 - 9 ) 
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and the law o f motion fo r i n d i v i d u a l debt (3.5) 

In such a compet i t ive e q u i l i b r i u m the government's budget c o n s t r a i n t 

i s g iven by 

W V t v V W V J + e ^ i t ^ - W K = 0 ( 3 - 1 0 ) 

s=t 

and the law o f motion fo r government debt i s g iven by ( 3 . 7 ) . We then have the 

f o l l ow ing d e f i n i t i o n : 

A compet i t ive e q u i l i b r i u m at date t g iven a h i s t o r y H t i s a sequence 

of i n d i v i d u a l and aggregate a l l o c a t i o n r u l e s f f c and F t , p r i c e f unc t i ons p f c , 

and p o l i c y p lans o f c that s a t i s f y : 

• F e a s i b i l i t y . The aggregate a l l o c a t i o n r u l e F f c and s a t i s f y , f o r 

a l l s > t , C s ( H 1 s ) + g s = L s ( H 1 s ) . 

• Consumer max imizat ion . Taking F t , p f c , and a f c as g i ven , f f c so l ves 

the consumer's problem of maximizing (3.8) sub jec t to (3 .9) and 

( 3 . 5 ) . 

• Government budget c o n s t r a i n t . Given F f c and pt the p o l i c y p lan at 

s a t i s f i e s the government budget cons t ra i n t (3.10) and law o f motion 

( 3 . 7 ) . 

• Representa t iveness. f f c = F f c . 

I t i s important to note that in t h i s d e f i n i t i o n the fu tu re h i s t o r i e s h 1 s , H 1 s , 

and H are induced by a t , F f c , and p f e . Again we inc lude the government 's 

budget cons t r a i n t only fo r emphasis. S ince representa t i veness i s par t o f the 

d e f i n i t i o n of e q u i l i b r i u m , we summarize any such e q u i l i b r i u m by the t r i p l e 

( a t , F t , p t ) . 

Next cons ider the problem of the government. At time t the govern

ment, faced wi th an aggregate h i s t o r y H f c , takes as given that fu tu re aggregate 

a l l o c a t i o n s and p r i c e s evolve accord ing to the func t ions F f c and p f c . I t i s 
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important to note that i n con t ras t to i n d i v i d u a l consumers the government can 

in f luence the fu tu re a l l o c a t i o n s and p r i ces by a f f e c t i n g the aggregate h i s 

t o r y . The ob jec t i ve func t i on of the government a t t i s g iven by the u t i l i t y 

o f the represen ta t i ve agent from t on under F , p , and a , namely, 

T 
S t ( a t , F f c , p t ; H t ) = I B ^ ^ V l s ' ^ s ^ l s ^ ( 3 * 1 3 ) 

s=t 

The government cho ice set at time t i s the se t o f p o l i c y p lans a f c 

from t onward that s a t i s f y the government budget c o n s t r a i n t s (3.7) and (3.10) 

f o r a l l s > t . We denote t h i s cho ice set by z f c ( F t , p f c , H f c ) . For some aggregate 

h i s t o r i e s H f c , t h i s cho ice se t may be empty and thus we r e s t r i c t our a t t e n t i o n 

to h i s t o r i e s f o r which t h i s se t i s not empty. 1 Fo rma l l y , we say a h i s t o r y H t 

i s f e a s i b l e under (F f c , p f c ) i f Z f c ( F t , p t ; H t _ ) i s not empty. We then have, the 

f o l l ow ing d e f i n i t i o n : 

A time cons i s ten t e q u i l i b r i u m i s a t r i p l e ( a , F , p ) that s a t i s f i e s : 

• Sequent ia l r a t i o n a l i t y by consumers. For every f e a s i b l e h i s t o r y H f c 

under ( F f c , p t ) , the t r i p l e ( a t , F t , p t ) i s a compet i t i ve e q u i l i b r i u m . 

• Sequent ia l r a t i o n a l i t y by the governments. For every f e a s i b l e 

h i s t o r y H t under ( F t , p t ) , the p o l i c y p lan a f c maximizes consumer 

wel fare (3.13) over the set Z t ( F t , p f c ; H ). 

