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An A p p l i c a t i o n o f S c h a u d e r ' s F i x e d P o i n t 
Theorem to an O v e r l a p p i n g G e n e r a t i o n s Mode l 

B e n j a m i n B e n t a l 

The economy under c o n s i d e r a t i o n i n t h i s p a p e r i s t h e s t a n d a r d 

t w o - s e c t o r model p o p u l a t e d by t w o - p e r i o d l i v e d p e o p l e . The c o m m o d i t i e s 

p roduced a r e a c a p i t a l good and a c o n s u m p t i o n g o o d . P e o p l e c a r e o n l y 

abou t t he amount o f c o n s u m p t i o n they may e n j o y i n each p e r i o d o f t h e i r 

l i f e . 

A young p e r s o n i s endowed w i t h l a b o r w h i c h he s e l l s f o r a 

wage. Nex t p e r i o d , when he i s o l d , he can no l o n g e r w o r k . The c o n 

s u m p t i o n good i s n o n s t o r a b l e , and t h e r e f o r e t he young p e r s o n h a s t o s a v e 

some o t h e r a s s e t . The o n l y a s s e t a v a i l a b l e i s t he c a p i t a l g o o d . Nex t 

p e r i o d t he c a p i t a l saved w i l l be used i n p r o d u c t i o n and w i l l y i e l d a 

r e n t a l w i t h w h i c h c o n s u m p t i o n may be p u r c h a s e d . 

A s u p p l y f o r n e x t p e r i o d ' s c a p i t a l i s d e r i v e d f r om the p r o d u c t i o n 

s i d e o f t he economy. Demand i s d e r i v e d f r o m the young p e r s o n ' s u t i l i t y 

m a x i m i z a t i o n p r o b l e m . An e q u i l i b r i u m i s d e f i n e d , and an e x i s t e n c e p r o o f 

c o n c l u d e s t h i s p a p e r . 

S u p p l y o f Nex t P e r i o d ' s C a p i t a l 

P r o d u c t i o n i n t h i s model i s d e s c r i b e d by two f u n c t i o n s w h i c h 

a r e homogeneous o f d e g r e e 1 and s t r i c t l y q u a s i c o n c a v e . L e t commodi ty 1 

be t he c o n s u m p t i o n good and commodi ty 2 t h e c a p i t a l g o o d . P r o d u c t i o n o f 

e a c h commodity t a k e s p l a c e u s i n g two f a c t o r s : f a c t o r 1 — c a p i t a l and 

f a c t o r 2 — l a b o r . F a c t o r i n t e n s i t i e s a r e d i f f e r e n t i n t he p r o d u c t i o n o f 

t h e two g o o d s , and f a c t o r i n t e n s i t y r e v e r s a l i s r u l e d o u t . 
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The two f a c t o r s a r e s u p p l i e d i n e l a s t i c a l l y and a r e p e r f e c t l y 

m o b i l e be tween i n d u s t r i e s . I n a c o m p e t i t i v e economy t h e s e a s s u m p t i o n s 

y i e l d a s u p p l y f o r c a p i t a l g i v e n by 

(1) k ( t + l ) = S ( p ( t ) , k ( t ) ) 

where 

k ( t ) i s t he c a p i t a l l a b o r r a t i o a t t i m e t and 

p ( t ) i s t h e p r i c e o f c a p i t a l a t t ime t u s i n g t he c o n s u m p t i o n 
good as n u m e r a i r e . 

The a s s u m p t i o n s made mean t h a t t he economy w i l l be on t h e 

p r o d u c t i o n p o s s i b i l i t i e s f r o n t i e r . The s u p p l y may t h e r e f o r e be r e a d o f f 

t h i s f r o n t i e r w i t h t he p r i c e b e i n g r e p r e s e n t e d by t he s l o p e (o r i t s 

r e c i p r o c a l ) . 

I assume t h a t t he s u p p l y f u n c t i o n i s c o n t i n u o u s l y d i f f e r e n t i a b l e . 

The c o n c a v i t y means t h a t s

p ( t ) > 0 f ° r a H p r i c e s i n w h i c h t he economy 

p roduces b o t h g o o d s . 

S, , » i s l e s s ( g r e a t e r ) than z e r o i f t he c o n s u m p t i o n good i s K( , t ; 

c a p i t a l ( l a b o r ) i n t e n s i v e . 

L e t p_(k) be t he p r i c e a t w h i c h a c o u n t r y i s on t he v e r g e o f 

s p e c i a l i z i n g i n t he c o n s u m p t i o n good and p ( k ) be t he p r i c e a t w h i c h t he 

c o u n t r y i s on t he v e r g e o f s p e c i a l i z i n g i n the c a p i t a l g o o d . The f u n c t i o n s 

p_(k) and p ( k ) a r e c o n t i n u o u s , monotone i n c r e a s i n g i f c o n s u m p t i o n i s 

c a p i t a l i n t e n s i v e , and monotone d e c r e a s i n g o t h e r w i s e . F o r e v e r y p o s i t i v e 

k, j ) ( k ) and p ( k ) a r e p o s i t i v e numbers . 

B e f o r e t u r n i n g to t he demand s i d e , I s h a l l add a n o t h e r a s s u m p t i o n 

on the c a p i t a l p r o d u c t i o n f u n c t i o n . 
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A s s u m p t i o n 1 : The re e x i s t s a k > 0 s u c h t h a t k = f 2 ( k ) . 

T h i s a s s u m p t i o n means t h a t a t some i n p u t l e v e l , c a p i t a l 

p r o d u c t i o n can no l o n g e r r e p r o d u c e t he i n p u t . 

Demand f o r Nex t P e r i o d ' s C a p i t a l 

E v e r y member o f t he young g e n e r a t i o n a t t ime t wants t o 

max im ize h i s l i f e - t i m e u t i l i t y d e r i v e d f r om consuming t h e c o n s u m p t i o n 

good a t e a c h p e r i o d o f h i s l i f e . 

L e t c ^ ( t ) deno te f i r s t - p e r i o d c o n s u m p t i o n o f a p e r s o n b o r n a t 

t and ^ ( t ) be h i s s e c o n d - p e r i o d c o n s u m p t i o n . Then t he l i f e - t i m e u t i l i t y 

i s g i v e n by u ( c ^ ( t ) , C 2 ( t ) ) . I assume u to be t w i c e d i f f e r e n t i a b l e w i t h 

u, > 0 , u „ > 0 , u 1 1 < 0 , u 2 „ < 0 . A l s o , l i m u^ = l i m u 2 = <*>. 

