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0 . I n t r o d u c t i o n 

The pu rpose o f t h e s e n o t e s i s t o a c q u a i n t s t u d e n t s w i t h a c l a s s o f 

g e n e r a l e q u i l i b r i u m mode ls t h a t can be used t o s t u d y v a r i o u s t o p i c s i n i n t e r 

t empo ra l e c o n o m i c s . These n o t e s d e a l o n l y w i t h " r e a l " (as opposed to "mone

t a r y " ) t o p i c s , bu t t he mode ls s t u d i e d a r e u s e f u l backg round f o r t h o s e t h a t a r e 

a p p l i c a b l e to " m o n e t a r y " t o p i c s . H e r e , we w i l l s t u d y s a v i n g , i n v e s t m e n t , and 

t he d e t e r m i n a t i o n o f i n t e r e s t r a t e s and a s s e t p r i c e s . We w i l l a l s o s t u d y how 

t h e s e depend on t he government p o l i c y i n e f f e c t ; f o r examp le , on t he e x t e n t t o 

wh ich the government bo r rows r a t h e r t han t a x e s , and on t he k i n d o f s o c i a l 

s e c u r i t y program i n e f f e c t . 

Our a p p r o a c h i s a m i c r o e c o n o m i c g e n e r a l e q u i l i b r i u m a p p r o a c h . We 

b e g i n w i t h a d e s c r i p t i o n o f an e n v i r o n m e n t — a d e s c r i p t i o n o f p e o p l e i n te rms 

o f t h e i r p r e f e r e n c e s and what t hey own o r s t a r t w i t h p r i o r t o e n g a g i n g i n any 

a c t i v i t y , and a d e s c r i p t i o n o f t he t o t a l r e s o u r c e s and t he p r o d u c t i o n t e c h n o 

l o g i e s a v a i l a b l e . A s i d e f rom a s s u m i n g t h a t t he outcome o f i n t e r a c t i o n among 

i n d i v i d u a l s i s a c o m p e t i t i v e e q u i l i b r i u m — a p e r f e c t f o r e s i g h t o r r a t i o n a l 

e x p e c t a t i o n s c o m p e t i t i v e e q u i l i b r i u m i n v e r s i o n s where e x p e c t a t i o n s m a t t e r — w e 

make no o t h e r a s s u m p t i o n s . T h i s a p p r o a c h has two i m p o r t a n t v i r t u e s . F i r s t , 

when we s t u d y t he e f f e c t s o f a p o l i c y , we can e a s i l y a p p r a i s e t h e c r e d i b i l i t y 

o f ou r a s s u m p t i o n s abou t what i n t he economy i s i n v a r i a n t t o , o r i n d e p e n d e n t 

o f , whether t h a t p o l i c y o r some o t h e r i s i n e f f e c t . S e c o n d , we can j udge t h e 

e f f e c t s o f a p o l i c y u s i n g t he t o o l s o f t r a d i t i o n a l w e l f a r e e c o n o m i c s . T h u s , 

f o r examp le , our mode ls a l l o w us t o s t u d y t he e f f e c t s o f a s o c i a l s e c u r i t y 

s ys tem on t he u t i l i t y p e o p l e r e a l i z e o r t he e f f e c t s o f a government d e f i c i t on 

t he u t i l i t y p e o p l e r e a l i z e . 

The mode ls we use a r e c a l l e d mode ls o f o v e r l a p p i n g g e n e r a t i o n s o r OG 

m o d e l s . They were i n v e n t e d , i n d e p e n d e n t l y , by Edmond M a l i n v a u d [1954] and 
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P a u l Samuelson [ 1 9 5 8 ] . OG mode ls a r e d i f f e r e n t f r om s t a n d a r d m i c r o e c o n o m i c 

mode ls because they c o n t a i n a d o u b l e i n f i n i t y . S i n c e new g e n e r a t i o n s a r e 

a l w a y s a p p e a r i n g , t h e r e i s an i n f i n i t e number o f p e o p l e to be c o n s i d e r e d , even 

though o n l y a f i n i t e number a r e a l i v e a t any t i m e . A n d , s i n c e t h e r e i s an 

