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role.

*Chari, University of Minnesota and Federal Reserve Bank of Minneapolis; Kehoe, Federal Reserve Bank of
Minneapolis and University of Minnesota; McGrattan, Federal Reserve Bank of Minneapolis and University
of Minnesota. The authors thank the National Science Foundation for support. The views expressed herein
are those of the authors and not necessarily those of the Federal Reserve Bank of Minneapolis or the Federal
Reserve System.



We propose a simple method for guiding researchers in developing quantitative models
of economic fluctuations. Our method has two components: an equivalence result and an
accounting procedure. The equivalence result is that a large class of models, including models
with various frictions, are equivalent to a prototype growth model with time varying wedges
that, at least on face value, look like time-varying productivity, labor taxes, and capital
income taxes. For example, we show that an economy in which the technology is constant
but input financing frictions vary over time is equivalent to a growth model with time-varying
productivity. We show that models with sticky wages or labor unions are equivalent to a
growth model with time-varying labor taxes, and a model with investment financing frictions
is equivalent to a growth model with time-varying capital income taxes. These examples lead
us to label the time varying wedges as efficiency wedges, labor wedges, and investment wedges.

Our accounting procedure begins by using the data together with the equilibrium
conditions of a prototype growth model to measure the wedges. We then feed the values
of these wedges back into the growth model one at a time and in combinations to assess
what fraction of the output movements can be attributed to each wedge separately and in
combination. (Of course, in a deterministic model, by construction, all three wedges account
for all of the observed movements in output.)

We apply our method to the great depressions in the 1930s in three countries: the
United States, Germany, and Canada. In all three countries output declined dramatically in
the early 1930’s and then recovered to varying extents in the late 1930’s. In the United States
and Canada the recovery was slow while in Germany the recovery was rapid. Our accounting
yields clear results for all three countries. The efficiency wedge alone accounts for roughly
half of the decline in output in all three countries. This wedge, however, accounts for at most
a third of the decline in labor. The labor wedge alone alone accounts for roughly half of the
decline in output and accounts for essentially all of the decline in labor. The efficiency and

labor wedges in combination account for essentially all of the fall and subsequent recovery in



output. These wedges in combination also account well for the decline and recovery in labor
and investment. These findings lead us to conclude that investment wedges play, at best, a
minor role in these depressions.

The goal of this business cycle accounting is to guide researchers in developing detailed
models with the kinds of frictions that can deliver the quantitatively relevant types of observed
wedges in the prototype economy. For example, both the sticky wage and cartelization
theories are promising explanations of the observed labor wedges, while the simplest models of
investment financing frictions are not. Theorists attempting to develop models of particular
channels through which shocks cause large fluctuations in output will benefit from asking
whether those channels are consistent with the fluctuations in wedges that we document.

We emphasize that we view our method as a useful first step in guiding the construction
of detailed models. In building detailed models, theorists face hard choices on where to
introduce frictions in markets. Our method is intended to help in making those choices.
Our method is not a procedure for testing particular detailed models. If a detailed model is
already at hand, then presumably it makes sense to confront that model directly with the
data.

We also emphasize that our method is not well suited to identifying the source of
primitive shocks. It is intended to help us understand the mechanisms through which such
shocks lead to economic fluctuations. For example, many economists agree that monetary
shocks drove the U.S. Great Depression but disagree about the details of the mechanism.
For example, Bernanke (1983) argues that financial frictions play a central role and in the
Bernanke and Gertler (1987) model these financial frictions show up as investment wedges.
In Bordo, Erceg and Evans (2000) sticky nominal wages play a central role and these frictions
show up as labor wedges. In our paper we develop a model entirely consistent with the views
of Bernanke (1983) but for which financial frictions show up as efficiency wedges. It is possible

to extend our model to have monetary shocks as the primitive source of fluctuations in these



frictions. Our findings for the great depressions suggest that, to the extent that monetary
shocks drove the depressions, the mechanisms in Bordo, Erceg and Evans (2000) and our
paper are more promising than those in Bernanke and Gertler (1987).

Other economists, like Cole and Ohanian (1999) and Prescott (1999), argue that non-
monetary government policies, played an important role in the U.S. Great Depression, espe-
cially in the slow recovery. Cole and Ohanian (2001) develop a model in which government-
sanctioned increases in the power of unions and cartels lead to labor wedges. It is easy to
develop alternative models in which poor government policies lead to efficiency or investment
wedges. Our findings suggest that only the models that emphasize the role of efficiency and
labor wedges are potentially promising.

