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A M o d i g l l a n i - M i l l e r Theorem f o r Open-Market Opera t ions 

Monetary p o l i c y i s most o f t e n conce ived of as de te rm in ing the 

compos i t ion o f government net i ndeb tedness ; f o r example, the amount 

of such indebtedness tha t takes the form of cu r rency and the amount 

tha t takes the form of bonds. F i s c a l p o l i c y , and , i n p a r t i c u l a r , 

the s i z e of the d e f i c i t on cu r ren t accoun t , determines the pa th 

of government net i ndeb tedness . I n t h i s paper I w i l l show tha t 

government asse t exchanges c o n s i s t e n t w i t h an unchanged pa th of 

f i s c a l p o l i c y a re i r r e l e v a n t i n p r e c i s e l y the sense i n which the 

M o d i g l i a n i - M i l l e r theorem shows tha t a l t e r n a t i v e co rpo ra te l i a b i l i t y 

s t r u c t u r e s a re i r r e l e v a n t . I r r e l e v a n c e here means tha t both the 

e q u i l i b r i u m consumption a l l o c a t i o n and the p r i c e l e v e l a re independent 

of such government asse t exchanges. The i r r e l e v a n c e p r o p o s i t i o n I 

prove has the f o l l o w i n g form: i f t he re i s an e q u i l i b r i u m w i t h 

c e r t a i n p r o p e r t i e s f o r one pa th of p o r t f o l i o s f o r the government, 

then tha t e q u i l i b r i u m i s a l s o an e q u i l i b r i u m f o r some o the r paths 

of p o r t f o l i o s f o r the government. 

I prove the i r r e l e v a n c e r e s u l t f o r a l i m i t e d c l a s s o f environments 

models o f two-per iod l i v e d , o v e r l a p p i n g gene ra t i ons w i t h a s i n g l e 

consumption good tha t i s s t o r a b l e v i a a c o n s t a n t - r e t u r n s - t o - s c a l e , 

s t o c h a s t i c s to rage techno logy . Th is c l a s s i s broad enough to i n c l u d e 

examples that e s t a b l i s h the nonvacuousness of the " i f " c l ause of the 

p r o p o s i t i o n . Nonvacuousness r e q u i r e s tha t the re be e q u i l i b r i a i n 

which the p r i v a t e s e c t o r v o l u n t a r i l y ho lds r e a l c a p i t a l and unbacked 
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government l i a b i l i t i e s , l i a b i l i t i e s t ha t I c a l l f i a t money. Non

vacuousness a s i d e , l i t t l e at tempt has been made to s t r i v e f o r 

g e n e r a l i t y . 

The c l a s s of p h y s i c a l environments i s d e s c r i b e d i n S e c t i o n 1. 

S e c t i o n 2 d e s c r i b e s the c o n d i t i o n s f o r a p e r f e c t - f o r e s i g h t compe t i t i ve 

e q u i l i b r i u m f o r these env i ronments . Markets i n con t ingen t c l a ims 

p l a y a prominent r o l e . The i r r e l e v a n c e p r o p o s i t i o n i s p r e s e n t e d , 

remarked upon, and proved i n S e c t i o n 3 . I t e s t a b l i s h e s c o n d i t i o n s 

under wh ich the amount o f the consumption good purchased by the 

government i n the open market f o r f i a t money and s t o r e d by the govern 

ment i s i r r e l e v a n t . 

As was t rue o f the o r i g i n a l a p p l i c a t i o n of the M o d i g l i a n i - M i l l e r 

theorem to co rpora te l i a b i l i t y s t r u c t u r e s , the i r r e l e v a n c e p r o p o s i t i o n 

i s u s e f u l f o r sugges t ing depar tu res from i t s assumpt ions . In S e c t i o n 

4 , I d e s c r i b e a depar ture tha t a r i s e s when the n o n n e g a t i v i t y r e s t r i c 

t i o n on p r i v a t e gross investment i s b i n d i n g , w h i l e , i n S e c t i o n 5 , I 

d e s c r i b e a depar tu re tha t a r i s e s when a l e g a l r e s t r i c t i o n on minimum 

money ho ld ings i s b i n d i n g . Open-market ope ra t i ons i n government bonds, 

i n c l u d i n g the r o l e of government p r i v a t e - s e c t o r t r a n s a c t i o n cos t 

asymmetr ies, are d i s c u s s e d i n S e c t i o n 6. Two common f e a t u r e s of 

depar tu res from the i r r e l e v a n c e p r o p o s i t i o n emerge: i f two d i f f e r e n t 

paths of the government 's p o r t f o l i o n e c e s s a r i l y imply d i f f e r e n t 

e q u i l i b r i a , then they a l s o imply d i f f e r e n t paths of f i s c a l p o l i c y . 

Moreover, at l e a s t one of the paths can be viewed as runn ing i n t o 

b a r r i e r s of one s o r t or another on p r i v a t e i n t e r m e d i a t i o n . 



1. The P h y s i c a l Environment 

Time i s d i s c r e t e and there i s a s i n g l e good. At each date t , 

a new genera t ion o f N( t ) 2 - p e r i o d - l i v e d i n d i v i d u a l s (genera t ion t ) 

appears . Each member h o f genera t i on t maximizes the expected 

v a l u e of u**( , ) , where the f i r s t (second) argument i s consumption 

of the good by h i n the f i r s t (second) p e r i o d o f l i f e and where 

xi1 i s s t r i c t l y i n c r e a s i n g , s t r i c t l y concave and tw ice d i f f e r e n t i a b l e . 

At each date t , there i s a new aggregate endowment of Y ( t ) > 0 

u n i t s o f the consumption good. Th is good may be consumed o r s t o r e d . 

I f K ( t ) _> 0 i s the aggregate amount p laced i n t o s to rage a t t , 

then Y(t+1) + K(t)x( t+1) i s the t o t a l amount a v a i l a b l e a t t+1, 

where x ( t+ l ) i s a random v a r i a b l e drawn independen t l y from p e r i o d 

to p e r i o d from a d i s c r e t e p r o b a b i l i t y d i s t r i b u t i o n : x ( t + l ) - x i > 0 

w i t h p r o b a b i l i t y f^; i - l , 2 , . . . , I . The I -e lement v e c t o r ( x ^ x ^ . . . , X j ) 

w i l l be denoted x . The va lue o f x ( t + l ) i s observed a f t e r t ime t 

s to rage i s determined and be fo re genera t i on t+1 appea rs . Note that 

K ( t ) i s the sum o f nonnegat ive p r i v a t e s torage^ K P ( t ) and nonnegat ive 

government s t o rage K ? ( t ) . 