i n f i n i t e number o f d a t e s s t r e t c h i n g i n t o t he f u t u r e and a t l e a s t one consump

t i o n good pe r d a t e , t h e r e i s , i n a d d i t i o n , an i n f i n i t e number o f g o o d s . T h i s 

d o u b l e i n f i n i t y i s r e s p o n s i b l e f o r s e v e r a l s p e c i a l f e a t u r e s , one o f w h i c h i s 

t he f a i l u r e o f Adam S m i t h ' s i n v i s i b l e hand p r o p o s i t i o n to h o l d i n g e n e r a l i n 

t h e s e m o d e l s ; t h a t i s , i n OG mode ls a c o m p e t i t i v e e q u i l i b r i u m i s no t n e c e s 

s a r i l y P a r e t o o p t i m a l . As we w i l l s e e , some o f what we do depends on t he 

d o u b l e i n f i n i t y i n an e s s e n t i a l way and some does n o t . 
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I. A model o f pu re exchange 

We s t a r t ou t u s i n g a model w i t h o u t p r o d u c t i o n . Such mode ls a r e 

c a l l e d p u r e exchange m o d e l s . In them, t he t o t a l r e s o u r c e s c o n s i s t o f amounts 

o f goods and t he o n l y marke t a c t i v i t y i s t r a d i n g o r e x c h a n g i n g . I t t u r n s ou t 

t h a t much o f what we s a y abou t p u r e exchange w i l l c a r r y o v e r to o t h e r mode ls 

we s t u d y . In t h i s s e c t i o n , we d e s c r i b e t he p h y s i c a l a s p e c t s o f t h e m o d e l . 

D i s c r e t e t i m e 

A l l a c t i o n s and e v e n t s o c c u r a t p o i n t s i n t ime w h i c h we d e n o t e by an 

i ndex t t h a t t a k e s on i n t e g e r v a l u e s . We w i l l a l w a y s be c o n c e r n e d w i t h how an 

economy e v o l v e s f rom some i n i t i a l o r c u r r e n t d a t e on i n t o t he i n d e f i n i t e 

f u t u r e . F o r c o n v e n i e n c e , we l a b e l t he i n i t i a l o r c u r r e n t d a t e t = 1. T h i s 

does no t mean t h a t t he economy has no p a s t ; t he e f f e c t s o f t he p a s t d e t e r m i n e 

i n i t i a l c o n d i t i o n s a t t = 1. Our p o i n t o f v i ew i s , i n p a r t , m o t i v a t e d by t he 

f o l l o w i n g s o r t o f q u e s t i o n : G i v e n t h e p a s t , how wou ld t h i n g s e v o l v e f r om t h i s 

t ime on under d i f f e r e n t p o l i c y r u l e s ? 

Here a r e some q u e s t i o n s we w i l l r e t u r n t o . Why n o t a s k o n l y abou t 

what happens a t t = 1? What does " r u l e " mean? Why a s k a b o u t r u l e s ? Why, f o r 

e x a m p l e , no t a s k abou t d i f f e r e n t p o l i c y a c t i o n s a t t = 1 o n l y ? 

D i s c r e t e t ime i s to be c o n t r a s t e d w i t h and i s a s p e c i a l c a s e o f 

c o n t i n u o u s t i m e . In c h o o s i n g d i s c r e t e t i m e , we a r e s a c r i f i c i n g g e n e r a l i t y f o r 

e x p o s i t i o n a l and m a t h e m a t i c a l s i m p l i c i t y . 

The p o p u l a t i o n 

Our m o d e l s , o v e r l a p p i n g g e n e r a t i o n s m o d e l s , g e t t h e i r name f rom the 

way p o p u l a t i o n e v o l v e s . We t a k e t he t ime p a t h o f p o p u l a t i o n a s a g i v e n . 

