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ABSTRACT

This paper demonstrates a connection between failure of Walras’ Law and nonoptimal equilibria in
a quite general overlapping generations model. Consider the following implication of Walras® Law
in finite economies. Suppose that all prices are positive and that all agents are on their budget lines.
Then, no matter how the set of goods is partitioned, there cannot be an excess supply (in value
terms) for some other set in the partition with excess demand (in value terms) for some other set in
the partition. We use the Cass (1972), Benveniste (1976, 1986), Balasko and Shell (1980), and
Okuno and Zilcha (1980) price characterization of optimality of equilibria in pure exchange
overlapping generations models to show the following link between the above implication of Walras’
Law and optimality of a competitive equilibrium. A competitive equilibrium is nonoptimal if and
only if the above implication of Walras’ Law fails in its neighborhood.
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I. Introduction

The purpose of this paper is to demonsirate a connection between
failure of Walras’® Law and nonoptimal equilibria In a quite general
overlapping generations (hereafter, OLG) model. Consider the following
implication of Walras’ Law in finite economies. Fix a partition of the set
of goods. Suppose that preferences satlisfy local nonsatiation sc that for
any strictly positive price vector all agenis are on their budget lines.
Define the excess supply (in value terms) for a subset of goods as the sum
of values of excess supplies for each good in the subset. Then, for any
strictly positive price vector there cannot be an excess supply (in wvalue
terms) for some set in the partition without excess demand {in value terms)
for some other set in the partition. We use the Cass (1972}, Benveniste
(1976, 1986), Balasko and Shell (1980), and Okuno and Zilcha (1980) price
characterization of optimality of equilibria in pure exchange OLG models to
show the following link between the above implication of Walras’ Law and
optimality of a competitive equilibriunm. A competitive equilibrium is
nonoptimal if and only if the above implication of Walras’® Law fails in its
neighborhoodl. More sgpecifically, deflne an c-excess supply allocation as

an allocation together with a set of positive prices such that: (i) each

1t is important to emphasize that the implication of Walras’ Law we are
focusing on is that in finlte economies it is not possible to generate
excess supply for some set without excess demand for some other set. It is
also, obviously, true that it is not pogsible to generaie excess demand for
some set without excess supply for some other set. We will show by example
in section 2 that the fallure of this latter implicaticn in an OLG model has
no necessary connection with the nonoptimality of a competitive equilibrium.
Further, throughout this paper, failure of Walras’ Law in an OLG economy is
to be understood to mean that the previously noted implication of Walras’
Law in finite economies does not hold.




agent’s allocation is on his/her demand curve (generated with the
competitive equilibrium allocation as endowments), (ii) there is positive
excess supply at some date (i.e., for the set of date t goods in value
terms) with no excess demand (in value terms) at any date, and (iii) the
allocation is uniformly within & of the endowment (alsc the competitive
equilibrium allocation). We then show that there exist e-excess supply
allocations for all sufficiently small £, if and only if the competitive
equilibrium allocation is nonoptimal.

The possible failure of Walras’ Law in economies with a double infinity
of goods and agents (Shell 1971) is well-known. As Wilsen (1981, p. 96)
notes, "In particular, as is already known from the study of simple models
of overlapping generations, the equlilibrium price sequence need not assign a
finite wvaluation to the aggregate endowment. In these cases, the usual
implications of Walras’® Law may no longer be vallid, and as a consequence a
competitive equilibrium may not exist."? As is again well-known, the
condition that the aggregate endowment have a finite wvaluation 1is
sufficient, though not necessary for optimality (Wilson 1981, Section 3).
The purpose of this paper is to develop the comnection between the failure
of Walras’® Law in the sense described in the first paragraph and nonoptimal
equilibria with poslitive prices. As the statement of the result indicates,
the endowments that lead to a given equilibrium play no role in this
relationship and therefore, we may confine attention to interior weakly

pareto optimal (WPO) allocations {Balasko and Shell 1980} and the prices

2See, Geanakoplos and Brown [1986], and Geanakoplos [1987] for an
illuminating discussion of the various puzzles of overlapping generations
economies as arising from a lack of market clearing at infinity.




that support such allocations. Excess demands are then defined relative to
endowments which are given by the WPO allocation.