The plan of the paper is as follows. We illustrate our equivalence result using several
models. We first develop a model with input-financing frictions and show that, in terms of
aggregates, it is equivalent to a growth model with productivity shocks. We then show that
a sticky wage model, along the lines of Bordo, Erceg, and Evans (2000) and a monopoly
union model, along the lines of Cole and Ohanian (2001), are equivalent to a growth model
with labor wedges. Finally, we show that a model with investment frictions, along the lines
of Bernanke and Gertler (1989) and Carlstrom and Fuerst (1997), is equivalent to a growth
model with investment wedges.

We then apply our method to the great depressions in the United States, Germany
and Canada. Finally, we examine the sensitivity of our results to alternative specifications of

capital utilization. We find that our results are not sensitive.

1. Equivalence Results

Here we show how various models with underlying distortions map into a prototype
economy with one or more wedges. We choose simple models to illustrate this mapping.
Since many models map into the same configuration of wedges, identifying one particular

configuration does not uniquely identify a model; rather, it identifies a whole class of models



consistent with that configuration. In this sense, our method does not uniquely determine
the most promising model; rather it guides researchers to focus on the key margins that need
to be distorted.

The prototype economy is a growth model with three stochastic variables: the ef-
ficiency wedge A, the labor wedge 1 — T4, and the investment wedge 1 — 74;. Consumers

maximize expected utility over consumption c¢; and labor [;
E; ; ﬁtU(Ct, lt)

subject to the budget constraint
i+ ki — (1 =0k = (1 — mo)wely + (1 — 7)) ek + T

where k; denotes the capital stock, w; the wage rate, r; the rental rate on capital, 3 is the
discount factor, ¢ is the depreciation rate, and T; denotes lump-sum taxes.
Firms maximize A, F'(k; ;) —rik, —wl;. The equilibrium is summarized by the resource

constraint,
Cct + kt+1 = Y + (1 — 6)kt

together with

Yo = AF (i, ), (1)
U,
— Ult = (1 —7a) A Foy, (2)
ct
Uct = ﬁEtUct+1[(1 - Tlct+1)At+1Fkt+1 +1-— 5], (3)

Notice that the labor wedge and the investment wedge resemble tax rates on labor
income and capital income, respectively. One could consider more elaborate models with
other kinds of frictions that look like taxes on consumption or on investment. Consumption

taxes induce a wedge between the consumption-leisure marginal rate of substitution and the
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marginal product of labor in exactly the same way as do labor taxes. Investment taxes induce
a wedge between the intertemporal marginal rate of substitution and the marginal product
of capital which is slightly different from that induced by a tax on capital income. In our
application of business cycle accounting to depressions, we allow for wedges that look like

investment taxes as well as wedges that look like capital income taxes.

2. Efficiency wedges

Here we develop a detailed economy with input financing frictions and show that it
maps into a prototype economy with an efficiency wedge. In the detailed economy financing
frictions lead to some firms having to finance working capital requirements at higher interest
rates than other firms. These frictions lead to a misallocation of inputs across firms. We show
that this misallocation of inputs manifests itself in the prototype economy as an efficiency

wedge.

A. A detailed economy with input financing frictions

Consider a simple economy with distortions in the allocation of intermediate inputs
across two types of firms arising from financing frictions. Both types of firms must borrow in
advance of production to pay for an intermediate input. The first type of firm is financially
constrained in the sense that it pays a higher price for borrowing than the second type.
We think of these frictions as capturing the idea that some firms, namely small firms, find
it difficult to finance borrowing. Omne source of the higher price paid by the financially
constrained firms is that moral hazard problems are more severe for small firms.

Specifically, consider the following economy. Aggregate gross output ¢; is made from

combining the gross output ¢;; from two sectors according to
1—
G = qyqar - (4)
The representative producer of this gross output chooses ¢; and go; to solve

max gt — pPitqit — P2tqat



subject to (4).

The resource constraint for gross output is
Ct+kt+1 + M + Moy = qt—i—(l —6)kt (5)

where ¢; is consumption, k; is the capital stock, and my; and ms; are intermediate goods used
in sectors 1 and 2, respectively. Final output, given by 1y, = ¢;— my;— mo,, is gross output
less the use of goods as intermediate goods.