We can c h a r a c t e r i z e the time cons i s ten t e q u i l i b r i a o f t h i s model 

us ing a backward induc t ion argument. R e c a l l that fo r the c a p i t a l t a x a t i o n 

model o f sec t i on 2 we used such an argument to reduce the mu l t i pe r i od t ime 

cons i s ten t e q u i l i b r i u m to a sequence of s t a t i c e q u i l i b r i a . The key to that 

reduc t ion was that there were no s ta te v a r i a b l e s connect ing the p e r i o d s . In 

t h i s model government debt i s such a s ta te v a r i a b l e . Th is f ea tu re , together 

w i th the fac t that government consumption f l u c t u a t e s over t ime, imp l ies that 

the time cons is ten t e q u i l i b r i u m does not reduce so s imp ly . Rather , the back-



- 37 -

ward induc t ion argument can be used to show that the time cons i s ten t e q u i l i b 

rium so lves a cons t ra ined Ramsey problem in which debt i ssues are cons t ra ined 

to be nonpos i t i ve . S p e c i f i c a l l y , Chari-Kehoe (1987b) show that i f debt o f a l l 

ma tu r i t i es i s a l l owed , the f o l l ow ing p ropos i t i on h o l d s : 

P ropos i t i on 5 (Time cons i s ten t e q u i l i b r i u m fo r the debt model) 

The a l l o c a t i o n s in the unique time cons i s ten t e q u i l i b r i u m so l ve the 

const ra ined Ramsey problem. 

T t-
max 7 6 U(C. ,L . ) (3.14) 

t=0 z z 

subject to 

C t + g t = L t (3.15) 

j / l V W t J =0 ( 3 - 1 6 ) 

and fo r a l l s = 0, 1, . . . , T 

I s t ~ S K C s - u a L

s ] ( 3 ' 1 7 ) 

S = t 

Not ice that t h i s problem i s s imply the Ramsey problem of P ropos i t i on 4 w i th 

the ex t ra c o n s t r a i n t s (3 .17 ) . These c o n s t r a i n t s ensure that debt i ssues a t 

each date are nonpos i t i ve . 

The reason that the time cons is ten t e q u i l i b r i u m so lves such a prob

lem i s f a i r l y i n t u i t i v e . Consider the l a s t per iod T. I f the government 

i n h e r i t s p o s i t i v e debt i t c l e a r l y has an i n c e n t i v e to de fau l t i n order to 

minimize the amount o f revenue i t must c o l l e c t through a d i s t o r t i o n a r y l abo r 

tax . However, i f the government i n h e r i t s negat ive debt, so that the govern

ment holds c la ims on p r i va te agents , i t has no i ncen t i ve to tax the debt . By 

induct ion i t f o l l ows that fo r any per iod t , regard less o f the h i s t o r y , the 

government w i l l de fau l t on p o s i t i v e debt and not tax negat ive debt . 
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We present seve ra l s imple examples that i l l u s t r a t e the nature of the 

time cons is ten t e q u i l i b r i u m . For these examples l e t autarky r e f e r to the 

a l l o c a t i o n obtained i f the government has a c o n t i n u a l l y balanced budget. The 

f i r s t example i s one fo r which there i s a time incons is tency problem: i n i t 

the unique time cons is ten t e q u i l i b r i u m i s autarky whi le the Ramsey e q u i l i b r i u m 

has a s t r i c t l y p o s i t i v e l e v e l o f debt . 

Example 1: Let T = 1, l e t g Q = g > 0, and l e t g 1 = 0. I t i s easy to v e r i f y 

that under commitment the government op t ima l l y smooths d i s t o r t i o n s by running 

a d e f i c i t i n date 0. That i s , the Ramsey tax l e v e l T q i s such that g Q - T Q L Q 

i s s t r i c t l y p o s i t i v e . Now cons ider the time cons i s ten t e q u i l i b r i u m . At date 

1 i f the h i s t o r y H 1 s p e c i f i e s some p o s i t i v e debt l e v e l , i t i s op t ima l f o r the 

government to de fau l t by s e t t i n g 5-]*= 1 and to set the labor tax T-J to f i nance 

government. Given t h i s , i t i s opt imal f o r the government at date 0 to se t T Q 

so as to balance i t s budget; that i s , so that T Q L q = g Q . Thus, by backward 

induc t ion the unique time cons i s ten t e q u i l i b r i u m i s au ta rky . 

The second example i s one fo r which there i s no time cons is tency 

problem at a l l . In i t the Ramsey a l l o c a t i o n s are time c o n s i s t e n t . 

Example 2 : Let T = 1, l e t g Q = 0, and l e t g-j = g > 0. In the Ramsey e q u i l i b 

rium the government op t ima l l y smooths d i s t o r t i o n s by s e t t i n g p o s i t i v e labor 

taxes i n both pe r i ods . Thus the government runs a surp lus a t date 0, s i n c e 

g Q - T Q L Q i s s t r i c t l y negat i ve , and i t 1 1 s e l l s " negat ive debt i n to date 1. Now 

cons ider the time cons is ten t e q u i l i b r i u m . I f a t date 1 the h i s t o r y s p e c i 

f i e s a negat ive debt , the government c l e a r l y has no i ncen t i ve to d e f a u l t and 

for such h i s t o r i e s i t se ts 6^ = 0. (Of course, fo r any h i s t o r y H<| w i th a 

p o s i t i v e debt, the government w i l l de fau l t by s e t t i n g 6^ = 1.) Given t h i s , i t 

i s opt imal fo r the government at date 0 to set taxes at the Ramsey l e v e l s and 
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to " s e l l " the appropr ia te amount of negat ive debt to consumers. At date 1 the 

government, faced wi th such a h i s t o r y , se ts second-per iod taxes a t the Ramsey 

l e v e l s . Thus the unique time cons i s ten t e q u i l i b r i u m i s i d e n t i c a l to the 

Ramsey e q u i l i b r i u m , and hence there i s no time cons is tency problem. 