F u r t h e r , c ^ ( t ) and ^ ( t ) a r e g r o s s s u b s t i t u t e s . 

A l l p e o p l e i n the economy have t he same u t i l i t y f u n c t i o n . A 

r e p r e s e n t a t i v e member o f t he young g e n e r a t i o n a t t i m e t f a c e s t he f o l l o w 

i n g p r o b l e m : 

( 2 ) Max {u (c ( t ) , c ? ( t ) ) } 
C l ( t ) , c 2 ( t ) , k ( t + 1 ) 

s u b j e c t t o 

c ^ t ) + p ( t ) k ( t + l ) < w ( t ) 

c 2 ( t ) < r ( t + l ) k ( t + l ) 

where 

p ( t ) i s t he p r i c e o f c a p i t a l i n te rms o f t he c o n s u m p t i o n 
good a t t i m e t , 

w ( t ) i s the r e a l wage a t t ime t , 
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r ( t + l ) i s t he r e a l r e n t a l a t t i m e t+1 , and 

k ( t + l ) i s the amount o f c a p i t a l t he young p e r s o n buys a t 
t ime t to be used a t t ime t + 1 . 

A l l p r i c e s a r e t a k e n as p a r a m e t e r s , and t he f i r s t - o r d e r c o n d i t i o n s 

y i e l d 

de f u (c ( t ) , c ( t ) ) , . 
(3) v ( c l ( t ) , c 2 ( t ) ) = U i ( C i ( t ) > C 2 ( t ) ) 

U s i n g t he c o n s t r a i n t s i n ( 2 ) , d e f i n e 

( 3 ' ) F ( p ( t ) , w ( t ) , r ( t + l ) , k ( t + l ) ) = v ( w ( t ) - p ( t ) k ( t + l ) , r ( t + l ) k ( t + l ) ) 

_ P ( t ) 
r ( t + l ) ' 

C l a i m : G i v e n any p o s i t i v e p ( t ) , w ( t ) , r ( t + l ) , t h e r e e x i s t s a 

u n i q u e k ( t + l ) s u c h t h a t F ( p ( t ) , w ( t ) , r ( t + l ) , k ( t + l ) ) = 0 . 

P r o o f : F o r k ( t + l ) = , v •*• 0 . F o r k ( t + l ) = 0 , V •+ <». 

F k ( t + 1 ) = " ^ P ^ + v 2 r ^ t + - ' - ^ 0» s o t ^ i e e x i s t e n c e and u n i q u e n e s s of 

k ( t + l ) i s e s t a b l i s h e d . 

U s i n g t he i m p l i c i t f u n c t i o n theorem one may w r i t e 

k ( t + l ) = D ( p ( t ) , w ( t ) , r ( t + 1 ) ) . 

I t i s a w e l l - k n o w n r e s u l t t h a t f o r an economy w h i c h i s p r o d u c i n g 

b o t h c o m m o d i t i e s , t h e wage and r e n t a l a r e f u n c t i o n s o f t he p r i c e s o f t he 

two commod i t i es a l o n e . These f u n c t i o n s a r e homogeneous o f d e g r e e 1 , and 

t h e r e f o r e t he p r i c e o f the c o n s u m p t i o n good may be used as n u m e r a i r e f o r 

a l l t w i t h w ( t ) and r ( t + l ) b e i n g f u n c t i o n s o f t h e p r i c e r a t i o s p ( t ) and 

p ( t + l ) . U s i n g t h e s e f a c t s the demand f u n c t i o n f o r n e x t p e r i o d ' s c a p i t a l 

i s 

(4) k ( t + l ) = D ( p ( t ) , p ( t + 1 ) ) . 
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The f u n c t i o n s r ( p ) and w(p) a r e monotone and c o n t i n u o u s l y 

d i f f e r e n t i a b l e under the a s s u m p t i o n s a l r e a d y made on t he p r o d u c t i o n 

s i d e . 

The d e r i v a t i v e s o f t h e demand f u n c t i o n s a r e o f i n t e r e s t . 

F p ( t ) v ^ w ' C Q - k C t + l ) ) - ^ -

P ( t ) F k ( t + 1 ) - v l P ( t ) + v 2 r ( t + l ) • 

The n u m e r a t o r can be w r i t t e n as 

v l ( w ' ( t ) - k ( t + l ) ) - ^ = v l ( w ' ( t ) - ^ + ^ - k ( t + l ) ) 

V 1 / v . / , w(t)> 

- Fay = FoT ( v i c r v ) + v i ( w -
The f i r s t e x p r e s s i o n i s n o n p o s i t i v e due to t he g r o s s s u b s t i t u t i o n assump

t i o n . The s e c o n d i s p o s i t i v e i f t he c o n s u m p t i o n good i s c a p i t a l i n t e n s i v e , 

n e g a t i v e o t h e r w i s e , by the S t o l p e r - S a m u e l s o n t h e o r e m . 

p ( t + 1 ) _ F k ( t + l ) - v l P ( t ) + v 2 r ( t + l ) -

G r o s s s u b s t i t u t i o n y i e l d s ^2C2 + v — ^* T n e r e r ° r e > ^ : ' - 8 n ^ p ( t + l ) ^ 

S i g n ( r ' ( t+1) ) . I f t he c o n s u m p t i o n good i s c a p i t a l i n t e n s i v e , D p < 0 . 

I f t he c a p i t a l good i s c a p i t a l i n t e n s i v e , D p ( t + j j — ®' 

M a r k e t E q u i l i b r i u m 

I assume t h a t a l l c a p i t a l e x i s t i n g a t t ime t i s c o m p l e t e l y 

d e s t r o y e d . T h e r e f o r e , demand f o r n e x t p e r i o d ' s c a p i t a l c a n be met o n l y 

by the new c a p i t a l p r o d u c e d e a c h p e r i o d . The marke t c l e a r i n g c o n d i t i o n 

i s t hen 

(5) D ( p ( t ) , p ( t + 1 ) ) - S ( p ( t ) , k ( t ) ) = 0 . 
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C l a i m : F o r any k ( t ) > 0 and p ( t + l ) > 0 , t h e r e e x i s t s a p o s i t i v e 

p r i c e p ( t ) w h i c h s o l v e s ( 5 ) . 