A t e a c h d a t e t , a new g e n e r a t i o n a p p e a r s ; we c a l l them g e n e r a t i o n 

t . Each member o f g e n e r a t i o n t i s a l i v e a t t and t+1 o n l y . We c o n s i d e r two -



- 4 -

p e r i o d l i v e d i n d i v i d u a l s because t h a t i s t h e s i m p l e s t c a s e o f i n t e r e s t . The 

s i z e o f g e n e r a t i o n t i s deno ted N ( t ) . T h u s , a t any d a t e t , t h e r e a r e members 

o f two g e n e r a t i o n s p r e s e n t : members o f g e n e r a t i o n t -1 ( t h e o l d ) and members 

o f g e n e r a t i o n t ( t h e y o u n g ) . The number o f p e o p l e a l i v e a t t ime t i s , t h e r e 

f o r e , N ( t - 1 ) + N ( t ) . 

T o t a l r e s o u r c e s 

We assume t h a t t h e r e i s o n l y one c o n s u m p t i o n good a t each d a t e . We 

c a l l t he t ime t consump t i on g o o d , t ime t g o o d . (You may want t o t h i n k o f t he 

goods a s b e i n g " t i m e t b r e a d , " " t i m e t+1 b r e a d , " and so o n . ) F o r now, we 

assume t h a t t h e r e i s no t e c h n o l o g y f o r c o n v e r t i n g t ime t good i n t o t ime t + i 

good f o r i * 0 . ( L a t e r we w i l l d r o p t h a t a s s u m p t i o n and assume t h e r e i s a 

" s t o r a g e " t e c h n o l o g y t h a t p e r m i t s c o n v e r s i o n o f t ime t good i n t o t ime t+1 

g o o d , bu t no t n e c e s s a r i l y o n e - f o r - o n e . ) We l e t Y ( t ) be t he t o t a l amount o f 

t ime t good a v a i l a b l e to t he economy. (We a r e no t c o n c e r n e d w i t h where t h i s 

comes f r o m . We a r e c o n c e r n e d o n l y w i t h how i t g e t s u s e d . ) 

F e a s i b l e c o n s u m p t i o n a l l o c a t i o n s 

A c o n s u m p t i o n a l l o c a t i o n d e s c r i b e s who consumes wha t . A f e a s i b l e  

c o n s u m p t i o n a l l o c a t i o n — o r , more s i m p l y , a f e a s i b l e a l l o c a t i o n — i s a consump

t i o n a l l o c a t i o n t h a t i s c o n s i s t e n t w i t h t o t a l r e s o u r c e s and t he t e c h n o l o g y . 

I t i s h e l p f u l to have some n o t a t i o n . 

L e t c ^ ( t ) be c o n s u m p t i o n o f t ime t good o f member h o f g e n e r a t i o n 

i . T h u s , c ^ ( t ) i s consump t i on o f t ime t good o f h i n g e n e r a t i o n t (consump-

t i o n o f h when young) and c^ ( t+1 ) i s c o n s u m p t i o n o f t ime t+1 good ( c o n s u m p t i o n 

when o l d ) o f t he same p e r s o n . A l s o , l e t C ( t ) be t o t a l c o n s u m p t i o n o f t i m e t 

g o o d . We r e q u i r e t h a t c o n s u m p t i o n be n o n n e g a t i v e . 
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D e f i n i t i o n . A c o n s u m p t i o n a l l o c a t i o n i s f e a s i b l e i f t he i m p l i e d t o t a l c o n 

s u m p t i o n p a t h s a t i s f i e s C ( t ) < Y ( t ) f o r a l l t > 1. 

Here a r e some e x e r c i s e s . 

1. L e t N ( t ) = N > 0 and l e t Y ( t ) = yN > 0 f o r a l l t . P r o v e t h a t i f 0 < a < 

1, t hen c £ ( t ) = a y , e j ^ t ) = ( 1 - a ) y f o r a l l h and t > 1 i s f e a s i b l e . 

2 . L e t N ( t + 1 ) / N ( t ) = n and l e t Y ( t ) = y N ( t ) f o r a l l t . P rove t h a t i f 0 < a < 

1, then c ^ ( t ) = a y , c} At) = n ( 1 - a ) y f o r a l l h and t > 1 i s f e a s i b l e . 