From the two previous examples one may mis takenly conclude that 

there are only two types of time cons i s ten t e q u i l i b r i a , namely, ones w i th a 

continuous balanced budget or ones i n which there i s no time cons is tency 

problem a t a l l . We present a t h i r d example i n which the time c o n s i s t e n t 

equ i l i b r i um i s ne i the r autarky nor the time cons i s ten t e q u i l i b r i u m . In a 

sense t h i s example represents the t y p i c a l case . 

Example 3 : Let T = 3 , l e t g Q = g 2 = g > 0, and l e t g 1 = gg = 0. Here the 

Ramsey e q u i l i b r i u m i s s imply the Ramsey e q u i l i b r i u m of example 1 repeated 

tw ice . In i t debt i ssues are p o s i t i v e at dates 0 and 2 and thus the e q u i l i b 

rium i s not time c o n s i s t e n t . Consider the time cons i s ten t e q u i l i b r i u m . In 

order to smooth taxes a t a l l between 2 and 3 the government must s e l l p o s i t i v e 

debt at date 2 . Thus the time cons i s ten t p o l i c y must spec i f y no debt i ssue a t 

date 2 . N o t i c e , however, that the government can smooth taxes between dates 1 

and 2 by s e l l i n g negat ive debt at date 1. Indeed i n a time cons i s ten t e q u i 

l i b r i u m taxes between dates 1 and 2 are op t ima l l y smoothed wi th the same debt 

pat tern as i n example 2 and the government's budget i s balanced a t dates 0 and 

3. Th is time cons i s ten t equ i l i b r i um i s worse than the Ramsey e q u i l i b r i u m but 

be t te r than autarky . 

So f a r we have used t h i s model o f debt to i l l u s t r a t e what the compu

t a t i o n o f a time cons i s ten t e q u i l i b r i u m i s l i k e f o r a model wi th s ta te v a r i 

a b l e s . In add i t i on we can use t h i s model to i l l u s t r a t e how to map models w i th 

s ta te v a r i a b l e s (and n o n t r i v i a l e q u i l i b r i u m p r i c e s ) i n to a s o c i a l cho ice 
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framework s i m i l a r to that o f sec t i on 1. R e c a l l that i n that framework the 

preferences of each agent are def ined d i r e c t l y as func t ions of the d e c i s i o n s 

of a l l agents. In p a r t i c u l a r , there were no p r i c e s or budget c o n s t r a i n t s . 

The f i r s t step i n pu t t i ng t h i s model i n to a s o c i a l choice framework 

i s to express p r i c e s as a func t ion of agents d e c i s i o n s . I t w i l l prove conve

n ient to work wi th the r e l a t i v e p r i c e s between per iods ins tead o f the o r i g i n a l 

p r i ces {p fc}. In p a r t i c u l a r fo r each per iod t l e t q f c = p t + 1 / p f c be the r e l a t i v e 

p r i c e o f the consumption good i n t and t+1. Th is r e l a t i v e p r i c e expressed as 

a func t ion of agents 1 dec i s i ons i s 

B U

c

( L t + r 8 t + i ' L t + i ) 

% ' u c ( L t - g f c , L t ) • 

Next we incorporate the sequence of budget cons t ra i n t s f o r p r i v a t e 

agents (3.5) and fo r the government (3.7) in to preferences by d e f i n i n g p r e f e r 

ences o f p r i va te agents a t per iod t by 

V f c ( x t , X t , V X t + r V l ) = U ( ( 1 - 6 t ) b t - q t ( 1 - « t + 1 ) b t + 1 + ( 1 - T t ) i t f £ t ) 