The gross output of sector 7, g;;, is made from intermediate goods m;; and a composite

value-added good z; according to
i = myyzy; (6)
where the composite value-added good is produced from capital k; and labor [, according to
21+ 200 = 2 = F(ky, ). (7)

The producer of gross output of sector i chooses the composite good z;; and the

intermediate good m;; to solve
max piQic — Vezit — Ry

subject to (6). Here R;; is the gross within-period interest rate paid on borrowing by firms
in sector ¢. We imagine that firms in sector 1 are more financially constrained that those in
sector 2 so that Ry; > R Let Ry = Ry(1 4 7)) where R, is the rate savers earn within the
period t and 7; measures the within-period spread between the rate paid to savers and the
rate paid by borrowers in sector ¢ induced by financing constraints. Since consumers do not
discount utility within the period, R; = 1.

The producer of the composite good z; chooses k; and [; to solve

max Uit — U)tlt - ’I"tkt



subject to (7), where v is the price of the composite good, w; is the wage rate and r; is the
rental rate on capital.

Consumers solve
max iﬁtU(ct, l) (8)
t=0
subject to
et + ki =ik Fwdy + (1 — 0k + T4

where [; = ly; + 1o is labor supply and T; = R; Y, T#m;; are lump sum payments. Here we
assume that the financing frictions act like distorting taxes and the proceeds are rebated to
households. If instead we assume that the financing frictions represent, say, lost gross output

then we would adjust the resource constraint (5) accordingly.

B. The associated prototype economy with efficiency wedges
Now consider a version of the prototype economy of Section 1 that will have the same
aggregate allocations as our input-financing-frictions economy. The prototype is a one sector

growth model with the resource constraint
Ct + kt+1 = yt + (1 — 5)kt

where y, = A F(ki, ;) is output and the consumer maximizes the utility function in (8)

subject to the budget constraint
¢t + kepr = (1 — Te)reke + (1 — T )wely + (1 — 0) ke + T

Here the efficiency wedge is given by

0
A, = 1=y 7 139 1 —— 9
t "i(alt a2t) ( a1t+a2t) ( )

where a;y = v/(1 4+ 71¢) and a9y = (1 —v) /(1 4+ 79) and k = 77 (1 — v)l_VQﬁ and 71; and 7o
are the interest rate spreads in the detailed economy. We prove the following proposition in

an appendix which is available upon request.



Proposition 1. Consider a prototype economy with exogenous processes A; for productivity

given in (9) and

! ! P—&( 7 -+1_7>} (10)

l—7, 1-6 1+ 7y 1+ 7y

and Tg; = 7. Then the allocations in the prototype economy coincide with those of the

detailed economy.

Imagine that in the economy with input financing frictions 71; and 75, fluctuate over

time but in such a way that the weighted average of the interest rate spreads

gl l—~
= 11
ayr + ag 1+7_1t+1+7_2t: (11)

is constant but ai; "al, fluctuates. Then from (10) we see that the labor and investment
wedges are constant and from (9) we see that the efficiency wedge fluctuates. Thus, on av-
erage, financing frictions are unchanged but relative frictions fluctuate. An outside observer
who attempted to fit the data generated by the economy with input financing frictions using
the prototype economy would identify the fluctuations in relative distortions with fluctua-
tions in technology and would see no fluctuations in either the labor wedge 1 — 7 or the
investment wedge T;. In particular, periods in which the relative distortions increase would
be misinterpreted as periods of technological regress. This observation leads us to label A,
as the efficiency wedge in the prototype economy.

More generally, fluctuations in the interest rate spreads 7i; and 79 which lead to
fluctuations in 7 and T, show up in the prototype economy as fluctuations in all of the

wedges.

3. Labor wedges
We turn now to economies with distortions in the labor market. We will show that

they map into prototype economies with labor wedges.



A. Sticky wages
We first describe a sticky-wage economy and then we map it into the prototype econ-

omy with labor wedges.

A detailed economy with sticky wages

Consider a monetary economy populated by a large number of identical, infinitely
lived consumers. In each period ¢, the economy experiences one of finitely many events s;.
We denote by s* = (sg,...,s;) the history of events up through and including period ¢. The
probability, as of period 0, of any particular history s is 7(s*). The initial realization sg
is given. The economy consists of a competitive final goods producer and a continuum of
monopolistically competitive unions that set their nominal wages in advance of the realization
of the shocks. Each union represents all consumers with a specific type of labor.