The supp ly of f i a t money i s determined by the government. Changes 

i n i t do not r e q u i r e the expend i tu re of resources by the government 

and p r i v a t e s to rage of f i a t money n e i t h e r a f f e c t s i t s p h y s i c a l p r o p e r t i e s 

nor r e q u i r e s the expend i tu re of r e s o u r c e s . 
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2. The Market Scheme 

I w i l l d e s c r i b e the c o n d i t i o n s f o r a p e r f e c t f o r e s i g h t compe t i t i ve 

e q u i l i b r i u m i n terms o f t ime t markets f o r c la ims on t ime t+1 

consumption i n " s t a t e " x ( t+ l ) - x^. The members of gene ra t i on t 

i n t h e i r r o l e as consumers demand such c l a i m s . F i r m s , owned by members 

of gene ra t i on t i n t h e i r r o l e as p roduce rs , supp ly such c l a ims by 

s t o r i n g the consumption good and by s t o r i n g f i a t money. In g e n e r a l , 

the government announces a p o l i c y , i n c l u d i n g a lump-sum t a x - t r a n s f e r 

scheme, i n terms o f such c l a i m s . 

The Consumer's L i f e t i m e Choice Problem 

The consumer cho i ce prob lem o f the young of g e n e r a t i o n t i s 

d e s c r i b e d i n terms of the f o l l o w i n g n o t a t i o n : 

( c . ( t ) ( c 2 ^ ( t ) ) - The (1+1) element consumption v e c t o r of member 

h o f gene ra t i on t where c ^ ( t ) i s f i r s t -

p e r i o d consumption and c 2

h ( t ) • ( c j j ^ t ) , c ^ C t ) , . . . 

. . , C 2 j ( t ) ) , c 2 i ( c ) be ing second -pe r i od consumption 

i n " s t a t e " x ( t + l ) =• x ± . 

(w. ( t ) , v^(t)) - the cor respond ing (1+1) element endowment v e c t o r 

o f member h of genera t i on t , where 

w 2

h ( t ) - ( w 2 J ( t ) , w 2 2 ( t ) , . . . , w 2 I

h ( t ) ) . 

s ( t ) - the I -e lement v e c t o r ( s ^ t ) , s 2 ( t ) , . . . , s _ ( t ) ) 

where s ^ ( t ) i s the p r i c e a t t ime t of one 

u n i t o f t+1 consumption i n " s t a t e " x ( t + l ) • x^^ 

i n u n i t s of t ime t consumpt ion. 
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L a t e r , i t w i l l be conven ient to have a n o t a t i o n f o r the consumption 

a l l o c a t i o n and endowment a l l o c a t i o n of genera t i on t : l e t c ( t ) (w( t ) ) 

be the N ( t ) ( I + l ) - element v e c t o r c o n s i s t i n g of one (c^ ( t ) , c 2

h ( t ) ) 

((w^ ( t ) , w 2

h ( t ) ) ) v e c t o r f o r each member h o f g e n e r a t i o n t . 

A l l o f t h i s n o t a t i o n i s meant to a l l o w fo r p o s s i b l e dependence 

o f , say , s ( t ) on x ( t ) , x ( t - l ) and so on. For any v a r i a b l e * ( t ) , 

dependence on t i s used to denote p o s s i b l e dependence on x ( t ) , x ( t - l ) 

Th is i s a convenient n o t a t i o n because the young of gene ra t i on t make 

cho ices hav ing observed x ( t ) , x ( t - l ) , . . . . 

Member h o f genera t i on t i s assumed to choose a nonnegat ive 

where the v e c t o r m u l t i p l i c a t i o n i s i nne r -p roduc t m u l t i p l i c a t i o n . For 

s ( t ) and (w. ( t ) , w 2

h ( t ) ) t ha t imply a non-empty, bounded budget 

s e t , t he re i s a unique max imiz ing v e c t o r (c^ ( t ) , c 2

h ( t ) ) g i ven by 

the unique s o l u t i o n to (1) a t e q u a l i t y and 

to 

(1) C l

h ( t ) + s ( t ) c 2

h ( t ) < w ^ C t ) + s ( t ) w 2

h ( t ) 

(2) f I U 2 h [ c l h ( t ) ' C 2 i ( t ) ] " 8 i 

i - 1 , 2 

Th is i s a l l t ha t need be s a i d about consumer demand. 
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The Choice Problem o f F i rms 

In t h e i r r o l e as p roduce rs , members of gene ra t i on t may enter 

one o r bo th of two l i n e s of b u s i n e s s at t ime t : s t o r i n g the consump

t i o n good or s t o r i n g money. In each l i n e , any producer maximizes 

p r o f i t as a p r i c e - t a k e n w i t h rega rd to s ( t ) and the t ime t and 

t ime t+1 p r i c e s of money. 

P r o f i t i n terms of t ime t consumption from s t o r i n g k ^ 0 

u n i t s o f the consumption good i s s ( t ) x k - k. S i n c e t h i s i s l i n e a r 

i n k, the c o n d i t i o n tha t s to rage be f i n i t e i n any e q u i l i b r i u m i m p l i e s 

as an e q u i l i b r i u m c o n d i t i o n 

(3) s ( t ) x < l 

a c o n d i t i o n tha t must ho ld w i t h e q u a l i t y i f t o t a l p r i v a t e s t o r a g e , 

K p ( t ) , i s p o s i t i v e . 