+ H ( T t L t - ( 1 - « t ) B t + q t B t + 1 ) 

where the func t ion W equals zero i f i t s arguments s a t i s f y the government's 

budget c o n s t r a i n t , 

«t - T t L t " ( 1 - V B t + V i B t + i 

and W equals some la rge negat ive number o therw ise . Preferences fo r the gov

ernment at t are 

Wv^+rV^ = Vxt'xt'Vxt+i'Vi }-
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For both p r i va te agents and the government, preferences over the e n t i r e h o r i 

zon are the discounted sum of preferences fo r each per iod t . Of course , to 

ensure that the two sequences of budget c o n s t r a i n t s incorpora ted i n p r e f e r 

ences are equ iva lent to the date 0 budget cons t ra i n t s (3.3) and (3.4) we a l s o 

impose that i n i t i a l and te rmina l debt p o s i t i o n s be zero f o r both the p r i v a t e 

agents and other government, so that b Q , b T + 1 , B Q , and B T + 1 are a l l equal to 

z e r o . Thus, from t h i s represen ta t ion i t i s c l e a r that the debt and d e f a u l t 

model i s s imply a dynamic ve rs ion of the rep resen ta t i ve agent problem con

s idered in sec t i on 1. 

In t h i s s ec t i on we have accomplished three g o a l s . F i r s t , we have 

shown how the i n t roduc t i on o f s t a te v a r i a b l e s compl icates the computation o f 

time cons is ten t e q u i l i b r i a . Second, we have shown that the presence o f con

f l i c t among agents does not guarantee there i s a time cons is tency problem. 

F i n a l l y , we have shown how to map dynamic models i n to our s o c i a l cho ice frame

work. 

4 . The i n f i n i t e hor izon 

So f a r we have analyzed f i n i t e hor i zon models o f c a p i t a l and debt . 

In t h i s sec t i on we analyze i n f i n i t e hor i zon ve rs ion o f these models. Our 

a n a l y s i s w i l l be somewhat b r i e f . For d e t a i l s see Char i and Kehoe (1987a, 

1987b). 

With commitment the c h a r a c t e r i z a t i o n of e q u i l i b r i u m i s s t r a i g h t 

forward. For both models the i n f i n i t e hor i zon Ramsey e q u i l i b r i a are un ique. 

Furthermore, these e q u i l i b r i a are the l i m i t s o f sequences o f f i n i t e ho r i zon 

Ramsey e q u i l i b r i a . For the c a p i t a l model t h i s imp l ies that the i n f i n i t e 

hor izon Ramsey e q u i l i b r i u m i s s imply the one-per iod Ramsey e q u i l i b r i u m of 

P ropos i t i on 2 repeated f o reve r . 
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Without commitment the way to c h a r a c t e r i z e the se t of e q u i l i b r i a i s 

not obvious. One way to proceed i s to s imply take the l i m i t s of a sequence o f 

f i n i t e hor izon time cons i s ten t e q u i l i b r i a . Th is technique w i l l indeed y i e l d a 

time cons is ten t e q u i l i b r i u m . However, there are many other time c o n s i s t e n t 

e q u i l i b r i a which are not l i m i t s of any sequence of f i n i t e hor izon e q u i l i b 

r i a . In f a c t the se t o f time cons i s ten t e q u i l i b r i a i s very la rge and d i f f i 

c u l t to c h a r a c t e r i z e . However, i t i s r e l a t i v e l y easy to c h a r a c t e r i z e the 

p o l i c i e s and a l l o c a t i o n s induced by time cons i s ten t e q u i l i b r i a . 

R e c a l l t ha t , i n g e n e r a l , a time cons i s ten t e q u i l i b r i u m ( a , F , p ) i s a 

sequence of func t ions which s p e c i f y p o l i c i e s , a l l o c a t i o n s , and p r i c e s f o r a l l 

poss ib l e h i s t o r i e s . S t a r t i n g from the n u l l h i s t o r y a t date 0 a time c o n s i s 

tent equ i l i b r i um induces a p a r t i c u l a r sequence of p o l i c i e s , a l l o c a t i o n s and 

p r i c e s , say ( T T , X , P ) . We c a l l t h i s the outcome induced by the time c o n s i s t e n t  

e q u i l i b r i u m . 

The technique fo r c h a r a c t e r i z i n g the se t o f such outcomes b u i l d s 

upon Abreu f s (1984) seminal work in repeated games. In our models agents 

behave compet i t i ve ly ra ther than s t r a t e g i c a l l y and thus we need to re formula te 

Abreu's arguments. We f i r s t prove that a sequence of p o l i c i e s , a l l o c a t i o n s , 

and p r i ces can be induced by some time cons i s ten t e q u i l i b r i u m i f and on ly i f 

can be induced by a p a r t i c u l a r time cons i s ten t e q u i l i b r i u m c a l l e d the reve r t  

to autarky e q u i l i b r i u m . We use t h i s r e s u l t to show that an a r b i t r a r y sequence 

i s an outcome of a time cons i s ten t e q u i l i b r i u m i f and on ly i f i t s a t i s f i e s two 

cond i t i ons . F i r s t , t h i s sequence i s a compet i t i ve e q u i l i b r i u m at date 0 . 

