Chapter 1
Economic Growth
“and Business Cycles

Thomas F. Cooley and Edward C. Prescott

1. Introduction

The intent of this book is to describe the methodsand problems of medern business
cyele research, using the neoclassical growth framework to study the economic
fluctuations associated with the business cycle. Advances in dynamic economic
theory and progress in computational methods over the past two decades have
provided economists with a new set of tools for the study of important economic
issues. These todls have enhanced our ability to construct and sudy artificial
economies that serve as laboratories for economic research. The construction
and analysis of equilibrium paths for simple artificial economies based on the
neoclassical growth model has proven a very fruitful approach to studying and
better understanding the business cycle. In this volume, we present the primary
methods and the most important applications of this research.

Research on economic fluctuations has progressed rapidly since Robert Lucas
revived the profession’s interest in business cyclz theory. Prior to the publication
of Keynes’s General Theory of Emplovment, Interest, and Money, business cycle
theory was a well established part of twentieth-century economics. Business cy-
cle theory evolved in the carly twentieth cenfury because the empirical study of
fluctuations across periods of prosperity and decline had highlighted a remarkable
degree of regularity in the characteristics of these cycles. Such economists as
Wesley Mitchell, Simon Kuznets, and Frederick Mills carsfully documented the
characteristics of business cycle fluctuations on the basis of the available data for
the United States and other countries. Mitchell was primarily concerned with doc-
umerting the simultaneity of movemen: (comovement} of variables over the cycle,
with the view that this could be helpful in learning to predict economic upturns
and downturns. Frederick Mills was concerned with documenting the behavior of
prices, and in particular the comovement of prices and quantities, over economic
expansions and contractions, because he believed that this would yield important
clues to the origins of cycles. His view was that if prices appeared to be procycli-
cal, it would be evidence of what he called demand-driven fluctuations, while if
they turned out to be countercyclical, it would be indicative of supply-driven fiuc-
tuations, Simon Kuznets studied the patterns of both growth and fluctuations. The
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empirical investigations of these researchers suggesied that the defining featu.res
of economic fluctuations were surprisingly similar over time and across countne's,
suggesting that business cycles may be candidates for explanation by “economic
s .
1av:;'he 1930s was a very active period for business cycle research. The Nanqnal
Burean of Eccnomic Research (NBER) continued its program (begun by Mills,
Mitchell and Kuznets) of empirically documenting the features of f:ycles‘ What
emerged from the data was the finding that business cycle ﬂuctfzanons.are are-
current event with many similarities over time and across countries. This finding
prompted many attempts to explain the cycle as a natural property or out-come ofan
economic system. Different views emerged about why c_ycles oceur v&.rlth regular-
ity in economic systems. One idea, associated mainly with Ragnar Frisch (193.3),
regarded the cycle as the set of damped oscillations thatresult from the'propagauon
of random shocks to the economy. The business cycle-mode_l of Frisch sho?ved
how cycles could arise in the solution of the second-c).rdgr—dxﬂerence eqL}atlons
that characterize an economic system. Frisch was heavily 1_nﬂuer}ced by Wicksell
in the development of his views. Bugen Siutsky (1937}, in an unpc.»rtanl paper,
put forth an alternative theory. He showed how fluctuations resam‘blmg business
cycles could result from the sum of random shocks to the economy if the economy
were characterized by a stable stochastic difference equation with _large positive
real roots. Additional theories of the cycle were put forth by Kalecki, Schumpeter
(who argued that technological innovations can lead to both long-term growth and
cycles, and Metzler (who focused on the inventory cy.cle, among others. This was
a period of proliferation of business cycle models without much real progress at
ing important questions. -
res'?:lv:;igrst aI:fo,emptsc{co construct economywide economet.ric models wers r'non-
vated by the desire to test competing business cycl_e the«_:)nes. Although business
cycles are inherently dynamic phenomena, economists did not really have rhe_ t.he-
orefical ools to deal with rigorous models of the cycle. The sea;ch for empmc-al
versions of economic laws appeared to be a more fruitful path to m?low. Interest 1,n
business cycles per se also waned in the aftermath of the publication of Ke.yne.s s
General Theory. The so called Keynesian revolution that followed the publication
of the General Theory tumed attention away from thinking abmft cycles. Instead,
the intellectual problem for macroeconomists became to explgl.n the forces tl.1at
determine the level of economic cutput at a point in time, conditienal on the prior
history of the economy. This was the research agenda suggestgd by the .General
Theory and given empirical content by the unportant contributions of Tmpergen
and Kiein. The overriding concern with the question of output determination
is easy o understand; at the time of these developments, the United States and
Britain were emerging from World War .II. Many ecolnonnsts were concerned that
the prolonged downturn of the Creat Depression might recur aft.er t‘he war. An
understanding of the determinanis of the level of output ata [.Jo.mt”m ﬂlfle sug-
gested the possibility of designing policies (“stabilization policies™) that would
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influence the level of output, attenuate the business cycle, and possibly prevent
the recurrence of large-scale economic crises, such as the Great Depression. One
result of this change in focus was that later empirical research was directed almost
entirely at the question of output determination at a point in time rather than the
study of the whole shape and characieristics of the business cycle. This research
agenda, combined with the increased availability of aggregate economic data led
to the creation of fully specified artificial economies that were designed to capture
the process of output determination. Interest in understanding the business cycle
as a recurrent event waned. This remained the state of affairs until Lucas (1972,
1975) and Kydiand and Prescott (1982) rekindled interest in the theoretical and
empirical investigation of business cycles. !

Concurrent with the emergence of Keynesian macroeconomics was a renewed
interest in the preblem of understanding the long-term laws of mofion of modern
economies. This was the research agenda of modern growth theory that was ini-
tiated by Harrod and Domar and given its preeminent expression in the work of
Robert Solow. The modern theory of economic growth evolved from the obser-
vation of empirical regularities, as had business cycle theory. As economic data
became more available in the Twenticth century, it grew apparent that economic
growth displayed striking empirical tegularities both over time and actoss coun-
tries. These observations, labeled by Nicholas Kaldor (1957) the “stylized facts”
of economic growth, became the benchmarks of the theory of ecoromic growth.
These observed regularities suggested economic laws at work that could be cap-
tured in formal medels. Kaldor’s “stylized facis” of growth (as characterized by
Solow [1970]) are as follows;

1} Real output grows at a more or less constant rate.

2) The stock of real capital grows at a mote or less constant rate greater than
- the rate of growth of the labor input.

3) The growth rates of real output and the stock of capital tend to be about
the same.

4) The rate of profit on capital has a horizontal trend.

5) The rate of growth of output per-capitz varies greatly from one country
to another.

6) Economies with a high share of profits in income tend to have a high
raiio of investment to output.

The third and fourth of these stylized facts imply that capital’s share in total
income will be censtant, while the second and third imply that the investment-
output ratio is constant.? The first four together describe aneconomy experiencing
“balanced™ growth. The scale of an economy experiencing balanced growth will
change over time, but the composition of output will not. When Nicholas Kaldor




4 T.F COOLEY &E. C.PRESCOT

summarized the main observations about economic growth, as they were known in
the 1950s, the task of developing a coherent theoretical model of growth became
a primary focus of interest for econormists in the United States and Eflgla[.ld. T_he
growth theory that evolved from these observations was concemed primarily with
exploring the properties of model economies that exhibit balancrtd growth or ha.ve
well-defined steady-stats paths and with analyzing whetber artificial economies
not initially in a steady state would tend to converge to one. The elergents of .that
theary and its evolution are documented in many places. The fifthand sixth stylized
facts have posed more difficulty for neoclassical growth thepry, and much of the
modern endogenous growth literature has been concemed with these features:
The neoclassical model of capital accumulation reproduces many of the stylized
facts-about economic growth and is consistent with many features ({f actual grow-
ing economies. We also observe that in most industria'llzed economies, ouput per
capita grows over time, capital per worker grows over tme, and productlv?ty Srows
over time. Robert Solow used the neoclassical growth model as the baS.IS for de-
composing the growth in output per capita into pc-)r!ions accS)l}ntcd for b}: mcree-lsed
inputs and the portion attributable to increase_s in productivity, Solow’s ﬁndmgs
prompted much additional research in prOduCth.lty measurement ancl‘ consndera!ale
development of mathematical growth models with different ways of incorporating
ical change.
tecgfn]g?lis surﬁrising about the development of growth thfaory is that t.‘or a very
long time, the theory evolved in an empirical vacu_um It did not mucfh mﬂu?:r}cc,
nor was it greatly influenced by, the corresponding .developments? in empirical
macroeconomics. Study of short-term economic behavior or ﬂucu.latmns and study
of long-term growth were divorced. The generally accepted view was that we
needed one theory to explain long-term growth and a completely different one
to explain short-term fluctuations in output. Several gnporta.nl developments in
growth theory established the foundation that made it p0§51ble to think about
growth theory and business cycles within the same theoretical f.ramework.. One
of the most important of these developments from t‘he standp?mt_of the issues
addressed in this book was Brock and Mirman’s (1972) characterization of optimal
growth in an economy with stochastic productivity shocks. A second was the
introduction of the labor-leisure choice into the basic neoclass1.cal {nodcl.- The
most thorough and up-to-date treatment of the imporant them:mcal issues in the
theory of economic growth is contained in Stokey and Lucas, with Prescott(198_9).
That theory is the fundamental building block of the modem approach to stfxdymg
the business cycle. This volume describes both the methods and the findings of
i approach. .

