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Of a l l t he p o s s i b l e i n t e r n a t i o n a l economic p o l i c y r e g i m e s , one has 

l o n g been t he f a v o r i t e o f a c o n s i d e r a b l e m a j o r i t y o f e c o n o m i s t s . We r e f e r t o i t 

as the l a i s s e z - f a i r e r e g i m e , f o r i t i s d i s t i n g u i s h e d by f r e e t r a d e i n g o o d s , 

u n r e s t r i c t e d p o r t f o l i o c h o i c e ( o r no c a p i t a l c o n t r o l s ) , and f l o a t i n g o r m a r k e t -

d e t e r m i n e d exchange r a t e s . Y e t , a s we a r g u e i n t h i s p a p e r , the l a i s s e z - f a i r e 

reg ime i s no t e c o n o m i c a l l y f e a s i b l e . The e q u i l i b r i u m o f t h a t reg ime i s i n d e t e r 

m i n a t e . More p a r t i c u l a r l y , e q u i l i b r i u m exchange r a t e s a r e i n d e t e r m i n a t e . 

Tha t i s an i m p l i c a t i o n o f an o v e r l a p p i n g - g e n e r a t i o n s (OLG) m o d e l . We 

a p p r e c i a t e , t h o u g h , t h a t some e c o n o m i s t s a r e more t h a n a l i t t l e d o u b t f u l abou t 

a l l OLG m o d e l s , and s o i n t he f i r s t p a r t o f t h i s p a p e r g i v e a b r i e f d e f e n s e f o r 

h a v i n g used o n e . Then i n the second p a r t we s e t ou t ou r a s s u m p t i o n s , and a l s o , 

among o t h e r t h i n g s , s t a t e t he two i m p l i e d m a x i m i z a t i o n D r o b l e m s , t h a t o f t he 

members o f g e n e r a t i o n z e r o , t h o s e who a r e o l d i n t he i n i t i a l p e r i o d , and t h a t o f 

the members o f the f i r s t and a l l s u c c e e d i n g g e n e r a t i o n s . I n t he t h i r d p a r t o f 

t h e p a p e r we g i v e t he i n d e t e r m i n a c y r e s u l t , and t h e r e a f t e r , i n t he f o u r t h p a r t , 

i n d i c a t e how a d e t e r m i n a t e w o r l d economy e q u i l i b r i u m m igh t be a c h i e v e d . And i n 

the f i f t h o r c o n c l u d i n g p a r t we d i s c u s s the g e n e r a l i t y o f ou r i n d e t e r m i n a c y 

r e s u l t . 

I. AN OLG MODEL 

I t i s g e n e r a l l y a c c e p t e d t h a t f i a t m o n i e s , u n l i k e g o l d and o t h e r com

mod i t y m o n i e s , a r e a l l i n t r i n s i c a l l y u s e l e s s . No s u c h money i s e v e r wanted f o r 

i t s own s a k e . T h u s , i f an i n d i v i d u a l g i v e s up , s a y , wheat f o r a c e r t a i n number o f 

p i e c e s o f f i a t money, t h a t can o n l y be because he o r she e x p e c t s t h a t l a t e r on 

a n o t h e r i n d i v i d u a l w i l l t a k e t h o s e p i e c e s o f paper i n exchange f o r w ine o r 

some th i ng e l s e t h a t can be consumed. 
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But t h e r e i s an i m p l i c a t i o n . I f i n d i v i d u a l s a r e f r e e t o choose among 

s e v e r a l a s s e t s , a f i a t money b e i n g o n e , and i f a n o t h e r o f t h o s e a s s e t s h a s a 

g r e a t e r r e t u r n i n a l l c i r c u m s t a n c e s , t hen no one w i l l want to h o l d t h e f i a t 

money. Suppose to the c o n t r a r y t h a t someone d o e s . Tha t i n d i v i d u a l i s w i l l i n g t o 

t r a d e v a l u a b l e commod i t i e s f o r some p i e c e s o f p a p e r , even though he o r she c o u l d 

e n j o y more c o n s u m p t i o n s u b s e q u e n t l y by a c q u i r i n g t he h i g h e r - y i e l d i n g a s s e t . And 

why? Any e x p l a n a t i o n v i o l a t e s the a s s u m p t i o n t h a t t he f i a t money i s i n t r i n 

s i c a l l y u s e l e s s . 

F o r a model o f a f i a t money economy t o be a c c e p t a b l e , i t must t hen be 

p o s s i b l e f o r the money ( o r i f t h e r e a r e s e v e r a l , any one o f them) t o be d o m i n 

a t e d . I n p a r t i c u l a r , money canno t appea r a s an argument o f any u t i l i t y o r 

e n g i n e e r i n g p r o d u c t i o n f u n c t i o n . I t i s a l s o r e q u i r e d t h a t money be v a l u a b l e , a t 

l e a s t ove r some s e t o f pa rame te r v a l u e s . O b v i o u s l y , an a c c e D t a b l e model canno t 

i m p l y t h a t the a v e r a g e o f goods p r i c e s i s a l w a y s i n f i n i t e . Bu t o n l y t he OLG 

mode ls s a t i s f y t he i n d i c a t e d r e q u i r e m e n t s . So we r e a l l y had no c h o i c e o f m o d e l s . 

Tha t o b s e r v a t i o n i s n o t , howeve r , t o be i n t e r p r e t e d as a c o n c e s s i o n o f 

a n y t h i n g . I t has been a rgued t h a t t he OLG mode ls a r e a l l o f economies i n w h i c h 

money s e r v e s o n l y a s a s t o r e o f v a l u e , no t as t h a t and a s a medium o f exchange a s 

w e l l , and t h a t t h e i r i m p l i c a t i o n s a r e t h e r e f o r e no t to be t a k e n s e r i o u s l y . We do 

no t b e l i e v e t h a t , a l t h o u g h f o r t u n a t e l y i t i s no t n e c e s s a r y t o a r g u e t he i s s u e 

here .—' ' I t s u f f i c e s t o n o t e t h a t i f t h e r e a r e s e v e r a l f i a t mon ies a v a i l a b l e , a s 

t h e r e must be i n a w o r l d economy w i t h exchange r a t e s , t h e n t o a c c e p t t h a t 

exchange i s c o s t l y i s no t to deny t h a t one f i a t money can be dom ina ted by 

a n o t h e r . I t may even be g r a n t e d t h a t the b e s t way o f mak ing exchanges i s by u s i n g 

paper money. Tha t does no t g u a r a n t e e the M e x i c a n peso b e i n g used as a medium o f 

exchange i n M e x i c o , o r t he I s r a e l i pound b e i n g used i n I s r a e l . 
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S i n c e one f i a t money can be domina ted by a n o t h e r even when exchange i s 

c o s t l y , o r when money i s e f f i c i e n t i n e x c h a n g e , most i f n o t a l l o f t he r e s u l t s t o 

be found i n t he b a l a n c e - o f - p a y m e n t s l i t e r a t u r e a r e t he f r u i t s o f i m p l i c i t t h e o r 

i z i n g and t h e r e f o r e l e s s g e n e r a l t han has been a p p r e c i a t e d . Most c o n t r i b u t o r s t o 

t h a t l i t e r a t u r e have assumed t h a t t he r e s i d e n t s o f c o u n t r y k want t o h o l d o n l y 

c o u n t r y - k f i a t money, t h a t i s s u e d by the government o f t h e i r c o u n t r y . A few , f o r 

e x a m p l e , C a l v o and R o d r i g u e z [1977] and G i r t o n and Roper [ 1 9 7 8 ] , have assumed 

t h a t t h e r e i s l i m i t e d c u r r e n c y s u b s t i t u t i o n , o r i n o t h e r w o r d s , t h a t t he r e s i 

d e n t s o f c o u n t r y k want a l w a y s t o h o l d d i v e r s i f i e d p o r t f o l i o s o f f i a t m o n i e s . 