Second, t h i s sequence must s a t i s f y a c e r t a i n se t of s imple i n e q u a l i t i e s . . 

In t h i s s ec t i on we concentrate on showing how these techniques work 

for the c a p i t a l model, commenting only b r i e f l y on how they work fo r the debt 

model. 
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4 . 1 . C a p i t a l taxa t ion 

We proceed i n two s t e p s . F i r s t , we de f ine the autarky e q u i l i b 

r ium. Then we de f ine the reve r t to autarky e q u i l i b r i u m . We use these to 

prove that an a r b i t r a r y sequence of p o l i c i e s and a l l o c a t i o n s can be induced by 

some time cons is ten t e q u i l i b r i u m i f and only i f i t can be induced by the 

reve r t to autarky e q u i l i b r i u m . We use t h i s r e s u l t to prov ide a s imple charac 

t e r i z a t i o n of time cons i s ten t p o l i c i e s and a l l o c a t i o n s . 

The autarky e q u i l i b r i u m ( a a , F a ) i s def ined as f o l l o w s . For the 

government the p lan s p e c i f i e s the s i n g l e - p e r i o d time cons i s ten t p lan o f 

P ropos i t i on 3 regard less o f the h i s t o r y up u n t i l time t . For p r i v a t e agents 

the a l l o c a t i o n r u l e s F a

t ( H 1 t ) and F 2 t ^ H 2 t ^ s P e c i f y t h e s i n g l e - p e r i o d time 

cons i s ten t a l l o c a t i o n r u l e s regard less of the h i s t o r y up u n t i l t ime t . I t i s 

easy to v e r i f y that these p o l i c y p lans and a l l o c a t i o n ru l es c o n s t i t u t e a time 

cons i s ten t e q u i l i b r i u m . Char i -Kehoe (1987a) prove the f o l l o w i n g : 

P ropos i t i on 6 (Autarky i s the worst time cons i s ten t equ i l i b r i um) 

Any time cons i s ten t e q u i l i b r i u m (a ,F ) must have a u t i l i t y l e v e l 

S (o ,F ) greater than or equal to the u t i l i t y l e v e l S ( a a , F a ) o f the autarky 

e q u i l i b r i u m . 

Proo f . We sketch the proof here . To e s t a b l i s h the p ropos i t i on we show fo r an 

a r b i t r a r y equ i l i b r i um ( a , F ) , the f o l l ow ing i n e q u a l i t i e s ho ld 

S(o ,F) > S ( a a , F ) > S ( a a , F a ) . 

Both i n e q u a l i t i e s r e l y on a f a c t about compet i t i ve e q u i l i b r i a : For any per iod 

t the second stage labor supply and consumption dec i s i ons so l ve the same 

s t a t i c problem. From t h i s f ac t i t f o l l ows that a dev i a t i on by the government 

from a to a a i s f e a s i b l e i n that a a s a t i s f i e s the government budget c o n s t r a i n t 

fo r any equ i l i b r i um a l l o c a t i o n r u l e F. S e q u e n t i a l ^ r a t i o n a l i t y by the govern

ment then y i e l d s the f i r s t i n e q u a l i t y . 
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Next, i f the a l l o c a t i o n r u l e F s p e c i f i e s p o s i t i v e sav ings a t some 

date t the second e q u a l i t y holds s ince d i s t o r t i n g taxes are being rep laced by 

lump sum taxes . I f the ru le F s p e c i f i e s zero sav ings f o r a l l da tes , the 

r e s u l t i n g a l l o c a t i o n s under F and F a are i d e n t i c a l . 0 

The next p ropos i t i on uses a modi f ied ve rs ion o f the autarky p lans 

c a l l e d the rever t to autarky p l a n s . For an a r b i t r a r y sequence o f p o l i c i e s and 

a l l o c a t i o n s U , X ) the rever t to autarky p o l i c y p lans and a l l o c a t i o n r u l e s 

( a r , F r ) spec i f y con t inua t ion wi th the candidate sequences U , X ) as long as 

they have been chosen in the pas t , otherwise reve r t to the autarky p lans 

( a a , F a ) . Thus, f o r example, at time t g iven a h i s t o r y H f c t h i s p o l i c y p lan 

s p e c i f i e s : choose the tax ra tes Trfc s p e c i f i e d by n and the a l l o c a t i o n s 

( X , X , . . . , X ) and X 1 T have been chosen accord ing to X . I f they have not then 

rever t to the autarky tax r u l e a a . The rever t to autarky a l l o c a t i o n r u l e s F r 

are s i m i l a r l y d e f i n e d . 