ﬂu}idr:g:;n;ilfil:less cycle theory starts with the view that growth a}nd ﬁucmauor%s
are not distinct phenomena to be studied with separate data and different analyti-
cal tools.? This theory zdheres to the notion, familiar from quem growth theory,
that simple artificial economies are useful vehicles for assessing thqse features of
actmal economies that are important for business cycles. A distinguishing feature
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of these model economies is that economic outcomes do not occur arbitrarily, but
instead arise as the equilibrium outcomes of fully rational economic agents. The
artificial economies described are also in the spirit of the postwar macroecono-
metric tradition of Tinbergen and Klein in that they are fully specified empirical
model economies; that is, they are constructed to mimic important aspects of the
behavior through time of actual economies. We will show that these artificial
economies are useful laboratories for studying the business cycle and for studying
economic policy. The goal of this research is to better understand the behavior of
actual economies by studying the equilibria of these syntietic economies. The re-
alization of this goal requires a careful marriage of economic theory and empirical
observation.

In this chapter, we describe some of the common features of the approach to
studying business cycles that unify the chapters in this volume. The most common
element is the neoclassical model of economic growth. In the next section, we de-
scribe 2 deterministic economic environment that is designed to capture Kaldor's
stylized facts described above. We also describein some detail a particular compet-
itive equilibrium concept that many of the later chapters and many of the papers in
the literature use. Section 3 introduces the stochastic growth environment, and we
present the recursive competitive equilibrium concept for this enviromment. Sec-
tion 4 describes how the basic neoclassical growth framework can be calibrated
to the U.S. economy to yi¢ld quantitative statements about the evolution of the
model economy. We devotz Section 5 to an overview of the solution techniques
that are used for computing the equilibria of business cycle models. The known
facts about business cycles are described in Section 6; we discuss some of the
issues and choices one makes in representing cyclical and growth components in

the data. In Section 7, we describe the results of simulating the stochastic growth
model.

2. Deterministic Growth

Our purpose in this section is to describe a neoclassical model economy that was
designed to capture the features of economies experiencing balanced growth. This
environment is the most basic underpinning of all that follows in this book. We
are going to be concerned here and throughout the book with general equilibrium
descriptions of economic growth, so we begin with a deterministic dynamic general
equilibrium model.

The Environment

The economy we examine is populated with a large number of identical households,
each of which will live forever and each with identical preferences defined over
consumption at every date. We assums that preferences are additively separable,
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with the form

u(co, €102, .-y = 9 _BUE), 0<p<Ll (1)
=0

The period utility function U/ : Ry — R has the proper1':ies that U is con-
tinuously differentiable in its arguments, is increasing, is strictly concave, and
tim,_g U/'(¢) = oo. The parameter § is the discount factor that households apply
to future consumption. :

The househclds in this economy do not value Jeisure. We assume that th
population size is constant, and we normalize the total time endowment .of labor
availzble for production to unity. There is an initial endowment of capital, Ko.
Each period, households supply labor, H,, and capital, K,, to firms. The latter
have access to a technology for producing the single good, ¥;. The aggregate

production function is
Y: = F(Kr, Hr)a (2)

whers F: R — Ry has the properties that F is increasing in K and H, is
concave in X and H separasely, is continuously differentiable in K and H, and is
homogeneous of degree one. Moreover,

FO,OO=FO H=FK 0O=0

Fe(K,H) > 0, Fg(K, H) >0, YK, H,> 0

im Fg(K,1) =00, and Llim Fp(XK,1) =0.
K->0 K—o00

W assume further that capital depreciates at a constantrate < § < 1. The
aggregate resource constraint implies that consumption, C;, and gross investment,
K41 — (1 — K, have to satisfy the condition

C, + Kt — (1 = 8K, < F(K,, Hy), Vt. (&)

The Planner’s Problem

If we imagine that this economy is governed by a benevolent s(?cial planner, the
problem faced by the planner is to choose sequences for consumption, labor ssxpply,
and the capital stock, {C;, H;, K112, that maxumzc (1), given K(]', subject to
the aggregate resource consiraint. The solution to this problem requires .that no
output be wasled, which in turn implies that equation (3) hoids_ with equality, and
that H, = 1 for all r. Accordingly, K, and ¥; represent capital and output per
worker as well as aggregate capital and output. .
‘We can rewrite the aggregate resource constratnt as

C, + Ky = F(K, 1)+ (1= 0K, = f(K), Vr. )
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Equation (4) allows us to rewrite the planner’s problem as

o

max BUIF(K,) — Kp1a]
0

{K.'+l};ﬁ9 =
st 0<K.y < fK)HLt=0,...,
given Ko > 0. (5)

One technique for solving dynamic optimization problems of the form (5) is to
rewrite them in a recursive form that can be solved by dynamic programming. Let
V (Kg) denote the maximum value of the function (5) that could be obtained for
any Ky > 0. The planner’s problem can then be represented as

V(K = -
(Ko) osx’,“g"ﬁxﬂ)w[ﬂ"“) Kq] + BV(KY)). (6)

The theory of dynamic programming necessary to solve problems like this is

discussed in great detail in Stokey and Lucas, with Prescott (1989). The reader
should have at least some familiarity with those echniques.

Supporting the Solution fo the Planner’s Pioblem as an Arrow-Debreu
Compelitive Equilibrium

Our interest in the planner’s problem is motivated by the fact that for this model
economy (and under fairly general assumptions), the solution to the planner’s
problem is the competitive equilibrium allocation. This result can be established
by using the two fundamental theorems of welfare economics. The First Welfare
Theorem can be uszd to conclude that any competitive equilibrium allocation for
this economy is a Pareto-optimal allocation. As there is only one Pareto-optimal
allocation, if a competitive equilibrium exists it is the solution to the social planner’s
problem.

One way to establish the existence of a competitive equilibrivn is to use the
Second Welfare Theorem to support the solution to the social planner’s problem as
a competitive equilibrium, If there is discounting, the optimum can be supportad

.as a decentralized competitive equilibrium with a price system that has an inper

product representation. Stated differently, the value of a commodity bundle is the
price of each commodity in the commeodity vector times the quantity of that comn-
modity summed over the infinity of the Arrow-Debreu date and event contingent
commodities (see Stokey and Lucas, with Prescott 1989, 456, Theorem 15.6; or
Harris 1987). This is the valuation equilibrium concept used by Prescoit and Lucas
(1972) among others.

For our simple economy, the price system just referred to can be found as
follows: We assurned that the households own the capital and labor and rent them
to firms (if there are constant returns to scale, therz need be only one firm). Since
the firm needs only to hire carital and labor each period, we can describe the firm




8 T1.r COOLEY & E. C. PRESCOTI

as solving a series of static, one-period profit maximization problems:

max p; - [F(Kr, H) = nK: — w.H], vt (7
Kn i3

From the necessary and sufficient marginal conditions for maximization, the
real wage rate, w;, and the real rental price of capital, 7,, in terms of output must

be
w = F2(K;, Hy) 8)

and
re = Fi(K,, Hy), &)

for all £. If we assurne constant returns to scale, in equilibrivm there .are no_proﬁts
or dividends to distribute to households, and we can ignore issues involving the
ownership of firms. Households solve the problem:

max Z,ﬁ‘U(c,)
=

(== o0
> plec+ Kol £ pilwe + e+ 1= DKL,
=0 =0

¢ 20, K1 20 . (10)

The first-order conditions for the household’s problem imply that prices must
make households indifferent between consumption at different dates:

PifPrv1 = U'(e) /1B - U'lere)]- (11)

From this we determine the interest rate asi, = py/pry1 — 1.

This appreach to finding the equilibriam process for the economy is limited.
The principal class of economies to which these methods apply is economies
with a single type of household and no distortions. This rules out economies
with externalities, cash-in-advance constraints, limited contracting technology,
monopolistic elements or non—lump sum taxes, among other thmgs These are all
Factors that result in nonoptimality of the equilibrium allocation.*

Supporting the Solution fo the Planner’s Problem as a Recursive
Competfitive Equilibrium

One approach that has proven very useful in the study of business cycle models is
to support the allocation given by the planner’s problem by using the decentralized
stationary recursive competitive equilibrium (RCE) concept suggested by thesco.tt
and Mehra (1980). This equilibrium concept is the one most Wl.dely used in this
book.S Given a set of securities that is sufficient to realize all gains from a%locat-
ing risks, recursive competitive equilibrium allocations support a state-cantingent

i
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equilibrium.® The recursive competitive equilibrium is particularly convenient for
the problem considered here and for the majority of those considered in this book
because it fits naturally into the dynamic programming approach to solvir, g op-
timization problems. It is also very easily applied in a wide variety of seftings,

including those with distartions, as Chapter 2 and many of the other chapters in
this volume will make clezr. Another great advantage of the RCE approach is that
for an increasingly rich class of model economies, the equilibrium process can be
computed and can be simulated to generate equilibrium paths for the economy.

These paths can be studied to see whether model economies mirmic the behavior
of actual economies and can be used to provide quantitative answers to questions
of economic welfare.

For the problem at hand, we itlustrate the competitive solution, using the recur-
sive competitive equilibrium concept just described. In this approach, we view
households and firms as decisionmaking units, and we view individual households
as solving dynamic programming problems. We distinguish between the econo-
mywide per capita capital stock, K, and the howsehold’s own capital stock, k. over
which it has control. We further distinguish variables over which the household
has control from their aggregate counterparts by using lower-case and upper-case
letters, respectively. In equilibrium it will be true that £ = %, but the problem
the household sclves makes a distinction between these. The state variables for
the household are (k, K). Let u(k, K) be the household’s optimum value function
and let primes denote next-period values. The household’s decision problem is to
choose a path for investment, x, and consumption, ¢, that solves the problem:

vk, K) = max fu(c) + pvlk’, K1)

st. ¢c+x 5r(K)k+w(K),
E=(1-8k+x
K'={(1-8K +X(K). (12)

Letd(k, K) be the policy function that gives the optimal decisions for this prob-
lem. Because all households are identical it must be the case that in equilibrium
d(k, K) = D(K). This leads us to the following definition:

A recursive competitive equilibrium is a valse function, v(k, K) : RI - R;
a policy functior, d(k, X) : R2 — R, which gives decisions on c(k K,
x(k, K) for the representative householc! an aggregate per capita policy func-
tion, D(K) : Ry — Ry, which gives aggregate decisions C(K) and X {K);and
factor price functions, 7(K): Ry — Ryw(K): R. - R, such that these
functions satisfy

1) the household’s problem (12);

2) the necessary and sufficient conditions for profit maximization, (8) and

9




10 1.F. COOLEY &E, C. PRESCOTT

3) the consistency of individual and aggregate decisions, i.e., the condition
d(K,K) = D(K), ¥K; and

4) the aggregate resource constraint, C(K) + X(K) = Y(K).