N e i t h e r a s s u m p t i o n i s g e n e r a l l y c o n s i s t e n t , t h o u g h , w i t h u t i l i t y m a x i m i z a t i o n , 

wh i ch t o g e t h e r w i t h t he i n t r i n s i c u s e l e s s n e s s o f f i a t mon ies i s what makes 

dominance a p o s s i b i l i t y . We do no t say t h a t c o u n t r y - k r e s i d e n t s w i l l n e v e r want 

t o h o l d d i v e r s i f i e d p o r t f o l i o s o f f i a t m o n i e s . I f t h e r e i s u n c e r t a i n t y abou t 

government p o l i c i e s , t h e y may. Our p o i n t i s r a t h e r t h a t g e n e r a l l y v a l i d r e s u l t s 

can no t be o b t a i n e d u s i n g money demand f u n c t i o n s t h a t a r e c o n s i s t e n t , i f a t a l l , 

w i t h u t i l i t y m a x i m i z a t i o n o n l y under p a r t i c u l a r p o l i c y r e g i m e s . Tha t b e i n g s o , 

u s i n g an OLG model does no t appea r a s an a l t o g e t h e r u n f o r t u n a t e s t r a t e g y ; t h e r e 

i s a t l e a s t t he a d v a n t a g e o f b e i n g e n t i r e l y e x p l i c i t . 

I I . PRELIMINARIES 

F o r ou r p u r p o s e s , i t s u f f i c e s t h a t t h e r e be j u s t two c o u n t r i e s . They 

a r e i n d e x e d by the v a r i a b l e k. Each has a p o p u l a t i o n t h a t i s c o n s t a n t o v e r t i m e . 

I n p e r i o d t , N^ i n d i v i d u a l s , a l l o f whom w i l l l i v e f o r two p e r i o d s , a r e bo rn i n 

c o u n t r y k. S i n c e no one e v e r moves f rom one c o u n t r y t o t he o t h e r , t he p e r i o d - t 

p o p u l a t i o n o f c o u n t r y k i s made up o f N k a g e - o n e i n d i v i d u a l s , t he c o u n t r y - k 

members o f g e n e r a t i o n t , and N^ age - two i n d i v i d u a l s , t he c o u n t r y - k members o f 

g e n e r a t i o n t - 1 . The v a r i a b l e h i s t he i n d e x o f t he members o f g e n e r a t i o n t . And 

N. ( t ) i s the s e t o f a l l c o u n t r y - k members o f g e n e r a t i o n t . 



_ t) _ 

There i s o n l y one g o o d . I t i s no t s t o r a b l e . I n ou r n o t a t i o n , c ^ C t ) > 0 
3 

i s t he c o n s u m p t i o n o f t h a t good a t age j ( = 1 , 2 ) by member h o f g e n e r a t i o n t . We 

assume t h a t a l l i n d i v i d u a l s have the same t a s t e s . F o r a l l h and t , l i f e - t i m e 

u t i l i t y i s u [ c ^ ( t ) l , where c ^ ( t ) = ( c ^ ( t ) , c ^ ( t ) ) i s t he l i f e - t i m e c o n s u m p t i o n 

v e c t o r o f member h o f g e n e r a t i o n t . The f u n c t i o n u i s i n c r e a s i n g i n each o f i t s 

a rguments and t h r i c e - d i f f e r e n t i a b l e . I t i s a l s o h o m o t h e t i c . That i s , u ^ ( x ^ , 

X 2 ) / u 2 ( x ^ , X g ) = f ( x ) , where u^ = 3 u / 3 x j and x ^ / x ^ = x . And f , t he m a r g i n a l - r a t e -

o f - s u b s t i t u t i o n f u n c t i o n , s a t i s f i e s t he f o l l o w i n g c o n d i t i o n s : f ( x ) > 0 , f ' ( x ) < 

0 , and f " ( x ) > 0 f o r a l l a d m i s s i b l e v a l u e s o f x ; f(x)->- » a s x + 0 ; f ( x ) -*• 0 as x •*• 

°°; and x f ' ( x ) / f ( x ) >̂  - 1 , w h i c h i s the g r o s s s u b s t i t u t i o n c o n d i t i o n . T h u s , f h a s 

an i n v e r s e , deno ted by F . 

Member h o f g e n e r a t i o n t > 1 g e t s an endowment o f t he one good t h a t i s 

a v a i l a b l e i n the f i r s t p e r i o d o f h i s l i f e , p e r i o d t , bu t none i n t he s e c o n d , 

p e r i o d t+1 . The p e r i o d - t endowment i s deno ted by y h ( t ) , and we assume t h a t y ^ ( t ) 

= y ^ , a c o n s t a n t , f o r a l l h i n N ^ ( t ) . C o n s e q u e n t l y , f o r a l l t >_ 1 t he w o r l d 

endowment i s N^y^ + N , ^ , wh i ch sum we deno te by y . 

S t r i c t l y s p e a k i n g , our model i s o f a one -good p u r e - e x c h a n g e economy. 

On c e r t a i n a s s u m p t i o n s , however , t h a t one good can be i n t e r p r e t e d a s a c o m p o s i t e 

o f many p roduced ( n o n s t o r a b l e ) g o o d s . Suppose (a) t h a t u t i l i t y f u n c t i o n s a r e 

i d e n t i c a l f o r a l l i n d i v i d u a l s , s e p a r a b l e i n t he consump t i ons o f d i f f e r e n t 

p e r i o d s , and h o m o t h e t i c i n the components o f w i t h i n - p e r i o d c o n s u m p t i o n ; (b) t h a t 

a g g r e g a t e r e s o u r c e endowments and p r o d u c t i o n f u n c t i o n s a r e c o n s t a n t o v e r t ime 

and s u c h as t o y i e l d a c c e p t a b l e p r o d u c t i o n p o s s i b i l i t y f r o n t i e r s ; and ( c ) t h a t 

t h e r e i s f r e e t r a d e i n a l l g o o d s . Then e q u i l i b r i u m r e l a t i v e goods p r i c e s and 

f a c t o r r e n t a l s , and hence t he o u t p u t s o f a l l goods and t he p r o p o r t i o n s i n w h i c h 

they a r e consumed by a l l i n d i v i d u a l s , a r e i ndependen t o f t ime and p o l i c y 

2 / 
reg ime.— M o r e o v e r , i f i t i s assumed t h a t t he c o u n t r y - k young ( f o r p e r i o d t , t he 
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c o u n t r y - k members o f g e n e r a t i o n t ) have command o f a l l c o u n t r y - k r e s o u r c e s , t h e n 

y i s c o u n t r y - k p e r c a p i t a GNP. The r e s o u r c e s m igh t be l a b o r and l a n d . And i t 

m i g h t , f o r examp le , be assumed t h a t the young o f c o u n t r y k a r e endowed w i t h a l l 

t he c o u n t r y - k l a b o r and l a n d , t he l a n d h a v i n g been passed on t o them by members 

o f the p r e v i o u s g e n e r a t i o n i n a c c o r d a n c e w i t h some exogenous i n h e r i t a n c e scheme. 

The C o m p e t i t i v e C h o i c e P rob lems 

In p e r i o d t , member h o f g e n e r a t i o n t >^ 1 consumes a p o r t i o n o f y ( t ) 

and t r a d e s away what r e m a i n s , g e t t i n g money i n exchange f rom one o r more members 

o f g e n e r a t i o n t - 1 . H i s p e r i o d - t budget c o n s t r a i n t i s t h e r e f o r e 

( D c ^ ( t ) + I k P k ( t )mJ j ( t ) < y h ( t ) 

where ? k ( t ) i s t he p e r i o d - t p r i c e o f t he money o f t he government o f c o u n t r y k and 

mj^(t) i s h i s p u r c h a s e o f t h a t money. 

I n p e r i o d t+1 , h r e c e i v e s a t r a n s f e r o f c o u n t r y - k money f rom t he 

government o f c o u n t r y k. That t r a n s f e r , deno ted by x £ ( t ) , i s known i n p e r i o d t 

and i s i ndependen t o f m £ ( t ) . And i n p e r i o d t+1 , h t r a d e s away b o t h h i s p e r i o d - t 

money p u r c h a s e s and h i s t r a n s f e r s , g e t t i n g c o n s u m p t i o n i n r e t u r n f rom one o r more 

members o f g e n e r a t i o n t+1 . T h u s , h i s p e r i o d - t + 1 budget c o n s t r a i n t i s 

(2 ) c £ ( t ) < IkPk(t+1)[mjJ(t)+xjJ(t)]. 