In each period ¢, the commodities in this economy are a consumption-capital good,
money, and a continuum of differentiated types of labor indexed by j € [0,1]. The technology
for producing final goods from capital and a labor aggregate at history s’ is constant returns

to scale and is given by

y(s') = F(k(s'™1), U(s"), (12)
where y(s') is the final good, k(s'1) is capital and

s = [[16.57a]" (13
is an aggregate of the differentiated types of labor [(7, s*).

The final goods producer behaves competitively. This producer has some initial capital

stock k(s7!) and accumulates capital according to
k(s') = (1 — 8)k(s" 1) + x(s") (14)
where z(s') is investment. The present discounted value of profits for this producer are
max 3 Q(s") [P(s1)(s%) — P(s")a(s) — W(s™)i(s")] (15)
t=0

9



where Q(s") is the price of a dollar at s* in an abstract unit of account, P(s") is the dollar
price of final goods at s and W (s' 1) is the aggregate nominal wage at s* which only depends
on s'~1 because of wage stickiness. The producer’s problem can be stated in two parts. First,
the producer chooses sequences for capital, k(s' 1), investment, x(s'), and aggregate labor,

[(s"), subject to (12) and (14). The first order conditions can be summarized by

P(s"F(s") =W(s'")
QP(s") = 3 Q") P(s) { Fi(s™) + 1 - 8}
St41
Second, for any given amount of aggregate labor [(s'), the demand for each type of differen-
tiated labor is given by the solution to

min W(j,s" DI, s') dj 16
mn WG, d (16)

subject to (13) where W (3, s !) is the nominal wage for differentiated labor of type j. Nom-
inal wages are set by unions before the realization of the shock in period ¢, and thus they can
depend on, at most, s*~!. The demand for labor of type j by the final goods producer is

1. = (s ) 1, i

v—1

where W (s'™!) = [ [ W(j,s e dj} " is the aggregate nominal wage. The minimized

value in (16) is thus W (s"1)i(s").

Consumers can be thought of as being organized into a continuum of unions indexed
by j. Each union consists of all the consumers in the economy with labor of type 5. Each
union realizes that it faces a downward-sloping demand for its type of labor given by (17).
In each period these new wages are set before the realization of the current money shocks.

The preferences of a representative consumer in the jth union is

S5 (s U (e, s0) 10 ), M. )/ P(s)) (18)

t=0 st

10



where ¢(j, s%),1(j, s"), M(j, ')/ P(s") are the consumption, labor supply and real money hold-
ings of this consumer. In this economy there are complete markets for state-contingent
nominal claims. We represent the asset structure by having complete, contingent, one-period
nominal bonds. We let B(j, s, s;41) denote the consumers’ holdings of such a bond purchased
in period ¢ and state s® with payoffs contingent on some particular state s, at ¢t + 1. One
unit of this bond pays one dollar in period ¢ + 1 if the particular state s;,; occurs and 0 oth-
erwise. Let Q(s"!|s') denote the dollar price of this bond in period ¢ and state s'. Clearly,
Qs+1]s1) = Q') /Q(s").

The problem of the jth union is to maximize (18) subject to the budget constraints

P(s)e(j,s") + M(5,8") + > Q(s"[s)B(j, s")

St+1

< W (4, s" DI, s") + M(j, s ") + B(j, s") + T(s") + D(s")

and the borrowing constraint B(s'*1) > —P(s")b where [%(j, s) is given by (17). Here T'(s?) is
transfers of home currency and the positive constant b constrains the amount of real borrowing
of the consumer. Also, D(s') = P(s")y(s") — P(s)x(s") — W (s'7)i(s") are the dividends paid
by the firms. The initial conditions M (j,s™ 1), and B(j, s°) are given and assumed to be the
same for all 5. Notice that in this problem, the union chooses the wage and agrees to supply
whatever is demanded at that wage.

The first order conditions for this problem can be summarized by

Um(]u St) - U( t+1 t Uc(ju 8t+1) _
P + B> (s (s = 0, (19)

St+41

UGish) P(s)
UGs ) P(s0) 2

Q(Stystfl) — ﬁﬂ'(stystfl)

W (j, St—l) _ _Zst Q(St)P(st)Ul(j: St)/(j]cij: )ld(]a ) (21)

v Zst Q(st)ld( ‘7 ¢
Here U.(s'), U(s"), and Up,(s') denote the derivatives of the utility function with respect

t+1

to its arguments, and 7(s'™!|s") = w(s'™)/7(s") is the conditional probability of s'™! given.