I f p ( t ) i s the p r i c e of a u n i t of money a t t ime t i n u n i t s 

of t ime t consumption and p ( t+ l ) i s the p r i c e o f a u n i t of money 

a t t ime t+1 i n terms o f t ime t+1 consumption (a f u n c t i o n of 

x ( t + l ) as o f t ime t ) , then p r o f i t i n terms of t ime t consumption 

from s t o r i n g m _> 0 u n i t s o f f i a t money i s s ( t ) p ( t + l ) m - m. S ince 

t h i s I s l i n e a r i n m, f i n i t e n e s s o f the supply of money i m p l i e s that 

p r i c e s i n any compe t i t i ve e q u i l i b r i u m s a t i s f y 

(4) s ( t ) p ( t + l ) = p ( t ) 

We may w r i t e e q u a l i t y h e r e , because i f f i rms s t o r e no money, then 

demand f a l l s shor t of supply and p ( t ) • 0. 
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Government P o l i c y Rules 

Government p o l i c y i s a s p e c i f i c a t i o n a t t ime t -1 a f t e r x ( l ) 

has been observed of p a t h s , p o s s i b l y c o n t i n g e n t , f o r government 

consumption a t t , G( t ) _> 0 ; the endowment v e c t o r f o r gene ra t i on 

t» w ( t ) ; government s t o rage a t t , K 8 ( t ) ; and the money supp ly 

a t t , M( t ) _> 0. For t > l and each x ( t ) i n x , t hese a re 

chosen sub jec t to 

(5) K 8 ( t ) + G( t ) - T ( t ) + K 8 ( t - l ) x ( t ) + p ( t ) [ M ( t ) - M ( t - l ) ] 

Here T ( t ) , t o t a l lump-sum taxes minus t r a n s f e r s a t t , I s de f i ned 

by 

T ( t ) - Y ( t ) - E ^ N t ) - V 2 i h ( t ' 1 ) 

and M(0) , w(0) ( the endowment of the o l d a t t - 1 ) , and K 8 ( 0 ) a re 

assumed g iven as i n i t i a l c o n d i t i o n s . (The summations over h a r e 

over the members o f gene ra t i on t and t - 1 , r e s p e c t i v e l y , a conven t ion 

t ha t w i l l be used th roughout . ) 

P e r f e c t F o r e s i g h t Compet i t i ve E q u i l i b r i u m 

The ques t i on o f f o r e s i g h t a r i s e s w i t h regard to p ( t + l ) i n (4) 

and w i t h regard to w 2

h ( t ) In (1 ) . P e r f e c t f o r e s i g h t r e q u i r e s that 

the ± - th element of p ( t+ l ) i n (4) equal the e q u i l i b r i u m p r i c e of 

money at t+1 i n " s t a t e " x ( t + l ) • x̂ ^ and tha t the w 2

h ( t ) v e c t o r 

on the b a s i s o f wh ich h chooses a t t be r e a l i z e d at t+1. Put 

f o r m a l l y , t hen , f o r s p e c i f i e d government p o l i c y c o n s i s t i n g of a 

p o s s i b l y con t ingen t sequence ( G ( t ) , w ( t ) , K 8 ( t ) ) d e f i n e d f o r 
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t > 1, a p e r f e c t f o r e s i g h t compe t i t i ve e q u i l i b r i u m c o n s i s t s of 

nonnegat ive sequences c ( t - l ) , s ( t ) , K ( t ) > K g ( t ) , p ( t ) and M(t) 

t ha t f o r a l l t > 1 s a t i s f y (1) a t e q u a l i t y and (2) f o r each h, 

(3) - (5) and 

(6) V C 2 i ( t ) " w 2 i ( t > > " K P ( t ) x ( t + l ) + p ( t+ l )M( t ) 

f o r each x ( t+ l ) i n x . The LHS of (6) i s the aggregate excess 

demand o f consumers f o r consumption a t t+1 i n s t a t e x ( t + l ) - x 

w h i l e the RHS i s the supply o f such consumption by f i r m s . 
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3 . The I r r e l e v a n c e P r o p o s i t i o n . 

The p r o p o s i t i o n to be proved i s as f o l l o w s : 

^ l f \ ( c ( t - l ) , i ( t ) , K ( t ) , p ( t ) , M( t ) } i s an e q u i l i b r i u m w i th 

p ( t ) > 0 f o r a l l t _> 0 f o r the p o l i c y ( G ( t ) , w ( t ) , K g ( t ) } -

( G ( t ) , w ( t ) , 0} , then { c ( t - l ) , i ( t ) , K ( t ) , p ( t ) , M(t ) } i s an 

e q u i l i b r i u m f o r the p o l i c y {G ( t ) , w ( t ) , K 8 ( t ) } , where { ^ ( t ) } 

i s any nonnegat ive sequence bounded by (K ( t ) } and (w(t ) } i s 
•• .1 

any w(t ) sequence tha t f o r a l l t > 1 s a t i s f i e s 

: **o — 

*K' (a) l^ r^Ct) - ^ N t ) 

(b) 2 h [ w 2 J ( t ) - w 2 J ( t ) ] - K 8 ( t ) [ x ( t + 1 ) - p ( t + l ) / p ( t ) ] 

f o r a l l x ( t + l ) i n x . 

(c) W l

h ( t ) + i ( t ) w 2

h ( t ) - W ; L

h ( t ) + i ( t ) w 2

h ( t ) 

f o r a l l h . 

(The n o t a t i o n " { ' ( t ) } " means a sequence d e f i n e d f o r a l l t _> 1.) 

Be fo re g i v i n g a p r o o f , i t i s wor th n o t i n g t h a t the p r o p o s i t i o n 

i s not vacuous. Nonvacuousness i s e s t a b l i s h e d by showing ( i ) t h a t 

there e x i s t economies hav ing e q u i l i b r i a w i t h p ( t ) > 0 f o r a l l t 

and K ( t ) > 0 f o r at l e a s t some t when K 8 - 0 ; and ( i i ) showing 

tha t there always e x i s t s a (w(t ) } tha t s a t i s f i e s (a) - ( c ) . 

( i ) An example. P h y s i c a l env i ronment : For a l l t , N( t ) - N, 

Y ( t ) = yN > 0 and u ( a ^ z£ =• l a z 1 + l n z 2 f o r a l l h; 

x = ( X l , x 2 ) - ( 0 . 5 , 2.0) and f - f - 0 .5 . 
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P o l i c y : For a l l t _> 1, G( t ) - K 8 ( t ) - 0 and w h ( t ) - y , 

w 2 i ( t ) = 0 f o r a 1 1 1 a n d h ' 

E q u i l i b r i u m : For a l l t > 1 , ( s ^ t ) , s 2 ( t ) ) = ( 2 / 3 , 1 /3 ) , 

K ( t ) /N - y / 4 , M(t) - M ( l ) , p ( t ) M ( l ) / N - y /4 and 

( C ; L

h ( t ) , c 2 J ( t ) , c 2 2 ( t ) ) - ( y / 2 , 3 y / 8 , 3y /4) f o r a l l 

h. 