In order to motivate the particular statement of the result, we will
discuss some other possible interpretations of the connection between
nonoptimality and failure of Walras’® Law. First, we need to define excess
demand functions relative to some endowments. Second we need to define a
failure of Walras’ Law. This could be a weak definition in terms of some
partition of the set of goods (the partition by dates being a natural
choicel or a strong definition which requires excess supply of some good
with no excess demand for any good. The strong definlition is equivalent to
requiring that the demands generated be inefficlient in the usual sense that
more of some good can be provided with no less of any good. Third, we need
to define the allocation whose nonoptimality is related to the fajlure of
Walras’ Law. In the following, we consider some of the possibilities and
suggest that our original statement of the connection may be the most
reasonable.

It is probably not useful to focus on the opitimality or nonoptimality
of an arbitrarily given endowment allocation. If the endowment allocation
is not WPO then it is not optimal. Thus, the natural allocallons to be
focusing on are either: (i) an endowment allocation which is WPO, or (ii)
the set of equilibria associated with an arbitrary endowment allocation.
Corresponding to (ii), a possible result might be the following--"There
exist prices which viclate Walras® Law (either in value terms for some
partition of goods or in terms of each good) if and only if there exists a
nonoptimal equilibrium." We do indeed demonstrate such a result (formulated

in terms of excess supplles for each good) for a simple OLG economy with



only one good at each date and two period lived agents. VWhether it holds
more generally is not known.

This brings us t¢ our formulatlon of the connection which is (i). HNote
that when the endowment allocation is WPO, the two formulations (1) and (ii)
are identical. This follows because 1iIf there exists a nonoptimal
equilibrium, then the endowment allocation which is WPO ig not optimal since
such an equilibrium (if distinct from the endowment allocation) must Pareto
dominate the endowment allocation. Conversely, 1If the endowment allocation
is not optimal then there trivially exists an equilibrium (i.e., the
endowment allocation which is WPO together with the support prices) which is
not optimal.

Thus, the only question that remains Is whether to use the weak or the
strong form of the failure of Walras’ Law. If the strong form is used, then
in one direction the connectlon 1is triwvial. If there exist prices that
generate excess supply of some good with no excess demand for any good, then
the resulting allocation is feasible and hence Pareto superior to the
endowment allocation. However, we have not been able to establish the
converse proposition, namely, "If a WPO endowment allocation not optimal,
then there exist prices that result in excess supply of some good with no
excess demand for any good," or construct a counterexample. We are,
therefore, led to consider the weak verslon of the violation of Walras’ Law
with a glven WPO endowment allocation.

There is some connection between our notion of the failure of Walras’
law and when monetary equilibria do or do not exist. Starting from a WPO
endowment allocation, 1if a monetary equilibrium existed then the endowment

rllocation is clearly nonoptimal. At ithe monetary equilibrium prices, if the




extra income was removed from agents who held fiat money and all goods were
normal goods then there would be excess supplies of some goods but no excess
demands for any goods. However, In this paper we do not make any assumptions
regarding the normality of goods. Even if we did, the proposition that, "If
a WPO endowment allocation 1is nonoptimal, then a monetary equilibrium

exists,” is not known te be generally true°.

The connection between the fallure of Walras’ Law (in the weak sense)
and the nonoptimality of WPO allocations is not obvious. The failure of
Walras’ Law has to do with allocations (not necessarlly feasible) that lie
on the demand curves of agents for some prices different from the prices
supporting the WPO endowment allocation. Nonoptimality has to do with the
existence of utility improving allocations which are feasible but may not
necessarily lie on agents’ demand curves. That is, there may not exist any
Pareto superior plan that lies on the demand curve of each agent.

The rest of this paper is organized asg follows. In section II we first
describe a simple example that motivates the result and then exhibit the
result in a quite general setting. Section III contains a proof of version
(ii) of the result for the speclal case of two period lived agents and only

one good at each date. A concluding summary is given Iin section IV. The

Appendix contains the proof of a lemma which is crucial to our result.

3There is a fair amount of literature on the existence of an optimal
equilibrium (with or without valued fiat money) in the QLG model. See, Cass,
Okuno and Zilcha [1980], Millan [1981], Okuno and Zilcha [1983], Benveniste
and Casg [1986] and Burke [1987].




II. An Example

Consider the following OLG economy with one good at each date t = 1,
and a sequence of two period lived agents indexed by their dates of birth t
0. For t = 1, agent t has endowments (wi,wz} of goods dated t and (t+1),
respectively, and maximizes utility given by xl(t)xz(t+1) where xltt] and
xz(t+1) are agent t’s consumption of date t and (t+l) goods, respectively.
Agent 0 has endowment v, of date 1 good and maximizes consumpiion of date 1
good, x2(1]. Suppose LA V- Then, pl(t) = Bt, 1 < B < W1/wz’ is a
sequence of positive prices at which there is excess supply of every dated
good. If B = 1, then there is excess supply of date 1 good but no excess
demands. If g > wi/wz, then there is excess demand for every dated good.
If w1 = Wé, then for B > 1 there is excess demand for every dated good.
However, in this case there is nc B which can generate excess supply of some
good with no excess demands.

