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Non t rans fe rab le I n t e r e s t - B e a r i n g N a t i o n a l Debt 

by John Bryan t 

In e a r l i e r papers , Bryan t and Wal lace (3) and ( 4 ) , the i n e f f i c i e n c y o f 

i n t e r e s t - b e a r i n g n a t i o n a l debt i s s t u d i e d . In those papers , examples a re g i v e n 

i n which bonds do not dominate money because bonds are i s s u e d i n too l a r g e 

denomina t ions . A c o s t l y techno logy f o r s u b d i v i d i n g debt i s assumed. T h i s paper 

extends the p rev ious a n a l y s i s by c o n s i d e r i n g bonds which do not dominate money 

because the bonds are n o n t r a n s f e r a b l e . I t a l s o d i f f e r s from the p rev ious papers 

i n t ha t bonds have a r o l e to p l a y i n the economy. I t i s assumed tha t t r a n s f e r a b l e 

a s s e t s are sub jec t to an un insu rab le s t o c h a s t i c l o s s , w h i l e the n o n t r a n s f e r a b l e 

bonds are no t . As a r e s u l t , the op t ima l r a t i o o f bonds to money p l us bonds i s not 

z e r o . However, a t the op t ima l r a t i o o f bonds to money p l us bonds, the r a t e o f 

i n t e r e s t on bonds i s z e r o . Th i s r e s u l t t ha t the r a t e o f i n t e r e s t on bonds shou ld 

be zero can be over tu rned by assuming tha t the cos t to government o f s e r v i c i n g 

money and bonds are not the same. 

The Model 

The model employed i n our a n a l y s i s i s a v e r s i o n o f the Samuelson (5) 

pure consumpt ion- loans model.—^ N i n d i v i d u a l s are born each p e r i o d , and they 

l i v e th ree p e r i o d s . In t h e i r f i r s t p e r i o d of l i f e i n d i v i d u a l s are endowed w i t h 

k > 0 u n i t s o f the s i n g l e t r a n s f e r a b l e but nons to rab le consumption good, w h i l e i n 

t h e i r second two pe r i ods of l i f e i n d i v i d u a l s are endowed w i th n o t h i n g . T h e i r 

common i n c r e a s i n g , concave u t i l i t y f unc t i ons have as arguments the i n d i v i d u a l ' s 

consumption o f the consumption good i n h i s th ree pe r iods of l i f e . There e x i s t M 

u n i t s o f f i a t money which the young get from the midd le-aged or o l d i n exchange 

— For a defense o f the use o f the pure consumpt ion- loans model as the 
model of f i a t money, see Bryant (2) and Wal lace (6 ) . 
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f o r the consumption good. In a d d i t i o n , the re are B u n i t s o f bonds which the 

young get from the government i n exchange f o r money. The government c o s t l e s s l y 

s e r v i c e s money and bond h o l d i n g s . A u n i t o f bonds i s a c e r t a i n c l a i m to a u n i t o f 

money two pe r i ods hence. 

Money i s sub jec t to a random l o s s . Each p e r i o d h a l f the midd le-aged 

i n d i v i d u a l s l o s e 1 > 6 > 0 percen t o f t h e i r i n d i v i d u a l money h o l d i n g s , w h i l e the 

o ther h a l f share the l o s s e s e q u a l l y as lump-sum t r a n s f e r s . S i m i l a r l y , each 

pe r i od o n e - h a l f o f the o l d l o s e 5 percen t o f t h e i r money h o l d i n g s , w h i l e the 

o ther h a l f o f the o l d share those l o s s e s e q u a l l y . Each i n d i v i d u a l i s e q u a l l y 

l i k e l y to win o r l o s e , but o n e - h a l f o f the midd le-aged winners become o ld -aged 

w inne rs . The re fo re , each i n d i v i d u a l a t b i r t h faces fou r p o s s i b l e , e q u a l l y l i k e l y 

2 / 

outcomes. Moreover, the l o s s e s are not i nsu rab le .— The l o s s e s occur be fo re 

i n d i v i d u a l s acqu i re the consumption good i n the second and t h i r d pe r i ods of l i f e . 

Bonds are not t r a n s f e r a b l e and are not sub jec t to t h i s random l o s s . However, 

when the government pays o f f on a bond tha t money i s i n c l u d e d i n the s tock o f 

money o f the r e c i p i e n t and i s sub jec t to the same percentage l o s s . 