If (v, d, D,r, w) is arecursive competitive equﬂ.ibﬁuxln, th.en the staterment that
competitive equilibrium allocations are Parsto optimal implies that v(K : K) co-
incides with the value fanction V(K for the social planner’s problem dlSCLlsse.d
earlier and D(K ) coincides with the optimal policy functiop for that Problem. T.h1s
equivalence will be exploited in many of the problems dlscusse.d_m the epsuing
chapters. In the next chapter we show how 0 solve for a competitive eqwhb@:um
by solving the social planner’s problem. Equival_ence betwe:en the comp?tltlve
equilibrium allocation and the solution to the social Planner s pro‘Fﬂem will not
always hold. (n some applications, an economy is subject to d1stort30n§ (bccaus:e
of taxes, mongy, or other variations in the arrangemeris), so the competitive equ.a—
librium allocation will not be Pareto optimal. In such cases, we ,cannot obtain
the competitive equilibrium allocation by solving the social pla:lmer s problem.. In
the next chapter we show how to solve a rela.ted Problem that yields the recursive
competitive equilibrium allocation in these situations.

Using the Growth Model

The previous section dzscribes a “model economy” that is expl.icit]y d‘esigned.to
depict how @ ecopomy might grow over time in_ a way that is consistent w1th
the growth facts described at the beginning of this section. Itisa competitive
general equilibrium economy because we can represent t-he paths of con_sun‘lp‘uon,
investment, cutput, and hours worked as the market-clearing ouicome o.f individual
households and firms responding to prices. An imporcant_ feature of tl.us economy,
from our point of view, is that we can compute the equilibrium and use it to generate
da?c-) generale time series of the variables of the equi.ibrium for this economy, we
would first assume functional forms for the preferences ?nd rechnology, assign
values to the parameters of those functional forms and assign a value to the initial
condition Kg. Given those, we would first use equation (6) to compute K. '_['hen
equation (4) can be used to compute Co. Because households do not Vall:le leisure
and the marginal product of laboris strictly positive, Hy = 1. Equations (7} a:.nd 8
are then used to determine the rental prices of the factars ro and wp, and equation '(9)
is used to determine the intevest rate i,. This process can be r?peated to d?tex.mlne
the Date 1 values of the variables, along with the Date 2 capital stock. Sumlﬁr}y,
the valne of each variable can be determined for every subsequen't date.. ’.I'h1ls is
the sense in which we can operate this artificial ecoromy to study its equilibrinm
Pﬂt_?}-m hehavior of economies with these features is well qnderstood. We know that
for suitably parametrized preferences and technology, this economy will converge
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to a balanced growth path that is consistent with the stylized facts described eaglier.
Producing a balanced growth path is not the main objective of the research and
methods described in this book. We view the growth model as z basic building
block—a platform that can be extended and elaborated to address richer and more
interesting questions.

Robert Solow (1957) addressed one such question when he applied the neo-
classical growth model 10 the U.S. economy to calculate the sources of long-term
growth. Using data for the period from 1909 to 1949, Solow estimated that changes

_ in procuctivity accounted for 87.5 percent of the growth in real ousput per worker

over this period while only about 12.5 percent was accounted for by increased
capital per worker.” If we were to revisit Solow’s caleulation of the sources of
secular growth but use more recent data we would obtain a breakdown something
like that shown in the accompanying table. If we impuie the value of the flow
of services from consumer durables and add it to measured output, then caital’s
share in output will be abeut one-third (we will make these shares more precise
in Section 4). Thus approximately one-third of the growth in output per worker
is arttributable to changes in capital per worker. We also know that there is no
trend in the average hours of work per worker in the post—World War I period,
so variations in the labor input do not contribute to secular growth. That sug-
gests that the remaining two-thirds of secular growth in output is attributable to
improvements in productivity. Theseare features we wotld like a model economy
to reproduce.

Changes in Quiput per Worker  Secular Growth  Business Cycle

Due to charges in capital i3 0
Due to charges in labor 0 2/3
‘Due to changes in productivity 2/3 1/3

The primary focus of this book is on business cycles. This leads us to ask how
we should modify the basic growth model to see if it can generate cycles. Business
cycle accounting is more difficult and the breakdown is more approximate. The
decomposition of output fluctuations for the business cycle (again based on the
neoclassical growth model] reveals that the sources of business cycle fluctuarions
are quite different. We know that the capital input fiuctuates very little over the
cycle and that variations in capital are largely uncorrelated with the cycle. About
two-thirds of the fluctuations in aggregate output are attributable to fluctyations
in the Iabor input. Since capital does not vary much, the remaining one-third of
fluctuations is attributable to fluctuations in productivity.

This accounting exercise tells us that a model that integrates both growth and
fluctuations is going to require some features not present in the deterministic
growth model. First, we must introduce some mechanism that causes produc-
tivity to change at the busiress cycle frequency. Second, we must introduce labor
supply in a way that is consistent with large movements in the labor input over
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the cycle. Simply stating the problem this way dces not make it immediately ob-
vious that there is only one way or a correct way to modify the growth model 1o
produce basiness cycle—type fluctuations. Kydland and Prescott (1982) and Long
and Plosser (1983) explored a number of alternatives, and not all of them were
successful, Mahy alternatives will be explored in the following chapters. In the
next section, we describe a modification of the basic growth model that can in
principle reproduce these fluctuations. The economy we describe is a stoc.:hzfstic
version of the model we have been analyzing here. It also incorporates variations
in employment, so it has the potential to explain the features of business cyc.le
fluctuations as well as secular growth. After we have described the model, we will
discuss how to use it empiricalty, describing how we calibrate its parameters from
observed features of the U.S. economy, compute an equilibriom,.and generate data
from that equilibrium.

3. A Stochastic Growth Economy with Labor-Leisure
Choice

The Environmenti

In this section we describe an economic environment that is richer than the one
portrayed above. In the basic neoclassical growth model,. neither employment nor
savings varies over time once the economy has entered its loug—n‘m steady stz}te.
Here, we modify that economy so that households may vary their consumption
and labor supply over time. Their reason for sc doing is that in this economy,
the agents face ancertainty about their fature productivity. The economy is popu-
lated by infinitely many identical households that will exist forever. Each qf these
households has an endowment of time for each period, which it must divide be-
tween leisure, £;, and work, k.. We normalize the houscholds’ time endowment to
unity, that is, we seth, + £, = 1. In addition, the households own_ an initial stock
of capital, kg, which they rent to firms and may angment through _mvestment.

Households’ utility for each period is defined over stochastic sequences of
consurnption and leisure:

Ule(), B = E{Y_ Blule, L =h)) 0< B <1, (13)

r=0

where (), k() represent the sequences of Arrow-Debreu event—con;ingent -ccm-
sumptions and labor supplies. We assume that u is continuously dlffe.renu‘able
in both arguments, that « is increasing in both arguments, and that x is strictty
concave. The households in this economy supply capital and labor to firms,
which have access 10 a technology described by the aggregate production function
F(E,, H): R, — R. We assume that F is continuously differentiable in X and
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H , that F is monotonic in K and H, that F is concave in K and H separately, and
that F(0, 0) = 0.

Aggregate output is determined by the production function:
Y, = e*F(K,, H), 14)

where z, is a random productivity parameter. This productivity shock is the source
of uncertainty in the economy. We will make the very specific assumption that z,
evolves zccording to the law of motion:

Zy1 =0+ 64, 0<cp <l as)

where ¢ is distributed normally, with mean zero and standard deviation g,. Brock
and Mirman (1972) showed that if the {z,} are identically distributed random
variables then there exists a solution to the social planner’s problem for this
economy.?

We assume that the capital stock depreciates exponentially at the rate & and that
consumers add to the stock of capital by investing some amount of the real output

. each period. Investment in period ¢ produces productive capital in period ¢t + 1 so

that the law of motion for the aggregate capital stock is
Ky = (1~ 8K, + Xi. (16

As in the previous example, the firms rent capital and hire labor in each period.
We can treat this asa single firm that solves a period-by-period profit maximization
problem. All relative prices are in terms of output, and we can write the firm’s
period ¢ problem as

max p; - [¢“F{(K;, H) — rK, — w,H,], Y¢. an

This optimization problem yields factor prices (stated in terms of the price of
output):

r =R (K,, H,), (18)
and
w, = e“Fy(K;, H). (19)

As in the previous example, given constant refurns to scale, in equilibrium profits
will be equal to zero.

The households in this economy face a very difficult problem because they
must form expectations over future prices. Households will choose consumpticn,
investment, and hours of work at each date to maximize the expected discountsd
value of utility, given their expectations over future prices subject to sequences of
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budget constraints and the law of motion for the household’s capital stock:
[o.=]
max E{Y _ flulcr, 1 -0 < B <1,
c.xh =0

st o+x = T.Uth; + rfkfs

kipr = (1 — Ok + x. 20

Note that for this problem, the prices, w and r, del?gnd on the economj'm:liid? (;t:;t}e
variables (z, K'). Moreover, the decisions on quanut]es.d.epend on the individual-
level state 1’rariables (2. %k, K). The equilibriem definition set forth in the next

section makes this dependence more precise.