11



Notice that in a steady state, this condition reduces to W/P = (1/v)(=U;/U.), so that
real wages are set as a markup over the marginal rate of substitution between labor and
consumption. Given the symmetry among the unions it is clear that all of them choose the
same consumption, labor, money balances, bond-holdings and wages which we denote by
simply ¢(s), I(s"), M(s"), B(s"*1) and W (s'™1).

Consider next the specification of the money supply process and the market clearing
conditions. The nominal money supply process is given by M(s') = u(s')M(s'~1), where
p(s') is a stochastic process. New money balances are distributed to consumers in a lump-
sum fashion by having nominal transfers satisfy T'(s') = M(s') — M(s'™!). The resource

constraint for this economy is
c(s') + k(s') = y(s") + (1 = 6)k(s"). (22)

Bond market clearing requires that B(s**') = 0. An equilibrium for this economy is defined

in the obvious fashion.

The associated prototype economy with labor wedges

Consider now a prototype economy with money and taxes and a technology given by
y(s') = F(k(s™), 1(s"). (23)
The representative firm solves the problem
max Y Q(s!) [P(s)yls") — P(sa(s) — W(s=)i(s)] (24)
t=0

subject to k(s') = (1 — §)k(s' 1) + x(s'), where x(s') is investment and k(s™!) is given. The

first order conditions can be summarized by

P(s")Fi(s") = W(s')

Q(St)P(St) _ Z Q(St+1)P(St+1) {Fk(8t+1) +1— 5}

St41

12



The representative household maximizes
SN Ba(s) U (e(s"), U(s"), M(s')/ P(s")) (25)
t=0 st

subject to the budget constraint

P( t)( )+M +ZQ t+1‘8 (t+1)

St+1

< WH(s)(1 —7(sD)I(sY) + M(s"Y) + B(s') + T(s') + D(s").

and a bound on bond holdings, where the lump sum transfer T'(s") = M(s') — M(s'™!) +
71(s)l(s') and the dividends D(s') = P(s")y(s') — P(s)z(s') — W (s*1)i(s'). The first order

conditions for this problem are summarized by

Um(st) U t t+1’ t U(stH)

P(s)) + B 2 1) By =0 (26)
Q(8t|8t—1) — ﬂ?‘(‘(st|8t_1) UC(St) P(Sti ) (27)

Ue(s=1) P(s')

An equilibrium for the prototype economy is defined in the usual fashion.
Consider an equilibrium of the sticky wage economy for some given stochastic process

M*(s") on money growth. Denote all of the allocations and prices in this equilibrium with

asterisks.

Proposition 2. Consider a prototype economy with a given stochastic process for money

growth M(s') = M*(s") and

1—7(s') = =U;(s)/UZ(s") Y (")

where Uf(s"), U¥(s") and F*(s") are evaluated at the equilibrium at the sticky wage economy.
Then the equilibrium allocations and prices in the sticky wage economy coincide with those
in the prototype economy.

The proof is immediate from comparing the first order conditions, the budget con-

straints and the resource constraints for the two economies.
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Suppose next that the utility function of consumers in the sticky wage economy is
additively separable in money, so that U(c,l,m) = u(c,l) + v(m). Consider a real prototype
economy which is a one sector real growth model with labor income taxes. Let the utility

function be

iz Br(st) u (e(s), 1(s")) (28)

t=0 gt

and the technology be the same as in the monetary prototype economy. Define the economy
and the equilibrium in the standard way. The following is immediate.
Corollary 1. Consider a real prototype economy with a given stochastic process for labor

wedges

1—7i(s') = —uj(s") fug(s) Fy (")

where u}(s'), uf(s") and F*(s') are evaluated at the equilibrium at the sticky wage economy
with preferences of the form (28). Then the equilibrium allocations in the sticky wage economy

coincide with those in the real prototype economy.

B. Unions
In this section, we describe an economy with unions and then map it into the prototype

economy with labor wedges.

