
Federal Reserve Bank of Minneapolis
Research Department

Calibration and Bayesian Learning

Nurlan Turdaliev*

Working Paper 596

September 1999

ABSTRACT

In a repeated game of incomplete information, myopic players form beliefs on next-period play and
choose strategies to maximize next-period payoffs.  Beliefs are treated as forecast of future plays.  Fore-
cast accuracy is assessed using calibration tests, which measure asymptotic accuracy of beliefs against
some realizations.  Beliefs are calibrated if they pass all calibration tests.  For a positive Lebesgue meas-
ure of payoff vectors, beliefs are not calibrated.  But, if payoff vector and calibration test are drawn from
a suitable product measure, beliefs pass the calibration test almost surely.

JEL classification numbers:  C10, C70, C72

*Turdaliev, Federal Reserve Bank of Minneapolis and University of Minnesota.  The support of the NSF is gratefully
acknowledged.  I am grateful to Professor James Jordan for bringing my attention to the problem, his advice, and
encouragement.  I am grateful to Professor Edward Green for many conversations and very helpful suggestions.  I
also thank participants of the Spring 1999 Midwest Economic Theory Meeting and the Tenth International Confer-
ence on Game Theory at SUNY Stony Brook for helpful comments.  The views expressed herein are those of the
author and not necessarily those of the Federal Reserve Bank of Minneapolis or the Federal Reserve System.



� W?|hL_�U|�L?

�@t� i^��*�Mh��4 @t @ tL*�|�L? UL?UiT| �@t Mii? @ Ui?|ih Lu @||i?|�L? �? iUL?L4�Ut uLh �@*u
@ Ui?|�h)� vi| |�i ThLM*i4 Lu i T*@�?�?} �L� T*@)iht UL4i |L T*@) �| �@t ?L t@|�tu@U|Lh)
tL*�|�L?� �@)it�@? *i@h?�?} *�|ih@|�hi Ei�}�c aLh_@? �bb�c aLh_@? �bb.c k@*@� @?_ wi�hih
�bb�c �)@h!L �bbe� �t L?i @||i4T| |L @__hitt |��t �tt�i� W? U@ti ��i? T*@)iht< �?_���_�@*
U�@h@U|ih�t|�Ut Ei�}�c T@)Lg 4@|h�Uit� @hi Th��@|i �?uLh4@|�L?c ti�ih@* @�|�Lht �?U*�_�?} |�i
L?it 4i?|�L?i_ @ML�i �@�i hiUi?|*) t�L�? |�@| �?�?�|i*) hiTi@|i_ T*@) Lu |�i t@4i }@4i
��** hit�*| �? UL?�ih}i?Ui Lu T*@)iht< Mi*�iut |L �@t� i^��*�Mh��4 Lu |�i L?i�t�L| }@4i� W?
@ L?i�t�L| }@4i �@t� i^��*�Mh��4 T*@)iht< Mi*�iut UL�?U�_i ��|� |�i t|h@|i}�it T*@)i_� Wu
@ L?i�t�L| }@4i �@t @ �?�^�i T�hi t|h@|i}) �@t� i^��*�Mh��4c |�i? �? |�i hiTi@|i_ }@4i
Mi*�iut @?_ @U|�@* T*@)t �L�*_ UL?�ih}i |L i@U� L|�ih EML|� ��** UL?�ih}i |L |�i �@t�
i^��*�Mh��4�� ��| ��i? |�i L?i�t�L| }@4i �@t @ 4� i_ t|h@|i}) �@t� i^��*�Mh��4c Mi*�iut
@?_ @U|�@* T*@)t ?ii_ ?L| UL?�ih}i |L i@U� L|�ih� A�i hi*i�@?Ui Lu Mi*�iut �? Thi_�U|�?}
@U|�@* T*@)t MiUL4it @ ?L?|h���@* �tt�i� A��t T@Tih t|�_�it �@)it�@? *i@h?�?} ThLUittit
|hi@|�?} Mi*�iut @t uLhiU@t| Lu @U|�@* T*@)tc @?_ @ttittit |�i @UU�h@U) Lu |��t uLhiU@t| �t�?}
|�i ?L|�L? Lu U@*�Mh@|�L?�

�@)it�@? *i@h?�?} �? }@4it U@? Mi 4L_i*i_ �? ti�ih@* @*|ih?@|��i �@)t� �?i TLtt�M*i
@TThL@U� E�i uL**L� �| �? |��t T@Tih� �t |L @tt�4i RML�?_i_ h@|�L?@*�|)� Lu |�i T*@)iht
@?_ �@)it�@? �T_@|i Lu |�i�h Mi*�iut� ,@U� T*@)ih �@t @? �?�|�@* Mi*�iu ELh uLhiU@t|� @ML�|
��t LTTL?i?|t< t|h@|i}�it �? |�i �ht| Tih�L_( ��t �ht| Tih�L_ t|h@|i}) �t @ Mit| hitTL?ti |L
|��t uLhiU@t|� Wu @ T*@)ih<t t|h@|i}) �t @ 4� i_ L?ic �i h@?_L4�3it L�ih ��t @U|�L?t� A�i? @
T*@)c ��i� @U|�L? ThL�*ic �t hi@*�3i_� �t |�4i T@ttitc |�i T*@)ih �T_@|it ��t Mi*�iu%uLhiU@t|
�t�?} |�i �@)it h�*ic @?_ U�LLtit Mit| hitTL?ti |L |�i uLhiU@t| @t ��t t|h@|i}) uLh |�i ?i |
Tih�L_c i|U�

A�i ?L|�L? Lu U@*�Mh@|�L? Etii #@��_ �bH2c 6Lt|ih @?_ VL�h@ �bb.c k@*@� i| @*� �bbDc
wi�hih �bb.� U@? Mi �ti_ |L i�@*�@|i |�i ^�@*�|) Lu @ uLhiU@t|� A��t �t L?i Lu ti�ih@* Uh��
|ih�@ |�@| �@�i Mii? �ti_ |L |it| |�i hi*�@M�*�|) Lu ThLM@M�*�|) uLhiU@t|t� wi| �t UL44i?|
L? |�i hit�*| M) k@*@� i| @*� E�bbD� |�@| 4@!it |��t Uh�|ih�L? T@h|�U�*@h*) @||h@U|��i� �
uLhiU@t| �t t@�_ |L 4ih}i |L |�i |h�i _�t|h�M�|�L? �uc @t |�4i T@ttitc uLhiU@t|i_ ThLM@M�*�|�it
UL?�ih}i |L |�i |h�i ThLM@M�*�|�it� W?|��|��i*)c 4ih}�?} tii4t |L Mi @? @TThLTh�@|i Uh�|i�
h�L? |L 4i@t�hi |�i @UU�h@U) Lu |�i uLhiU@t|� 5L _Lit U@*�Mh@|�L?c @t k@*@� i| @*� E�bbD�
ThL�i |�i i^���@*i?Ui Mi|�ii? U@*�Mh@|�L? @?_ 4ih}�?}� W? |��t T@Tih �i t�L� |�@| �? @
hiTi@|i_ }@4i Lu �?UL4T*i|i �?uLh4@|�L? @ML�| |�i T@)Lg u�?U|�L?tc �u �@|�hi �t |L U�LLti
@ �iU|Lh Lu T*@)iht< T@)Lg u�?U|�L?t @UULh_�?} |L wiMit}�i 4i@t�hic |�i? ��|� TLt�|��i
ThLM@M�*�|) �| ��** U�LLti t�U� T@)Lgt |�@| T*@)iht< uLhiU@t|t @hi ?L| U@*�Mh@|i_ ��|� |�i
R|h�i� _�t|h�M�|�L? Lu T*@)t� �hc �t�?} |�i i^���@*i?Ui hit�*| M) k@*@� i| @*� E�bbD�c |�i
T*@)iht< uLhiU@t|t @?_ |�i @U|�@* T*@)t _L ?L| UL?�ih}i |L i@U� L|�ih� W? L|�ih �Lh_tc
|�i T*@)iht< Thi_�U|�L?t �? |�Lti }@4it _L ?L| MiUL4i @t)4T|L|�U@**) @UU�h@|i� A�i _iu�
�?�|�L? Lu U@*�Mh@|�L? hi^��hit |�@| uLhiU@t| T@tt @** U@*�Mh@|�L? |it|tc M@t�U �?}hi_�i?|t Lu
U@*�Mh@|�L?� A�i ti| Lu U@*�Mh@|�L? |it|t �t *@h}i ELu U@h_�?@*�|) UL?|�?��4�� ì hi*@ |�i
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ì ThL�i |�@| |��t t|@|i4i?| �t ?L| |h�i� W| �t t�L�? |�@| uLh @ ti| Lu }@4it Lu TLt�|��i

wiMit}�i 4i@t�hi |�i uLhiU@t| �t ?L| U@*�Mh@|i_� �? |�i L|�ih �@?_c �i t�L� |�@| �?_ih
Uih|@�? UL?_�|�L?t uLh @*4Lt| i�ih) }@4i |�i uLhiU@t| �t R@*4Lt|� U@*�Mh@|i_�

�Lhi tTiU��U@**)c @ U@*�Mh@|�L? |it| |i**t uLh i�ih) �?�|i ��t|Lh) Lu T*@)t ��i|�ih |L
U�iU! |�i T*@)iht< i TiU|@|�L?t @ML�| ��@| ��** Mi T*@)i_ ?i | Tih�L_c @?_ �u )itc tTiU��it
��@| i�i?| |L U�iU!� � 5�w� _i|ih4�?�t|�U@**) T@ttit @ U@*�Mh@|�L? |it| @| @ }@4i �u
LMtih�i_ *L?}�h�? i4T�h�U@* uhi^�i?U�it Lu T*@)t i^�@* |�i @�ih@}i uLhiU@t|i_ ThLM@M�*�|�it
@*L?} @** Mit|�hitTL?ti ��t|Lh�it Lu |�i }@4i E@? �?�?�|i ��t|Lh) Lu T*@)t E��c �2c � � �� �t
@ Mit| hitTL?ti Lu @ }@4i �u Tih�L_ | T*@) �| �t @ 4)LT�U Mit| hitTL?ti |L i TiU|@|�L?t
UL?_�|�L?i_ L? |�i LMtih�i_ ��t|Lh) E��c � � � c �|3���� � 5�w� �t t|h�U|*) U@*�Mh@|i_ @| @

e



}@4i �u �| _i|ih4�?�t|�U@**) T@ttit @** U@*�Mh@|�L? |it|t @| |�@| }@4i� ì t�L� |�@| uLh
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ì ��** ?ii_ |�i uL**L��?} hit�*|t�

wi44@ � EaLh_@? �bb.c T��DD� A�i ti| Lu }@4it ��|� @ 4� i_ �@t� i^��*�Mh��4 @t
|�i �?�^�i �@t� i^��*�Mh��4 �@t TLt�|��i wiMit}�i 4i@t�hi�
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