P r o o f : G i v e n any k > 0 , t h e r e e x i s t p_(k) and p ( k ) i n w h i c h 

t h e c o u n t r y i s on t he v e r g e o f s p e c i a l i z i n g i n t h e p r o d u c t i o n o f t he 

c o n s u m p t i o n good and t he c a p i t a l g o o d , r e s p e c t i v e l y ( s e e F i g u r e 1 ) . A t 

p ( t ) = p_ (k ( t ) ) , r ( ^ } ) > 0 f o r a 1 1 P ( t+1 ) > 0 , and c l e a r l y t h e r e i s a 

p o s i t i v e demand f o r k ( t + l ) , s i n c e l i m v = 0 . A t p ( t ) = p ( k ( t ) ) t h e r e 
c ~K) 
c ^ O 

i s a p o s i t i v e demand f o r c ^ t ) . So c ^ t ) = w ( t ) - p ( t ) k ( t + l ) > 0 . But 

a t t h i s p o i n t t he c o u n t r y i s p r o d u c i n g o n l y c a p i t a l , and hence w ( t ) = 

p ( t ) ( f 2 ( k ( t ) ) - k ( t ) f ' ( k ( t ) ) ) . T h e r e f o r e , we ge t p ( t ) [ f 2 ( k ( t ) ) - k ( t + l ) -

k ( t ) f 2 ( k ( t ) ) ] > 0 , w h i c h y i e l d s f 2 ( k ( t ) ) - k ( t + l ) > 0 . Hence , t he 

q u a n t i t y o f k ( t + l ) demanded a t t h i s p o i n t i s l e s s t h a n t he q u a n t i t y o f 

c a p i t a l p r o d u c e d . F i g u r e (2) d e p i c t s t he s i t u a t i o n , and c l e a r l y t h e r e 

i s a p ( t ) w h i c h s o l v e s ( 5 ) . 

F i g u r e 1 F i g u r e 2 

k ( t + l ) P ( k ) 

</(k) 

k ( t + l ) 

P ( k ) 

S ( p ( t ) , k ( t ) ) 

P_(k) P ( k ) 

D ( p ( t ) , p ( t + 1 ) ) 

P ( t ) 
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I t i s i m p o r t a n t f o r subsequen t a r g u m e n t a t i o n t o assume t h a t 

- S , . ^ 0 a t any s o l u t i o n . I a l s o want t he s o l u t i o n to be 
P ( t ) p ( t ) 

u n i q u e . I t seems n a t u r a l to assume the f o l l o w i n g on the e x c e s s demand 

f u n c t i o n : 

A s s u m p t i o n 2 : A t p ( t ) w h i c h s o l v e s ( 5 ) , D p ( t ) ~ ^ p ( t ) < ^ ^ o r a ^ 

p o s i t i v e k ( t ) , p ( t + l ) . 

We s h a l l make one f u r t h e r a s s u m p t i o n b o u n d i n g demand away f r om 

0 . To s t a t e t he a s s u m p t i o n we s h a l l f i r s t d e f i n e a s e t K and a r e l a t e d 

s e t P . 

L e t K = [ k , k ] s u c h t h a t 0 < k < k < k < « = . The s e t P i s 

r e l a t e d t o K i n t he f o l l o w i n g manner : 

L e t 

P = 

and l e t 

p ( k ) i f t he c o n s u m p t i o n good i s c a p i t a l i n t e n s i v e 

p ( k ) o t h e r w i s e 

s o l u t i o n to k = S ( p , k ) i f t he c o n s u m p t i o n good i s k - i n t e n s i v e 

s o l u t i o n to k = S ( p , k ) o t h e r w i s e . 

F i g u r e 3 shows p_, p i n e a c h c a s e 

F i g u r e 3 

k 

, / (k) \ 

_1 \ 

P 

\ 1 

\ V 
c i s k - i n t e n s i v e k i s k - i n t e n s i v e 
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A s s u m p t i o n 3 e n a b l e s us t o choose k i n a p a r t i c u l a r manner . 

A s s u m p t i o n 3 : There e x i s t s a k > 0 s u c h t h a t f o r some k > k, 

D ( p ( t ) , p ( t + l ) ) >_ k f o r a l l p ( t ) , p ( t + l ) e P where P i s r e l a t e d to K = 

[k , k] as d e s c r i b e d a b o v e . 

T h i s a s s u m p t i o n r e s t r i c t s i n a c o m p l i c a t e d way t he c l a s s o f 

u t i l i t y and p r o d u c t i o n f u n c t i o n s w i t h w h i c h we may o p e r a t e . A s u f f i c i e n t 

c o n d i t i o n f o r a s s u m p t i o n 5 to h o l d may be s t a t e d as f o l l o w s : 

The f u n c t i o n v has to be s u c h t h a t 

P ( k ) 

v ( c l > £ 2 ^ — ~~r— ^ c o n s u m p t i o n i s c a p i t a l i n t e n s i v e 

P ( k ) 

v C c p C ^ ) -L ~ ~ J — i f c a p i t a l i s c a p i t a l i n t e n s i v e 
where 

r = 
r ( p ( k ) ) i f c o n s u m p t i o n i s c a p i t a l i n t e n s i v e 

r ( p ( k ) ) i f c a p i t a l i s c a p i t a l i n t e n s i v e 

c_2 = J_ 'k 

w -

C l -

w(p_(k)) i f c o n s u m p t i o n i s c a p i t a l i n t e n s i v e 

w ( p ( k ) ) i f c a p i t a l i s c a p i t a l i n t e n s i v e 

w - p_(k)k i f c o n s u m p t i o n i s c a p i t a l i n t e n s i v e 

w - p ( k ) k i f c a p i t a l i s c a p i t a l i n t e n s i v e . 

To show t h a t t h i s c o n d i t i o n i s s u f f i c i e n t f o r a s s u m p t i o n 3 to 

h o l d , l e t me d i s c u s s each c a s e s e p a r a t e l y . 

I f c o n s u m p t i o n i s c a p i t a l i n t e n s i v e , t h e n D p ( t + ^ ) £ 0« T h e r e f o r e , 

t o f i n d t he s m a l l e s t k ( t + l ) demanded, i t s u f f i c e s t o s e t p ( t + l ) to i t s 

h i g h e s t v a l u e , p ( k ) . S i n c e r ' < 0 i n t h i s c a s e , r ( t + l ) w i l l be t he 

s m a l l e s t p o s s i b l e . Now assume t h a t k ( t + l ) = k . Then p ( t ) = p_(k). But 
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£ ( k ) 
t he c o n d i t i o n s a y s t h a t v 2l — — . S i n c e v i s a d e c r e a s i n g f u n c t i o n o f 

k ( t + l ) , t he q u a n t i t y demanded canno t be s m a l l e r t h a n k. 