The p rob lem f o r h i s t o max im ize u t c ^ C t ) ] by the c h o i c e o f a nonnega -

t i v e v e c t o r c h ( t ) and a v e c t o r m h ( t ) = ( m ^ ( t ) , m ^ ( t ) ) , s u b j e c t t o (1) and (2) and 

w i t h y h ( t ) , t he ? k ( t ) , P k ( t + 1 ) , and x £ ( t ) known i n p e r i o d tX' 

The members o f g e n e r a t i o n z e r o a r e i n t he second o r f i n a l p e r i o d o f 

t h e i r l i v e s i n the f i r s t p e r i o d . So t he p r o b l e m o f h o f g e n e r a t i o n z e r o i s t o 

max im ize u [ c h ( 0 ) ] by the c h o i c e o f e ! ) (0 ) , s u b j e c t t o t he t = 0 v e r s i o n o f (2 ) and 

w i t h c ^ ( 0 ) and t he RHS o f (2) g i v e n . - f 
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E q u i l i b r i u m 

The economy e v o l v e s o v e r t i m e , s t a r t i n g f r om an a r b i t r a r y da te ( f o r u s , 

t = 1) and a r b i t r a r y i n i t i a l c o n d i t i o n s ( a r b i t r a r y i n i t i a l s t o c k s o f the two f i a t 

m o n i e s , d i s t r i b u t e d i n some f a s h i o n o r o t h e r o v e r t he members o f g e n e r a t i o n 

z e r o ) . That e v o l u t i o n i s d e s c r i b e d by a sequence i n t o f t he endogenous 

v a r i a b l e s . A sequence i s an e q u i l i b r i u m (o r e q u i l i b r i u m s o l u t i o n ) i f i t i s 

c o n s i s t e n t w i t h c o n s u m p t i o n and p o r t f o l i o c h o i c e s t h a t a r e o p t i m i z i n g , w i t h 

p e r i o d - b y - p e r i o d c l e a r i n g o f a l l ma rke t s and w i t h p e r f e c t f o r e s i g h t . 

We r e s t r i c t our a t t e n t i o n to moneta ry e q u i l i b r i a d e f i n e d a s f o l l o w s . 

v h F o r u s , a moneta ry e q u i l i b r i u m i s any e q u i l i b r i u m such t h a t ) P ( t+1) [m. ( t ) + 
K K K 

x ^ ( t ) ] i s p o s i t i v e f o r a l l h and t and bounded away f rom z e r o . We d e m o n s t r a t e 

i n d e t e r m i n a c y w i t h i n t h i s c l a s s o f e q u i l i b r i a . 

The Dominance R e s u l t and Money Demand 

I f h i s s u b j e c t o n l y t o (1) and (2 ) i n h i s c h o i c e o f m h ( t ) , t h e n t he 

P k ( t ) o f any moneta ry e q u i l i b r i u m s a t i s f y t he f o l l o w i n g c o n d i t i o n s : i f P k ( t + 1 ) > 

0 f o r a l l k, t hen P 1 (t+1 ) /P . ] ( t ) = P g ( t + 1 ) / P 2 ( t ) ; and i f P k ( t + 1 ) = 0 f o r some k, 

t h e n P k ( t ) = 0 f o r t h a t k. 

As we now show, t h a t r e s u l t , r e f e r r e d to a s the dominance r e s u l t , 

f o l l o w s f rom (1) and (2) and ou r a s s u m p t i o n t h a t t h e r e i s no c o n s u m p t i o n b l i s s 

p o i n t . 

By t he d e f i n i t i o n o f moneta ry e q u i l i b r i u m , P ( t+1) > 0 f o r some k. 

W i t h o u t l o s s o f g e n e r a l i t y , suppose P^( t+1) > 0 . Now, (1) and (2) a r e s a t i s f i e d 

by the e q u i l i b r i u m s o l u t i o n . S o l v i n g (2) f o r m ^ t ) and u s i n g t he r e s u l t i n g 

e x p r e s s i o n t o e l i m i n a t e i t f rom ( 1 ) , one o b t a i n s 

(3) c * ( t ) + [ P 1 ( t ) / P 1 ( t + 1 ) ] C 2 ( t ) + [ P 2 ( t ) - P 1 C t ) P 2 ( t + 1 ) / P 1 ( t + 1 ) l m ^ ( t ) 

< y h ( t ) + P 1 ( t ) [ x l J ( t ) + P 2 ( t + 1 ) x 2 ( t ) / P l ( t + 1 ) l . 
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S i n c e t he a g g r e g a t e endowment i s f i n i t e , t he e q u i l i b r i u m c ^ C t ) must be t o o . I t 

f o l l o w s t h a t t he e q u i l i b r i u m v a l u e o f t he c o e f f i c i e n t o f m^Ct) must be z e r o . 

W i t h t h a t o b s e r v a t i o n , t he p r o o f i s c o m p l e t e . 

The p e r i o d - t exchange r a t e , deno ted by E ( t ) , i s ?^(t)/?^(t). So t h e 

dominance r e s u l t can be pu t a n o t h e r way. I f h i s s u b j e c t o n l y t o (1) and (2) i n 

h i s c h o i c e o f m h ( t ) , t hen i n e q u i l i b r i u m E( t+1) = E ( t ) . I f i n d i v i d u a l s a r e 

s u b j e c t t o no p o r t f o l i o r e s t r i c t i o n s , t hen t he e q u i l i b r i u m exchange r a t e i s 

c o n s t a n t ; t h e r e canno t be an a n t i c i p a t e d change i n t he e q u i l i b r i u m exchange r a t e . 

I t i s an easy i m p l i c a t i o n o f the dominance r e s u l t t h a t , i n any mone ta ry 

e q u i l i b r i u m , h o f g e n e r a t i o n t f a c e s a s i n g l e ( g r o s s ) r a t e o f r e t u r n on money, 

8 h ( t ) = P k ( t + 1 ) / P j ( t ) f o r a t l e a s t one v a l u e o f k. T h u s , t h e o p t i m a l o r e q u i 

l i b r i u m c ^ ( t ) s a t i s f i e s a s i m p l i f i e d v e r s i o n o f ( 3 ) , n a m e l y , 

(H) c ' j ( t ) + C ^ U / B V ) < y h ( t ) + z h ( t ) 

where z h ( t ) = P 1 ( t ) [ x^ ( t )+E( t+1 )x^(t)] i s t he v a l u e o f h ' s t r a n s f e r s ( o r t a x e s ) 

i n te rms o f p e r i o d - t c o n s u m p t i o n . G i v e n c e r t a i n r e s t r i c t i o n s on the x j ^ t ) , 

s p e l l e d ou t b e l o w , (4) i s s a t i s f i e d w i t h e q u a l i t y . E q u i v a l e n t l y , (1) and (2) 

a r e . And t he o p t i m a l c ^ ( t ) s a t i s f i e s 

(5) c ^ t V c ^ t ) = F [ 6 h ( t ) l ; 

o r , as i s i m p l i e d by (4) and ( 5 ) , t he o p t i m a l c !? ( t ) s a t i s f i e s 

c * ( t ) = [ y h ( t ) + z h ( t ) ] 8 h ( t ) F [ g h ( t ) ] / { l + R h ( t ) F [ 6 h ( t ) j } . 

Bu t t h e n , s i n c e (1) h o l d s w i t h e q u a l i t y , the o p t i m a l r e a l money b a l a n c e q h ( t ) = 

P 1 ( t ) m ! J ( t ) + P 2 ( t ) m ^ ( t ) , s a t i s f i e s 

(6) y h ( t ) - q h ( t ) = [ y h ( t ) + z h ( t ) ] 6 h ( t ) F [ B h ( t ) l / { l + 6 h ( t ) F [ 6 h ( t ) ] } 



w h i c h i s a k i n d o f money-demand e q u a t i o n . C l e a r l y , 0 > 9 q ^ 1 ( t ) / 9 z ' 1 ( t ) > - 1 ; a n d , 

by t he g r o s s s u b s t i t u t i o n c o n d i t i o n , 9 q * 1 ( t ) / 9 s ' 1 ( t ) > 0 . 