The above example suggests several things. Firstly, it is likely that
there will always exist price vectors that generate positive excess demands
(with no excess supplies) whether or not the given WPO allocation is
nonoptimal. However, it seems that there can exist price vectors generating
positive excess supplies (with no excess demands) only if the WPO allocation
is nonoptimal. Secondly, In the example, having excess supply of some dated
good with no excess demands impllies feasibility of the implied demands.
Therefore, the demand allocations are automatically Pareto superior and
hence demcnstrate the nonoptimality of the WPO allocation. With many goods
at each date, it may only be possible to generate excess supplies in value

terms for the set of date t goods for each t. Since the resulting

allocations are not necessarily feasible (though obviously utility




improving), proving nonoptimality is not automatic. Thirdly, there may
exist prices and corresponding demand allocations which are infeasible and
can still be dominated in utility terms by means of feasible allocations.
This can happen when W, > W, and B is only slightly larger than w1/w2. The
resulting infeasible demand allocation can be dominated in utility terms by
a feasible demand alleocation corresponding to some B such that 1 = B <
wi/wz. We will, in fact, make use of this observation later on to construct
Pareto superior allocations by Iimproving on possibly infeasible demand
allocations which themselves dominate the WPO (but, nonoptimal) endowment
allocation.

We now proceed to establish the maln result in a general setting.

A General Pure Exchange OLG Model

At each date £t = 1, a finite set of two period lived agenis Gi is born.
These agents are alive at dates t and (t+1) only, and are referred to as
members of generation t. At date t = 1, in addition to G1 there is a finite
set of initial old agents G0 who are only alive during t = 1. At each date
t = 1, there is a finite number n, of perishable and freely disposable
goods. We assume that the sequences {nf} and {#Gt} are each bounded above.
The set of date { goods is denoted Nt' Further, and for specificity, we
assume that any one period lived agents at date t (those who desgire date t
goods only) are counted as belonging to G

t-1"

We assume that the utility function of each agent, defined over the set




of goods that are actually desireds, satisfies the following assumptions:
(i) twice continvously differentiable, (ii) strictly quasi-concave (iii)
strictly monotonic. These assumptions will yield well-defined and
continuously dlfferentiable excess demand functions at posiiive prices. In
addition, we willl assume that preferences satisfy uniform curvature
conditions that enable us to use the price characterization of optimality,
as in Benveniste {1976,1986) and Okuno and Zilcha (1980). We start with an
interior WPO endowment alloccation that is bounded and bounded away from
zeros. Let {Et} be the associated sequence of support prices, where Et €
Rﬁt for t 2 1 is the price vector of date t goods. Given our assumptions,
Bt >> 0 and hence we may define, §t= Et/uﬁt" and §t= "Ebu"/"Et“ for all t =

htl

1, where |.| is the Euclidean norm. For t = 1, let z [BtJapbu) € Rt

ht2

and z (et,B 8 ) € R't+1 be the excess demand functions of agent h e Gt

t t+l
for goods dated t and (t+1), respectively. Further, let zho(el) € R™1 be
the excess demand function of agent h € G0 for date 1 goods. These excess
demand functions are defined by taking the endowment of each agent to be

his/her allocation as determined by the given WPO allocatjon. By summing

over h e Gt for t =z 0, we obtain the following aggregate excess demand

A particular good, say x, 1is desired by an agent If there exist two
consumption bundles in the agent’s consumption set which differ only in the
amounts of good %, and such that the agent sirictly prefers one over the
other.

6Specifically, let i? be agent o’s endowment of good i. Then i? = g > 0,

for_%ll i such that agent « desires good i, and for all agents o. Further,
Ea X, %= W for all i. Note that since the endowment allocation is WPO, it

asslgns positive amounts of only those goods that are actually desired by an
agent and zerc of all other goods. Further, the generational structure
makes it clear that the number of agents desiring any good is uniformly
(across goods) bounded.




functions.

t1 htl
(2.1a) z(e,.8,8, ) h);c 2 (8,,8,8, ),

ht2

t2 -
(2.16)  z*(e,,B,6, ) = h;g. z°(6,,8,0, ).

0 _ ho
(2.1¢) 2°(e)) = ): z

(91).
heG
[o]
By summing the budget constraints (at equality, by virtue of

monotonicity of preferences) of individual agents, we obtain the following.