Consider then some a r b i t r a r y sequences ( T T , X ) and the assoc ia ted 

rever t to autarky p l a n s . I t w i l l be use fu l to de f ine the s i n g l e per iod u t i l 

i t y when the government reve r t s to autarky . Given that the f i r s t stage a l l o 

ca t ions X 1 F C a t t ime t have been chosen accord ing to X l e t U D ( X 1 T ) be the 

maximized value o f u t i l i t y under the autarky r u l e . I t i s easy to show 

U D ( X 1 . ) = max U ( C 1 . + C 3 > L ) (4 .1) 
U ( T , C 2 , L ) ] T ^ 

subject to 

C 2 < ( 1 - T ) L 

c 

g < RK + T L . 
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We then have the f o l l ow ing p r o p o s i t i o n : 

P ropos i t i on 7 (Time cons is ten t e q u i l i b r i u m outcomes) 

An a r b i t r a r y pa i r of sequences (TT ,X) i s the outcome o f a time con

s i s t e n t e q u i l i b r i u m i f and on ly i f 

( i ) (TT ,X ) i s a compet i t ive e q u i l i b r i u m at date 0. 

( i i ) f o r every t the f o l l ow ing i n e q u a l i t y holds 

I 6 S _ t U ( X s ) > U d ( X 1 f c ) + y - S - g U(X a ) 
S = t 

where X A denotes the autarky e q u i l i b r i u m a l l o c a t i o n . 

Proof . Suppose f i r s t that (TT ,X ) i s the outcome of a time cons i s ten t e q u i l i b 

rium ( a , F ) . Sequen t ia l r a t i o n a l i t y o f consumers requ i res that ( T T , X ) be a 

compet i t ive e q u i l i b r i u m at date 0. By an argument s i m i l a r to the one i n 

P ropos i t i on 6 a dev i a t i on by the government to the autarky p lan a i s f e a 

s i b l e . A l s o , by P ropos i t i on 6, the autarky e q u i l i b r i u m i s the worst e q u i l i b 

r ium. C l e a r l y then the u t i l i t y o f the government must be a t l e a s t as l a rge as 

the r i g h t - s i d e o f (4.2) fo r every per iod t . 

Next , suppose some a r b i t r a r y p a i r o f sequences (TT ,X ) s a t i s f i e s ( i ) 

r r 

and ( i i ) . We need to show the assoc ia ted reve r t to autarky p lans (a ,F ) con

s t i t u t e a time cons is ten t e q u i l i b r i u m . Consider h i s t o r i e s under which there 

has been no dev ia t i ons from (TT ,X) up u n t i l t . Some ( T T , X ) i s a compet i t i ve 

e q u i l i b r i u m at date 0 i t i s c l e a r that i t s con t inua t ion from date t i s a l s o a 

compet i t i ve e q u i l i b r i u m . Th is proves that sequen t i a l r a t i o n a l i t y f o r con

sumers i s s a t i s f i e d f o r such h i s t o r i e s . Consider the s i t u a t i o n o f the govern

ment. Confronted w i th a l l o c a t i o n r u l e s F r the h ighest u t i l i t y i t can ob ta in 

from any dev ia t i on i s g iven by the r i g h t - s i d e o f ( 4 . 2 ) . Th is proves that a 

i s s e q u e n t i a l l y r a t i o n a l fo r the government fo r such h i s t o r i e s . 
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Consider now h i s t o r i e s fo r which there has been a d e v i a t i o n before 

time t . The rever t to autarky r u l e s ( a r , F r ) s p e c i f y autarky from then on

wards. C l e a r l y the autarky p o l i c i e s and a l l o c a t i o n s cons t i t u t e a compet i t i ve 

e q u i l i b r i u m at t . F i n a l l y , faced w i th the autarky a l l o c a t i o n r u l e i t i s 

r r 

opt imal f o r the government to choose the autarky p o l i c y . Thus (o ,F ) i s a 

time cons is ten t e q u i l i b r i u m . 0 

An immediate c o r o l l a r y to t h i s p ropos i t i on i s a r e s u l t which resem

b les the Fo lk theorem fo r repeated games (see, fo r example, Fudenberg and 

Maskin, 1986). 

P ropos i t i on 8 

There i s some d iscount f ac to r 8 € (0,1) such that fo r a l l 8 €(8,1) 

the Ramsey a l l o c a t i o n s can be supported by a time cons i s ten t e q u i l i b r i u m . 

Proof . R e c a l l that the Ramsey a l l o c a t i o n s are the same in a l l p e r i o d s . 

Denote the Ramsey a l l o c a t i o n o f any per iod by X * . By P ropos i t i on 7 we need 

only v e r i f y that i n e q u a l i t y (4.2) i s s a t i s f i e d by X * . Rearranging terms, we 

need to show 

[U(X* ) -U(X a ) ] > [ u d ( X * ) - U ( X * ) ] . 