3 . L e t N ( t - 1 ) = 2 and Y ( t ) = 2 f o r a l l t > 1. P r o v e t h a t t he f o l l o w i n g 

a l l o c a t i o n i s f e a s i b l e : c|j(1) = 1/2 f o r h = 1, 2 ; c ] ( 1 ) = 1 /4 , c ] ( 2 ) = 

3 / 4 ; c ^ ( 1 ) = 3 / 4 , c2A2) = 1 /4 ; c j ( t ) = c £ ( t + 1 ) = 1/2 f o r h = 1, 2 and a l l 

t > 2 . 

4 . L e t N ( t - 1 ) = 1 and Y ( t ) = 1 f o r a l l t > 1. Show t h a t t he f o l l o w i n g i s a 

f e a s i b l e a l l o c a t i o n : c f c _ 1 ( t ) = ( 1 / 2 ) - ( 1 / 2 ) t + l , c f c ( t ) = ( 1 / 2 ) + 

( 1 / 2 ) t + 1 , a l l t > 1. 

E f f i c i e n t consump t i on a l l o c a t i o n s 

We use t he te rm e f f i c i e n c y i n what i s a f a i r l y s t a n d a r d way. A 

c o n s u m p t i o n a l l o c a t i o n i s e f f i c i e n t i f t h e r e i s no a l t e r n a t i v e f e a s i b l e a l l o 

c a t i o n w h i c h i m p l i e s more t o t a l consump t i on o f some good and no l e s s o f any 

g o o d . 

Here i s an e x e r c i s e . 

5 . P rove the f o l l o w i n g . A c o n s u m p t i o n a l l o c a t i o n i s e f f i c i e n t i f and o n l y i f 

i t s a t i s f i e s C ( t ) = Y ( t ) f o r a l l t > 1. 

As t h i s e x e r c i s e shows , i n pu re exchange mode ls (mode ls w i t h o u t 

p r o d u c t i o n ) , e f f i c i e n c y i s no t a v e r y i n t e r e s t i n g c o n c e p t . 



- 6 -

P r e f e r e n c e s 

We w i l l r e p r e s e n t p r e f e r e n c e s by u t i l i t y f u n c t i o n s and t h e i r i m p l i e d 

i n d i f f e r e n c e c u r v e maps. We assume t h a t h i n g e n e r a t i o n t f o r t > 1 has a 

u t i l i t y f u n c t i o n u} w h i c h i s a f u n c t i o n o f c ^ ( t ) and c ^ ( t + 1 ) , and i s d e f i n e d 

f o r a l l p o s i t i v e v a l u e s o f i t s a r g u m e n t s . We assume t h a t u£ i s s t r i c t l y 

i n c r e a s i n g i n e a c h o f i t s a rguments and has c o n t i n u o u s p a r t i a l d e r i v a t i v e s . 

M o r e o v e r , p r e f e r e n c e s a r e s t r i c t l y convex i n t h a t i f c ' * c " , u ( c ' ) > u ( c " ) , 

and 1 > a > 0 , t hen u ? ( a c ' + ( 1 - a ) c " ) > u ^ ( c " ) . No te t h a t c ' and c " a r e e a c h 

t w o - e l e m e n t v e c t o r s . 

We assume t h a t each member o f g e n e r a t i o n 0 , who i s i n t h e s e c o n d 

p e r i o d o f l i f e a t t = 1, p r e f e r s more t ime 1 c o n s u m p t i o n t o l e s s . 

P a r e t o o p t i m a l a l l o c a t i o n s 

We b e g i n w i t h a d e f i n i t i o n o f P a r e t o s u p e r i o r i t y . 

Consumpt i on a l l o c a t i o n A i s P a r e t o s u p e r i o r to c o n s u m p t i o n a l l o c a 

t i o n B i f no one p r e f e r s B to A and i f a t l e a s t someone p r e f e r s A t o B. I f A 

i s n o t s u p e r i o r t o B and B i s n o t s u p e r i o r to A, t hen we say t h e y a r e noncom- 

p a r a b l e . ( I n a p p l y i n g t h i s d e f i n i t i o n , t a k e i n t o a c c o u n t a l l members o f a l l 

g e n e r a t i o n s i n c l u d i n g t h o s e o f g e n e r a t i o n 0 , t he c u r r e n t o l d . ) 

Here a r e some e x e r c i s e s . 