The Recursive Compelitive Equilibrium

Again, we will use the recursive competitive equilibrium concept. The state vari-

in thi = (g, k;, K;), and the aggregate
for the households in this economy are $t = (z, 3 :
::fes vg:iables are S, = (z,, K;). The optimality equation for the houlsehold 5

problem can then be written as
v(z. k, K) = maxfu(c, 1 — ) + BE(Z, K/, KDz}
T c,x,h

st c+x < riz, Kk + w(z, K)h,
K =(1—8k+x,
K'=(1-8K+ X(z X),

7 =pz+e,
c>0,0<h=<1,

A recursive competitive equilibrium for this econtzm;;c cc;(nfists (;)f ? ve;clu;( i;u?cc);
isi 2, k, K), h(z, k, K},and x(z, k, K),
ion, v{z, k, K}; a set of decision rules, ¢(z, k, . 2
g;’enhg\f:ehold; a corresponding set of aggregate per capita decision rules, C (21-1 tlli );
H(z, K), and X (z, K); and factor price functions, u(z, K) and r{z, K),suchtha

these functions satisfy:

2D

1) the household’s problem (21); |
2) The condition that firms maximize and satisfy (18) and (19), that is,
r=r(z, )andw = w(z, K);

3) the consistency of individual and aggregate decisions, that is, ﬂ{lcf: c;{mdi
tions c(z, K, K} = C(z, K), h(z, K, K) = H{z, K}, and x(z, K, K) =

X(z, K),¥(z, K); and
4) the aggregaie resource constraint, Ciz.K) + X(z, K)
Y{z, K).

= ¥(z, K),
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This completes the description of the environment and the equilibrium concept
that we will use. This basic framework is consistent with many different model
economies, depending on the further restrictions or different arrangements that
are added. In order to use this framework to make quantitative statements abaut
business cycles, we reed a more explicit structure. In the next section we describe
how parameter values are assigned to provide that structure.

4. Calibration

The description of the economic environment and the equilibrium concept together
provide a framework that we can use to study business cycles. The environment
described in the previous section has features that are motivated by the guestions
we want to address. In this chapter, the question we address is quite simple: doesa
model designed to be consistent with long-term economic growth produce the sort
of fluctuations that we associate with the business cycle? In subsequent chapters
many more complicated questions are addressed, and the basic structures studied
in those sections are correspondingly altered. These alterations can take the form
of changes in the environment and/or changes in the equilibrium concept.

The framework described in the previous section is consistent with many dif-
ferent equilibrium processes for the variables of Interest—output, employment,
investment, and so on. To go from that general framework o quantitative state-
ments about the issues of interest is a three-step process. The first step is to restrict
these processes to a parametric class. We stress the idea of using a modet that is
consistent with growth observations to study fluctuations. This requires the use
of more ecenomic theory and some observations. The second step in this process
is to construct a set of measurements that are consistent with the parametric class
of models. With enough theory and observations to define a parametric class of
models, we can establish the correspondence between this class and the observed
data for the U.S. (or some other) economy. As we will demonstrate, establishing
this correspondence may well require that we reorganize the data for the U S, €con-
omy in ways that make them consistent with our class of model economies. The
third step is 10 assign values to the parameters of our models. This involves setting
parameter values so that the behavior of the model economy matches features of
the measured data in as many dimensions as there are unknown parameters. We
observe over time that certain ratios in actual econormies are more or less constant.
We choose parameters for our model economy so thatit mimics the actual sconomy
on the dimensions associated with long term growth. Once this is accomplished
we will be in a position 10 study the quantitative behavior of fluctuations in the
particular model economy.

The process just described is called calibration. This approach has a long tradi-
tion in economics. This strategy for finding numerical values for parameters uses
economic theory extensively as the basis for restricting the general framework and
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mapping that framework onto the data. As we will see in the chapters that fo]l.ow,
the kinds of restrictions that are used depend very much on the.kmds of questions
being asked of these artificial economies. If one is intertasted.m studying the be-
havior of an economy with more than one sector, with dlstomons due 10 taxes or
money, andfor with different arrangements due to contracn_ng or n.on-Walrasmn
elements, the mapping between the theory and the data will be different. The
common thread in all of these studies is that they all preserve the neoclassical

growth framework.

Restricting the Growth Economy

The distinguishing features of the stochasiic growthenvironment described in Sec-
tion 3 are the household’s labor-leisure choice and the presence of the s?ocks
to technology. These features were added, as we noted earlier, to see if t'he
model designed to explain long-term growth m}ght also be cafpable of e)_iplam-
ing fluctuations. In order to address this question, we are going to restrict our
attention to artificial economies that display batanced growth. In bale_mced—growth
consumption, investment and capital all grow at a constant 1ate ngﬂe hours .stay
constant. This behavior is consistent with the growth observations described
t‘ral';l';:- basic observations about economic growth sugg_est that cap_ita] and Ia}.)or
shares of output have been appioximately constant gver me even while the relat'nve
prices of these inputs have changed. This suggests a Cobb-Douglas production
function, which has the form

Y, = e“K{H (22)

The parameter @ is referred to as capital’s share because if capital is paid
its marginal product, it will carn that fraction of output. The Cotb-Douglas
assumnption defines a parametric class of technologies ‘for tIf{]s £conotny.

As with the technology, certain features of the spec1ﬁcatwn. of prcfcrenoes are
Hied to basic growth observations for the U.S. economy. 'I‘he;e is evidence t'hat If;er
capita leisure increased ste.gdi]y until the 1930s. Since that time, and certainly (:1
the postwar period, it has been approximately cons@t. We alsq know that re y
wages (defined as real average hourly total compensauqn, 1'ncludmg benefits an|
contributions for social insurance) have increased steadily mltl.le postwar penod
Taken together, these two observations imply that !;he clasumty. of substitution
between consumption and leisure should be near unity. We consider the general
parametric class of preferences of the form

(cl_“ﬁa)l_“ —1
uler &) = _L_._I_TT (23)

where 1/o is the intertemporzl elasticity of substitution and o i§ the share param-
eter for leisure in the composite commodity. The parameter o 15 among the most
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difficult to pin down becauss variations in the intertemporal elasticity of substitu-
tion affect transitions to balanced growth paths but not the paths themselves. In
the sections below, we will further restrict this to the limiting case where o = 1,
whichis u(c,, 1 — k) = (1 — &) loge, + o log(1 — b)) 2

Defining Consistent Measurements

Calibrating the parametric class of economies chosen requires that we consider the
correspondence between the model economy and the measurements that are taken
for the U.S. economy. The neoclassical growth framework emphasizes the central
role of capital in determining long-term growth in output. Consequently, the frst
thing we have to consider is the match between the capital as it is conceived in our
class of model economies and capital as it is measnred and as it is conceptualized
in the U.S. National Income and Product Accounts (NIPA).1

Our model economy is very abstract: it contains no govemment sector, no house-
hold production sector, no foreign sector and no explicit treatment of inventories.
Accordingly, the model economy’s capital stock, X, incluces capitalused in all of
these sectors plus the stock of inventories. Similardy, output, ¥, includes the output
produced by all of this capital. The NIPA are somewhat inconsistent in their treat-
ment of these issues in that the output of some important parts of the capital stock
are not included in measured output.’! For example, the NIPA does not provide a
consistent treatment of the household sector. The accounts do include the imputed
flow of services from owner-occupied housing as part of GNP. But they do not
atternpt to impute the flow of services from the stock of consumer durables. The
NIPA lump additions to the stock of consumer durables with consumption rather
than treating them as investment. Because our model economy does not treat the
household sector separately, when we deal with the measured data, we will add
the household’s capital stock-—the stock of residential structures and the stock of
consumer durables-~to producers’ equipment and structures. To be consistent, we
will also have to impute the Aow of services from durables and add that to mea-
sured ouwrput. In Chapter 6, where the household production sector is explicitly
modeled, the distinction between household capital and the business sector capital
will be explicitly preserved, as will the distinction between household output and
business sector output. :

In a similar vein, although there are estimates of the stock of government capital
and estimates of the portion of government consumption that represents additicns
to that stock of capital, the NIPA make no attempt to impute the flow of services
from the government’s capital stock ard include it as part of output. Nor do the
NIPA include govemment investment as part of measured invesiment, Because our
model economy does not have a government sector, we will add the government
capital stock to the private capital stock and the capital stock in the household
sector. We will alse impute the flow of services from this capital stock and add it
to measured output.
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Finally, our technology makes no distinction among the rolgs of rz_eproduciblc
capital, land, and inventories. Some of the later chapters will assign a different Fole
to inventories, but here they are treated as identical to the other forms of capital.
When we consider the mapping between the model economy and measured data,
it will be important to include the value of land and the value of the stock of
inventories as part of the capital stock. The Flow of Funds Accounts, Balance
Sheets for the U.S. Economy are the source for estimates of the value of land, and
the siock of inventories is reported in the NIPA.2

The measurement issues discussed above are central to the task of calibrating
any model eccnomy because a consistent set of measui.-ements is necessary to
align the model economy with the data. For example, in order to estimate the
crucial share parameter in the production function, @, for our model economy,
it is important to measure all forms of capital and to augment measured GNP
1o include measures of all forms of output. Similarly, when we treat aggregate
investment it will be necessary to include in investment additions to all forms of
capital stock. For this medel economy, the concept of investment that corraspc_md’s,
to the aggregate capital stock includes government investment, “consumption
of consurner durables, changes in inventories, gross fixed investment, and net
exports.!3 Making sure that the conceptual framework of the model economy and
the conceptual framework of the measured data are consistent, is a crucial step in
the process of calibration. .