( i i ) E x i s t e n c e o f {w(t)>. One such sequence i s g i v e n by 

W l h ( t ) " * l h ( t ) ; W 2 i ( t ) ' * 2 i ( t ) " K 8 ( t ) [ x ( t + l ) - 5 ( t + l ) / i ( t ) ] / N ( t ) 

f o r a l l h , i and t > 1. Th i s o b v i o u s l y s a t i s f i e s (a) and (b ) . 

To show tha t i t s a t i s f i e s ( c ) , c o n s i d e r f o r t h i s scheme 

i 1 ( t ) [ w 2 1 ( t ) - w 2 i ( t ) ] - K g ( t ) [ i i ( t ) x ( t + 1 ) - i i ( t ) 5 ( t + l ) / i ( t ) ] / N ( t ) 

Upon summing both s i d e s over i and u s i n g (4 ) , we get 

i ( t ) [ w 2

h ( t ) - w 2

h ( t ) ] - £ 8 ( t ) [ i ( t ) x - 1 ] /N ( t ) 

But t h i s i s zero because K 8 ( t ) > 0 i m p l i e s K ( t ) > 0 and, hence, 

(3) a t e q u a l i t y . T h i s , i n t u r n , i m p l i e s t ha t the s p e c i f i e d w(t ) 

s a t i s f i e s c o n d i t i o n ( c ) . 

Proof By c o n d i t i o n ( c ) , i f c ( t ) , s ( t ) and w(t) s a t i s f y (1) a t 

e q u a l i t y and (2 ) , then so do c ( t ) , s ( t ) and w ( t ) . Moreover (3) and 

(4) h o l d a t e q u a l i t y a t the p r i c e s s ( t ) , p ( t ) w i t h K p ( t ) - K ( t ) - K 8 ( t ) . 

A l l t ha t remains , then, i s to show tha t (6) i s s a t i s f i e d by the M(t) 

imp l i ed by (5) w i t h p ( t ) - p ( t ) . 

To f i n d M ( t ) , s u b t r a c t (5) f o r the K g ( t ) = 0 p o l i c y from (5) 

f o r the K 8 ( t ) = K 8 ( t ) p o l i c y to get 
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(7) K 8 ( t ) - T ( t ) - f ( t ) + K 8 ( t - l ) x ( t ) + 5 ( t ) [ M ( t ) - M ( t - l ) - M ( t ) + M ( t - l ) ] 

S ince M(0) , K 8 ( 0 ) and w 2 i ( 0 ) are f i x e d by i n i t i a l c o n d i t i o n s , 

c o n d i t i o n (a) i m p l i e s T ( l ) - f ( l ) . Thus, f o r t = l , (7) becomes s imp ly 

(8) K 8 ( t ) - p ( t ) [ M ( t ) - M ( t ) ] 

We now show by i n d u c t i o n tha t (8) ho lds f o r a l l t _> 1. I f (8) ho lds 

f o r some t > 1 , then (7) f o r t • t+1 i s 

(9) K 8 ( t+1) - T(t+1) - T(t+1) + K 8 ( t ) x ( t + 1 ) + p ( t+ l ) [M( t+ l ) - M(t+1)] 

- K 8 ( t ) p ( t + l ) / i ( t ) 

Bu t , f o r a l l t 

T(t+1) - f ( t + l ) - ^ [ ^ ( t ) - w 2 J ( t ) ] - K 8 ( t ) [ x ( t + 1 ) - p"(t+l)/p"(t)] 

where the f i r s t e q u a l i t y f o l l o w s from c o n d i t i o n (a) and the second from 

c o n d i t i o n (b ) . Upon s u b s t i t u t i n g t h i s i n t o ( 9 ) , we get (8) f o r t • t+1 

as r e q u i r e d . 

Now, by the hypo thes i s o f the p r o p o s i t i o n (see ( 6 ) ) , 

Z h * 2 i ( t ) ' Z h " 2 i ( t ) " K ( t ) x ( t+1 ) + p ( t+ l )M( t ) 

Upon s u b s t i t u t i n g f o r ^ . v 2 i ^ c ) f rom c o n d i t i o n (b ) , we have 

Z hc 2JL<t) " I h w 2 i ( t ) = [ * ( t ) " K 8 ( t ) ] x ( t + 1 ) + p ( t+ l ) [M ( t ) + K 8 ( t ) / p " ( t ) ] 

F i n a l l y , u s i n g ( 8 ) , we get 

^ ( t ) - E j W 2 1 ( t ) = [K( t ) - K 8 ( t ) ] x ( t + 1 ) + p ( t+ l )M( t ) 

which i s (6) f o r the a s s e r t e d e q u i l i b r i u m under the K 8 ( t ) p o l i c y . Th is 

completes the p roo f . 
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Before go ing on to d i s c u s s v a r i o u s depar tu res from the assumpt ions 

o f the i r r e l e v a n c e p r o p o s i t i o n , I want to comment on the sense i n which 

the w(t ) scheme ho lds f i s c a l p o l i c y f i x e d . 

In g e n e r a l , d i f f e r e n t paths o f the government 's p o r t f o l i o imply 

co r respond ing l y d i f f e r e n t paths o f i n t e r e s t earn ings f o r the government. 

Cons i s ten t w i t h the s tandard n a t i o n a l - i n c o m e - a c c o u n t s p r a c t i c e of 

t r e a t i n g net i n t e r e s t r e c e i v e d by the government as a component of 

taxes minus t r a n s f e r s , unchanged f i s c a l p o l i c y i n the f a c e of a l t e r n a t i v e 

paths f o r the government 's p o r t f o l i o c a l l s f o r adjustments i n o ther 

components o f taxes minus t r a n s f e r s . The w(t ) sequence c o n s t i t u t e s 

such an ad jus tment . 