6 . L e t u [ c j ( t ) , c j ( t + 1 ) ] = c ^ ( t ) 1 / 2 + c j ( t + 1 ) 1 / 2 be t he u t i l i t y f u n c t i o n f o r 

a l l members o f a l l g e n e r a t i o n s ( e x c e p t t he c u r r e n t o l d ) and c o n s i d e r t he 

e x e r c i s e 1 a l l o c a t i o n s . D e s c r i b e two , one o f w h i c h i s P a r e t o s u p e r i o r to 

t h e o t h e r . D e s c r i b e two w h i c h a r e noncomparab le t o e a c h o t h e r . 

We can now d e f i n e P a r e t o o p t i m a l i t y . A c o n s u m p t i o n a l l o c a t i o n i s 

P a r e t o o p t i m a l i s t h e r e does no t e x i s t a f e a s i b l e c o n s u m p t i o n a l l o c a t i o n t h a t 

i s P a r e t o s u p e r i o r t o i t . 
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Here a r e some e x e r c i s e s . 

7 . P r o v e t he f o l l o w i n g . I f an a l l o c a t i o n i s P a r e t o o p t i m a l , t hen i t i s e f f i 

c i e n t . ( I n o t h e r wo rds , e f f i c i e n c y i s n e c e s s a r y f o r P a r e t o o p t i m a l i t y . ) 

8 . C o n s i d e r t he r e s o u r c e s , t e c h n o l o g y , and a l l o c a t i o n s o f e x e r c i s e 1 and t he 

p r e f e r e n c e s o f e x e r c i s e 6 . P r o v e t h a t t he a l l o c a t i o n d e t e r m i n e d by a = 

3 / 4 i s n o t P a r e t o o p t i m a l . 

9 . C o n s i d e r t he s e t u p and a l l o c a t i o n s o f e x e r c i s e 2 and t he p r e f e r e n c e s o f 

e x e r c i s e 6 . Show t h a t i f n = 4 , t hen t he a l l o c a t i o n d e t e r m i n e d by a = 1/2 

i s no t P a r e t o o p t i m a l . 

10. C o n s i d e r t he s e t u p and a l l o c a t i o n o f e x e r c i s e 3 . Show t h a t t h i s a l l o c a 

t i o n i s n o t P a r e t o o p t i m a l i f p r e f e r e n c e s a r e t h o s e d e s c r i b e d i n e x e r c i s e 

6 . 

11 . T h i s i s a g e n e r a l i z a t i o n o f t he l a s t e x e r c i s e . Suppose u £ [ c £ ( t ) , c £ ( t + 1 ) ] 

i s t he u t i l i t y f u n c t i o n o f p e r s o n h i n g e n e r a t i o n t , t > 1. L e t t he 

m a r g i n a l r a t e o f s u b s t i t u t i o n (MRS) f o r t h i s p e r s o n be d e f i n e d by 

u ^ I c ^ t J . c ^ t + D ] / u j 2 [ c £ ( t ) , c £ ( t + 1 ) ] , where u j , [ c j ( t ) f c j ( t + 1 ) ] i s t he 

p a r t i a l d e r i v a t i v e o f u^ w i t h r e s p e c t to ( w . r . t . ) i t s j t h a rgumen t . 

Suppose h and h ' a r e two members o f g e n e r a t i o n t , f o r some t > 1. P rove 

t he f o l l o w i n g : a f e a s i b l e a l l o c a t i o n w h i c h i m p l i e s d i f f e r e n t v a l u e s o f 

t he MRS f o r h and h 1 i s no t P a r e t o o p t i m a l . 

The l a s t e x e r c i s e e s t a b l i s h e s t h a t a n e c e s s a r y c o n d i t i o n f o r P a r e t o 

o p t i m a l i t y i s t h a t a l l members o f g e n e r a t i o n t have the same MRS. We w i l l 

c a l l t h i s t he e q u a l i t y o f MRS c o n d i t i o n . Ano the r i s e f f i c i e n c y ( s e e e x e r c i s e 

7 ) . 