To impute the flow of services from government capital and censumer t}iurables,
we will use more economic theory. We know that the incore from capital isrelated
to the stock of capital, as follows:

Yep = G + Sxp)Kp, 24

where Y p is the income on fixed private capital, Kz is the. fixed private capital
stock, and 8 p is the depreciation rate of that capital stock. Given measured values
of the capital stock, measured values for capital income, and a mea.\sured value for
depreciation, we can obtain an estimate of i, the return on c_apltaL Measufed
K p includes the net stock of Fixed Reproducible Private Capital (nqt mclud.lmg
the siock of consumer durables), from Musgrave (1992); the stock of inventories,
from the NIPA; and the stock of Jand, from the Flow of Funds Accounts.

The measured value of income from fixed private capital is taken from the NIPA.
There is some judgment involved in defining this because of afnbiguity' about how
much of Proprietors’ income and some other smaller categories (specifically, the
difference berween Net National Product and National Income) shopld be treated
as capital income. We define the measured income in the following way. Let
unambiguous capital income be defined as follows:

Unambiguous Capital Income = Rental Income + Corporate Profits
+ Net Interest,

5
£
|5

ECONOMIC GROWTH AND BUSINESS CYCLES 19

with Rental Income, Corporate Profits, and Net Interest from the NIPA (see
table 1.14).

Our strategy is to allocate the ambiguous components of income according to
the share of capital income in measured GNP. Let6p denote the share of capitalin
measured GNP. Further, note that the measured value of §, K p is “Consumption
of Fixed Capital” (GNP — NNP) in the NIPA (Table 1.9). We denote this variable
as DEP. Define Y, as follows:

Yxp = Unambiguous Capital Income + 6 (Proprietors Income
+ Net National Product — National Income) + DEP
= fp - GNP.
This equation car. be solved for 6p:

go = {(Unambiguous Capital Income + DEP)
P~ "(GNP — Ambiguous Cayital Income)

Multiplying &p by GNP, gives us the measured value of Yg p. Given measured
Y p, we use the equation above to determine the interest rate, i:

i = (Yxp —DEP)/Ep. (25)

- Over the sample period, 1954-1992, this yields an average interest rate of 6.9
peréent.

To estimate the flow of services from the stock of consumer durables and the

stock of government capital we need estimates of the depreciation rates for those

portions of the capital stock. These are obtained from the laws of motion for these
capital stocks:

K =04 -0k + X, (26)

where X represents investment. Normalizing by output, ¥,, and multiplying by
Yi1/ Y41 yields

Yo Kn ) & X%
Y Yo N A

Onabalanced-growthpath, K, /Y41 = K,/Y,, and equation (27) provides the
basis for measuring the depreciation rates for consumer durables and government
capital. For consumer durables, investment is simply consumption of consumer
durables as reported in the NIPA. For government investment the figures also
come from the NIPA (table 3.7b). The stock of durables and the government
capital stock are taken from Musgrave (1992). If we use the data for 1954-1992,
the depreciation rate implied by equation (27) is 0.21 per annum for durables and
0.05 for government capital.'* The service flows are then estimated as

(27}

Yp = (i +6p)Kp.
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and
Yo = (i +éc)Ke,

where the interest rate and the depreciation rates are those estimated abo've.

The process just described used econortic theory to help define a consistent set
of measurements. We rearranged and augmented the measured data to_correspond
to the structare of the model economy. The parameters we used to do this. however,
depend only on information in the NIPA and are not specific tothe model economy

being studied.

Cdlibrating a Specific Model Economy

The model economy described in Section 3, displays no pop.ulati.on growth or long-
term productivity growth. The economy we want tomatch it ©o is characterized by
both. If welet n denote the rate of population growth and let A denote the long-term
real growth rate, then we can rewrite our model economy to take account of these
features. f we further restrict the parametric class of preferences so thats = 1.

we can rewrite the problem in (20) as
o0
max E | Y B3+ m) L1 — o) log e+ rlog( — Bl
=0

. 1-8)70,1-8
st ¢ +x =61~ T Ay ¢ T

1+ Yy -+ Mkl = (= &k + x4,

Zi+1 = Pz + & (28)

All variables are in per capita terms. The parameters 7 and y can be measured
from the data as the rate of population growth and the rate of growth of real per
capita output, respectively. Similarly, given efscimates of t.he missing oomponems-
of ouiput as described above, capital’s share in owput, 8, 1s calibrated as follows:

8 = (Yxp + Yo + Y6) /GNP + Yp + ¥g) = 040, (29

Labor’s share is | — @ = 0.60. These estimates are somewhat djfferfent than
those that appear elsewhere in the literature because they include the imputed
i1 15
income from government capital. .
We calibrate the remaining parameters by choosing them so that the balanced-
growth path of our model economy matches certain long-term features o_f .the
measured economy. Substituting the constraints nto the objectives and deriving

the first-order condition for & yields
o-1,1-8 _
A+y¥d+m B+ Mok hyy +1—8] ' 30)

I} Cri1
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In balanced growth, this implies that:

a+vy) y
§—1=06-=.
] + 3 G
The first-order condition for hours, 4, on a balanced-growth path implies that:
y « h
1-0)- = = - —_—
( ) c l—a 1-—-h (32)
Finally, the law of motien for the capital sicck in steady state implies that
k kx
A+»)d+n-=>0-8-+ =
¥ y ¥
§=2 4+1—(1+rXi+m. (33)

k

Equation (33) is the basis for calibrating the aggregate depreciation rate, 8, for
this economy, which is seen to depend on the aggregate investment/capital ratio.
The stzady-state investment/capital ratio for this economy is 0.076. Given the
values of y and 5, the parameter 3 is calibrated to match this ratio. This vields
an anmal depreciation rate of 0.048, or a quarterly raie of 0.012. This number
depends on the real growthrate, y, ard the population grawth rate for the economy.
In an economy that does not explicitly include growth this number must be larger
to match investiment.

Once § is calibrated, equation (31} provides the basis for determining 8. Given
values for y, &, and 8, B is chosen t match the steady-state outpui/capital ratio.
Under the broad definitiohs of output and capital consistent with our model econ-
omy, the capitaljontput ratio is 3.32. This yields an annual value for § of 0.947,
which implies a quarterly value of about 0.987.

Given an estimate of #, the fraction of time devoted to market activities, equa-
tion (32) provides the basis for calibrating the preference parameter, ¢, based
on the steady-state output consumption ratio. The value of 4 is determined by
microeconomic evidence from time allocation studies. Ghez and Becker (1975)
and Juster and Stafford (1991) have found that households allocate about one-
third of their discrettonary time—die., time not spent sleeping or in personal
maintenance—to market activities. The specific value we use for h1s 0.31. Given
the broad definition of consumption and output appropriate for this model econ-
omy, the steady-state ratio of output to consumption is 1.33. This implies a value
of /(1 —a) =1.78.

Finally, completion of our calibration of this model economy requires pzram-
eters of the process that generates the shocks to technelogy. One approach to
calibrating this process would be to do as Robert Solow did and calculate tech-
nological change as the difference between changas in cutput and the changes in
measured inputs (labor and capital) times their shares. Using equation (22), we
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obtain:

-1 =WYf-InY, ;) - [0-(nK, —InkK,_,)
+(1 -8 -{InH —~InH_,)] (34)

These are the Solow residuals for this economy. Using our estimate of 8 = 0.4
and observations on measured output, given a measure of the labor input, we can
generate a series for the z, and their difference. We use a quarterly hours series
based on the Establishment Survey for the izbor input. An alternative would be to
use the hours series based on the Household Survey. The other decision we face
is whether to use the broad definition of capital stock consistent with our model
economy, and whether to use the troad definition of output, including the imputed
service flows from consumer durables and government capital. Wc‘ elect to use
simply measured output (real GNP) and measured labor input, assuming quarte.rly
variations in the capital stock to be approximately zero. We choose this altemapve
becanse the capital stock series is only reported annually. Consequent_ly, the im-
puted service flows that we described above are also annual One can mterpolate
quarterly versions of these, but any procedure for doing so is essentially arb_m'ary
and may add to the variability of both output and the residuals. The residuals
computed using measured real GNP are highly persistent, and the autocorrela-
tions are quite consistent with a technology process that is a random walk. We
assume a value of p = 0.95, in the law of motion for the technology and use
this to define a set of innovations to technology. These innovations have a stan-

dard deviation of about 0.007, which is similar to the value calibrated in Prescott
(1986).'¢ .
We sumnmarize our calibrated parameters in the accompanying table.

Techrology Preferences
0 5 o o, ¥ B |c} w 7
0.40 | 0.012 1 0.95 1, 0.007 | 0.0156 [ 0.987 | 1 | 0.64 | 0.012

One of the standard meanings of the word calibration is “to standardize as a
measuring instrument.” This definition applies to our calibratic_m of the stochastic
growth model. Since the underlying structure is the neoclassical growt.h frame-
work, the choice of parameters and functional forms ensures that @s model

- economy will display balanced growth. This is the standard that we in51s_t on pre-
serving in our study of business cycles. It remains to be seen whether this model
economy reproduces anything thzt looks like business cycles. Before We.(,:an.a,d—
dress that, we need to describe how the model can be solved for an equilibrium

path.
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5. Computing the Recursive Competitive Equilibrium

We have motivated our interest in the recursive competitive equilibrium construct
in part by arguing that it fits naturally into the dynamic programming language in
a convenient way. This connection is also explcited in solving the model. Many
methods for solving for the competitive equilibriz of these types of economies have
been proposed and used in recent business cycle literature. Indeed, this area of
research—the study of techniques for solving for the equilibria of dynamic ratio-
nal expectations economies—has been one of the most active in macroeconomics.
This book does no: attempt 1o provide an exhaustive discussion of solution meth-
ods. To do so would occupy a whole volume in itself. In the next three chapters
we describe a varizsty of methods for solving such models. Chapter 2, by Gary
Hansen and Edward Prescott, describes a set of methods that are among the
most important for solving straightforward representative agent economies and
overlapping-generations economies, Italso describes how those meihods may be
applied to economies that are subject to distortions where the competitive equi-
librium is not a Pareto optimum (i.e., where the Second Welfare Theorem does
not apply.) In Chapter 3, Jean-Pierre Danthine and John Donaldson describz a
different set of methods, which have been used fruitfully in economies that are
subject to distortions and which have computational advantages in a variety of
other situations. Chapter 4, by José-Victor Rios-Rull describes a set of techniques
that are used to solve economies with heterogeneous agents and also shows how
to structure economies with overlapping generations so that they can be solved
using the methods described in Chapter 2. We do not intend to discuss solution
techniques in this chapter, but we do want to present a brief overview of what
different solution techniques try to do and provide a taxonomy for understanding
where the techniques discussed in the next few chapters fitinto the literature.!?