Budget P o l i c i e s and Money S u p p l i e s 

We assume t h a t 

(7 ) x j j ( t ) = 

( C X k " 1 ) a k ~ l M k / N k f o r 3 1 1 h i n N k ( t ) 

f o r a l l h i n N ( t ) 
K 

where a . > 1 - N. y. / y i s t h e p o l i c y p a r a m e t e r o f the government o f c o u n t r y k and 

M ^ , an i n i t i a l c o n d i t i o n , i s some p o s i t i v e bu t o t h e r w i s e a r b i t r a r y amount o f t he 

5/ 

f i a t money o f t he government o f c o u n t r y k.— The c o u n t r y - k members o f g e n e r a t i o n 

t :> 1 r e c e i v e n o t h i n g f rom o r pay no t a x e s t o t he government o f c o u n t r y k ' . B u t 

a l l r e c e i v e i d e n t i c a l t r a n s f e r s f rom o r pay i d e n t i c a l t a x e s t o t he government o f 

c o u n t r y k; t h a t i s , x k ( t ) = x k ( t ) f o r a l l h i n N k ( t ) . T h u s , s i n c e y h ( t ) = y k f o r 

a l l h i n N k ( t ) and t > 1, a l l t he c o u n t r y - k members o f g e n e r a t i o n t >̂  1 a r e a l i k e . 

They a l l s o l v e p r e c i s e l y t he same m a x i m i z a t i o n p r o b l e m . I n e f f e c t , t h e r e a r e 

o n l y two t y p e s o f members o f g e n e r a t i o n t > 1, t he r e s i d e n t s o f t he f i r s t c o u n t r y 

and t he r e s i d e n t s o f t he s e c o n d . 

I n ou r n o t a t i o n M k ( t ) i s t he p e r i o d - t s u p p l y o f t he money o f t he 

government o f c o u n t r y k ( t h e amount w i t h w h i c h t he members o f g e n e r a t i o n t -1 

b e g i n p e r i o d t > 1 and i n t h a t p e r i o d s e l l t o t he members o f g e n e r a t i o n t ) ; and 

(8) M ( t ) = M ^ t ) + E ( t ) M 2 ( t ) 

i s the p e r i o d - t w o r l d money s u p p l y . 

S i n c e t h e r e i s no government i n t e r v e n t i o n i n t he exchange m a r k e t , 

(9) M k ( t ) = M k ( t - 1 ) + N k x k ( t - 1 ) 
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f o r each k and t > 1, where M (1) = M . Then , by ( 7 ) , 

(10) M k ( t ) = 

I t f o l l o w s t h a t w i t h the exchange r a t e c o n s t a n t o v e r t i m e , 

(11) 

More p a r t i c u l a r l y , (11) h o l d s where t h e r e i s u n r e s t r i c t e d p o r t f o l i o c h o i c e . 

I t i s immed ia te f r om (11) t h a t 

So a ( t ) , t he ( g r o s s ) g r o w t h r a t e o f t he w o r l d money s u p p l y i s a w e i g h t e d a v e r a g e 

o f the a k . F o r E p o s i t i v e and f i n i t e , the w e i g h t o f t he l a r g e r o f t he a k 

i n c r e a s e s t h r o u g h t ime and has u n i t y as i t s l i m i t i n g v a l u e . T h u s , a ( t ) > a m = 

m i n t a ^ c i , , ) , i s mono ton i c i n c r e a s i n g and has ct^ = max(a^,a^) as i t s l i m i t i n g 

v a l u e . 

We n o t e f i n a l l y t h a t w i t h t he exchange r a t e c o n s t a n t , t he money t r a n s 

f e r s can be e x p r e s s e d as p r o p o r t i o n s o f t he w o r l d money s u p p l y : 

(12) a ( t ) = M ( t + 1 ) / M ( t ) = a 1 X ( t ) + a 2 [ 1 - A ( t ) ] 

where 

(13) X ( t ) = ( M 1 / M 2 ) ( a 1 / a 2 ) t - 1 / [ M 1 / M 2 ) ( a l / a 2 ) t _ 1 + E l . 

x ( t ) = ( a 1 - 1 ) X ( t ) M ( t ) / N 

(14) 

E x 2 ( t ) = ( a 2 - 1 ) [ 1 - X ( t ) ] M ( t ) / N 2 . 

I I I . EQUILIBRIUM UNDER THE L A I S S E Z - F A I R E (LF ) REGIME 

S i n c e p o r t f o l i o c h o i c e i s u n r e s t r i c t e d , we have a s an e q u i l i b r i u m 

c o n d i t i o n E ( t ) = E f o r a l l t > 1 and 8 h ( t ) = ft(t) f o r a l l h o f g e n e r a t i o n t . 
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Then , f rom (14) and ( 9 ) , Iz h ( t ) = [ o ( t ) - 1 ] P . ( t ) M ( t ) , where the summat ion i s o v e r 

a l l h o f g e n e r a t i o n t . I t f o l l o w s upon summing (6 ) o v e r a l l h o f g e n e r a t i o n t > 1 

t h a t 

(15) y - Q ( t ) = { y + [ a ( t ) - 1 ] P 1 ( t ) M ( t ) } B ( t ) F [ B ( t ) ] / { l + 6 ( t ) F [ B ( t ) l } 

v h 

where Q ( t ) = [q ( t ) i s the t o t a l o f d e s i r e d r e a l money h o l d i n g s f o r p e r i o d t . Bu t 

i t i s r e q u i r e d f o r e q u i l i b r i u m t h a t Q ( t ) = P 1 ( t ) M ( t ) f o r a l l t > 1. And s i n c e 

8 ( t ) = P ^ t + D / P ^ t ) a n d / o r 8 ( t ) = P 2 ( t +1 ) / P 2 ( t ) , we have t h a t i n e q u i l i b r i u m 

(16) 8 ( t ) = Q ( t + 1 ) / a ( t ) Q ( t ) . 

U s i n g (16) t o e l i m i n a t e B ( t ) f rom ( 1 5 ) , we o b t a i n a f i r s t - o r d e r d i f f e r e n c e 

e q u a t i o n i n Q ( t ) : 

(17) Q ( t ) + Q ( t + 1 ) F [ Q ( t + 1 ) / a ( t ) Q ( t ) ] - y = 0 . 

F o r u s , t h e n , any moneta ry e q u i l i b r i u m o f t he LF reg ime i s a p o s i t i v e Q ( t ) 

sequence t h a t s a t i s f i e s (17) and i s bounded away f rom z e r o . 

I n t he A p p e n d i x we p rove t he f o l l o w i n g p r o p o s i t i o n . 

C o r r e s p o n d i n g to each E i n [0,«>] , t h e r e e x i s t s a un i que LF reg ime 

moneta ry e q u i l i b r i u m w i t h t he f o l l o w i n g p r o p e r t i e s , w h i c h h o l d f o r a l l t > 1: 

( i ) Q ( t ) = <J) A[0(t)] 

where § ^ i s a c o n t i n u o u s f u n c t i o n wh ich depends on t he v e c t o r A = ( a ^ c t , , ) bu t no t 

on E ; 

( i i ) Q ( t ) > Q ( t + 1 ) ; 

a n d , p r o v i d e d o n l y t h a t E i s p o s i t i v e and f i n i t e , 

( i i i ) 1 / o ( t ) > B ( t ) > l i m i t B ( t ) = 1 / a M . 
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What t h a t p r o p o s i t i o n s a y s , among o t h e r t h i n g s , i s t h a t t h e r e i s an LF 

reg ime mone ta ry e q u i l i b r i u m f o r e v e r y p o s s i b l e ( u n c h a n g i n g ) v a l u e o f t he e x 

change r a t e . F o r any a d m i s s i b l e p o l i c y c h o i c e A , t he v a l u e o f E d e t e r m i n e s a 

p a t h f o r the w o r l d money s u p p l y ; and t h e r e i s an e q u i l i b r i u m f o r e a c h s u c h p a t h . 