The detailed economy with unions

Consider the following economy in which fluctuations in policies towards unions show
up as fluctuations in labor market distortions in the prototype economy. (See Cole and
Ohanian 2001 for a discussion of such policies in the Great Depression.) The economy is a
non-monetary version of the sticky wage economy. The technology for producing final goods
is given by (12) and (13). Capital is accumulated according to (14). The problem faced by

the final goods producer is
max §q<st>> [y(s") — (s") — w(st)i(s")] (29)

14



where ¢(s") is the price of a unit of consumption goods at s’ in an abstract unit of account
and w(s') is the aggregate real wage at s'. The producer’s problem can be stated in two parts.
First, the producer chooses sequences for capital, k(s'™!), investment, z(s'), and aggregate
labor, I(s'), subject to (12) and (14). The demand for labor of type j by the final goods

producer is

1

1) = (o) (30)

w(j, s")

v—1

where w(s') = [f w(j, st)v=1 dj} “ is the aggregate wage.
Analogously to the sticky wage economy, the representative union faces a downward-
sloping demand for its type of labor given by (30) in setting its wage. The problem of the

jth union is to maximize
SN Bralshu (e, s, 10, ) - (31)
t=0 st

subject to the budget constraints

c(j,s") + 3" q(s"HsHb(, s < w(sNI(j, s') + b(j, s) + d(s).

Sir1
and the borrowing constraint b(s'*1) > —b where [(j, s*) is given by (30). Here b(j, s, 5¢11)
denotes the consumers’ holdings of one period state contingent bond purchased in period ¢
and state s* with payoffs contingent on some particular state s;;1 at ¢t +1 and g(s**|s?) is its
corresponding price. Clearly, g(s™![s") = q(s'™)/q(s"). Also, d(s') = y(s') —z(s") —w(s")I(s")
are the dividends paid by the firms. The initial conditions b(j, s) are given and assumed to
be the same for all j.

The only distorted first-order condition for this problem is

_1 Ul(.j: St)

AT} (32)

w(j, s') =

Notice that real wages are set as a markup over the marginal rate of substitution between

labor and consumption. Given the symmetry among the unions it is clear that all of them
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choose the same consumption, labor, bond-holdings and wages which we denote by simply
c(sh), I(s), b(s™!) and w(s') and the resource constraint is as in (22).

We think of government pro-competitive policy as limiting the monopoly power of
unions putting pressure on them to limit their anti-competitive behavior. We model the
government policy as enforcing provisions the make the unions price competitively if the
markups exceed, say 1/9(s") where 9(s') < v. Under such a policy it is immediate that the

markup charged by unions is 1/9(s").

The associated prototype economy with labor wedges
Consider next a prototype economy in which the firm maximizes the present discounted

value of profits

max iq«st» [Fh(s™1),1(5)) — a(s") — w(s)i(s")] (33)

subject to k(s') = (1 — 8)k(s'1) + z(s'). Consumers maximize

S5 A(st)u (e(s'), () (34)

t=0 st

subject to

o(s') + D a(sHsb(s™) < (L= 7(s"))w(s")I(s") + b(s") +d(s") + T(s").

St+1

where the dividends d(s') = F(k(s*1),1(s!)) — z(s!) — w(s")l(s!) and the lump sum transfers
T(s') = 7(s")w(s")I(s"). The resource constraint is as in (22). The only distorted first order

condition is

The following proposition is immediate.
Proposition 3. Consider this prototype economy with a given stochastic process for labor

income taxes
1—7(s") = v(s").

16



Then the allocations and prices of the prototype economy coincide with those of the unionized

economy.

4. Investment Wedges

A variety of investment frictions affect the economy by raising the cost of investment.
These frictions show up in the prototype economy as a tax on investment. Some investment
frictions also show up in the prototype economy as wasted resources in both the resource
constraint and the capital accumulation equation. One such example is due to Carlstrom
and Fuerst (1997) who exposit a quantitative version with infinitely-lived households of the
Bernanke-Gertler (1989) model. In this section we show the equivalence between the Carl-

strom and Fuerst model and a particular prototype growth model.

A. A detailed economy with investment frictions

In the Carlstrom-Fuerst model, there is a continuum of risk neutral entrepreneurs of
mass 7 and a continuum of consumers of mass 1. The timing is as follows. At the beginning
of each period each consumer supplies [; units of labor, each entrepreneur supplies [.; units
of labor and each consumer and each entrepreneur rents capital denoted k. and k. to firms

that produce output according to F'(ke + nket, ls, nlet). These firms solve
max F(kct + Nket, Iy, Ulet) - Tt(kct + ﬁket) — Wily — Wetler

where r; is the rental rate on capital and w; and w,; are the wage rates of consumers and
entrepreneurs.