As shown i n the p roo f , c o n d i t i o n s (a) and (b) on {w(t)} imply 

equa t ion (8) f o r a l l t _> 1 : the pa th of ne t government wea l th a t 

( p ( t ) } i s una f f ec ted by the pa th of the government 's p o r t f o l i o — 

p ( t )M ( t ) i s ne t government indebtedness under the K 8 ( t ) • 0 p o l i c y 

w h i l e p ( t ) M ( t ) - K g ( t ) i s ne t government indebtedness under the 

a l t e r n a t i v e p o l i c y . But to get i r r e l e v a n c e , i n a d d i t i o n to ho ld ing 

the path o f " agg rega te " f i s c a l p o l i c y f i x e d , the d i s t r i b u t i o n a l aspec ts 

o f f i s c a l p o l i c y must a l s o be h e l d f i x e d . T h i s i s accompl ished by 

c o n d i t i o n ( c ) . Indeed, i f one adopts (8) f o r a l l t =1 1 and c o n d i t i o n 

(c) as a d e f i n i t i o n o f h o l d i n g f i s c a l p o l i c y c o n s t a n t , then the 

i r r e l e v a n c e p r o p o s i t i o n can be viewed as (I) g i v i n g c o n d i t i o n s under wh ich 

f i s c a l p o l i c y can be h e l d f i x e d ; and ( i i ) showing tha t i f f i s c a l 

p o l i c y i s i n f a c t h e l d f i x e d , then i r r e l e v a n c e h o l d s . In t h i s c o n n e c t i o n , 

note tha t an easy i n d u c t i o n argument shows tha t c o n d i t i o n (c) and 

equa t ion (8) f o r a l l t >_ 1 imply c o n d i t i o n s (a) and (b) . Moreover, 

equa t ion (8) can be taken as s u p p l y i n g a d e f i n i t i o n of " e a r n i n g s " on 

a l t e r n a t i v e p o r t f o l i o s . 
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4 . B i n d i n g Nonnega t i v i t y of P r i v a t e Storage 

I f K g ( t ) > K ( t ) f o r some t , then the re i s no v a l u e o f K p ( t ) 

c o n s i s t e n t w i th unchanged t o t a l accumula t ion a t t and i r r e l e v a n c e 

cannot h o l d . Moreover , i n s imp le examples a t l e a s t , K 8 ( t ) > K ( t ) 

amounts to a subs idy on s to rage f i nanced by lump-sum taxes w i t h the 

subs idy be ing g r e a t e r and the p r i c e o f money lower the g r e a t e r i s K 8 . 

We w i l l i l l u s t r a t e t h i s f o r the economy of the example g iven i n 

the l a s t s e c t i o n except that we now assume K 8 ( t ) / Y ( t ) • 6, w_^(t) • 

9 y [ x ( t + l ) - l ] f o r a l l h and t > l and \v^(0) - K 8 ( 0 ) x ( l ) . For each 

9 i n [0 , 1 / 2 ] , t he re i s . a s t a t i o n a r y e q u i l i b r i u m w i t h p ( t ) =» p, 0 f o r 

a l l t _> 1.—^ For 9 1 /4 , the i r r e l e v a n c e p r o p o s i t i o n h o l d s . For 

9 > 1 /4 , the s t a t i o n a r y s o l u t i o n i s found by f i r s t s o l v i n g the 

r e l e v a n t v e r s i o n s o f ( 1 ) , ( 2 ) , ( 4 ) , and (6) w i t h K p ( t ) => 0 f o r 

C l h ' C 2 1 * C 2 2 ' BV S 2 a n d ^ P 9 M 9 ^ ' ~ / ' 1 1 1 6 1 1 p 9 1 1 1 3 7 b e f o u n d u s i l l g 

the r e l e v a n t v e r s i o n o f (5 ) ; namely, 

(10) 9y - P Q M Q / N - ( p 5 / H ) ( p e / p ) = p Q M e / N - ( y / 4 ) ( p Q / 5 ) 

where p and M are the e q u i l i b r i u m va lues f o r K 8 - 0 . Without 

d i s p l a y i n g the n u m e r i c a l s o l u t i o n s , we can show tha t p . / p < 1 ~~"="~ 
9 

f o r some 9. 

In a s t a t i o n a r y e q u i l i b r i u m f o r t h i s economy 

(11) y « c L ( t ) + K 8 / N + (p f i /N ) (p e / p ) - c x ( t ) + 9y + (y/4) ( p ^ i ) 

which s imp ly d e s c r i b e s the d i s p o s i t i o n o f the per c a p i t a endowment of 

the young a t t • 1, p Q M/N be ing the amount tha t goes to the cu r ren t 

o l d . For t h i s example, c ^ t ) i s equa l to h a l f of w e a l t h , which by 

(1) and (4) i m p l i e s 
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(12) C ; L ( t ) - y - e y ( l - s x ) > y - 9y/2 

The i n e q u a l i t y f o l l o w s from n o t i n g tha t sx i s a minimum at s ^ - 1 

f o r s s a t i s f y i n g (4 ) . T h i s i n e q u a l i t y and (11) imply p a / p < (2 -3 /6 ) 
8 — 

or p Q / p < 1 f o r 6 > 1 /3 . 

An a l t e r n a t i v e way to generate s t a t i o n a r y e q u i l i b r i a w i t h 9 > 1/4 

i s to t r e a t ( P Q / P ) a s a p o l i c y i ns t rumen t ; the i n t e r p r e t a t i o n i s tha t 
the government announces a p r i c e o f money, p , s a t i s f y i n g 0 < p . / p < 1 

9 8 

at which i t i s w i l l i n g to s e l l (or buy) money i n exchange f o r the 

consumption good a t any t ime . The e q u i l i b r i u m i s found by s o l v i n g (10) 

and the r e l e v a n t v e r s i o n s o f ( 1 ) , ( 2 ) , ( 4 ) , (6) and K P ( t ) - 0 f o r 

9, c*, c 2 J , c 2 2 \ s r s 2 and p Q M Q . 