I f c a p i t a l i s c a p i t a l i n t e n s i v e , D < 0 , D > 0 . 
p ( t ) p ( t + l ) -

T h u s , i t i s s u f f i c i e n t to s e t p ( t + l ) to i t s s m a l l e s t v a l u e , p_(k) and 

p ( t ) t o i t s l a r g e s t , p ( k ) . I n t h i s c a s e r ' > 0 , and a g a i n r o b t a i n s i t s 

P ( k ) 

s m a l l e s t v a l u e . I f v > — — , k ( t + l ) demanded c a n n o t be s m a l l e r t han k 

f o r any k e K . 

Rough l y s p e a k i n g , t h i s c o n d i t i o n r e q u i r e s t h a t t he m a r g i n a l 

u t i l i t y o f s e c o n d - p e r i o d c o n s u m p t i o n becomes b i g enough when s e c o n d -

p e r i o d c o n s u m p t i o n i s s m a l l . T h u s , even though wages and f i r s t - p e r i o d 

c o n s u m p t i o n become s m a l l , demand f o r s e c o n d - p e r i o d c o n s u m p t i o n i s s u c h 

t h a t demand f o r s e c o n d p e r i o d ' s c a p i t a l i s s t i l l h i g h e r t h a n k. 

I impose one f u r t h e r c o n d i t i o n on t he r e l a t i o n s h i p be tween the 

v a r i o u s d e r i v a t i v e s . 

A s s u m p t i o n 4 : F o r a l l p ( t ) , p ( t + l ) e P , k ( t ) e K , 

( i ) 
D p ( t + l ) S k ( t ) 

° p ( t ) S p ( t ) 
- 1 < 0 

( i i ) 
D p ( t + l ) S k ( t ) 

° p ( t ) S

P ( t ) 
- 4 

D p ( t + l ) S

P ( t ) 

° p ( t ) S p ( t ) 

k ( t ) 
D p ( t ) S p ( t ) 

> 0 . 

No te t h a t when D ( t + - j j = 0 i n p ( t ) and p ( t + l ) , a s s u m p t i o n 4 

h o l d s . T h e r e f o r e , one may v i e w t h i s a s s u m p t i o n as r o u g h l y r e q u i r i n g 

t h a t demand f o r n e x t p e r i o d ' s c a p i t a l be f a i r l y i n s e n s i t i v e to n e x t 

p e r i o d ' s p r i c e o r , i n o t h e r w o r d s , t h a t demand be u n s e n s i t i v e to t he 

r a t e o f r e t u r n . 
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An examp le i s p r e s e n t e d i n an a p p e n d i x t o show t h a t t h e a s s u m p t i o n s 

made a r e no t m u t u a l l y e x c l u s i v e . 

E q u i l i b r i u m o f t h e M o d e l 

The marke t e q u i l i b r i u m c o n d i t i o n (5) t o g e t h e r w i t h (3) o r (4) 

d e f i n e a s y s t e m o f two f i r s t - o r d e r d i f f e r e n c e e q u a t i o n s . The s y s t e m has 

j u s t one i n i t i a l c o n d i t i o n , k ( t ) . An e q u i l i b r i u m , i n g e n e r a l , i s a 

sequence o f p r i c e s w h i c h s a t i s f i e s t h i s s y s t e m o f d i f f e r e n c e e q u a t i o n s . 

However , we wou ld l i k e t o r e s t r i c t t he c l a s s o f s o l u t i o n s . 

D e f i n i t i o n . An e q u i l i b r i u m i s a f u n c t i o n w h i c h maps e v e r y 

p e r i o d ' s c a p i t a l l a b o r r a t i o to the p r i c e a t t h e same p e r i o d . 

T e c h n i c a l l y t h i s c o n d i t i o n means t h a t a s i n g l e i n i t i a l c o n d i t i o n 

i s s u f f i c i e n t to g e n e r a t e the p a t h o f t he economy. T h i s seems to be a 

d e s i r a b l e f e a t u r e . Any o t h e r s o l u t i o n wou ld r e q u i r e a j u s t i f i c a t i o n as 

t o the second i n i t i a l c o n d i t i o n , w h i c h w i l l have to be f a i r l y a r t i f i c i a l . 

One has to b e a r i n m ind a l s o t h a t t h i s i s a d e t e r m i n i s t i c m o d e l , a n d , 

h e n c e , t he p a t h o f t he economy s h o u l d be p e r f e c t l y p r e d i c t a b l e g i v e n t he 

i n f o r m a t i o n abou t t a s t e s , t e c h n o l o g y , and t he i n i t i a l c a p i t a l l a b o r 

r a t i o . 

I n o r d e r to p r o v e the e x i s t e n c e o f s u c h an e q u i l i b r i u m , we 

s h a l l u s e (4) and (5) to d e f i n e a mapping f r om a s u b s e t o f a Banach 

s p a c e i n t o i t s e l f . We s h a l l t h e n use S c h a u d e r ' s f i x e d p o i n t t heo rem to 

show t h a t t he mapp ing has a f i x e d p o i n t . S c h a u d e r ' s theo rem s a y s t h a t 

e v e r y c o n v e x compact s u b s p a c e o f a Banach s p a c e i s a f i x e d p o i n t s p a c e . 

Theorem: The re e x i s t s a c o n t i n u o u s f u n c t i o n a : K P s u c h t h a t 

D ( a ( k ( t ) ) , c t ( k ( t + 1 ) ) ) - S ( a ( k ( t ) ) , k ( t ) ) = 0 

k ( t + l ) = S ( a ( k ( t ) ) , k ( t ) ) . 
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P r o o f : D e f i n e 

A = { a : K-*P; f o r e a c h k, p_(k)<a(k)<p(k) , a e C ^ , 

a ' ( « ) i s u n i f o r m l y bounded) 

where 

K = [ k , k ] , 

P i s r e l a t e d to K as d i s c u s s e d a b o v e , 

p_(k) s o l v e s k = S ( p , k ) , and 

p ( k ) i s t h e p r i c e a t w h i c h t he c o u n t r y i s on t h e v e r g e 
o f s p e c i a l i z i n g i n c a p i t a l . 