(2.22) etz“(et,s 8 ) +B8

t2
= =
totel t ter? (Qt’8t6t+ ) 0, t 1,

1

(2.2b) 9120(61) = 0,

The general result we are aiming for 1is stated in the following
proposition which wlill be proved after obtaining a preliminary (and more

special) result.

Propogition 1:

An interior WPO endowment allocation that is bounded and bounded away
from zero is nonoptimal if and only if for each positive and sufficiently
small £, there exist positive prices such that: (i) the resulting demand
allocation is uniformly within £ of the endowment, and {il) there is
positive excess supply (in value terms) for some date t set of goods and no
excess demand (in value terms) for any date t set of goods.

Proof. Later. o
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A Preliminary Result

We start with the price characterization of optimality of WPO
allocations as contalned In Benveniste (1976, 1986) and Okuno and Zilcha
(1580). Asgsume that for each agent, the closure of each indifference
surface is contained in the strictly positive orthant of the consumption set
and that the indifference surfaces satisfy the assumptions of striciness and
smoothness. Further, the coefficients of strictness are bounded away from

Zzero whereas the coefficients of smoothness are bounded above. Let,

(2.3a) ¥, =

(
t
(2.3b) M, =Z 7

Then, the WPO allocation with support prices (ét, ét) is nonoptimal if
and only if, lim pt< .

Let At > 0 and define

t - t1 = = =
(2.4 v (At) = —etz (Gt,?tt t9t+1)’ t = 1.

Since the sequence of prices (Et.ét) support the endowment allocation

for the excess demand functions, it follows that
(2.5) v (1) =0, t = 1.

Further, it is easy to see from (2.2) that when prices are given by
{Et,atét} the value of excess demand of the date t set of goods is given by

{actually, proportional to) the following.
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- _ 0,z 11, = = = 1
(2.6a) 61[2 (61) + Zz (91,316162)] = -y (Al)

A B 8 )] =

)+ t+i,1
t+1" t+1 t+2

- £z .= - -
(2.6b) 9t.+1[z (et'htstet+1 (et

t = £+1
[v (ht]/RtBt] - v (At+1]’ b= 1.

+1

Therefore, if we can find a sequence {At} such that

(2.7a) vithl} = 0,
t+1 t =
(2.7b) v (At+1) - [v (At)/htﬁt] =0, tz1,

(2.7c) ut(ht) >0 for some t = 1

then the sequence of prices {Et,htgt} yield excess supply (in value terms)

for some date t with no excess demand (in value terms) at any date. We now

define,

t t
{(2.8a) n (AL) =y (lt)/(i—lt) for ht > Q, ht #1, t =1
t - t
(2.8b) @ (1) = [8v (ht)/altlkt=1, Lt = 1.
Note that nt(ht) > 0 for At > 0. Therefore, without loss of generality

we may restrict At € (0,11 if we are to satisfy the inequalities (2.7). Now

let,
t
{2.9) x = @ A,
3 3=1 "}
We now state the following Iimplication of earlier assumptions on
preferences and endcwments. An outline of the proof is given in the

Appendix.
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Lemma 1:

(2.10a) 2°(A) = b <w for A € [0,1], t = 1

(2.10b) 0 < a = nt(ht) for A« [1-5,1] and some 3 € (0,1), t = 1.

Proof': In the Appendix. Conditions (2.10) arise essentlially from the
assumptions of uniform strictness and smocothness. O

Next, we state and prove a preliminary result.

Proposition 2

The WPO endowment allocation is nonoptimal (i.e., 1lim i, < w) if and
only if there exists a sequence {At} with At e (0,1] for all t, satisfying
inequalities (2.7).
Proof:
(i) Necessity:

Suppose that lim B, < o Define the seguence {%"} as follows.

w k

o
~t = -1
(2.11) vy = (et « B (O B8 371 = 2  vsr )

=1
Given that lim p_ < ®, it is easy to show that lim inf (1/9%) = w.

Therefore, given £ > 0, there exisis T large enough such that
(2.12) vt <e, t>T.

Now choose {At} such that

(2.13a) Rt =1, t =T

(2.13b) vt(At] =, A <1, t> T
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We can choose £ in such a way that At € [1-3,1] where 3 is as given in
(2.10b). The inequalities (2.7) are obviously satisfied for t = T. For t >

T we have from (2.11) that

~t ~edly
(2.14) (7t_1/v ) (zt/v ) = 7t_1/a.