Nor i s t he dependence on E t r i v i a l . I f a 1 £ a 2 , t h e n a ( t ) depends on E ; 

and hence t h e e q u i l i b r i u m Q ( t ) and 8 ( t ) do t o o . And a s i s r e a d i l y v e r i f i e d , i f a k 

= a i 1, k = 1 , 2 , t h e n t he d i s t r i b u t i o n o f u t i l i t y o v e r t he young o f t he two 

c o u n t r i e s depends on E , even though t he e q u i l i b r i u m Q ( t ) sequence does n o t . 

F u r t h e r , i f a = 1, t hen t he members o f g e n e r a t i o n z e r o a r e , i n g e n e r a l , a f f e c t e d 

by the c h o i c e o f E . In sum, t he v a l u e o f E does no t m a t t e r o n l y i f = a = 1 and 

a l l members o f g e n e r a t i o n z e r o h o l d the two mon ies i n i d e n t i c a l p r o p o r t i o n s . 

Conve rgence and A V e r s i o n o f G r e s h a m ' s Law 

I t f o l l o w s f rom ( 1 3 ) , ( 1 2 ) , and (17) t h a t i f a 1 = c%2, t h e n f o r any E t he 

e q u i l i b r i u m Q ( t ) sequence i s c o n s t a n t . More s p e c i f i c a l l y , i f E = 0 ( t h a t i s , i f 

t he money o f the s e c o n d c o u n t r y has no v a l u e ) , t hen i n e q u i l i b r i u m Q = 

y / [ 1+F ( 1/a^) ] ; and i f E = *> ( t h e money o f t he f i r s t c o u n t r y has no v a l u e ) , t h e n i n 

e q u i l i b r i u m Q = y / [ 1+F ( 1 / a 2 ) ] . I f , on the o t h e r h a n d , i a 2 , t h e n t he e q u i l i b 

r i u m Q ( t ) sequence i s n o n c o n s t a n t . Bu t i t c o n v e r g e s . W i t h E p o s i t i v e and f i n i t e 

and a k > c t ^ , , l i m Q ( t ) = y / [ 1 + F ( 1 / a ^ ) ] , w h i c h i s p r e c i s e l y t h e e q u i l i b r i u m v a l u e 

o f t he Q ( t ) when o n l y t he money o f c o u n t r y k has v a l u e . 

The l i m i t o f t he r e a l v a l u e o f t he r e l a t i v e l y abundant money, l i m 

P ^ ( t ) M k ( t ) i f > c t ^ , , i s e q u a l t o t he l i m i t o f t he w o r l d money s u p p l y , l i m 

P 1 ( t ) M ( t ) . Tha t i s ou r v e r s i o n o f G r e s h a m ' s Law. To see t h a t i t o b t a i n s , n o t e 

t h a t P 1 ( t ) M 1 ( t ) / Q ( t ) = M 1 ( t ) / M ( t ) = X ( t ) . The r e s u l t f o l l o w s [see (13)1 f rom t he 

l i m i t i n g b e h a v i o r o f X ( t ) . 
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The T rade A c c o u n t 

T rade b a l a n c e i s no t i n g e n e r a l a c h a r a c t e r i s t i c o f the moneta ry e q u i 

l i b r i a o f t he LF r e g i m e . E q u a l i t y between e q u i l i b r i u m e x p o r t s and i m p o r t s i s a 

v e r y s p e c i a l ou tcome. F o r a l m o s t a l l c h o i c e s o f t he a , , c o u n t r y k w i l l e i t h e r 

have a t r a d e s u r p l u s , one w h i c h i s j u s t s u f f i c i e n t t o o f f s e t t he i m p o r t o f 

c o u n t r y - k ' money, o r a t r a d e d e f i c i t w h i c h j u s t o f f s e t s the e x p o r t o f c o u n t r y - k 

money. 

By d e f i n i t i o n , t he e q u i l i b r i u m p e r i o d - t t r a d e s u r p l u s o f c o u n t r y k, 

deno ted by B k ( t ) , i s t he d i f f e r e n c e between t he c o u n t r y - k endowment, N k y k , and 

t he e q u i l i b r i u m c o n s u m p t i o n o f the p e r i o d - t r e s i d e n t s o f c o u n t r y k, t he c o u n t r y - k 

members o f g e n e r a t i o n s t - 1 and t . T h u s , B ( 1 ) depends on t he a r b i t r a r y i n i t i a l 

d i s t r i b u t i o n o f money h o l d i n g s , t he d i s t r i b u t i o n s o v e r t he f i r s t - and s e c o n d -

c o u n t r y members o f g e n e r a t i o n z e r o . Bu t i f we can t h e r e f o r e say n o t h i n g abou t 

what B k ( 1 ) i s , we can be q u i t e d e f i n i t e abou t B k ( t ) f o r t >_Z. 

The e q u i l i b r i u m p e r i o d - t c o n s u m p t i o n o f , s a y , the f i r s t - c o u n t r y mem

b e r s o f g e n e r a t i o n t > 2 i s N . [ y . - q , ( t ) ] , and t h a t o f t he f i r s t - c o u n t r y members 

o f g e n e r a t i o n t -1 i s N 1 [ 8 ( t - 1 ) q 1 ( t - 1 ) + P 1 ( t ) x 1 ( t - 1 ) ] . T h e r e f o r e , by ( 1 4 ) , 

( 1 8 ) B ^ t ) = N ^ U ) - [ N 1 q l ( t - 1 ) / Q ( t - 1 ) + ( a 1 - 1 ) X ( t - 1 ) ] Q ( t ) / a ( t - 1 ) . 

I t f o l l o w s t h a t i f = = a , t hen f o r a l l t > 2 

(19) B ^ t ) = [ N i q i ( t ) - X ( t ) Q ( t ) ] ( a - 1 ) / a 

where q ^ ( t ) , Q ( t ) , and X ( t ) a r e a l l c o n s t a n t s . T h u s , i f a = 1 , t h e n B k ( t ) = 0 f o r 

a l l t > 2 . Bu t i f a ^ 1, t hen t he B k ( t ) a r e no t n e c e s s a r i l y z e r o . I n d e e d , i f a 

i~\, t h e n B k ( t ) = 0 f o r a l l t > 2 i f and o n l y i f t h e p e r i o d - t e q u i l i b r i u m d e s i r e d 

r e a l b a l a n c e s o f the f i r s t - c o u n t r y members o f g e n e r a t i o n t , N ^ q ^ ( t ) , i s the same 

a s the p e r i o d - t e q u i l i b r i u m r e a l s u p p l y o f f i r s t - c o u n t r y money, P ^ ( t ) M ^ ( t ) = 

X ( t ) Q ( t ) . There i s a u n i q u e v a l u e o f E a t w h i c h e q u a l i t y o b t a i n s . — ^ 
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I t a l s o f o l l o w s f rom (18) t h a t i f a . i a _ , t h e n f o r a l l t > 2 

' - [ N 2 ( a 1 - 1 ) / a 1 ] l i m q 2 ( t ) i f a 1 > a 2 

(20) l i m B ^ t ) = 

[ N 1 ( a 2 - 1 ) / a 2 ] l i m q ( t ) i f ^ > a 2 

where each o f the l i m i t s on t he RHS i s p o s i t i v e , a consequence o f t he f a c t t h a t i f 

a k > a k ' a n c * c o u n t r y - k money has v a l u e , t h e n any c o u n t r y - k t r a n s f e r has a 

l i m i t i n g r e a l v a l u e o f z e r o . T h u s , i f ot̂  i a 2 , t hen l i m B ^ ( t ) = 0 f o r a l l t > 2 i f 

and o n l y i f a M = 1. N o t e , t h o u g h , t h a t w i t h a M i 1, i t makes a l l t he d i f f e r e n c e 

whe the r ot., > 1. M < 

I V . A DETERMINATE EQUILIBRIUM 

We t u r n now t o a second i n t e r n a t i o n a l economic p o l i c y r e g i m e : as we 

r e f e r t o i t , t he p o r t f o l i o a u t a r k y (PA) r e g i m e . Under t h a t reg ime t h e r e i s no 

government i n t e r v e n t i o n i n the exchange m a r k e t . Bu t p o r t f o l i o c h o i c e i s r e 

s t r i c t e d . No c o u n t r y - k member o f g e n e r a t i o n t > 1 can be e i t h e r l o n g o r s h o r t 

c o u n t r y - k ' money. Nor i s i n t e r t e m p o r a l t r a d e i n c o n s u m p t i o n by r e s i d e n t s o f 

d i f f e r e n t c o u n t r i e s p e r m i t t e d . A c o u n t r y - k member o f g e n e r a t i o n t > 1 c a n n o t , 

f o r e x a m p l e , g e t p e r i o d - t c o n s u m p t i o n f r om a c o u n t r y - k ' r e s i d e n t i n exchange f o r 

p e r i o d - t + 1 c o n s u m p t i o n . 