It is easy to see from the development in the preceding sections that most ap-
plications based on the neoclassical growth model result in a stationary dynamic
programming problem. The general form of the problem that must be solved in
order to obtain an equilibrium path when there is only one type of agent in the
economy is:'8

v(z, 5) = max{r(z, s, d) + BE[v(z’, 5|21}
st. 2 =A(D) + €
s’ = B(z, s, d), (3%

where v(z, s} is the optimal vatue functicn, z is a vector of exagenous state variables
(for example, technology shocks), s is a vector of endogenous state variables (for
example, the capital stock), d is a vector of decision variabies, and r(z. 5, d)isthe
return function for the problem. The two constraints describe the evolution of the
state variables.
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The object of interestisa function mapping a state space into decisions. Existing
solution methods for finding a decision rule fall into two categories. Each seeks to
define an operator that will find the fixed point of a particular functional equat.ion.
In the first approach the operator maps the space of continuous bounded flmcftions
into itself in such a manner that the value function is the unique fixed point of
the operator. Since, in addition, this operator can be shown to be a contractifm,
successive applications of the operator applied to any continuous bounded function
will generate a sequence of functions which converges uniformly to the true .v(.).
Since this process cannot be literally replicated on a comp.uter, computational
techniques have been developed that solve for an approximation to the _oper.ator’s
true fized point. Given this approximation to the truz v(.), an appn?xunatlon to
the sconomy’s optimal policy functions or decision rules follows indirectly.

The second approach, the Euler method, goes directly for the decision rules
by using the information contained in the necessary and sufficient first-order con-
ditions for an optimum. This approach uses the first-order conditions to define,
implicitly, a monotone operator—again, with domain and range the space of con-
tinvous bounded functions—for which the unique fixed point is the economy’s
optimal policy function. These two methods are more precisely contrasted below
in the context of problem (35). -

Operating Directly with the Value Funcfion

For any g € x, the space of continuous beunded funciions defined on an appro-
priately chosen compact subset of the economy’s state space, define the operator,

T, as follows:

Tg(z )= max [r s.d)+BEEE, D) (36)

We summarize the economic enviromment—i.e, f; the return fanction,
r(z, s, d); and the comsiraint set, B(x, s, d)—by E (notio be confused with the
expectation operator). As noted earlier, the search for a v(.) that solves prob_lem
(35) is equivalent to searching for a fixed point of the operator, T X > x. Since
the operator acts on an (infinite-dimensional) function space it 1§ uﬂposmble to
replicate it computationally. Two approackes have been followed in the hte@tme
1o deal with this issue. Both involve replacing the economy E by an approximate
economy E for which a solution is feasible. _ _

The first approach is to simplify the space x by restricting the domain of deﬁm—
tion to be only a finite subset, or “grid,” of the state space. This amounts to ﬁndlpg
an operator T that maps a finite-dimensional subspace. Under suitable. regularity
conditions, this modified map will also be a contraction with a fixed point approx-
imating the true v(.), provided the approximating grid is chosen finely enough.
This approach to computing equilibria has been taken by Danthine and Donaldso.n

(1981), Christiano (1990), and Greenwood, Hercowitz, and Huffman (1988). This
technique is not discussed in any great detail in this book.
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The second approach to simplifying (35) is discussed in detail in the next chapter,
by Hansen and Prescott, and, in a different context, in Chapter 4, by José-Victor
Rios-Rull. The primary strategy for finding a solution by these methods involves
forming a linear quadratic approximation around the steady-state equilibrium path
of the original economy and locking for a solution for this approximate lirear
quadratic economy. This technique was introduced in the literature by Kydland and
Prescott (1982) and has been widely explored and applied in subsequent research.

Operafing Directly on the Euler Equalions

Approaches that operate directly on the Euler equations also involve an operator,
T, that maps a function space into itself. The difference here is that the operator
is defined by the structure of the necessary and sufficient conditions for an opti-
mum {on which market-clearing conditicns have been imposed) that characterize
the economy’s equilibrium. Nowhere is the vatue function for the economy, v(.},
computed. Indeed, such a v(.) may notexist if the equilibrinm being characterized
is not optimal because of the presence of taxes orother distortions. One advantage
of this approach is that in recursive competitive equilibrium problems where there
is a distinction between individual and aggregate state variables, it permits one to
operate simply with the aggregate state variables. All impiications of the distinc-
tion between aggregate and individual variables are lost in the way derivatives are
taken to get the Euler equations.

For an ecoromy with one intertemporal decision—say, how much to invest—
equilibrizm can be described as an aggregate function, /(z, 5), that satisfies an
integral equation of the form '

0= —hiI(z, 5),2, 5] + B f JUE. s, 2, sldg(. 2. G

The endogenous state variable, s, for this simple economy is k, and & = (1 —
8k + Iz, k).

Under quite general conditions we can define an operator T : T(z, k) —
TI(z, k) where T (z, k) satisfies the conditions:

argmin | — h[T1(z, k), z. k] + B f JUE &), Kldg (2, 2, (38)

and &' = (1 — 8)k + I(z, k). For the studies in this volume the operator defined
above will usually be monotone: successive application of the operetor will gzn-
erate a monotone increasing sequence of functicns, which is bounded above and
which converges to the fixed point of T. .

For any function 7(z, k), TI{(z, k) is also a function, znd the above operator
cannot be exactly replicated numerically. As before, two avenues are open. One
is to replace the function space by a space of inite-dimensional functions. In
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this approach, one solves the countable infinity of equation‘s, using fugctions de-
fined by a finite number of parameters. Clearly, the functional equation cannot
be solved exactly. What these methods do is to solve the equation as closely
as possible. Solution strategies based on this approach inciude- the method of
parametrized expectations of Marcet (1989}, the algorithms dev.eloped by. Dan-
thine and Donaldson (1990) and Coleman (1991), and the minimum wexght.ed
residuals technique of Judd (1991). These computational techniques, alox'lg with
a few others, are discussed in considerable detail in Chapter 3, by Danthine and
Donaldson. L
Again, as before, we may also substantially simpLfy the economy’s anmve to
allow for a simple representation of equation (37). One example of th3s appr‘oach
is the strategy adopted by King, Plosser, and Rebelo _(1‘988a_| qf_ﬁl}dmg a lmear
approximation to the first-order conditions characwerizing equilibrium. This is
related to sclution methods proposed much earlier by Blanchard and Kabn (1 95?(]).
It can also be seen to be related to the “backsolving” method pfc;posed by Sims
(1989). The King, Plosser and Rebelo approach is discussed in Chapter 3, by
Danthine and Donaldson. o
The intent of the next three chapters is 1o provide a firm g-rom?dmg in these

solution techniques, which can then be used to solve a wide va1:1ety .of model
economies. Throughout the book, special problems arise that require slight mod-
ifications to make these methods for computing equilibria work. In ChapFer 5, by
Finn Kydland, some new wrinkles are needed to solve the models h‘? considers. 'I.n
Chapter 7, by Cooley and Hansen, special information structures arise that require
some modifications to the solution techniques. Where such problems do_ arise or
where the solution procedure is somehow special, we provide further deails about
how to compute the equilibria.

6. Business Cycle Facls

What features of economic life do we think the siochastic growth economy just
described might explain? Lucas, following on the work of Bums a{ld‘L/thcheﬂ,
argued that the business cycle should be thought of as apparent dev1_at10ns from
2 rend in which variables move together. An examination of the time path of
output for any modem industrialized economy quickly reveals that output tends to
fluctuate about a long-term grewth path. These fluctuations about h'efld are.whal
we most often think of as the business cycle. The fluctuations are typically irreg-
utarly spaced and of varying amplitude and durat%on. Nevertheless, the one very
regular feature of these fluctuations is the way varizbles move together. It is these
comovements of variables that Burns and Mitchell worked so hard tc? document
and that Robert Lucas emphasized as the defining features of theubusmess cycle.
These are the features of fiuctuations that we would like an artificial economy—a
business cycle model—to replicate.

i e

%
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Representing the Business Cycle

Every researcher who has studied growth andfor business cycle fuctuations has
faced the problem of how to represent those features of economic data thet are
associated with long-term growth and those that are associated with the business
cycle—the deviations from the growth path. Kuznets, Mitchell, and Burns and
Mitchel! all employed techniques (moving averages, piecewise trends, etc.) that
define the growth comporent of the data in order to study the Ructuations of
variables around the long-term path defined by the growth component. Whatever
choice one makes about this s somewhat arbitrary. There is no single correct way
to represent these components. They are simply different features of the same
observed data.

For a long time, the prevailing view was that we need two different types of
theory to explain the different features of the observed data: growth theory to
explain the long-term movements; something else to explain the rest. Modem
business cycle theory is based on a different premise: the same theory shouid be
capable of explaining both features of the data. It is impcrtant to recognize that it
was nol obvious zhead of time that this premise would be borne out; in choosing a
representation, one does not necessarily take a stand on whether a separate theory
is needed for both components.