S ince the Ramsey a l l o c a t i o n s y i e l d a s t r i c t l y h igher l e v e l of u t i l i t y then the 

autarky a l l o c a t i o n s the l e f t - s i d e of (4.3) i s p o s i t i v e . Since the l e f t - s i d e 

o f (4.3) increases monoton ica l ly to i n f i n i t y as the d iscount f ac to r approaches 

one the p ropos i t i on f o l l o w s . 0 

P ropos i t i on 7 and 8 have shown that the se t of time cons i s t en t 

e q u i l i b r i a fo r the i n f i n i t e hor izon i s much l a r g e r than the l i m i t of the 

f i n i t e hor izon e q u i l i b r i a . The r e s u l t depends c r i t i c a l l y on the f ac t that 
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both p o l i c y and a l l o c a t i o n ru l es were a l lowed to depend on h i s t o r i e s . I f 

e i t h e r o f these ru l es were r e s t r i c t e d not to depend on the h i s t o r y p r i o r to 

the cur rent per iod then the unique time cons i s ten t e q u i l i b r i u m i s the l i m i t o f 

the f i n i t e hor izon e q u i l i b r i u m . We see no compel l ing reason to r e s t r i c t 

a t t en t i on to such r u l e s . 

Resu l ts s i m i l a r to ours are well-known fo r repeated games. However 

our models d i f f e r i n an important aspect from repeated games. P r i v a t e agents 

behave compet i t i ve ly ra ther than s t r a t e g i c a l l y . For example, in the r eve r t to 

autarky e q u i l i b r i u m , consumers do not f , pun ish , f the government when i t d e v i 

a t e s . Rather they choose the autarky a l l o c a t i o n s because tak ing the fu tu re 

aggregate a l l o c a t i o n s and p o l i c i e s as ou ts ide o f t h e i r c o n t r o l i t i s op t ima l 

to choose these a l l o c a t i o n s . 

4 . 2 . Debt and de fau l t 

Analogues o f P ropos i t i ons 6 and 7 are proved in Char i -Kehoe 

(1987a). Here we sketch some o f t h e i r arguments. The autarky e q u i l i b r i u m fo r 

t h i s example i s the l i m i t o f the f i n i t e hor i zon s o l u t i o n s given i n P r o p o s i t i o n 

5 . Thus, the worst time cons i s ten t a l l o c a t i o n s so lve the cons t ra ined Ramsey 

problem. The reve r t to autarky e q u i l i b r i u m i s def ined as f o l l o w s . In the 

event o f any d e v i a t i o n , we must cons ider two s i t u a t i o n s . F i r s t , i f the i n h e r 

i t e d debt i s p o s i t i v e , de fau l t on the debt and so lve the const ra ined Ramsey 

problem from then on. I f the debt i s nega t i ve , accept these c la ims on con

sumers and so lve the assoc ia ted cons t ra ined Ramsey problem. For an a r b i t r a r y 

sequence of p o l i c i e s , a l l o c a t i o n s and p r i c e s , we can use the rever t to autarky 

r u l e s to e s t a b l i s h i n e q u a l i t i e s analogous to those in ( 4 . 2 ) . However, u n l i k e 

the c a p i t a l t axa t ion model the r i g h t - s i d e of these i n e q u a l i t i e s w i l l vary w i th 

the l e v e l o f debt as w e l l as wi th the pat te rn o f government assumption. 
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The most s t r i k i n g d i f f e r e n c e between the c a p i t a l and the debt models 

i s that P ropos i t i on 8 no longer holds i n genera l i n the debt model. For 

example, suppose that government consumption i s p o s i t i v e i n the i n i t i a l pe r iod 

and zero fo rever t he rea f t e r . The Ramsey p o l i c i e s spec i f y p o s i t i v e tax ra tes 

i n a l l pe r i ods . However, i n a time cons is ten t e q u i l i b r i u m , the government 

always de fau l t s on p o s i t i v e i n h e r i t e d debt . The unique time cons i s ten t e q u i 

l i b r i u m has a balanced budget in the i n i t i a l p e r i o d . S ince t h i s reasoning i s 

independent o f the d iscount f a c t o r , the Ramsey a l l o c a t i o n s are not the outcome 

of a time cons is ten t e q u i l i b r i u m no matter how c lose the d iscount f a c t o r i s to 

u n i t y . 

5 . Conclus ions 

There i s a la rge and growing body of l i t e r a t u r e on the time c o n s i s 

tency problem and i t s i m p l i c a t i o n s fo r macroeconomic p o l i c y . In t h i s paper we 

have sought to provide a pe rspec t i ve on the issue of time cons is tency ra ther 

than to survey the l i t e r a t u r e . In our v iew, c o n f l i c t among agents p lays a 

c e n t r a l r o l e i n c rea t i ng time cons is tency problems. Because much o f the 

l i t e r a t u r e has used rep resen ta t i ve agent models, the nature of t h i s c o n f l i c t 

has been obscured. We have shown how two rep resen ta t i ve agent models (o f 

c a p i t a l t axa t i on and of debt and de fau l t ) can be cas t i n to a s o c i a l cho ice 

t heo re t i c framework i n which the nature o f t h i s c o n f l i c t i s made e x p l i c i t . 