F o r each <*(•) and k, d e f i n e B (k ) by 

(6) D ( 6 ( k ) , a ( S ( a ( k ) , k ) ) ) - S ( g ( k ) , k ) = 0 . 

C l a i m : F o r e a c h cteA, (6) i m p l i c i t l y d e f i n e s a f u n c t i o n g : K -> P . 

P r o o f : F o r e v e r y k e K , ct(k) g i v e s a p r i c e . Due t o t h e r e s t r i c t i o n s 

imposed on A , t h i s p r i c e , when p l u g g e d i n t o t h e s u p p l y f u n c t i o n , g i v e s a 

k ( t + l ) s u c h t h a t k <_ k ( t + l ) <_ f 2 ( k ) . A s s u m p t i o n 1 and t he c h o i c e o f K 

w i t h k > k a s s u r e us t h a t k ( t + l ) e K . A p p l y i n g a a g a i n , we g e t a n o t h e r 

p r i c e , p ( t + l ) . As shown a b o v e , f o r each k ( t ) , p ( t + l ) t h e r e e x i s t s a 

u n i q u e p ( t ) w h i c h c l e a r s t he m a r k e t . T h i s p ( t ) i s d e f i n e d to be g ( k ( t ) ) . 

By v a r y i n g k, we g e t a f u n c t i o n g as r e q u i r e d . 

L e t B = {g : K-*P}. 

C l a i m : (6) i m p l i c i t l y d e f i n e s a mapp ing T: A •*• B . 

P r o o f : E v e r y f u n c t i o n a w i l l y i e l d f o r e v e r y k ( t ) a u n i q u e 

p ( t ) . Hence , e v e r y a i s mapped i n t o a u n i q u e 8. 

Our g o a l now i s t o show t h a t T has a f i x e d p o i n t . 

The f i r s t s t e p i s to e s t a b l i s h t h a t T maps A i n t o i t s e l f . 

C l a i m : T (A) C A . 
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P r o o f : 1) By a s s u m p t i o n 3, f o r a l l p ( t ) , p ( t + l ) e P , D ( p ( t ) , p ( t + l ) ) _> 

k. Hence p_(k) < p ( t ) = 3 ( k ) . We have a l s o shown t h a t a t p = p ( k ) t h e r e 

i s e x c e s s s u p p l y o f n e x t p e r i o d ' s c a p i t a l , t h e r e f o r e , 3(k) = p ( t ) < p ( k ) . 

2) QeCv 

C o n s i d e r D ( p ( t ) , p ( t + l ) ) - S ( p ( t ) , k ( t ) ) = 0 . 

The f u n c t i o n s a r e c o n t i n u o u s l y d i f f e r e n t i a b l e f o r e v e r y p o s i t i v e 

P ( t ) , p ( t + l ) , and k ( t ) . By a s s u m p t i o n 2 , - s

p ( t ) 3* 0- F o r e v e r y 

p ( t + l ) and k ( t ) , t h e r e e x i s t s a u n i q u e marke t c l e a r i n g p ( t ) . T h e r e f o r e , 

t h e r e e x i s t s a u n i q u e f u n c t i o n 

G: P x K -y P 

s u c h t h a t p ( t ) = G ( p ( t + 1 ) , k ( t ) ) and G e C , . R e c a l l t h a t p ( t + l ) = a [ S ( a ( k ( t ) ) , k ( t ) ] 

so t h a t 

(7) P ( t ) = G [ a [ S ( a ( k ( t ) ) , k ( t ) ] , k ( t ) ] = 3 ( k ( t ) ) . 

C l e a r l y , g e C ^ 

3) 3 ' i s bounded by M. 

$ ' may be o b t a i n e d f r om ( 7 ) : 

g ' = G p ( t + l ) t a ' l k ( t + l ) < S p ( t ) a , | k ( t ) + S k ( t ) ) ] + G k ( t ) 

where 

P( t+1 ) 

P ( t > D p ( t ) " S p ( t ) 

J k ( t ) 
k ( t ) D , . - S , . 

p ( t ) p ( t ) 
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S i n c e D and S a r e c o n t i n u o u s l y d i f f e r e n t i a b l e and t h e i r domains 

a r e compac t , t he d e r i v a t i v e s a r e bounded . A s s u m p t i o n 2 g u a r a n t e e s t h a t 

D p ( t ) - i s bounded away f rom 0 . T h e r e f o r e , $ ' i s bounded . 

We s t i l l have to show t h a t t h e r e e x i s t s M > 0 , s u c h t h a t 

lot" I < M =» I 3 * I < M. 

13*1 . 
D p ( t + l ) S

P ( t ) 
D p ( t ) S

P ( t ) 
M 2 + 

D p ( t + l ) S k ( t ) 

p ( t ) p ( t ) 
M + k ( t ) 

p ( t ) p ( t ) 
< M. 

T h e r e f o r e , i f f o r a l l p ( t ) , p ( t + l ) e P , k ( t ) e K 

( i ) 
D p ( t + l ) S k ( t ) 

° p ( t ) S p ( t ) 
- 1 < 0 

( i i ) 
D p ( t + l ) S k ( t ) 

° p ( t ) S p ( t ) 
- 4 

D p ( t + l ) S

P ( t ) 

° p ( t ) S

P ( t ) 

k ( t ) 

p ( t ) p ( t ) 
> 0 

t h e n M as r e q u i r e d e x i s t s . A s s u m p t i o n 4 s a y s t h a t t h e s e c o n d i t i o n s a r e 

f u l f i l l e d . 

D e f i n e a norm on A by | | a | | = Sup | a ( k ) | . 
keK 

C l a i m : The s e t A i s c o n v e x , bounded , and e q u i c o n t i n u o u s . 

P r o o f : 1) C o n v e x i t y . L e t cc-^eA, a.^^-* 0 < X < 1 . D e f i n e = 

A c^ + ( 1 - A ) a 2 - C l e a r l y , p_(k) < a ^ ( k ) < p ( k ) . A l s o , a ^ e ^ and | c ^ | < M. 

2) B o u n d e d n e s s . S i n c e p_(k) and p ( k ) a r e c o n t i n u o u s f u n c t i o n s 

d e f i n e d on a compact s e t , t he r e s u l t i s i m m e d i a t e . 

3) E q u i c o n t i n u i t y . L e t aeA , k^, k 2 £ K w i t h | k.̂ —k.̂  j < ^j-

Then | a ( k 1 ) - a ( k 2 ) | = | / a * ( k ) d k | ^ M | ^ 2

- l c l ' = e " 
k l 
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The s e t A i s a s u b s e t o f C(K) ( t h e s p a c e o f a l l bounded 

c o n t i n u o u s f u n c t i o n s d e f i n e d on K) w h i c h i s a Banach s p a c e . 