In the chapters that follow and in the modem business cycle literature in general,
the anthors typically follow one of two procedures to represent the cyclical compo-
nent in the data. Some assume a stochastic trend and first difference the (logarithms
of the} data to remove it. This procedure is wel! understood by economists. Most
of the anthors use a technique for representing growth and business cycle compo-
nents known as the Hodrick-Prescott filter (the H-P filter) a procedure that is less
well understood. We describe this filter, explain briefly what it does, and illusirate
its effect on the time series of real GNP.

We characterize an observed time series, y;, as the sum of a cyclical component,
¥f, and a growth componexnt, yf. Let A be a parameter that reflects the relative
variance of the growth component to the cyclical component. Then, given a value
for 4, the H-P filtering problem is to choose the growth component, y¥, to minimize
the loss function:

r T
SO AN N0 — ¥ - OF = S (39)
1=1 =1

The nature of this optimization problem is to trade off the extent to which
the growth compenent tracks the actual series (which yields a smaller cyclical
comporent, y; against the smoothness of the trend."”” For A = 0 the growth
component is simply the series. As A — oo, the growth component approaches
a linear trend. For quarterly data it is customary to cheose A = 1, 600. The
motivation behinc this choice is that if the original series were stationary, then
the H-P filter with this choice of A would eliminate fluctuations at frequencies
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lower than bout thirty-two quarters, or eight years. We nommally think of the
business cycle as fluctuations about the growth path that occur with a freguency
of three to five vears. This is what Burns and Mitchell (1946} characterized as
the usual business cycle frequency. Hence the H-P filter suppresses the really
low-frequency fluctuations and emphasizes those in this range. In contrast, t'he
fisst-difference filter suppresses only the zero frequency and tends to emphasize
really high-frequency movements in the data. )

Perhaps the easiest way to ses what the H-P filter does is to look at Ehe repre-
sentation of the cyclical component and the growth component that it gives for a
typical timeseries. Figure 1.1 shows a plot of real GNP and its.; H-P-iliered growth
component. The parameter A was set at 1,600 for this exercise. One can f:ee tha’E
the growth component tracks the series reasonably closely but produces a “trend
that highlights cyclical movements, as intended. Figure 1.2 shows the H—!’—ﬁltered
cvelical component of real GNP, as well as the cyclical component denYed from
the first-difference filter. It appears from these figures that the ﬁrst-d1fference
filter leads o more short-term fluctuation than does the H-P filter. This is to be
expected since the latter filier emphasizes the high-frequency movements more.
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Figure 1.2 H-P-Filtered Cyclical Compenent and Llog-Differenced Real GNP

Correspondingly, it can also be seen that the H-P-filtered data display more serial
correlation.

Another altermative for removing fluctuations other than those that occur at the
business cycle frequencies is to use a band-pass filter that would eliminate fluctua-
tions at frequencies higher than, say, three years and lower than eight years. Such
a filter has been used by some authors, notably Englund, Persson, and Svensson
(1992). To implement the filter requires first zpplying the H-P, or differencing,
filter to remove the lowest frequencies, transforming to the frequency domain,
and then removing the remaining high-frequency elemenss. This is fully feasible
only with very loag data series, and in practice it seems to create po substantive
difference in the properties of business cycles.

The Facts

We represent the business cycle facts by calculating several statistics from the H-P
filtered time series data for the U.S. economy. We repart the amplitude of the
fluctuations in aggregate variables in order to assess their r=lative magnitudes. We
also measure the correlation of aggregate variables with real output to capture the
extent to which variables are procyclical (positively correlated) or countercyclical
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(negatively correlated). Finaily, we measure the cmss—conjelation over til'n;]m

indicate whether there is any evidence of phaseshift, i.e., _ev.xdence :{hat vaF:i ::

lead or lag one another. Table 1.1 shows the standard_c'iev;?]uons lal[lJ Scoer:; 3031 .
i i ies that characterize the real U.5. .

th cutput of the aggregate time series :
";;le motcl;el economy articulated above contains no mor:@réfle;xel;ts.}lgej:é
i i le facis are discussed in Chapter 7. X
along with the monetary business cyc apter 7. Here, e
framework of the neoclassical gro

focus only on the real economy. The _ hmods

direc i i d the inputs that go to produce it.
i ur attention to the behavior of output an : [ _

Moretiv(;r it leads us to examine how much factor inputs fluctuate relative to their

shadow prices. Several features of the datz are worth noting:

1) The magnitude of fluctuations in output and aggregate .hours of work
are nearly equal It is well known that the business cycle is most clearly
manifested in the labor market and this observation confirms that.

2) Employmentfluctuatesalmost as much as output and Lotal' hours of w?:;k;
while average weekly hours fluctuate considerably less.. This suggests t;t
most fluctuations in total hours represent movements mto and out of the
work force rather than adjustments in average hours of work.
3) Consumption of nondurabies andservices (CNDS) is smooth, fluctuating
much less than output. .
4) Investment in both producers’ and consurmers’ durabies fluctuates much
more than cutput. -
5) The capital stock fluctuates much less than output and is largely
uncorrelated with output.
6) Productivity is slightly procyclical but varies considerably less than
output.
7) Wages vary less than productivity.
8) The cormrelation between average hourly compensation and output is
essentially zero.?’ |
9) Governmen: expenditures are essentially uncorrelated with output.

10) bmports are more strongly procyclical than exports.

These are the some, but ctearly not all, of the salient features of the business
based on U.S. time series. _

CY?II‘;» assess whether the stochastic growth economy 1s use;':l asa mo(:c;ll bof ghucr:
i the same statistics for the data generated by
business cycle, we can compute by our

Of course, there are marny fea
ificial economy and see how they compare. ‘
::%ZLn{ftc possilﬂy capture because our model economy dozs not include those
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elements. It does not allow for a separate choice of hours and empioyment, it does
not include a government sector, and it has no foreign trade sector. These are all
elements that will be added and studied in Iater chapters.

7. The Findings from the Stochastic Growth Economy

Table 1.2 presents the results of simulating the stochastic growth economy using
the parameter valuss discussed above. The modz] has been simulated 100 times,
with each simulation being 150 periods long, to match the number of observations
underlying the statistics reported in Table 1.1. The sinmulated data were filtered by
using the H-P filter just as the original data were to give us the same representation
of the business cyclz. Table 1.2 presents the standard deviations of the key variables
from the model economy (with the standard deviations of these statistics across
simulations in parentheses below). In addition we Present the cross-comrelation of
each of the variables with output.

What do we leam from this exercise? One question that is answered is: How
much of the variation in output can be accounted for by technology shocks? In this
artificial economy, output fluctuates less than in the U.S. economy, suggesting that
much, but not all, of the variation in output is accounted forby technology shocks.
The labor input in this mode] economy fluctuates only about half as much as in
the U.S. ecoromy suggesting that some important feature of the labor market is
not captured here. Hours and productivity in the model economy go up and down
together, whereas in the data they do not, This also suggests an important missing
element in this artificial economy as a business cycle model.

Investment in the model economy fluctuates much more than does output, just
as it does in the U.S. economy; in relative magnitudes, it fluctuates about as much
as does Fixed Investment but less than does Gross Private Domestic investment.
Consumption in the model economy fluctuates much less than does output and less
than consamption of nondurables and services do in the U.S. economy. Consump-
tion, investment, and hours in the mode! economy are all strongly procyclical, as
they are in the U.S. economy. Indeed, one of the striking features of the modsi
economy is that all the variables are highly corrzlated with output. This is an
inevitable consequence of the fact that there is only one shock in this economy—
only one source of uncertainty, Many of the explorations in the following chapters
will explore the consequerces of adding other sources of uncertainty,

Judged on the dimension of the compusition of cutput and its comovements, the
match between the model ecoromy and the observed data for the U.S. economy is
pretty good but clearly not perfect. Itdoes display a business cycle. Ourassessment
is that this exercise is a success. The broad features of the mode] economy suggest
that it makes sense o think of fluctuations as caused by shocks to productivity.
The failures of the model econemy tell us there are mmportant margins along which




Table 1.2

tions
Cyclical Behavior of the Adificial Economy: Deviations from Trend of Key Varlables, 150 Observati

Cross-Correlation of Qutput with:

2 (=5
— 049

x(=3) x(=2) x(=1) x x(+1) x(+2) x(+3) x(+4) x(+5)
441 1.0 6983 441 232

232

x(—4)

SD%

Variable

-.049

071

698

071

1.351
0.148)
0.329
(0.041)

Output

340 460 592 725 843 502 229 022 —.128 —.234

232

Consumption

11 —.003
5954  —112  —.007 471 389 654 992 713 A70 270 5
(0.646)

0.769
(0.083)

Investment

152 373 652 986 715 478 281 127 010

012

—.130

Hours

- -.122
055 175 325 512 732 978 649 376 160 002

0.606

Productivity

(0.068)

Note: Values in parentheses are standard deviations across simulations,
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tell us that in comparing these simple arti we
must think about how closely the constructs we measure in this mode] economy
compare to those that are measured in the U.S, economy.