Dividing through by 7 and using (2.3a), (2.8a), and (2.10b} we have
t-1

(2.15) (/o) - [1/;§t'13“1)

n

(1/7a) = 1/-.7‘"(At) = (1—At)/vt(?tt) =

(1-at1/5*'.

Therefore,

(2.16) o' = (B'/a )
tTt
and the result follows using (2.13b).
{ii) Sufficiency:
Suppose that a sequence {At} exists that satisfies (2.7} with At €
(0,1] for all t. Then At < 1 for some t. BSo, let s be the first date such

that A’ < 1. From equations (2.3), (2.7), and (2.9) we have

(2.17a) v’(h') >0

t -3
(2.17b) v (ht) x p (Ri)xs_lgt_lf(xt_igs_ll >0, tzs.

Therefore, ht < 1 for all t =z 8. Now using (2.8} and (2.10a) we get,
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L 2 t E-3
(2.18) 1—ht =z v (hs)xs_lwt_lflxt_17s_1n (At)] z v (hs)xs_ivt_l/(bxt_lgs_l},

t =z 8.
Multiplying both sides by X, _,» we obtain,
(2.19) X, - % =Tdr ., t=s
where,
(2.20)  d_=v"()x _ /(by ).
Summing (2.19) from t = s+1 through t = T+1, we have,

(2.21)  x -x  =dk -e_ ).

Therefore,
(2.22) po=p o4 (xs - x )/d.

Since At € {0,1] for all t, {xt} is bounded and hence {pT} is bounded.
Therefore, lim B < w, 0O

The "only if" part of the above proposition (necessity) is quite
gatisfactory iIn terms of the general result. However, the "if" part
(sufficiency) is not quite satisfactory because it assumes that excess
supplies can be generated for each ccollection of dated goods by price

vectors of the special form (Et,htét). That 1is, the new price vector
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invelves changling the interest factors but not the relative prices within
each collection of dated goods. Thus, the above proposition is a special
case of proposition 1 if the prlce vector is resiricted to be of the form

(ét,atét). We now proceed to remedy this difficulty.

A More General Result

Let (xz(t,i)n%(t,i)) be the aggregate allocation of good 1 € Nt for
the old and the young, respectlvely, at date t. We denote the vector of
these allocations over all i e Nt by (xz(t),xl(t)). Now, 1let (;2(t),;1(t))
be the aggregate demand vector for the old and the young, respectively, at
date t under the prices (at,ét]. We denote by at(iJ the price of good 1 €
Nt. Similarly, let (;2(t)’;1(t)] be the WPD aggregate endowment allocation
for the old and the young, respectively, at date t. For each &€ > 0, the
prices (ét(c),ét(s)) and the aggregate demands (gzit,sl,gi(t,s)) constitute

on g-exXcessg supply alleccation if

{2.23a) éi(e)[§1(1) - gltl,e]] =0

(2.23b) 6t+1(s)[x1(t+1) - x1(t+1,c)] ES Gtta)[xlit) - xl(t,S)]/Bt(e)
for all ¢t =z 1

(2.23¢) at(sliiltt) - ;1(t,e}] > 0 for some t = 1

(2.23d)  sup sup |x (t,i) - x (t,i,8)] <.
t=1 iEH’t

We can now prove the following.
Propogition 3.

Suppose that there is an € > 0 such that there exists an s-excess
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supply allocation for any positive & < £. Then the endowment allocation
(assumed to be WPO) is not optimal.

Proof. Without loss of generality, we will assume that,
(2.24) 8 ()X (1) - x (1,£)] > 0.

Therefore, it follows that
(2.25) at(83[§1(t) - §1(t,e)] > 0 for all t = 1.

Since the endowment allocation {(ﬁz(t),ii(tl),tzl} is bounded and
bounded away from zero, and uet{e)ﬂ = 1 for all t = 1 and &, and by virtue
of (2.23d), we can always find a sequence of goods {it} one at each date i

and some £ sufficiently small such that,
(2.26) xl(t,it) > Bt(e)[xl(t) - x1(t’8)]/9t(€’it]’ £ = 1.
Now consider the alternatlve allocation, [xz(t),xl(tJ) where,
(2.27a)  x (t,1) = il(t,i} for 1 # 1, t=z1
(2.27b) xi(t,itJ = x1(t,itJ - et(a)[xl(t) - xl(t,s)]/et(s,it), t = 1.

(2.27¢)  x (t,1) = iz(t,i) + ii(t,i) - xi(t,i), t =1, all i

Thig alternative allocation is clearly feasible. We will show that in
terms of utilities it dominates the (possibly infeasible)} allocation

(xz(t,s),xift,e}) which, in turn, clearly dominates the endowment allocation
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In utility terms. This will establish the nonoptimality of the WPD

endowment allocatlion.