Consumers solve the problem

max ZﬁtU(Ct, lt)
t=0
subject to

¢+ @lkar1 — (1 — 8k = wily + rikey + 1,
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where ¢; is the price of the investment good in units of the consumption good and T; is a

lump-sum transfer. Combining the first-order conditions for the firms and consumers gives

= Fy (35)

4t Uct = BUct11[qe+1(1 = 6) + Fiei1] (36)

Consumption goods can be transformed into capital goods only by entrepreneurs.
Each entrepreneur owns a technology that transforms ¢; units of consumption goods at the
beginning of any period ¢ into wyiy units of capital goods at the end of the period where w; is
i.i.d. across entrepreneurs and time and has density ¢ and c.d.f. ®. The realization of w; is
private information to the entrepreneur. At the beginning of each period each entrepreneur
supplies one unit of labor inelastically, receives labor income w,;, receives rental income 7k
and pays taxes Ty;. In addition, the value of the entrepreneur’s capital is g ke (1 — 6). Thus,

the entrepreneur’s net worth in period ¢
ar = Wer + ke[rs + qi(1 — 0)] — Tep. (37)

Entrepreneurs can use their net worth together with funds borrowed from financial interme-
diaries to purchase consumption goods and transform them into capital goods. The financial
intermediaries can monitor the realized output w;i; by paying ui; units of the capital good.
The key restriction on trades is that entrepreneurs are allowed only to trade in within period
deterministic contracts that are made before the realization of w; and payoff after its realiza-
tion. (In particular, the risk neutral entrepreneurs are prohibited from entering into contracts
that share aggregate risk with the consumers.) With such a restriction, following Townsend
(1979), it is straightforward to show that the optimal contract is a type of risky debt in which
the entrepreneur pays a fixed amount R;(i; —n;) if w; is greater than some cutoff level w; and
wyiy otherwise where Ry(iy — ny) = @iy, The intermediaries monitor the entrepreneur if and

only if w; < @;. Under such a contract the expected income of the entrepreneur is

qttt [/oo(wt — W)p(w)dw| = quie f(@wr)

w
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and the expected income of the financial intermediary is

aie [ | (w1 = o) + (1 = 0(@)a] = aiig(@)

The funds the intermediary lends out are from the consumers. The consumers can either
store their consumption goods from the beginning until the end of the period at a zero rate
of return or they can lend them to the entrepreneur through the financial intermediaries.
The mass of entrepreneurs is sufficiently small such that the optimal contract maximizes
their expected income subject to the constraint that the intermediary’s gross return on the

investment of 7, — n; is at least one. The contract then solves

max g f(wy)
1t ,Wt

subject to
qig(wy) > iy — ay (38)

The first order conditions imply

f' (@) @' (@)
f(wy) * 1 — qg(@y)

and, since (38) holds with equality, the optimal investment level is given by

=0 (39)

ag

1y = —————. 40
- qg(@) (40)
The expected income of each entrepreneur is thus
S e aqe f (@t)
wf(lo) = ————. 41
qt tf( t) 1 _ qtg(a}t) ( )

which, by the law of large numbers, is the aggregate income of entrepreneurs. From (40) it is
clear that investment by each entrepreneur is linear in that entrepreneur’s net worth so that
aggregate investment is linear in aggregate net worth. This aggregation result plus the law of
law numbers implies that the aggregate capital held by entrepreneurs has the following law

of motion

q: f (@)

Cet + Qthetr1 = [Wer + ke(re + (1 — 6)) — Toy] 1= qug(@)
— q1g(wy

(42)
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where the right side is simply gi;f(w;) after substituting from (37) and (41). The en-

trepreneur’s utility function is

o0

> (B7) et (43)

t=0
where « is less than one. We assume that entrepreneurs discount the future at a higher
rate than consumers. This assumption is needed because the within period rate of return
earned by entrepreneurs is (weakly) greater than the rate of return earned by consumers. If
entrepreneurs discounted the future as the same rate as consumers the entrepreneurs would
postpone consumption indefinitely and no equilibrium would exist. Given the risk neutrality
of the entrepreneurs and the aggregation result, it should be clear that the optimal decisions

of the entrepren