There i s , o f cou rse , no th ing " n e u t r a l " about a l t e r n a t i v e v a l u e s 

o f Pg/p accompl i shed i n e i t h e r o f these e q u i v a l e n t ways, a po i n t I 

w i l l comment on a t the end o f the next s e c t i o n . 
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5 . G l o b a l l y B ind ing L e g a l Minimum Money Ho ld ings 

The model d e s c r i b e d i n s e c t i o n 2 i s one o f v o l u n t a r i l y - h e l d 

money, equa t ion (4) be ing a consequence. In f a c t , equa t ion (4) 

i s a consequence i f some money i s h e l d v o l u n t a r i l y . But i t i s easy 

to c o n s t r u c t a model and t he re may be h i s t o r i c a l i n s t a n c e s i n which 

money i s h e l d on l y to meet p r e s c r i b e d l e g a l r e s t r i c t i o n s . In such 

s i t u a t i o n s , money can have v a l u e In an e q u i l i b r i u m w i t h the LHS of 

(4) l e s s than the RHS and i r r e l e v a n c e need not h o l d . 

I w i l l i l l u s t r a t e the n o n i r r e l e v a n c e p o s s i b i l i t y by way o f an 

example w i t h a " r e s e r v e requ i remen t " : s to rage of k u n i t s o f the 

consumpt ion good from t t o t+1 must be accompanied by s to rage 

o f money f rom t to t+1 whose v a l u e a t t i s a t l e a s t equa l to 

pk f o r p _> 0 . The p h y s i c a l environment o f the economy I use i s 

N( t ) - 1 and Y ( t ) - y > 0 f o r a l l t , uh(cv c 2 ) - u ( c r c 2 ) w i t h 

c^ and c 2 be ing normal goods, and x - (x^) • x > 1. For p o l i c y I 

assume G( t ) - 0 , K 8 ( t ) - K 8 , v ^ t ) - y and w 2

h ( t ) - K 8 ( x - 1 ) 

f o r a l l t > 1, and EjV^CO) - K 8 ( 0 ) x ( l ) . I w i l l d e s c r i b e the 

dependence o f the s t a t i o n a r y e q u i l i b r i u m on the parameter K 8 . 

At any p r i c e s , p r o f i t f rom s t o r i n g k u n i t s of the consumption 

good f rom t to t+1 c o n s i s t s o f the p r o f i t f rom s t o r i n g the good 

and the p r o f i t from s t o r i n g the r equ i r ed money; namely, (sx - l ) k 

+ [ s p ( t + l ) / p ( t ) - l ]pk. I t f o l l o w s tha t a t p ( t+ l ) - p ( t ) = p > 0, 

s _< (l+p)/(x+p) < 1 i n any compe t i t i ve e q u i l i b r i u m . I t a l s o f o l l o w s 

tha t no a d d i t i o n a l money i s s t o r e d a t any p ( t+ l ) • p ( t ) • p > 0 . 

That be ing s o , the r e l e v a n t v e r s i o n o f (6) i m p l i e s c 2 - ( x -p )K P + 

K 8 ( x - 1 ) . Th i s and (1) imply c. - y - ( l+p)K P . Then, l e t t i n g 
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v ( c ^ , c 2 ) denote the f u n c t i o n ^ ( c ^ c 2 ) / u 2 ( c 1 , c 2 > , we may 

summarize (1) - (4) and (6) by c o n d i t i o n 

(13) v [y - ( l+p)K P , (x+p)KP + K 8 ( x - 1 ) ] - (x+p)/(l+p) i f K P > 0. 

A second c o n d i t i o n on K p and K 8 (and p) i s the r e l e v a n t 

v e r s i o n of (5) , 

(14) K 8 - pKP - pM 

Here M i s what the money supp ly would be i f K 8 - 0 . S ince pM > 0 , 

t h i s i m p l i e s K 8 _< pK p . 

Our f i r s t t ask i s to f i n d the p a i r s ( K 8 , K P ) t h a t s a t i s f y t h i s 

i n e q u a l i t y and (13 ) . The b o l d f aced curve i n F i g u r e 1 c o n s t i t u t e s t h i s 

set.—^ I t f o l l o w s tha t f o r any K 8 i n [0, K * ) , t he re e x i s t s a 

s t a t i o n a r y e q u i l i b r i u m ; f i n d K P f rom (13) and , t h e n , p from (14) . 

I t i s immediate tha t p i s d e c r e a s i n g K 8 . 

I n t h i s example and tha t o f the l a s t s e c t i o n , open market o p e r a t i o n s 

have the u s u a l l y a s s e r t e d q u a l i t a t i v e e f f e c t s on the p r i c e of money. 

Th is i m p l i e s t ha t the w e l f a r e o f the cu r ren t o l d (at t - 1 ) i s a f f e c t e d 

i n a s i m i l a r way by such o p e r a t i o n s . But the re the s i m i l a r i t y ends. 

In s e c t i o n 4 , K 8 > K i m p l i e s net taxes on the young and, i n s imp le 

examples, makes everyone worse o f f than they a re w i t h Kj~_< K. In 

t h i s s e c t i o n , > 0 i m p l i e s a net subs idy to the young and makes 

them b e t t e r o f f than w i t h K 8 - 0. Note tha t i n both c a s e s , unchanged 

f i s c a l p o l i c y i s not c o n s i s t e n t w i t h d i f f e r e n t government p o r t f o l i o s . 

Note a l s o tha t open market ope ra t i ons seem to be c o n s i s t e n t w i t h 

" n e u t r a l i t y " i n the sense of an unchanged r e a l e q u i l i b r i u m on l y when 

the i r r e l e v a n c e p r o p o s i t i o n h o l d s . When ir. h o l d s , " n e u t r a l i t y " i s 

accompanied by an unchanged p r i c e of money. 
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F i g u r e 1 

K K 8 /p 

(13) 

(13) 

K 
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6. Government Bonds and P r i v a t e Versus Government I n t e r m e d i a t i o n Costs 

So f a r I have d e s c r i b e d open-market ope ra t i ons i n ( t i t l e s to ) r e a l 

c a p i t a l . In the Un i t ed S t a t e s , open-market ope ra t i ons a re l a r g e l y 

conducted i n government bonds, wh ich f o r t h i s d i s c u s s i o n , I assume 

take the form o f d e f a u l t - f r e e , zero coupon t i t l e s to f i a t money i n 

the f u t u r e (d i scoun t bonds) . 