By A s c o l i ' s t h e o r e m , t he s e t A i s c o n d i t i o n a l l y compac t , i . e . , 

A (A c l o s u r e ) i s compact i n i t s r e l a t i v e t o p o l o g y . 

S i n c e A i s n o t c l o s e d ( l i m i t p o i n t s may no t be d i f f e r e n t i a b l e ) , 

i t i s i m p o r t a n t to n o t e t h a t aeA =» p_(k) £ a ( k ) <̂  p ( k ) , a c o n t i n u o u s . 

H e n c e , T ( a ) i s w e l l d e f i n e d f o r a e A . 

C l a i m : T : A -> B i s a c o n t i n u o u s m a p p i n g . 

P r o o f : L e t { a ° } C A be a u n i f o r m l y c o n v e r g e n t sequence w i t h a 

l i m i t a • Examine 

g n ( k ) = G ( a

n ( S ( a n ( k ( k ) ) ) 

B (k ) = G ( a ( S ( a ( k ) , k ) ) ) . 

We want to show t h a t ( 3 ° ( • ) - • £ ( • ) u n i f o r m l y . 

| g n ( k ) - B ( k ) | = | G ( a

n ( S ( a n ( k ) , k ) ) ) - G ( a ( S ( a ( k ) , k ) ) ) | 1 

| G ( a n ( S ( a n ( k ) , k ) ) ) - G ( a n ( S ( a ( k ) , k ) ) ) | + 

| G ( a n ( S ( a ( k ) , k ) ) ) - G ( a ( S ( a ( k ) , k ) ) ) | . 

S t a r t w i t h t he second e x p r e s s i o n on t h e r i g h t - h a n d s i d e . 

L e t k* = S ( c t ( k ) , k ) . 

S i n c e a n c o n v e r g e u n i f o r m l y , f o r each 6>0, t h e r e e x i s t s K (6 ) 

s u c h t h a t f o r a l l n > K ( 6 ) , | a

n ( k * ) - a ( k * ) | «5. G i s a c o n t i n u o u s f u n c t i o n 

d e f i n e d on a compact s e t , and t h e r e f o r e i t i s u n i f o r m l y c o n t i n u o u s . 

H e n c e , f o r e a c h e>0 t h e r e e x i s t s 6 (e ) s u c h t h a t i f | c t n ( k * ) - a ( k * ) | <6(e) 

t h e n | G ( a n ( k * ) ) - G ( a ( k * ) ) | < e . Thus we can f i n d K ( 6 ( e ) ) s u c h t h a t f o r a l l 

n>K(6 (e ) ) t he second e x p r e s s i o n i s l e s s t h a n e . 
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T u r n t o t h e f i r s t e x p r e s s i o n on t he r i g h t - h a n d s i d e . By t h e 

same a rgumen t , u s i n g t h e f a c t t h a t S i s a c o n t i n u o u s f u n c t i o n d e f i n e d on 

a compact s e t , we g e t t h a t f o r any n>0, t h e r e e x i s t s K ( n ) s u c h t h a t f o r 

a l l n>K(n) | S ( a n ( k ) , k ) - S ( a ( k ) , k ) | < n - S i n c e {a n } i s u n i f o r m l y c o n 

v e r g e n t on a compact s e t , i t i s an e q u i c o n t i n u o u s f a m i l y . T h e r e f o r e , we 

can c h o o s e n(u)>0 s u c h t h a t i f | S ( a

n ( k ) , k ) - S ( a ( k ) , k ) | < n then | a

n ( S ( a n ( k ) , k ) ) 

a ( S ( a ( k ) k ) ) | < y . The f a c t t h a t G i s u n i f o r m l y c o n t i n u o u s means t h a t f o r 

e a c h e>0 we c a n choose U ( E ) s u c h t h a t i f | a n ( S ( a n ( k ) , k ) ) - a ( S ( a n ( k ) , k ) ) | < u ( e ) 

t h e n | G ( a n ( S ( a

n ( k ) , k ) ) ) - G ( a

n ( S ( a ( k ) , k ) ) ) | < c . S o , f o r e a c h e>0 we can 

f i n d a K ( n ( p ( e ) ) ) s u c h t h a t f o r a l l n > K ( n ( y ( e ) ) ) t he f i r s t e x p r e s s i o n i s 

l e s s t han e- T h i s c o m p l e t e s t he p r o o f t h a t u n i f o r m l y . 

S i n c e T i s c o n t i n u o u s , T (A) C T ( A ) . But T (A) C A , so T(A) C A . 

As A i s c o n v e x , so i s A . 

A i s a convex compact s u b s p a c e o f a Banach s p a c e , T i s a 

c o n t i n u o u s mapp ing o f A i n t o i t s e l f , and by S c h a u d e r ' s theorem t h e r e 

e x i s t s an aeA s u c h t h a t T(ct) = a . 

A remark on t h e a s s u m p t i o n s i s c a l l e d f o r . C l e a r l y t h e y were 

made so t h a t t h e p r o o f c o u l d wo rk . The re i s no p r e t e n s e on my s i d e t h a t 

any economic t h e o r y u n d e r l i n e s them. F u r t h e r m o r e , t h e r e may be a d i f f e r 

en t s e t o f a s s u m p t i o n s t h a t c a n y i e l d t h e e x i s t e n c e o f an e q u i l i b r i u m 

s i n c e t he mapping I c h o s e t o e x p l o r e i s j u s t one ou t o f many p o s s i b i l i 

t i e s . My c h o i c e was based on an i n t u i t i v e n o t i o n t h a t an e q u i l i b r i u m 

s h o u l d e x i s t i f we t e l l t h e young o f t he c o u n t r y t h a t n e x t p e r i o d ' s 

p r i c e w i l l be e x o g e n o u s l y d e t e r m i n e d , s a y , by o p e n i n g t he economy t o 

t r a d e w i t h a " b i g " c o u n t r y . T h i s c h o i c e may w e l l be r e s p o n s i b l e f o r t h e 

need to a s k f o r a s s u m p t i o n 4 , s i n c e i n t h i s p a r t i c u l a r mapp ing t he young 
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a r e f a c e d w i t h a r b i t r a r y n e x t - p e r i o d p r i c e s . I t i s p r o b a b l y t o be 

e x p e c t e d t h a t t hey s h o u l d n o t r e a c t i n a s e n s i t i v e manner t o t h e s e 

p r i c e s i f an e q u i l i b r i u m i s to e x i s t . 