12. P r o v e t he f o l l o w i n g . These c o n d i t i o n s a r e no t s u f f i c i e n t f o r P a r e t o 

o p t i m a l i t y . 
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Our p h y s i c a l e n v i r o n m e n t s a r e s u c h t h a t i t i s d i f f i c u l t t o d e r i v e 

c o n d i t i o n s w h i c h a r e n e c e s s a r y and s u f f i c i e n t f o r P a r e t o o p t i m a l i t y . We c a n , 

however , g e t some a p p r e c i a t i o n o f t he n a t u r e o f the c o n d i t i o n s . 

13. C o n s i d e r t h e s e t u p o f e x e r c i s e 1 and t he p r e f e r e n c e s o f e x e r c i s e 6 . P r o v e 

t h a t no a l l o c a t i o n i n t h e c l a s s d e s c r i b e d i n e x e r c i s e 1 i s P a r e t o s u p e r i o r 

to t he a l l o c a t i o n g i v e n by a = 1 /4 . 

14. W i t h i n t he same s e t u p , d e s c r i b e a l l a ' s f o r w h i c h t h e r e does n o t e x i s t a 

P a r e t o s u p e r i o r a l l o c a t i o n among t he c l a s s o f a l l o c a t i o n s d e s c r i b e d i n 

e x e r c i s e 1. 

15. Now c o n s i d e r t he e x e r c i s e 2 s e t u p and the p r e f e r e n c e s o f e x e r c i s e 6 . 

D e s c r i b e a l l a ' s f o r w h i c h t h e r e does no t e x i s t a P a r e t o - s u p e r i o r a l l o c a 

t i o n among the c l a s s o f a l l o c a t i o n s d e s c r i b e d i n e x e r c i s e 2 . 

From t h e s e e x e r c i s e s , i t seems t h a t a n o t h e r n e c e s s a r y c o n d i t i o n f o r 

P a r e t o o p t i m a l i t y i s t h a t MRS 's a s d e f i n e d i n e x e r c i s e 11 be s u f f i c i e n t l y 

h i g h . T h i s i s t he c o n d i t i o n t h a t a p p e a r s because o f t he d o u b l e i n f i n i t y i n 

t he m o d e l . The re i s no a n a l o g u e o f i t i n f i n i t e m o d e l s . 

A l t h o u g h I w i l l no t d e s c r i b e i n any p r e c i s e way how h i g h M R S ' s must 

be i n o r d e r t o i n s u r e P a r e t o o p t i m a l i t y , I can c i t e some r e s u l t s and a l s o 

e x p l a i n i n a l o o s e way how they a r e o b t a i n e d . 

To b e g i n , assume the e x e r c i s e 1 s e t u p and t he e x e r c i s e 6 p r e f e r 

e n c e s . C o n s i d e r t he e x e r c i s e 1 a l l o c a t i o n w i t h a = 3 / 4 . T h i s a l l o c a t i o n i s 

no t P a r e t o o p t i m a l . S t a r t i n g w i t h t h i s a l l o c a t i o n , c o n s i d e r how we s h o u l d 

s h i f t goods among p e o p l e i n o r d e r t o p roduce a P a r e t o s u p e r i o r a l l o c a t i o n . 

Suppose we t a k e a l i t t l e b i t o f t i m e t good f rom e a c h young p e r s o n a t e a c h 

da te and g i v e i t t o each o l d p e r s o n . S i n c e t h e r e i s an e q u a l number o f young 

and o l d a t each d a t e , t h i s i s f e a s i b l e i n t he s e n s e t h a t i t does n o t use up 
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more o f any good t h a n i s a v a i l a b l e . M o r e o v e r , e v e r y o n e p r e f e r s t he r e s u l t i n g 

a l l o c a t i o n t o t he one we s t a r t e d w i t h . C e r t a i n l y , t he p e o p l e who a r e o l d a t 

t = 1 p r e f e r i t ; t hey g e t more t ime 1 g o o d , wh ich i s a l l t hey c a r e a b o u t . To 

s e e t h a t e v e r y o n e e l s e p r e f e r s i t , s k e t c h t he i n d i f f e r e n c e c u r v e map and t h e 

i n i t i a l and new a l l o c a t i o n . I t s h o u l d be c l e a r t h a t t h e p r o p o s e d a l t e r n a t i v e 