Under t he PA reg ime the r e s i d e n t s o f the two c o u n t r i e s do no t i n 

g e n e r a l f a c e i d e n t i c a l r a t e s o f r e t u r n . We have 6 h ( t ) = P k ( t + 1 ) / P k ( t ) = 8 k ( t ) 

f o r a l l h i n N k ( t ) and t >_ 1; and the 8 k ( t ) may no t be e q u a l . I n any e v e n t , s i n c e 

t he PA reg ime budge t p o l i c i e s o f t he two governments a r e the same as t h e i r L F 

r eg ime p o l i c i e s , t h e r e t h u s a r e two v e r s i o n s o f ( 1 5 ) , one o b t a i n e d by summing (6 ) 

o v e r a l l h i n N ^ ( t ) , and the o t h e r by summing o v e r a l l h i n N 2 ( t ) . They may be 

w r i t t e n 



- 14 -

(21) y k - q R ( t ) = { y k + ( a k - 1 ) P k ( t ) M k ( t ) / N k } 6 k ( t ) F [ B k ( t ) 1 / { l + 8 k ( t ) F [ B k ( t ) ] } 

where Q k ( t ) i s the common v a l u e o f q ^ ( t ) f o r a l l h i n N k ( t ) . 

F o r the PA reg ime the e q u i l i b r i u m r e s t r i c t i o n s a r e q ( t ) = 

P k ( t ) M k ( t ) / N k f o r a l l k and t > 1. C o n s e q u e n t l y , s i n c e (10) h o l d s , 

6 k ( t ) = q k ( t + 1 ) / o k q k ( t ) . 

So i n p l a c e o f (17) we have 

(22) q k ( t ) + q k ( t + 1 ) F [ q k ( t + 1 ) / a k q k ( t ) l - y k = 0 f o r k = 1 , 2 . 

And s i n c e (22) i s a s p e c i a l c a s e o f ( 1 7 ) , we g e t t he f o l l o w i n g as an immed ia te 

consequence o f t he p r o p o s i t i o n o f t he p r e c e d i n g s e c t i o n . 

Under t he PA r e g i m e , t h e r e e x i s t s a u n i q u e moneta ry e q u i l i b r i u m w i t h 

( 2 3 ) q k ( t ) = y k / [ 1 + F ( 1 / a k ) 1 

f o r a l l k and t > 1. 

T h u s , under t he PA reg ime t h e r e i s ( l i m i t e d ) au tonomy. F o r a l l h i n 

N. ( t ) , t > 1, t he e q u i l i b r i u m c o n s u m p t i o n a l l o c a t i o n i s i n d e p e n d e n t o f a . , , o r o f 

t he budget p o l i c y c h o i c e o f t he government o f c o u n t r y k ' . More t o t he p o i n t , 

t h o u g h , t h e r e i s a u n i q u e e q u i l i b r i u m exchange r a t e . S i n c e E ( t ) / E ( t - 1 ) = 

8 2 ( t ) / 8 1 ( t ) , t he PA reg ime e q u i l i b r i u m v a l u e o f E ( t ) i s 

(2U) E ( t ) = a i E ( t - 1 ) / a 2 = ( a 1 / a 2 ) t - 1 E ( D = ( o ^ / a ^ " 1 ( M ^ M N ^ / N ^ . , ) 

an e x p o n e n t i a l f u n c t i o n o f t i m e , where q k i s the c o n s t a n t v a l u e o f Q k ( t ) s a t i s 

f y i n g ( 2 3 ) . 

The PA reg ime i s n o t , however , t he o n l y one under wh ich t h e r e i s a 

d e t e r m i n a t e e q u i l i b r i u m . There a r e s u c h e q u i l i b r i a under c o o p e r a t i v e f i x e d 

exchange r a t e r e g i m e s . These r e g i m e s may no t b e , i n g e n e r a l , p o l i t i c a l l y f e a s i 

b l e ; bu t t hey a r e a l l e c o n o m i c a l l y f e a s i b l e , f o r c o o p e r a t i o n e n s u r e s adequa te 
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7 / s u p p l i e s o f government m o n i e s . - And as N i c k e l s b u r g [ 19801 has shown, t h e r e may 

be a d e t e r m i n a t e e q u i l i b r i u m i f t h e r e i s the r i g h t k i n d o f u n c e r t a i n t y abou t 

government p o l i c y . More p a r t i c u l a r l y , w i t h t he t h r e a t o f p o r t f o l i o a u t a r k y b e i n g 

imposed somet ime i n t he f u t u r e , t h e r e i s a d e t e r m i n a t e c u r r e n t - p e r i o d e q u i l i b 

r i u m exchange r a t e . T h a t i s o f no s m a l l i m p o r t a n c e . Some m igh t have been 

tempted t o a r g u e t h a t s i n c e t h e r e have been s e v e r a l i n s t a n c e s o f f l o a t i n g e x 

change r a t e s , t he OLG m o d e l s , i n s o f a r a s t h e y e x p l o i t t h e i n t r i n s i c u s e l e s s n e s s 

o f f i a t m o n i e s , a r e o f no r e l e v a n c e . I t i s e x t r e m e l y d i f f i c u l t , howeve r , t o 

i m a g i n e i n d i v i d u a l s e v e r h a v i n g been e n t i r e l y c o n v i n c e d t h a t government p o r t 

f o l i o r e s t r i c t i o n s o r i n t e r v e n t i o n i n exchange m a r k e t s had become a t h i n g o f t he 

p a s t . So n e i t h e r OLG m o d e l s , no r ou r i n d e t e r m i n a c y r e s u l t , can be d i s m i s s e d 

e a s i l y by a p p e a l t o e x p e r i e n c e . 

V . CONCLUSION 

O t h e r s may be tempted to a rgue e i t h e r t h a t i n d i v i d u a l s a r e bound by 

h a b i t t o t he mon ies o f t h e i r r e s p e c t i v e g o v e r n m e n t s , o r t h a t a d i f f e r e n c e i n 

exchange c o s t s f o r c e s t he r e s i d e n t s o f c o u n t r y k t o use c o u n t r y - k money. I f one 

o r t he o t h e r o f t h o s e a rguments j u s t i f i e s t he r e s t r i c t i o n o f macroeconomic o p e n -

economy mode ls ( r e s i d e n t s o f c o u n t r y k want o n l y c o u n t r y - k money) , t h a t can o n l y 

be f o r some b r i e f p e r i o d o f t i m e . N e i t h e r makes p l a u s i b l e t h a t t h e L F reg ime i s 

e c o n o m i c a l l y f e a s i b l e . 