This may seem a very informal approach to assessing the performance of our

model economy. Some authors have sought ways to summarize mcre concretely

how well a business cycle model captures the features of the U.S. economy. This
involves imposing a metric 1o measure the distance between summary statistics
for the model economy and corresponding statistics for the actual economy. One
such procedure is described in Christiano and Eichenbaum (

the data. An alternative procedure thar

R measure for a model economy is described in Watson (1993). Some other

techniques are described in Kim and Pagan (1993). Developing formal mea-
sures of mode fit for general equilibrium model economies is a difficult problem
with many dimensions to it. Creators of traditional economeiric models strug-
gled for many years to develop formal Summary measures of fit for simultaneous
equations systems, without 2 lot of success. In the chapters that follow you
will find a variety of ways in which the performance of a model scoromy s
assessed.

aims to come up with something like an

8. Conclusion and Summary

This model economy gives us only a glimpse of what it is possible to leamn and
accomplish by taking the basic neoclassicai growth model seriously as a description

of how actual economies behave. Inthe following chapters, we show how this basic
framework can be implemented and em

ployed to address many of the substantive
questions confronting macroeconomics and business cycle theory today. This book
is not intended as a comprehensive surv

ey of the field. The coverage of topics and
the treatment of individual coniributions is necessarily incomplete because the
research program is so active,

The nextthree chapters are concerned primarily with methodology. In Chapter2,
plain recursive methods for computing the
equilibria of business cycle models, They iliustrate these methods with a number
of examples, which cover many of the applications described later in the book, In
Chapter 3, Jean-Pierre Panthine and John Donaldsor describe a variety of methods
that take a different approach to computing the equilibri
The methods they describe are widely used for pro

suboptimal and where the dimensionality of the state space would be very large
if one used the methods described in Chapter 2. In Chapter 4, José-Victor Rios-
Rull explains how to structure economies with heterogeneous agents and how
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to compute their equilibria. He also describes how to compute the equilibria of
ing- tions economies. _
w?&:ﬂﬁ? Igﬂf::;; the remaining chapters deal with applications to subs;lanuvg
issues. Chepter 5, by Finn Kydland, discusse§ the labor market. As we showe
in this chapter, much of the fluctuations at bus:pess cycle fre‘qlfenaes aretcih alt-aacn
terized by changes ir the labor input. That Pemg the case, i is apl?arert;l a ar
understanding of how that market functions is central to understandiflgh de cy(?be.
Tn Chapter 6, Jeremy Greenwoed, Richard Rogerson, and Ran.dall ‘;Vln tg)0 t t:;slcr:l '
how decisions made by the household sector about the allocation of labor anb c pe
i1al between the household sector and the market sector affects what we observ
i in the labor market.
ab‘];fg?::flt:;t:&?ll':}sl 1trtllt:h important work of Robert Lucas, much of t1‘1e modenl1 gen-
eral equilibrium analysis of the business cycle has‘tre.ated the busmes; ;Z; e bz:)sv:
monetary phenomenon. Real business cycle moc!e'is like the one descn. a °
Lave been a significant departure from that tradition because they assign a v g
small role 10 money. Chapter 7, by Thomas Coo!ey anq Gary Hax}sen:jzan}m :
the role of money in business cycle fluctuations. Fn‘st, using the basic rc:f thuséxl}:;s
¢ycle model as a vehicle, they examine the quantitative 1mportal.we oth fLucas
of information problems (implicitly caused by mqnetary ﬂuctuauc;ns)k ?the ®
postulated as the source of business cycle ﬂuc‘tuanons. .Then they look a tli)on
iential for rigid wages, resulting from contracting behavior, to act as a propaga
i etary shocks. '
meégzl;ti?sfo;ﬂzgn?me Danthine and John Donaldson, is _an analys:s of \cflz;:l-
ious types of non-Walrasian economies based on the neoclassical grow It?;ﬁvé
Danthine and Donaldson construct models designed to assess the ;fm faive
importancs of such phenomena as efficiency wages and }abor hpa.r g. Mo
important, they show how the basic framewor.k canbe mf)dzﬁed to 111(:0rpt;)tr2f el
ferent arrangements in the economy and provide a quaptntatwe as:;efssr;len they
importancz. Chapter 9, by Julio Rotemberg.and Michael Woo ord, cc;zfn dors
the relation between business cycle ﬂuctufiuons and nonc().n}pennve bz mens
in the economy. Their findings show that imperfect competition can d i;;rg)gm
want because it significantly affects the way the economy responds to
Sh‘()fchk:. ter 10, by K. Geert Rouwenhorst, is devoted to asset-pricing issues.
ROIIWSI;IhOISt ;hows how the basic real business cycle modc.ai can bkelzlus;d t:-? ;tchl)i
various contemporary issues in finance. In Chapter 11, Dav:ei Backus, Patric R
hoe, and Finn Kydland describe some of the puzzles tha.t arise when we cons e
the ;ntemaﬁonal features of business cycles. They describe a tvs.ro-coun.try vle;mSi‘
of the basic real business cycle model [h.at can used tc? study mtlematéﬁnatcrup
ness cycles and discuss its ability to explain the_ international puzzles. N eg;n . ;E
by V. V. Chari, Lawrence Christiano, and Patrick Kehoe shows hc.)w ler nds of
model developed in this book can be modified to analyze economic policy issue

in a rigorous way.
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We thank Larry Christiano, John Donaldson, Ed Green, Jeremy Greenwood, Gary Hansen,
Finn Kydland, Glean MacDonald, and Kevin Salyer for advice and comments and the
National Science Foundation for research support.

1. An important exception to this general lack of concern with the business cycle was
the famous paper by Adelman and Adelman (1959), who showed that 2 small econometric
mode] developed by Lawrence Klein displayed business cycle fluctuations when subjected
to random shocks. This was consistent with the Slutsky view of how business cycles mighe
get started.

2. To see this, let ¥, K, and R denote output, capital, and the income from cap-
ital, respectively, all of which are functions of time. The third stylized fact implies that
K'fK = ¥Y'/¥. We could write this equivalently as [In(K}}' = [In(¥)], so the funda-
mental theorem of calculus implies that In(K) = « In(Y), where « is 2 time-invariant
constant. Equivalently, K = exp(e)Y so that the ratio X /¥ remains constant over
tme. The fourth siylized fac: asserts that R /K is constant over time, which in con-
junction with the constancy of K/ ¥ implies that capitals’ share of income is constant over
time.

3. The view that growth and cycles might be integrated phenomena is not unique
to this literature. There were earlier theoretical models by Hicks (1949), Geodwin (1 955),
and Smithies (1957), amnong others, that treated these together. There were also efforts in
the economerric literature of the 1960s to develop economywide econometric models that
were consistent with the growth facts.

4. Sometimes there is a “fake” social planner’s problem, waich is concave and whose
first-order conditions coincide with the first-order conditions of the competitive equilibriam.
Assuming such a function can bz identified, these methods still apply even though there are
distortions. An exampie of such a model is described in Chapter 3.

5. Other decentralized equilibrium concepts have appeared in the literature. Brock
(1982) proposed a decentralized equilibrium concept that is very similar to the RCE except
that the firm’s technology need not be constant returns to scale and the capital stock sequence
can be unbounded. -

6. One set that is always sufficient are the Arrow securities.

7. Solow also argned that productivity improvements, riot increasing returns, were
the likely explanation for this finding.

8. Stokey andLucas with Prescott (1989) develap the stochastic growth model under
much more general mathematical assumptions about the nature of the shocks, We make
these very specific assumptions to facilitate the exposision here.

9. The general specifications of preferences that are consistznt with balanced growth
are described in King, Plosser, and Rebelo (1988b) and by Caballe and Santos (1993).

10. The most recent measurement of the U.S. fixed reproducible capital stock is
reported by Musgrave (1992} in The Survey of Current Business. Musgrave distinguishes
three major components of the reproducible capital s:ock: Fixed Private Capital, which
includes producers” durables, producers’ structures, and residential structures; Government
Capital, which includes both equipment and structures at both the federal level and the staie
& local government level; and Consumer Durables, Another cornponent of the capital stock
that we will incorporate is land, A measure of the value of land is reported in the Flow of
Funds Accounts, in the Balance Sheets for the U S, Economy.
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11. The complete National Income and Product Accounts for the United States are
published in selected issues of Survey of Current Business, published monthly by the U.S.
Department of Commerce. The comiplete historical accounts from 1529 through 1988 are
cortained in the two volumes of Natienal Income and Product Accounts of the United States,
published by the U.S., Department of Commerce.

12. The value of land reported in the Flow of Funds accounts is an estimate based
on current market prices. The measured value of land as a fraction of GNP is quite volatile
over time, which suggests that this part of aggregate capitzl may be poorly measared.

13. Since there is no foreign sector in this economy, net exports are viewed as
representing additions to or claims on the domestic capital stock, depending on whether
they are positive or negative. :

14. These estimates account for the growth in real output and population through
theterm Y, /Y,.

15. Kydland and Prescott (1982), Prescott (1986), and Hansen (1983) all use a
smaller value of 8, .36, because they do not impute the ouput of government capital.

16. Prescott (1986) argues that the standard devistions of these innovations may
be affected by measurement error in the measured labor input. Fortunately, there are two
independent estimates of this input, one based on the establishment survey and one based
on the household survey. Under the assumption that the measurement errors in these two
series are orthogonal, the covariance between the two series is an estimate of the variance
of the change in hours. Taking account of this measusement error would actually increase .
very slightly the standard deviation of the innovations to technology. We chose to ignore it
here.

17. The taxonomy in section 5 was suggested by Lamry Christano.

18. Chapters 2 and 4 show how to generalize this to more than one type of agent.

19. Ore can show that the H-P filter is an optimal signal extractor for y;" inthe model

v =3 4wl - Ly =1,

where A = ver(q)/ var(s). This is optimal for a process that is integrated of order 2. Since
most macroeconomic time series are not f(2), this has led some researchers to question the
asz of the H-P filter and advocate z filter that assumes the serjes are /(1). See King and
Rebelo (1993) and Kim and Pagan (1993).

19. The absence of correlation between average hourly compensation and output
is related to the lack of correlation between capital stock and output above and to the
observation that the correation between productivity and hours is very small, being slightly
pesitive in the establishment survey data and slightly negative in the household survey data.
The lLatter correlation is not reported in Table 1.1, but it has been stressed by Christiano and
Eichenbaum {1992) as an important puzzle. The observation is at odds with the Keynesian
view that obsarved labor market fluctuations take place along a labor demand curve, and it
isalso at odds with the classical view that they take place along a labor supply curve. For
a thorough discussion of this, see Gomme and Greenwood (1993).