In o rde r f o r open-market ope ra t i ons i n such bonds to m a t t e r , i t 

i s necessa ry tha t these bonds not a lways s e l l a t f a c e v a l u e . But 

g e t t i n g c o e x i s t e n c e of v o l u n t a r i l y - h e l d f i a t money and i n t e r e s t - b e a r i n g 
4 / 

bonds i s no t easy.— Cons ider a bond which a t t ime t i s a t i t l e to 

one d o l l a r a t t ime t+k. A t t ime t+k -1 , i t and one d o l l a r a re both 

t i t l e s to one d o l l a r a t t+k. Hence, i f bo th are h e l d , then the bond 

must s e l l f o r one d o l l a r a t t+k -1 . By i n d u c t i o n , t h e n , the bond must 

s e l l f o r one d o l l a r a t t ime t . I t seems ev iden t tha t to a v o i d t h i s 

one must somehow p l a c e b a r r i e r s i n the way o f t r a d i n g i n bonds. 

The n e c e s s i t y to r e s t r i c t bond t r a d i n g i s , o f c o u r s e , one o f the 

messages o f the i n v e n t o r y models of money demand (Baumol (1952) , Tobln 

(1956), M i l l e r - O r r (1966)) . In those models, i n d i v i d u a l s and f i r m s 

r e q u i r e money i n o rde r to make pu rchases . Why, though, cannot gove rn 

ment bonds be " s p e n t " ? One answer i s t ha t bonds a re not " s p e n t " 

because they a re a v a i l a b l e on l y i n l a r g e , i n c o n v e n i e n t l y s i z e d denomin

a t i o n s . 

To conv ince Y o u r s e l f t ha t t h i s i n d i v i s i b i l i t y i s the o n l y t h i n g 

tha t makes bonds d i f f e r e n t f rom cu r rency , c o n s i d e r the f o l l o w i n g 

h y p o t h e t i c a l s i t u a t i o n s . Suppose the F e d e r a l Reserve stood ready to 

conver t on demand l a r g e denominat ion Treasury B i l l s i n t o s m a l l 
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denominat ion b i l l s t ha t a re e q u i v a l e n t i n terms o f f a c e v a l u e and 

m a t u r i t y d a t e . Would T reasury B i l l s s e l l a t a d i s c o u n t i n such 

c i rcumstances? A l t e r n a t i v e l y , Imagine tha t the F e d e r a l Reserve 

ceased i s s u i n g cur rency i n any th ing but t h o u s a n d - d o l l a r denominat ions . 

Absent a p r o h i b i t i o n , the re would presumably appear p r i v a t e s e c t o r , 

one -hundred -pe rcen t - rese rve i n t e r m e d i a r i e s who, on the model of mutual 

f u n d s / w o u l d i s s u e s m a l l e r denomina t ions . In such c i r c u m s t a n c e s , the 

t h o u s a n d - d o l l a r b i l l would s e l l a t a d i scoun t i n terms of s m a l l e r 

denominat ion i n t e rmed ia r y l i a b i l i t i e s . — Indeed, t h i s s i t u a t i o n would 

be approximated i f the F e d e r a l Reserve were to charge f o r new cur rency 

i n a way tha t r e f l e c t s i t s c o s t s , a p r o p o s a l now under c o n s i d e r a t i o n . 

I f government bonds s e l l a t a d i scoun t on l y because they a re 

i s s u e d i n l a r g e denominat ions wh ich on the margin at l e a s t have t o 

be i n te rmed ia ted by the p r i v a t e s e c t o r u s i n g a c o s t l y t echno logy , then 

one i s immediate ly l e d to ask whether the government shou ld ever i s s u e 

such t h i n g s . I f government resou rce c o s t s do not depend on the 

compos i t i on of i t s l i a b i l i t i e s , then, p r i c e d i s c r i m i n a t i o n c o n s i d e r a t i o n s 

a s i d e , i t shou ld n o t . Indeed, t h i s answer i s i m p l i e d by the i nven to ry 

models o f money demand. An i n c r e a s e i n bonds and a decrease i n money 

i n those models i s accompanied by an i n c r e a s e i n the y i e l d on bonds 

s u f f i c i e n t to induce a d d i t i o n a l t r i p s - t o - t h e - b a n k , a d d i t i o n a l phone 

c a l l s to the b roke r , and so on . The h igher i n t e r e s t on bonds must be 

f i nanced by h ighe r t a x e s , the e f f e c t be ing a h ighe r subs i dy on t r i p s -

to - the -bank f i nanced by h i ghe r t a x e s . E x p l i c i t g e n e r a l e q u i l i b r i u m 

e x p o s i t i o n s o f t h i s s o r t of d i s t o r t i o n are g iven i n Bryant and 

Wa l lace (1979 a , b ) . 



- 2 0 -

Th i s p a r t i c u l a r asymmetry — namely, bonds impose resource c o s t s 

on the p u b l i c but do not a l l o w the government any c o s t s a v i n g s — i s 

f a r - f e t ched .—^ K l e i n (1973) argued tha t any i s s u e r i s induced to i s s u e 

l a r g e denominat ion s e c u r i t i e s on l y because i s s u i n g s m a l l e r denominat ions 

would i n v o l v e a d d i t i o n a l r esou rce c o s t s . C e r t a i n l y , F e d e r a l Reserve 

Bank money departments (cur rency hand l i ng depar tments) use up r e s o u r c e s . 

Indeed, s u f f i c i e n t symmetry would g i v e r i s e to the i r r e l e v a n c e r e s u l t . 

I t i s p o s s i b l e t ha t more government bonds and l e s s cu r rency ou ts tand ing 

i m p l i e s no more than a s h i f t of i n t e r m e d i a t i o n a c t i v i t i e s from the 

government to the p r i v a t e s e c t o r w i t h the a d d i t i o n a l i n t e r e s t cos t 

to the government b e i n g matched by reduced government consumpt ion i n 

the form of reduced resou rce expend i tu res on p r o c e s s i n g c u r r e n c y . 