Our i n d e t e r m i n a c y r e s u l t i s an i m p l i c a t i o n o f a d e c i d e d l y s i m p l e 

m o d e l , and subsequen t r e s e a r c h may w e l l show i t t o have been l a c k i n g i n r o b u s t 

n e s s . We s u s p e c t , t h o u g h , t h a t had we a d m i t t e d o f , s a y , a r e a l a s s e t , whe the r 

w i t h a d e t e r m i n i s t i c o r a s t o c h a s t i c r e t u r n , we wou ld o b t a i n e s s e n t i a l l y t he same 

r e s u l t . The re wou ld seem t o be n o t h i n g i n t he e x i s t e n c e o f a r e a l a s s e t to make 

8 / 
one f i a t money l e s s t han a p e r f e c t s u b s t i t u t e f o r any o t h e r . - The r o b u s t n e s s o f 
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ou r i n d e t e r m i n a c y r e s u l t i s , however , s o m e t h i n g t o be v e r i f i e d . A t t h i s p o i n t , 

a l l we can do i s o b s e r v e t h a t i f ou r c o n j e c t u r e i s e s t a b l i s h e d , t hen e c o n o m i s t s 

w i l l have to go back t o t he i s s u e o f w h i c h among t he s e v e r a l p o s s i b l e i s t he b e s t 

o f i n t e r n a t i o n a l economic p o l i c y r e g i m e s . 
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APPENDIX 

I n t h i s Append i x we g i v e a p r o o f o f t he p r o p o s i t i o n o f S e c t i o n I I I . We 

b e g i n w i t h p a r t ( i ) . 

S i n c e Q ( t ) and a ( t ) a r e p o s i t i v e f o r a l l t >_ 1, we can r e w r i t e (17) a s 

G [ l n Q ( t ) , I n Q ( t + 1 ) , I n a ( t ) ] = 0 , w h e r e , w i t h t he argument o f F s u p p r e s s e d , t he 

p a r t i a l d e r i v a t i v e s o f G, o b t a i n e d f rom ( 1 7 ) , a r e G . = Q ( t ) { 1 - a ( t ) [ B ( t ) ] 2 F ' } > 0 , 

G 2 = 0 ( t + 1 ) [ F + B ( t ) / F ' ] < 0 , G 3 = - Q ( t ) [ B ( t ) ] 2 o ( t ) F ' > 0 . T h u s , a sequence ( Q ( t ) } 

s a t i s f i e s (17) i f and o n l y i f i t s a t i s f i e s 

(25) In Q ( t ) = y [ l n Q ( t + 1 ) , In a ( t ) l 

where y^ = - G 2 / G 1 i s i n [ 0 ,1 ) and y2 = - G ^ / G . , i s i n ( - 1 , 0 ) . 

E q u a t i o n (25) i s a f i r s t - o r d e r d i f f e r e n c e e q u a t i o n i n I n 0 ( t ) , w i t h 

a ( t ) , e x o g e n o u s l y d e t e r m i n e d by A = ( a ^ a , , ) , as t he d r i v i n g v a r i a b l e . We w i l l 

show t h a t t h e r e i s a u n i q u e e q u i l i b r i u m o f t he fo rm 

(26 ) I n Q ( t ) = 4> A [o( t ) ] f o r a l l t > 1 

where tj>A i s a c o n t i n u o u s (and r e a l - v a l u e d ) f u n c t i o n d e f i n e d on t h e i n t e r v a l 1 (A) 

= f % , a M ] . 

To b e g i n , we n o t e t h a t by t he d e f i n i t i o n o f X ( t ) , 

X( t+1) = ( a 1 / a 2 ) X ( t ) [ 1 - X ( t ) + a , X ( t ) / a 2 ] . 

I t f o l l o w s t h a t 

(27 ) a ( t + D = a 1 + a 2 - o ^ / o C t ) = V [ o ( t ) ] . 

Then , a f u n c t i o n (J>A i s a s o l u t i o n t o (25) i f and o n l y i f 

(28) <j>A(Z) = Y ^ W Z ) ] , I n Z) 

i d e n t i c a l l y i n Z f o r Z e l ( A ) . 



Now, l e t S deno te the s e t o f a l l c o n t i n u o u s (and r e a l - v a l u e d ) f u n c t i o n s 

t h a t a r e d e f i n e d on t he i n t e r v a l 1 ( A ) , bounded f rom above by I n y and bounded 

f rom be low by In L , where L i s any e lement o f ( 0 , Q * ] , and Q* i s the s o l u t i o n t o 

G [ l n Q * , I n Q», I n 0^] = 0 . ( I t f o l l o w s f rom the d e f i n i t i o n o f G t h a t Q» i s 

un i que and t h a t 0 < Q* < y . ) 

L e t t i n g <t> be any e lement o f S , d e f i n e the mapp ing T by 

(29) r(d>) = Y { 4 > W Z ) ] , I n Z } . 

E v i d e n t l y , any e lement (t>̂  o f S t h a t s a t i s f i e s (28) i s a f i x e d p o i n t under T, and 

v i c e v e r s a . 

C o n s i d e r the m e t r i c s p a c e S = ( S , p ) where f o r * ^ and * 2 > a n v two 

e l e m e n t s o f S , p(<|>1 ,<l>2) = max l ^ - ^ |- As i s w e l l known, S i s c o m p l e t e . T h e r e 

f o r e , a l l we have t o show i s , f i r s t , t h a t V maps S i n t o i t s e l f a n d , s e c o n d , t h a t T 

i s a c o n t r a c t i o n . (See Ko lmogorov and Fomin [19571, pp . 3 1 * , 4 3 . ) 

The p r o o f t h a t V maps S i n t o i t s e l f i s a s f o l l o w s . L e t Z be any e lemen t 

o f 1 ( A ) . Then by (27) the argument o f * on t he RHS o f (29) i s i n 1 ( A ) . And 

t h e r e f o r e s i n c e y i - s c o n t i n u o u s , Y maps c o n t i n u o u s f u n c t i o n s i n t o c o n t i n u o u s 

f u n c t i o n s . So what r e m a i n s i s t o show t h a t T ( * ) i s a p p r o p r i a t e l y bounded . 

F o r any Z i n 1 ( A ) , t h e r e i s a un i que number, x , s u c h t h a t x = y ( x , 

I n Z ) . [See ( 1 7 ) . ] M o r e o v e r , s i n c e y 2 < 0 and Z < « M , we have x > In Q * . And 

s i n c e 0 < < 1, we a l s o h a v e : 

(a) i f x < i t , t hen x < y ( x , I n Z ) <_ x ; and 

(b) i f x > x , t hen x < y ( x , In Z ) < x . 

Now, 4> [Y (Z ) ] i s e i t h e r i n [ In L , x] o r i n ( x , In y] . And i f i t i s i n t h e f i r s t 

i n t e r v a l , t h e n by (a) 

In L < <$>[V(Z)] < y { * [ ' F ( Z ) ] , I n z} < x < I n y . 
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But i f i t i s i n t he second i n t e r v a l , t hen by (b) 

I n L < I n Q* < x < y{<$>[V(Z)] , I n z} < * [«F(Z) ] < I n y . 

T h u s , T($) i s a p p r o p r i a t e l y bounded . 

H a v i n g e s t a b l i s h e d t h a t T maps S i n t o i t s e l f , we t u r n now to show ing 

t h a t F i s a c o n t r a c t i o n . Suppose t h a t f o r any Z , x^ = d ^ W Z ) ] and x^ = ^ W Z ) ! , 

where a g a i n ty^ and $ 2

 a r e a r b i t r a r y e l e m e n t s o f S . Then , by the Mean V a l u e 

Theorem, 

Y ( x 2 , In Z) - Y ( x v In Z) = ( X g - x ^ Y - , 

where Y^ i - s e v a l u a t e d a t ( x , I n Z) f o r some x i n [ x ^ , x 2 l . And h e n c e , s i n c e Y^ >. 0 

m a x | Y ( x „ , I n Z ) - Y ( x . , I n Z ) | < (max Y 1 ) ( m a x | x ? - x . | ) 
Z d Z 1 Z 

= (max y ) (max|( ] ) „ - (b 1 | ) . 
Z ' Z * ' 

So we have o n l y t o show t h a t max Y i < 

z

 2 

B u t Y-| < u / ( 1 + y ) , where u = - a ( t ) [ B ( t ) ] F ' > 0 . T h u s , i f u i s bounded 

f rom a b o v e , T i s a c o n t r a c t i o n . The e l e m e n t s d>. and (h 2 a r e , however , bounded 

f rom above and b e l o w , w h i c h as we have seen i m p l i e s t h a t Y has uppe r and l o w e r 

bounds , and i t f o l l o w s t h a t Y ^ (and hence u) i s e v a l u a t e d a t some p o i n t w h i c h i s 

bounded f rom above and b e l o w . C o n s e q u e n t l y , u i s bounded . So we have p a r t ( i ) o f 

our p r o p o s i t i o n . 