Optimal taxa t ion models, where revenues are ra i sed through d i s t o r t i n g t axes , 

n e c e s s a r i l y share the fea tu re that each agent i s be t te r o f f by f o r c i n g o thers 

to bear a l a rge r share o f the burden of p rov id ing p u b l i c goods. Th is c o n f l i c t 

p lays an e s s e n t i a l r o l e in e s t a b l i s h i n g that the t iming o f p o l i c i e s matters 

fo r a l l o c a t i o n s . 

We have a l so prov ided a c a r e f u l d e f i n i t i o n o f time cons i s ten t e q u i 

l i b r i a fo r the c a p i t a l t axa t i on and debt and de fau l t models. C o r r e c t l y de-
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f i n i n g a time cons i s ten t e q u i l i b r i u m requ i res that we cons ider h i s t o r y - c o n 

t ingent a l l o c a t i o n and p r i c e f unc t i ons . These are e s s e n t i a l to ensure tha t 

the fo recas t ing problems of pol icymakers and agents are w e l l - d e f i n e d . For the 

c a p i t a l taxa t ion example, we have a l s o provided a complete c h a r a c t e r i z a t i o n o f 

the time cons is ten t e q u i l i b r i a w i th an i n f i n i t e h o r i z o n . The set of t ime con

s i s t e n t e q u i l i b r i a w i th an i n f i n i t e hor izon i s s u b s t a n t i a l l y l a rge r than w i th 

a f i n i t e h o r i z o n . Indeed, sometimes i t i s p o s s i b l e to sus ta i n commitment 

equ i l i b r i um a l l o c a t i o n s as time cons is ten t e q u i l i b r i a . 

We should reemphasize that there i s no sense in which s o c i e t i e s can 

choose between commitment or time cons i s ten t e q u i l i b r i a . Commitment t e c h n o l 

og ies are l i k e techno log ies fo r making shoes i n an Arrow-Debreu model—they 

are e i t he r a v a i l a b l e or no t . In p a r t i c u l a r , commitment techno log ies are not 

ob jec ts of cho i ce . Th is f a c t has important i m p l i c a t i o n s fo r the debate over 

r u l e s versus d i s c r e t i o n . 

There i s a temptat ion to view ru l es as desc r i b i ng p o l i c i e s chosen 

under commitment and d i s c r e t i o n as desc r i b i ng p o l i c i e s chosen wi thout commit

ment. Under our i n t e r p r e t a t i o n , s o c i e t i e s cannot choose between commitment 

and no commitment. Consequent ly, s o c i e t i e s cannot choose between r u l e s and 

d i s c r e t i o n . However, we th ink there are deeper i ssues i n t h i s debate. We 

have descr ibed p o l i c i e s here as being chosen by s o c i e t y , but a c t u a l p o l i c y 

choices must n e c e s s a r i l y be delegated to s p e c i f i c i n s t i t u t i o n s or i n d i v i d 

u a l s . S o c i e t y ' s problem, then, i s more than a cho ice from a l t e r n a t i v e p o l i c y 

r u l e s ; ra the r , the problem i s to design the process by which p o l i c i e s are 

chosen. Formal ly , t h i s i s a problem in mechanism des ign . (See, fo r example, 

Hurwicz 1973, Myerson 1979, and H a r r i s and Townsend 1981.) From t h i s pe rspec 

t i v e , the debate over r u l e s versus d i s c r e t i o n i s over how much a u t h o r i t y 

should be delegated to po l icymakers . Research d i r ec ted at i n t e g r a t i n g the 
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i ssues o f mechanism design i n to aggregat ive models i s e s s e n t i a l i f we are to 

progress fu r the r i n t h i s debate. 
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Footnote 

C o n s i d e r , f o r example, a two-per iod ve rs ion o f t h i s model such that 

f i r s t - p e r i o d government consumption i s zero and second-per iod government 

consumption i s h igher than the maximal amount o f revenue that can be r a i s e d 

through a second-per iod labor tax (but smal l enough to be f inanced by a labor 

tax i n both p e r i o d s ) . Now suppose that i n the second per iod the aggregate 

h i s t o r y s p e c i f i e s a zero tax on labor a t the f i r s t da te . Then by assumption 

there i s no p o l i c y that could meet the government's budget c o n s t r a i n t , so the 

government cho ice set would be empty. 
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