Whether o r not such symmetry h o l d s , the a n a l y s i s o f open-market 

ope ra t i ons i n government bonds i n models t ha t a re c o n s i s t e n t w i t h the 

c o e x i s t e n c e o f v o l u n t a r i l y h e l d va lued money and i n t e r e s t bea r i ng 

bonds i s ve ry d i f f e r e n t f rom the a n a l y s i s o f open-market ope ra t i ons 

i n t y p i c a l macroeconomic models . Wh i l e the l a t t e r pay l i p s e r v i c e to 

the i n v e n t o r y models o f money demand, t h e i r r e s u l t s seem s u s p i c i o u s l y 

l i k e those tha t would come from a model w i t h a g l o b a l l y b i n d i n g 

l e g a l r e s t r i c t i o n on minimum money h o l d i n g s . For example, a c a r e f u l 

drawing out of the i m p l i c a t i o n s of the i nven to ry models o f money demand 

has to r ecogn i ze tha t accompanying a l t e r a t i o n s i n the i n t e r e s t r a t e 

on s a f e a s s e t s must be a l t e r a t i o n s i n the amount of r e s o u r c e s expended 

on t r i p s - t o - t h e - b a n k . T h i s , i n t u r n , a l t e r s the amount of output 

a v a i l a b l e f o r consumption and inves tment . 
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Conc lud ing Remarks 

Most economists are aware of c o n s i d e r a b l e ev idence showing tha t 

the p r i c e l e v e l and the amount of money a re c l o s e l y r e l a t e d . That 

ev idence , though, does not imply t h a t the i r r e l e v a n c e p r o p o s i t i o n Is 

i n a p p l i c a b l e to a c t u a l economies. The i r r e l e v a n c e p r o p o s i t i o n a p p l i e s 

to asse t exchanges under some c o n d i t i o n s . Most o f the h i s t o r i c a l 

v a r i a t i o n i n money s u p p l i e s has not come about by way of a s s e t exchanges; 

go ld d i s c o v e r i e s , bank ing p a n i c s , and government d e f i c i t s and s u r p l u s e s 

account f o r much o f i t . Noth ing i n the models f o r wh ich the i r r e l e v a n c e 

p r o p o s i t i o n ho lds den ies tha t such occur rences a l t e r the p r i c e l e v e l 

i n the u s u a l way. The a p p l i c a b i l i t y of the i r r e l e v a n c e p r o p o s i t i o n 

can , perhaps, be judged by examin ing p e r i o d s of exogenous asse t exchanges. 

Two ep isodes tha t come to mind a re the 1920 's F e d e r a l Reserve go ld 

s t e r i l i z a t i o n program and the l a r g e purchases o f government bonds by 

the F e d e r a l Reserve i n the pos t World War I I p r e - a c c o r d p e r i o d . 

Perhaps the main p lea to be made f o r the i r r e l e v a n c e p r o p o s i t i o n 

i s t ha t i t , and the environments i n wh ich i t h o l d s , shou ld se rve as 

the s t a r t i n g p o i n t f o r ana lyses of government asse t exchanges. T h i s 

i s the same p l e a t h a t i s made f o r the M o d i g l i a n i - M i l l e r theory as a 

theory o f co rpo ra te l i a b i l i t y s t r u c t u r e s . The a p p l i c a b i l i t y of 

complete c o m p e t i t i v e markets to open market ope ra t i ons seems no more 

f a r - f e t c h e d than i t s a p p l i c a b i l i t y to co rpo ra te l i a b i l i t y s t r u c t u r e s . 

A f t e r a l l , economies of complete c o m p e t i t i v e markets a re ones i n which 

a p r o h i b i t i o n on the I n s t i t u t i o n o f l i m i t e d l i a b i l i t y does not ma t te r . 

Th i s l a s t i m p l i c a t i o n seems, i f a n y t h i n g , more f a r - f e t c h e d than the 

n o t i o n that i t mat te rs l i t t l e whether o r not the government stands 

ready to conver t i t s l a r g e denominat ion l i a b i l i t i e s i n t o a wide range 

o f equ i va len t s m a l l e r denominat ion l i a b i l i t i e s . 
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Footnotes 

— I t i s no t t r u e tha t 1/2 i s an upper bound on 8. An (una t t a i nab le ) 

upper bound i s 2 / 3 . 

& The s o l u t i o n f o r s x i s [58/2 - 2 + 2(1 + 8/2 + 7 3 8 2 ) ^ ] / 6 8 . 

One must, of c o u r s e , v e r i f y tha t the ( s ^ , s 2 ) s o l u t i o n s a t i s f i e s 

( 3 ) . 

3 / 

— That (13) i s as p i c t u r e d f o l l o w s from and c 2 be ing normal 

goods, wh ich i m p l i e s v^ < 0 , v 2 > 0 . 

4 / 

— The word v o l u n t a r y i s c r u c i a l . I n the p resence of a g l o b a l l y b i n d i n g 

r e s t r i c t i o n on minimum money h o l d i n g s , i t i s easy to get t h i s 

c o e x i s t e n c e . Fo r example, i n the model of S e c t i o n 5 , a s m a l l 

amount o f one -pe r iod government bonds t h a t do not q u a l i f y as 

r e s e r v e s s e l l s a t ( l+p)/ (x+p) pe r d o l l a r o f f a c e v a l u e . 

— In te rmed ia ry l i a b i l i t i e s have the f o l l o w i n g fo rm. Upon demand, 

the i n t e rmed ia r y pays out a $1,000 F e d e r a l Reserve note i n exchange 

f o r i t s no tes w i t h a t o t a l f a c e v a l u e e q u a l to $1,000. I n g e n e r a l , 

though, when p resen ted w i t h a $1,000 F e d e r a l Reserve n o t e , i t pays 

out i t s own notes w i t h a t o t a l f a c e v a l u e l e s s than $1 ,000 , o r , 

e q u i v a l e n t l y , charges a f e e f o r i t s own n o t e s . 

— 1 am i ndeb ted to Robert E. Lucas , J r . of the U n i v e r s i t y of Chicago 

and to my c o l l e a g u e , C h r i s t o p h e r A . Sims f o r emphasiz ing the 

a r b i t r a r i n e s s o f t h i s asymmetry. 
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C o r r e c t i o n s f o r " A M o d i g l i a n i - M i l l e r Theorem f o r Open M a r k e t O p e r a t i o n s 

pane 1 - - l i n e 9 : change " p 0 " to " P Q > 0 " 

\jjst term i n e q u a t i o n ( 1 1 ) : change " (p 0 ( t * ) '<> (\>Q/P) U 

page 15 2nd l i n e from b o t t o m : change "x " to " x " . 

page 16 - - l i n e s 7 and 8 from I x i l t om : change "K " to "K " . 
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