A p p e n d i x 

Example 

L e t t he u t i l i t y f u n c t i o n be 

u = A [ a c 1 ( t ) " p + ( l - a ) c 2 ( t ) " p ] " 1 / p ; 0 < a < 1. 

Then i t i s easy to ge t 

v ( c . ( t ) f c « , ( t ) ) = 
U 2 ( l - a ) / C l ( t ) V + 1 

• r " 2 X U " u x a \ c 2 ( t ) y 

We assume c ^ ( t ) and c 2 ( t ) to be g r o s s s u b s t i t u t e s , so -1 < p < 0. 

On t he p r o d u c t i o n s i d e we have two C o b b - D o u g l a s f u n c t i o n s 

hi 
c ^ t ) = f 1 ( k 1 ( t ) ) = u- jk-^t) 

3 2 1 

k ( t + l ) = f 2 ( k 2 ( t ) ) = y 2 k 2 ( t ) 

where 

a < B u < 1, 0 < 3 2 1 < 1, y 1 > 0 , y 2 > 0. 

L e t 3 1 2 = l - e u , 3 2 2 = l - 3 2 1 -

I t c a n be shown t h a t t h e s u p p l y f o r c a p i t a l i s g i v e n b y : 

3 - ^ 2 g ^21 

k ( t+ l ) = - K j - ^ p C t ) 6 k ( t ) + K 2 ~ | i p ( t ) 6 ; 

£ ( k ( t ) ) < p ( t ) < p (k ( t ) ) 

where 

6 - 3 1 1 3 2 2 3 1 2 3 2 1 - 3 n 3 2 1 - 3 2 2 3 1 2 -

and K 2 a r e f u n c t i o n s of u ^ , y 2 » 3 - Q » 3 2 ^ - T n e r e n t a l and wage 

f u n c t i o n s a r e g i v e n by 



r ( t ) = K-^pCt ) 

12 
6 

w ( t ) = K 2 - p ( t ) 6 . 

Consumer E q u i l i b r i u m 

v ( C l ( t ) ,C 2 ( t ) ) = ^ ] y 

( 1 - g ) , w ( t ) - p ( t ) k ( t + l ) . p + 1 _ P ( t ) 
a V r ( t + l ) k ( t + l ) ' r ( t + l ) " 

A s s u m p t i o n 1 p u t s a r e s t r i c t i o n on t he p r o d u c t i v i t y o f t he 

c a p i t a l p r o d u c i n g p r o c e s s . 
1 

, S 2 1 , 3 2 2 
k = u 2 k => k = u 2 

i s t he u n i q u e p o s i t i v e s o l u t i o n . 

A s s u m p t i o n s 2 and 3 d e a l w i t h r e s t r i c t i o n s pu t a c r o s s p r o d u c t i o n 

and u t i l i t y . 

A s s u m p t i o n 2 r e q u i r e s t he e x c e s s demand f u n c t i o n f o r nex t 

p e r i o d ' s c a p i t a l t o be n e g a t i v e l y s l o p e d w i t h r e s p e c t t o p ( t ) a t a 

n e i g h b o r h o o d o f e q u i l i b r i u m . 

v ^ w ' - k C t + i ) ) - 7 £ t ± £ 

D p ( t ) S p ( t ) V ] P ( t ) - v 2 r ( t + l ) S p ( t ) -

N o t i c e t h a t t he s u p p l y c a n be w r i t t e n as 

k ( t + l ) = r ' k ( t ) + w ' 
so t h a t 

S p ( t ) = r " k ( t ) + 



We c a n w r i t e 

- V j r ' k U ) - - ~ y - ( v 1 p ( t ) - v 2 r ( t + l ) ) ( r , , k ( t ) - h w " ) 
D p ( t ) " S

P ( t ) = v . p ( t ) - v , r ( t + l ) 

- v ^ C t H r ' + p C Q r " ) - v l P ( t ) w " - + v 2 r ( t + l ) ( r " k ( t ) + w " ) 

V j p ( t ) - v 2 r ( t + l ) 

I n our case , w" > 0 and the re fo re i f ( r ' +p ( t ) r " ) i s p o s i t i v e , 

then the whole express ion i s nega t i ve . 

^22 ^22 
" Boo 3io 2 

r ' + p ( t ) r " = K x ~ p ( t ) 6 - 1 ) = K x ( - ^ ) p ( t ) 6 > 0 . 

T h e r e f o r e , a s s u m p t i o n 2 h o l d s . 

A s s u m p t i o n 3 r e q u i r e s t h a t t h e r e e x i s t s a k s u c h t h a t f o r some 

k > k, D ( p ( t ) , p ( t + l ) ) > k f o r a l l p ( t ) , p ( t + l ) w h i c h b e l o n g to the p r i c e 

s e t d e f i n e d by K = [ k , k ] . 

As t h i s a s s u m p t i o n i s more c o m p l i c a t e d t h a n t he p r e v i o u s o n e , 

l e t us s t u d y f i r s t an example where u t i l i t y i s a l s o C o b b - D o u g l a s . I n 

t h i s c a s e one may o b t a i n an e x p l i c i t demand f u n c t i o n : 

5a 
k ( t + l ) = ( l - a ) K 2 p ( t ) ; 0 < a < 1 . 

Assume f i r s t t h a t 6 > 0 ( i . e . , t he c o n s u m p t i o n good i s c a p i t a l 

i n t e n s i v e ) . Then the demand i s i n c r e a s i n g i n p ( t ) , so we have t o s t u d y 

p ( t ) = £ ( k ) . F o r c o n v e n i e n c e we s h a l l l o o k a t £ ( k ) , w h i c h i s the p r i c e 

a t w h i c h t he c o u n t r y s p e c i a l i z e s i n p r o d u c i n g t he c o n s u m p t i o n g o o d . 

C l e a r l y , p_(k) < p_(k) . 



One c a n show t h a t 

K 3 . 
p_(k) = ( ^ ^ k ) 6 . 
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Our c o n d i t i o n then i s 

K l ^12 ^21 
k ( t + l ) > ( l - a ) K (r~ - ~ k ) Z 1 > k 2 K 2 6 U -

_ 1 _ hi 
v <• m ^ , ^ 3 2 2 . K 1 6 1 2 . 3 2 2 k < ( ( l - a ) K „ ) (— -x—) 

2 K 2 e u 

C l e a r l y s u c h a k e x i s t s . 