It follows from (2.27) and (2.23) that

(2.28) at(s)xi(t) = at(ejgi(t,s)
(2.29) 5t+1(e)[x2{t+1) - ;2(t+1,€]] = at+1(c)[§2(t+11 - £2(t+1,31 +
X, (£+1) - x (t+1,2) + X (t+1,8) - x, (t+1)]

= at+1(s)[§1(t+1) - §1(t+1,e31 -

Bt(c)[xlft) - xl(t,e)]/ﬁt(e)

Following Benveniste (1976, 1986) and Ckunc and Zilcha (1980) we define
the aggregate upper contour set of the gth generation at the "' allocation
as Pt(xl{t),x2(t+1)). An allocation to the t™" generatlon, (xl(t],xz[t+1))

is in the set Pt(xl(t),xz(t+1)J if:

(1) (x, (8], %, (£+1)) = (x ()4 (), X (t+1)ex (£+1))
{(ii) there exist (x?(t),x:(t+1)J for all h € G, such that,

h h
hgct{xitt),x2(t+1)J = (xltt},xztt+1})

and,
h, h h k,"h “h
ut(xl(t),xz(t+1J) = ut(xl(t),x2(t+1J) for all h € Gt,

where u:(.) is the utllity function of h € Gt.

D >

The set Pt(.} ig smooth at (xi(t),xz(t+1}3 with respect to (et’Bt t+1}

if there is Mt > 0 such that, if (xi(t),xz(t+1)] satisfies,




18

(2.30) Bt9t+1(x2(t+1)—xz(t+1)) z et(xltt)-xittJ) +
A 2~
M e, (x (£)-x (£))17/]e,x (£},
then,

(xi(tJ,xz(t+1)) € Pt(°)'

By virtue of the curvature assumptions on preferences mentiocned
previocusly (see, for example, Benveniste 1986) each of the sets Pt(.) is
smooth. TFurther, if we define the coefficient of smoothness for Pt(.) as,
ﬁt = inf {MJMt satisfies (2.30)}, then the sequence {ﬁt} is bounded abave,
by some M < w.

It is now obvious from (2.28) and (2.29) that the feasible allocation
(xz(tJ,xi(t)) satisfies (2.30) for all t. Therefore, there exist
(x?(t),xg(t+1)J for h € Gt, t = 1 such that,

(2.31) (x?(t) + x:(t)} = x,(£) + % (t) = X (£) + % (), t =1

(2.32) u:(x:(t),xzttﬂj) > u:&i‘(t),;‘;(mn > u‘gri‘;m,i;(mn

for all h € Gt, t = 1.

Furthermore, for gemeration G, x (1) > Ez(l] and hence there exist

xg(lJ for h € G_ such that,

h —
(2.33) Z % (1) = x (1) > %,(1)
h Go
(2.34) uh(x:(lJ) = uh(?c‘;(m

This proves the nonoptimality of the WPO endowmenit allocatlon

(iz(t). ii{t)). o
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We can now gilve a proof of propesition 1.

Proof of Propositlion 1:
The proof of the sufficiency part follows from Proposition 3, while the
proocf of the necessity part follows from the necessity part of Proposition

2. o

III. One Good Models with Arblirary Endouments——A Stronger Result

In this section we consider the following alternative version of the
relationship between the fallure of Walras’ Law and noncptimal equilibria:
"Given an arbitrary endowment wvector (not necessarily WPO), there exist
positive prices that lead to excess supply (in value terms) for some date t
set of goods with no excess demand for any date t set of goods, if and only
if there existis a nonoptimal competitive equilibrium."” We are able to prove
the above proposition for the one good (at each date) case. The result will
be proved as a corollary to Proposition 2.

Let Rt be the gross interest rate from t te (t+l) and let St(.) be the

aggregate savings function for generation t. In terms of our previous

1, R = 1/,8t and St(.] = v*(.). The sequence of interest

notation, ©
t t

Tates Rt generate excess supplies, 1if
(3.1a) SI(R1) =0
{3.1b) St+1(R£+1) = Rist(Rt)’ t=1

(3.1c) St(Rt) >0 for some t = 1.

The sequence of interest rates {Rt} is an equilibrium if
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(3.2) St(Rt] =0, t=1.

In general, there may be many Rt values satisfying (3.2) for each t.
For each t, we will focus on the smallest R£ that satisfies (3.2). This
will be dencted as ﬁt and will play the role of 1/§t in Proposition 2.