L e t U be the i n d i v i d u a l ' s u t i l i t y f u n c t i o n , C ^ , C 2 , C ^ , h i s consumption 

o f the consumption good i n h i s th ree pe r i ods o f l i f e , m h i s money h o l d i n g s a t the 

beg inn ing o f h i s second p e r i o d , m' h i s money ho ld ings a t the beg inn ing o f h i s 

t h i r d p e r i o d , k h i s bond h o l d i n g s , i the s t a t e o f h i s random drawing on money i n 

h i s middle age (1 " l o s s e r , " 2 " w i n n e r " ) , and i ' the s t a t e o f h i s random drawing 

on money i n h i s o l d age (1 " l o s e r , " 2 " w i n n e r " ) . Le t P be the goods p r i c e o f 

money and S be the money p r i c e o f bonds. For s i m p l i c i t y we w i l l c o n s i d e r on ly the 

s t a t i o n a r y s o l u t i o n where P and S are constant through t ime (one can impose 

u t i l i t y f u n c t i o n s tha t ensure tha t t h i s i s the on l y monetary e q u i l i b r i u m , see 

— Because, f o r example, i t ' s i m p o s s i b l e to prove which h a l f o f the 
popu la t i on the i n d i v i d u a l belongs t o , the f i n d e r s o r the l o s e r s . Th i s dev i ce 
appears i n Bryant and Wal lace ( 4 ) . 
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Bryant ( 1 ) ) . To ensure i n t e r n a l s o l u t i o n s we assume tha t U ^ C C ^ C ^ ) 

u 2 ( c v o , c 3 ) = u 3 ( c r c 2 , o ) = oo. 

The young i n d i v i d u a l ' s problem can be d i s p l a y e d a s : 

max EU[C , C . ( i ) , C . ( i , i ' ) ] 
m ,b ,m ' ( i ) ' c 5 

sub jec t t o 

C 1 = k - Pm - PSb > 0 

C 2 ( 1 ) = P(1-5)m - Pm'(1) > 0 

C 2 ( 2 ) = P(m-^m) - Pm»(2) > 0 

C 3 ( i , 1 ) = P (1 -5 ) (m» ( i )+b ) > 0 

C 3 ( i , 2 ) = P[m'( i )+b] + P6[m'+b] > 0 

m > 0 

b > 0 

m* ( i ) i s a f u n c t i o n w i t h domain {1,2} and range (0,°o) 

where m, m*, b are the per c a p i t a money and bond h o l d i n g s o f the o ther h a l f o f the 

p o p u l a t i o n , which the i n d i v i d u a l t r e a t s as g i v e n . However, to generate the 

p r o p o s i t i o n we are i n t e r e s t e d i n we need not work w i t h t h i s f o r m u l a t i o n . 

We are now ready f o r our c e n t r a l p r o p o s i t i o n concern ing the i ssuance o f 

money and bonds. Le t z be the r a t i o o f bonds to money p l us bonds a f t e r the young 

have made t h e i r purchases of bonds. 

Theorem 1: C o n s i d e r i n g on ly the cu r ren t young and f u t u r e g e n e r a t i o n s , 

the unique optimum r a t i o o f bonds to money p l us bonds, z * , i s c h a r a c t e r i z e d by 

i n t e r e s t r a t e on bonds equa l to z e r o , S = 1, and i s the on ly r a t i o o f bonds to 

money p l us bonds w i th S = 1. 
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P r o o f : Suppose t h a t , u n l i k e the above prob lem, i n d i v i d u a l s can 

c o s t l e s s l y conver t money to bonds o r the r e v e r s e i n t h e i r f i r s t p e r i o d o f 

e x i s t e n c e . Then i n e q u i l i b r i u m S = 1 f o r 1 > z > 0 , f o r i f S < 1, i n d i v i d u a l s 

demand on l y bonds and f o r S > 1, i n d i v i d u a l s demand o n l y money. Because o f the 

convex i t y o f the i n d i v i d u a l ' s problem, he w i l l c rea te a unique r a t i o o f bonds to 

money p l us bonds a t S = 1, z , say . Cons ider now our o r i g i n a l model w i t h 

i n d i v i d u a l s c o n s t r a i n e d not to conver t bonds to money or the r e v e r s e . I f the 

government imposes the same r a t i o o f bonds to bonds p l us money i n the aggregate 

as c rea ted by the i n d i v i d u a l i n the uncons t ra ined c a s e , z", a t S = 1 the c o n 

s t r a i n t i s not b i n d i n g and there i s no excess supply o r demand f o r money and 

bonds. The re fo re , S = 1 i s the e q u i l i b r i u m a t z = z . Moreover, as tha t e q u i 

l i b r i u m S = 1, z = z i s op t ima l i n the uncons t ra ined c a s e , and as w e l f a r e i n the 

cons t r a i ned case i s a t best no b e t t e r than we l f a re i n the uncons t ra ined case , 

then S = 1, z = z i s a l s o op t ima l i n the c o n s t r a i n e d prob lem. By the c o n v e x i t y 

o f the i n d i v i d u a l ' s problem i n the c o n s t r a i n e d case , there i s a unique r a t i o o f 

bonds to money p l us bonds tha t y i e l d s S = 1 and a unique optimum r a t i o o f bonds 

to money p l us bonds. T h e r e f o r e , a t S = 1 the unique optimum r a t i o z * = z i s 

a c h i e v e d . Q . E . D . 