I f 6 < 0, t h e n we have to l o o k a t t he l a r g e s t p r i c e w h i c h , i n 

t h i s c a s e , i s o b t a i n e d a t p ( k ) . 
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Now the c o n d i t i o n i s 

K 3 2 2 6 2 1 

k ( t + l ) = ( l - c O K ^ - r ^ k ) Z 1 > k 2 K 2 3 2 1 -
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k < ( ( l - a ) K j fe4^) • 2 K 2 3 2 1 

A g a i n , k as r e q u i r e d by a s s u m p t i o n 5 e x i s t s . 

I n t he c a s e o f a C . E . S u t i l i t y f u n c t i o n , t h e r e i s no e x p l i c i t 

demand f u n c t i o n , and t he t r e a t m e n t becomes l e s s e l e g a n t . 

We s h a l l u s e t he s u f f i c i e n t c o n d i t i o n s u g g e s t e d i n t he t e x t . 

When c o n s u m p t i o n i s c a p i t a l i n t e n s i v e , we want to show t h a t we 

can f i n d a k s u c h t h a t 

£00 
v ( c r c 2 ) > ~c— f o r a 1 1 k e [ k , k ] , p ( t ) e [ p _ ( k ) , P ( k ) ] 



where 

r = r ( p ( k ) ) , 

£2

 = - * - ' 

= w(p) - p v k , and 

p_(k) s o l v e s k = S ( p , k ) . 

F o r c o n v e n i e n c e we r e q u i r e even more ; p_(k) i s i n c r e a s i n g i n k, 

£ ( k ) 

so l e t t he r i g h t - h a n d s i d e be the h i g h e s t v a l u e , namely — — . 

Examine now w(p) - p ' k . 

hi 
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c± = K 2 p - p - k > 0 => p > (^-) 

6 
k 3 n 

L e t p Q = ( - ) . 

F i n d now a k s u c h t h a t the p r i c e a t w h i c h t he c o u n t r y s p e c i a l i z e s 

i n t h e c o n s u m p t i o n good i s h i g h e r t h a n p^ . 

,K1 3 12 v , 6 £ A l 
£ ( k ) = (— k ) > (—) 

2 hi K2 
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< £ k £ l 2 A 2 . K ^ 
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Fo r any s u c h k., s o l v e p_(k) f r om k = S ( p , k ) . S i n c e c ^ i s an 

i n c r e a s i n g f u n c t i o n o f p f o r a l l p > p^ , i t s u f f i c e s to r e q u i r e : 



So f a r v e have f i x e d a l l p a r a m e t e r s e x c e p t a . F o r some a 

s m a l l enough t he i n e q u a l i t y w i l l be o b t a i n e d a s n e e d e d . 

When c a p i t a l i s c a p i t a l i n t e n s i v e , we examine the demand a t 

p ( t + l ) = £ ( k ) and p ( t ) = p ( k ) . 

The c o n d i t i o n i s 

pQO 
v ( c , , c 0 ) > 

l ' - 2 ' - r 

where 

r = r(_p_(k)), 

£ 2 = r - k , 

c 1 = w ( p ( k ) ) - p ( k ) * k , and 

j ) (k ) s o l v e s k = S ( p , k ) . 

We have a g a i n to g u a r a n t e e t h a t c ^ > 0 . 

K 2 p - P k > 0 - P < ( - ) ; p Q = ( ^ ) 

Now we r e q u i r e t h a t k be s u c h t h a t t he p r i c e i n w h i c h t h e 

c o u n t r y s p e c i a l i z e s i n k be s m a l l e r t han P Q . 

P ( k ) = ( ^ ^ c ) 6 < ( = - ) 8 2 1  

K 2 3 2 1 K 2 
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k < (— — ) K . K 2 p 2 1 2 

F o r any k w h i c h s a t i s f i e s t h i s r e q u i r e m e n t , c a l c u l a t e p ( k ) 

f i n d c ^ and a g a i n f i x a s u c h t h a t a s s u m p t i o n 3 i s o b t a i n e d . 



Note t h a t i n the p r o c e d u r e d e s c r i b e d above demand c o u l d be 

made b i g g e r t h a n any k s m a l l enough by mak ing t he m a r g i n a l u t i l i t y of c 2 

domina te t he m a r g i n a l u t i l i t y o f c ^ a t s m a l l v a l u e s o f c o n s u m p t i o n . 

F o r a s s u m p t i o n 4 , I r e w r i t e the d e r i v a t i v e s as f o l l o w s : 

D , , - S . . 
P ( t ) p ( t ) 

- ( p + D ^ ( r ' + p ( t ) r " ) - ( P f l ^ j w " - ^ y ( p + l ) ^ ^ ( r " k ( t ) 4 V ' ) 

( p + 1 ) ( c l ( t )
 +i2r?r) 

D 
p ( t + l ) P ( t ) , r ( t + l ) . (P+D ( c x ( t ) c 2 ( t ) > 

s k ( t ) = r ' -

C o n d i t i o n i ) o f a s s u m p t i o n 6 r e q u i r e s : 

- 1 < 0 f o r a l l p ( t ) , p ( t + l ) e P , k ( t ) £ K . 
D p ( t + l ) S k ( t ) 

° p ( t ) S k ( t ) 

C l e a r l y , when P = 0 , the c o n d i t i o n i s f u l f i l l e d s i n c e then 

D p ( t + 1 ) = ° * D u e t 0 c o n t i n u i t y t h e r e e x i s t s a n ^ > 0 s u c h t h a t | p | < 

f u l f i l l s the c o n d i t i o n . 

C o n d i t i o n i i ) r e q u i r e s : 

D p ( t + l ) S k ( t ) 

° p ( t ) S p ( t ) 
- 1 - 4 

D p ( t + l ) S p ( t ) 
D p ( t ) S p ( t ) 

k ( t ) 

p ( t ) p ( t ) 
> 0 . 

A g a i n , f o r p = 0 the c o n d i t i o n i s f u l f i l l e d , and t h e r e e x i s t s 

an e2 > 0 s u c h t h a t | p | < e 2 s t i l l f u l f i l l s t he c o n d i t i o n . To f u l f i l l 

b o t h c o n d i t i o n s , choose e = m i n { e ^ , e 2 } and l e t | p | < e . 