Cur assumpliions on preferences and endowmenis imply ihe following
Lemma 2.
For each t = 1, St(R) is continuously differentiable for R > 0 and
satisfies,

S(R) =8 <o, R>0, t =1

St(R} > -was R0, t = 1.
Proof. Stralghtforward. o

Now, let

(3.3a) ht = Bt/ﬁt = Rt/Rt

t _ —
(3.36) v (AL) = St(Rt) = St(Rt/Rt)

]

t t =
(3.3c) n(a) =vi(a)/(1-2) =RS (RI/QR-RI, A= 1.

It then follows that v'(1)

]

0 for all t =z 1. Further from Lemma 2 and
the fact that ﬁt ls the smallest R satisfying (3.2), we have that

t t
(3.4) n (1) = {dv {Atlfaht]h - =0, t =1,

L

1

We now make an assumption that is a strengthening of (3.4) and

parallels conditions (2.10) of Lemma 1.
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Aszumption 1. There is a 8 € (0,1) such that
(3.5) 0<a= nt[At) b <« for At e [1-3,1], t = 1.
We can now prove the following

Proposition 4.

There exisis a nonoptimal equilibrium {ﬁt} if and only if there exists a
sequence of interest rates {Rt} that generates excess supply.

Proof.

(i) Necessity:

Suppose there exlists a ncnoptimal equilibrium. Then, the equilibrium
sequence ﬁt is also nonoptimal because ﬁt = ﬁt, t = 1. Now, we can simply
apply part (i) of the proof of Proposition 2 to construct a {Rt} sequence
that generates excess supplies.

{ii) Sufficiency:

Let {Rt} be a sequence that generates excess supplies and let At =

ﬁt/Rt' From Lemma 2, we have that At < 1 for all t = 1. If ht e [0,1-8]

where & is as given in assumption 1, then
(3.6) 2" (x) = vi(a)/(1-a) = S8,
t £ t
Putting the above together with assumption 1, we have

(3.7) nt(at) = max[b,§/81 for all A € [0,1].
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We can now apply the sufficiency part of the proof of Propesition 2 to
show that the sequence {ﬁt} iz nonoptimal. Note that this proof only

utilizes the upper bound on 7°(.). o

IV. Concluzion

We have shown that a weakly Pareto optimal endowment allocation in a
general pure exchange overlapplng generations model 1s nonoptimal if and
only if there ig a fallure of Walras’ Law in iis neighborhood. That is,
there exist positive prices such that: (i) there 1s excess supply (in value
terms) for some date t set of goods without any excess demand (in value
terms) for any date t set of goods, and (ii) the demand allocation is
uniformly and arbitrarily close to the endowment allocatlon. Excess
supplies are defined relative to the given WPO allocation as endowmentis.
For a more special model conslsting of only one good at each date, we were
able to prove the following sironger result. Given an arbitrary endowment
allocation {(not necessarily WPO) ihere exist prices generating excess supply
at some dates wlth no excess demands if and only if there exists =a

nonoptimal equilibrium.
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Appendix

Here we show that conditions (2.10) of Lemma 1 on the excess demand
function for first perliod consumption (in value terms) are ilmplied by the
curvature assumptions of uniform strictness and smoocthness on indifference
surfaces. First, we do thls for ithe case cof 2 single consumer in each
generation and one good at each date. Then, we indicate the generalization
to many goods at each date and then many consumers in each generation.

Let xi(t), x2(t+1J be consumption when voung and when old,
respectively. We will represent preferences by ihe following equation of =z

typical indifference curve, parameterized by the level of utility, ult),
(A1) x,(£+1) = £5(x (£),ult)).

Let (§1(t1,§2(t+1)l and u(t) be the endowment point and the associated
utility level, respectively. Let X be an upper bound for the sequence of
aggregate endowments {ﬁi[t)+§2(t)} and let X be such that, ft(g,ﬁ(t) > X for
all t.

We assume the following

(A2.3) £%(x,u) > 0 for all u, and x > O
t t
{42.b) %ig f (x,u) = o, %iﬁ Ffiix,u) =0
(A2.¢c) f:(x,u) < 0 and f;(x,u) >0 for all u, and x > O

(az.qd) Sup Sup {—f:(x,u) | x € [g,i], uzult) <w
tZ1

inf Inf {~f(x,u) | x € [X.X], u=1a(t)} >0
L&y
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(AZ.e) ft{x,u) is twlice continucusly differentiable w.r.t. x and
satisfies the bounds, 0 < m % f, (x,u) = M < @ for all X e [X,X] and u =
u(t).