I t i s not n e c e s s a r i l y t r ue tha t moving from z = z ' i z * to z = z * i s 

we l f a re improv ing . Whi le the cu r ren t young and fu tu re gene ra t i ons are made 

b e t t e r o f f , the cu r ren t midd le-aged and o l d may be worse o f f i f the cu r ren t 

young 's demand f o r money f a l l s . For the move to z = z * , S = 1 to be w e l f a r e 

improv ing , i t i s s u f f i c i e n t t ha t the improved r e t u r n on sav i ng f o r the young 

causes the young to save more, tha t cu r ren t and f u t u r e consumption are g ross 

s u b s t i t u t e s . 
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Embel l ishments 

The techno logy o f money and bond h o l d i n g i n the above model i s e a s i l y 

mod i f i ed to make i t more " r e a l i s t i c . " We cou ld assume, f o r example, t ha t bonds 

can be conver ted to money i n e i t h e r the second or t h i r d p e r i o d but t ha t 

conve rs ion of any amount e n t a i l s a f i x e d o r a p r o p o r t i o n a l conve rs i on c o s t . Fo r 

the o p t i o n o f c o n v e r t i n g i n the second pe r i od to be mean ing fu l , i t would be 

necessary to assume tha t the i n d i v i d u a l cou ld conver t a f t e r obse rv ing h i s l o s s o f 

money and /o r tha t bond-conver ted money i s not sub jec t to random l o s s . The f i x e d 

conve rs ion cos t can be viewed as a " t r i p s to the bank" t echno logy . One c o u l d 

a l s o assume tha t the p r i v a t e s e c t o r has c o s t l y t e c h n o l o g i e s f o r c o n v e r t i n g ( r i s k y 

o r r i s k l e s s ) t r a n s f e r a b l e a s s e t s i n t o n o n t r a n s f e r a b l e a s s e t s and the r e v e r s e . 

Wh i le such m o d i f i c a t i o n s would change the o p t i m a l z , i t would not a f f e c t the 

above theorem tha t the o p t i m a l z i s c h a r a c t e r i z e d by S = 1. Our model d i f f e r s 

from the p rev ious Bryant and W a l l a c e , (3) and ( 4 ) , models i n tha t a p o s i t i v e 

i n t e r e s t r a t e on bonds does not r e f l e c t a r e a l resource c o s t . However, a d d i t i o n 

o f the above c o s t l y t echno log ies does add t h i s r e a l resource cos t element to the 

model . 

What would a l t e r our c o n c l u s i o n tha t op t ima l z i m p l i e s ze ro i n t e r e s t on 

bonds? The proof o f the above theorem i n d i c a t e s how t h i s can be done. In the 

p roo f op t ima l z i s determined by examining the problem i n which the i n d i v i d u a l 

has access to the c o s t l e s s techno logy o f the government o f exchanging bonds f o r 

money. In the o r i g i n a l r e s t r i c t e d problem t h i s was r e p l i c a t e d a t S = 1. Suppose 

now tha t the government has c o s t l y t e c h n o l o g i e s of s e r v i c i n g money and bonds. 

S i m i l a r l y , the op t ima l z can be determined by i n c l u d i n g the marg ina l r a t e o f 

t r ans fo rma t i on faced by the government i n t o the i n d i v i d u a l ' s problem, i f the c o s t 

f u n c t i o n s are n i c e l y shaped. I f the op t ima l z i s i n t e r n a l , 0 < z * < 1, t h i s i s 

r e p l i c a t e d i n the r e s t r i c t e d problem by s e t t i n g aggregate z such tha t the 
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r e s u l t i n g 1/S equa ls the r e s u l t i n g r a t i o o f the government 's marg ina l cos t o f 

s e r v i c i n g money to i t s marg ina l cos t o f s e r v i c i n g bonds. The op t ima l e q u i l i b r i u m 

r a t e o f i n t e r e s t i s p o s i t i v e i f the i m p l i e d marg ina l cos t o f bond s e r v i c i n g i s 

l e s s than the marg ina l cos t o f money s e r v i c i n g . The c o s t l i n e s s of government 

s e r v i c i n g o f money and bonds, p a r t i c u l a r l y when coupled w i th p r i v a t e t e c h 

n o l o g i e s o f t r a n s f o r m a t i o n , do r a i s e the p o s s i b i l i t y t ha t z = 0 o r z = 1 i s 

o p t i m a l . 

C o n c l u s i o n 

In t h i s model o f n o n t r a n s f e r a b l e bonds a t the optimum d i s t r i b u t i o n o f 

the government debt between money and bonds, the r a t i o o f the face va lue of a 

bond to i t s market p r i c e equa ls the government 's marg ina l ra te o f t r ans fo rma t i on 

between money and bonds. N a t u r a l l y , there i s good reason to suppose tha t t h i s i s 

a gene ra l r e s u l t . 
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