We go on now to p rove p a r t s ( i i ) and ( i i i ) . To p rove p a r t ( i i ) , we 

f i r s t n o t e t h a t w i t h Y b e i n g a c o n t r a c t i o n , r e p e a t e d a p p l i c a t i o n o f Y t o any 

e lemen t * o f S y i e l d s a s e q u e n c e , Y{$), r(r(d>)) = r(2)(<f>), r ( m ) ( c b ) , 

t h a t c o n v e r g e s t o $> .̂ I f (j/*"^ = I n Q* i s t a k e n as t he s t a r t i n g p o i n t , t h e n t he 

r e s u l t i n g sequence i s ( w i t h t he argument o f a s u p p r e s s e d ) d> ^ (CT) = Y [1° Q*» 
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I n a ] , <j> ( 2 )(a) = y [< t> ( 1 ) (a ) , I n a ] , <j> ( n )(a) = y [ 4 > ( n " 1 } ( a ) , I n a ] , l i m 

<J> ( n )(a) = <|>A(a). 

S i n c e y 2 < 0 , we have * ^ 1 ^ ( a Q ) > i ^ ^ ( a ^ ) , where a Q and a r e any two 

v a l u e s o f a s a t i s f y i n g t he r e s t r i c t i o n O Q < o ^ . And s i n c e y^ >̂ 0 , ^ " ^ ( ( J Q ) > 

^ n \ o ^ ) f o r a l l n > 1. T h u s , * A ( o " 0 ) > $^(0^). And p a r t ( i i ) o f t he p r o p o s i t i o n 

f o l l o w s f rom the o b s e r v a t i o n t h a t ( a ( t ) } i s n o n d e c r e a s i n g f o r any a d m i s s i b l e 

c h o i c e o f A . 

H a v i n g shown t h a t Q ( t ) > Q(t+1) f o r a l l t > 1, we a l s o have t h a t 

P 1 ( t ) M ( t ) > P 1 ( t + 1 ) M ( t ) a ( t ) , f rom w h i c h the f i r s t o f the i n e q u a l i t i e s o f p a r t 

( i i i ) i s i m m e d i a t e . And by t he d e f i n i t i o n o f 8 we have t h a t 

I n g ( t ) - I n 8 * = I n Q( t+1) - I n Q ( t ) - I n a ( t ) + I n a * 

= I n Q(t+1) - y [ l n Q ( t + 1 ) , I n a ( t ) ] - I n a ( t ) + I n a * 

where 8* = l i m 8 ( t ) and a* = l i m a ( t ) . A l s o , by t h e Mean V a l u e Theorem, 

y [ l n Q ( t + 1 ) , I n a ( t ) ] = y ( l n Q * , In a * ) 

+ Y l [ l n Q ( t + 1 ) - l n Q*] + y 2 [ l n a ( t ) - l n a»] 

= y., I n Q(t+1) + ( 1 - Y l ) l n Q* + y 2 [ l n a ( t ) - l n a«] 

where Q* = l i m Q ( t ) . T h e r e f o r e , 

I n 8 ( t ) - I n 8 * = ( 1 - Y l ) [ l n Q ( t + 1 ) - l n Q«] - ( 1 + y 2 ) [ l n a ( t ) - l n a*]. 

But t h e n w i t h t he y^ bounded i n t he ways i n d i c a t e d a b o v e , i t must be t h a t I n 8 ( t ) 

- I n 8 * > 0 f o r a l l t > 1. F o r t he sequences {Q( t ) } and ( a ( t ) } a r e r e s p e c t i v e l y 

mono ton i c d e c r e a s i n g and i n c r e a s i n g . 

U n i v e r s i t y o f M i n n e s o t a 
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FOOTNOTES 

k r e c e n t p u b l i c a t i o n o f t he F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s , 

Mode l s o f M o n e t a r y E c o n o m i e s , [Ka reken and W a l l a c e (1980) ] c o n t a i n s s e v e r a l 

p a p e r s on t he u s e f u l n e s s o f OLG m o d e l s . S e e , i n p a r t i c u l a r , t he i n t r o d u c t i o n , 

T o b i n ' s d i s c u s s i o n , and t he paper by Cass and S h e l l . 

2 / 

— See K a r e k e n and W a l l a c e [ 1 9 7 7 ] , w h e r e i n t he r e c u r s i v e n e s s i s a c t u 

a l l y p r o v e d . That paper a l s o c o n t a i n s a w e l f a r e a n a l y s i s t h a t a p p l i e s t o t he 

mode l o f t h i s p a p e r . 

—^Note t h a t m^(t) i s no t r e s t r i c t e d t o b e i n g n o n n e g a t i v e . A c o u n t r y - k 

member o f g e n e r a t i o n t > 1 may be s h o r t c o u n t r y - k money, and a l s o , u n l e s s 

p r e v e n t e d by government r e g u l a t i o n f rom h o l d i n g any c o u n t r y - k ' money, t h a t money 

as w e l l . 
4 / 

— The i n i t i a l o r f i r s t - p e r i o d s t o c k s o f t he two mon ies a r e d i s t r i b u t e d 

a r b i t r a r i l y o v e r t he f i r s t - and s e c o n d - c o u n t r y members o f g e n e r a t i o n z e r o . T h a t 

i s , we r e q u i r e no p a r t i c u l a r d i s t r i b u t i o n . N o r , t h e r e f o r e , does i t m a t t e r w h i c h 

reg ime was i n f o r c e p r i o r t o t he f i r s t p e r i o d . 
5 / h 

— The r e s t r i c t i o n s on t he a g u a r a n t e e t h a t the e q u i l i b r i u m c . ( t ) a r e 

s t r i c t l y p o s i t i v e f o r a l l h , t , and j . 

—^At E = 0 , X = 1 and q 2 > 0 ; and a t E = » , X = 0 and > 0 . And 

u n i q u e n e s s f o l l o w s f rom 3 ( N 1 q 1 ~ X Q ) / 8 E > 0 , where t he i n e q u a l i t y i s i m p l i e d by t h e 

way q h depends on t he t r a n s f e r [ see (6 ) ] and t he f u r t h e r f a c t t h a t w i t h t h e a . = 
K 

a , Q and 8 a r e i n d e p e n d e n t o f E . 

7 / 

— The c o o p e r a t i v e and c e r t a i n n o n c o o p e r a t i v e f i x e d r a t e r e g i m e s a r e 

c o n s i d e r e d i n K a r e k e n and W a l l a c e [1978a] , a s i s a w e l f a r e a p p r a i s a l o f t he 

d i f f e r e n t r e g i m e s . A p r i n c i p a l v i r t u e o f t he f ramework u s e d i n t h i s p a p e r i s 

t h a t i t a l l o w s f o r t he a n a l y s i s o f a w ide range o f p o l i c y r u l e s and f o r t h e i r 

a p p r a i s a l i n t e rms o f a l l o c a t i v e e f f i c i e n c y and d i s t r i b u t i o n . 
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8 / 
— Under t he LF r e g i m e , t he p r e s e n c e o f a r e a l a s s e t a f f e c t s t he v a l u e s 

o f ctm and f o r w h i c h t h e r e i s i n d e t e r m i n a c y . F o r e x a m p l e , suppose t he consump

t i o n good i s s t o r a b l e w i t h a c o n s t a n t g r o s s r a t e o f r e t u r n o f r . I f < 1 / r , 

t hen t he p r o p o s i t i o n o f S e c t i o n I I I h o l d s ; i f a <_ 1 / r < a M , t h e n t he o n l y 

mone ta ry e q u i l i b r i u m i s one i n w h i c h t he more r a p i d l y e x p a n d i n g money i s w o r t h 

l e s s ; i f 1 / r < a , t h e n no moneta ry e q u i l i b r i u m e x i s t s . 
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