Let ét be the discount factor supporting the endowment allocation

(il(tJ,§2(t+lJJ. Therefore,
— - _ t— [
{A3) B, = I/fllxl(t),u(t)).

By (A2.4), Et is bounded and bounded away from zero.

By applying Taylor’s theorem tec (A1) and using (A3}, we obtain

(A4) £50x (£, 0(8)) = £5(X (£),0(t)) - (x (t)-% (£))/B, +

— 2.t -~ -
(1/2)(x1(t]—x1(t3) fil(xlft],u(tl)

where x, (t) is between x (t) and X ().

Now, let At < 1 and let (xitt),x2{t+1)) be the demand point
corresponding to AtBt. Obviousgly, xl(t) < Ei(t), xz(t+1J > §2(t+1), and
ut(xitt),xztt+1J) > ul(t). For At sufficiently close to unity, xitt] €

[g,f]. Therefore, from (A4) and (A2.e), we obtain

+

(A5) x,(t+1) > ft[xl(t),ﬁ(tl) > x (1) - (xl(t)—ﬁict])/‘ét

(n/2) (x, (£)-% (£))%.
The budget constraint is,

(46) xltt)-ilct) + htEt(xz(t+1) - §2(t+1J) = 0.




Using (A6) to substitute for (x (t+1) - i;{t+1)J in (A5) and

manipulating, we get
0 < (xl(t)-xitt))/(l—ht) < 2/(mht3t).

Thus, the slope of the demand curve for first period consumption at ht
= 1 1is bounded =above. Further, for sufficlently small 38 e (0,1) the
expression (§1(t)—xl(t})/(1—ht) is bounded above by 2/[m(1—6)§t] for all A
e [1-3,1]. Moreover, if A € [0,1-3], then (x (t)-x (£))/(1-A} = x (£)/& =
X/3. Therefore, (x (t)-x, (t))/(1-) is bounded above for all A e [0,1].

Now, if we let x:(kt.t) be the compensated demand curve for first

period consumption corresponding to the utility level u(t) then we have,
t.. c = - _ =
ft(xl{lt,t),u(tl) = 1/(ht3t).

The slope of the ordinary demand curve for first period consumption at
At = 1 equals the slope of the compensated demand curve at At = 1.

Therefore, we have,

_ e _ P - =
[axitt)/ahlk=1 = [axlrt)/ahlh1 = 1/[Btf11(x1(t),u(t))] > 1/(BtM) > Q.

Consequently, there is some neighborhood [1-8,1] with 8 € [0,1] such
that (il(t)—xi(t)J/[l—At] is bounded away from zero for all At e [1-8,11.

We now show how to generalize the above conclusion to the case of many
goods ail each date. The young consumer maximizes his/her utllity,

ut(xi(t),xz(t+1)) subject to:
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51(t)(x1(t)—§1(t)) + Atﬁkaz(t+1)(x2(t+1) - ;2(t+1)) = 0.

where él(t) and éz(t+1} are the (normalized) price vectors of goods consumed

when young and when old, respectively. Since the prices

(ai(t),ﬁiaz(t+13) are support prices for the endowment allocation

(Elctj,;:z(tu)) we know that
[Ge (£),% (e+1))], = (x (£),x (t+1)).

The utility maximization problem can be solved in itwo steps. First,

let vl(t) and vz(t+1) be nonnegative scalars and define, vl(tJ = 51(t)§1(t)
and vz(t+1) = 52(t+lJ§2(t+IJ. Further, let

t = a =
W (vl(t),vz(t+1),91(t1,92(t+1))

=

max ut(xlft),xz(t+1)J subject to:

61(t3x1(t3 = v (t), 52(t+1)x2(t+13 = v (t+1).

Then, solve

max Wt(vl(t),vz(t+1),§1(t},§Z(t+1)) subject to:

v, (£)-V (£) + A B (v (t+1) - 32[t+1)J = 0.

For fixed (B (t),8,(t+1)) the intermediate utility function W (.) can

be represented by the equations of the indifference contours,

_ et t = =
v (t+1) = f (vl(tJ,W ’91(t)’92(t+1))
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which is the analog of (Al). From now on the analysis proceeds as in the
cne good at each date case. The excess supply (in value terms) function for
the young corresponds to (;l(t)-vitt)) as a function of At——this is the
function vt(ht) used in the text.

Lagtly, the generalization to many consumers in each generation can be

carried out exactly as in Benveniste (1986).
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