a l l o c a t i o n p u t s e a c h young p e r s o n on a h i g h e r i n d i f f e r e n c e c u r v e i f t he " l i t 

t l e b i t " i s no t t oo b i g . No te t h a t t h e r e e x i s t s a l i t t l e b i t w h i c h i s n o t t oo 

b i g i f t he MRS a t t he i n i t i a l a l l o c a t i o n i s s m a l l e r than u n i t y . U n i t y shows 

up i n t h i s example because o f f e a s i b i l i t y . G i v e n t he s e t u p o f e x e r c i s e 1, i f 

we t a k e a l i t t l e b i t f r om e a c h young p e r s o n , the most we can g i v e t o e a c h o l d 

pe rson i s the same amount . I f we were w o r k i n g w i t h t he s e t u p o f e x e r c i s e 4 , 

t hen t he r o l e o f u n i t y wou ld be t a k e n by t he pa rame te r n . 

We can use t he example j u s t d i s c u s s e d t o p o i n t ou t the c r u c i a l r o l e 

p l a y e d by t he d o u b l e i n f i n i t y ; t h a t i s , by t he absence o f a l a s t d a t e . S u p 

p o s e , i n s t e a d , t h a t t h e r e i s a l a s t d a t e . In p a r t i c u l a r , suppose t h e s e t u p o f 

e x e r c i s e 1 a p p l i e s o n l y f o r d a t e s 1, 2 , T , and suppose t h a t t he young 

p e o p l e a t T w i l l no t l i v e t o be o l d . Then t he n a t u r a l a s s u m p t i o n t o make 

abou t t h e i r p r e f e r e n c e s i s t h a t t hey c a r e o n l y abou t how much t ime T good they 

consume. In t h i s c a s e , t h e n , we canno t p roduce a P a r e t o s u p e r i o r a l l o c a t i o n 

by t a k i n g some t i m e T good away f rom them. 

N e x t , i n the o r i g i n a l i n f i n i t e e x e r c i s e 1 s e t u p , c o n s i d e r t he e x e r 

c i s e 1 a l l o c a t i o n w i t h a = 1 /4 . L e t us c o n s i d e r t he consequences o f s h i f t i n g 

some goods between young and o l d . I f we t ake a l i t t l e b i t f rom e a c h young 

p e r s o n a t each d a t e and g i v e t h a t amount to each o l d p e r s o n , t h e n , a s you 

s h o u l d be a b l e t o show, o n l y t he o l d a t t = 1 b e n e f i t ; e v e r y o n e e l s e i s made 

worse o f f . S u p p o s e , i n s t e a d , t h a t we t a k e a l i t t l e b i t f rom each o l d p e r s o n 

and g i v e i t t o e a c h young p e r s o n . T h i s makes e v e r y o n e bu t t h e o l d a t t = 1 
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b e t t e r o f f , bu t i t makes them worse o f f . T h u s , n e i t h e r k i n d o f s h i f t p r o d u c e s 

a P a r e t o s u p e r i o r a l l o c a t i o n . (Note t h a t I c a n n o t p r o p o s e t a k i n g a l i t t l e b i t 

f rom each young p e r s o n and g i v i n g , s a y , 100 t i m e s t h a t l i t t l e b i t t o e a c h o l d 

p e r s o n ; t h a t i s n o t f e a s i b l e i n t he e x e r c i s e 1 s e t u p . ) 
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I I . E q u i l i b r i u m i n the pure exchange model 

Here we w i l l s tudy exchange i n a p r i v a t e ownersh ip v e r s i o n o f our 

model i n wh ich we assume t h a t i n d i v i d u a l s behave c o m p e t i t i v e l y . C o m p e t i t i v e 

b e h a v i o r means t h a t i n d i v i d u a l s v iew themse lves as be i ng a b l e to buy and s e l l 

any amounts a t r u l i n g p r i c e s w i t h o u t a f f e c t i n g those p r i c e s ; t h a t i s , they 

t r e a t p r i c e s p a r a m e t r i c a l l y . 

P r i c e s as a lways a r e market r a t e s o f exchange. In the p r e s e n t 

v e r s i o n o f the mode l , we a r e i n t e r e s t e d i n r a t e s o f exchange between t ime t 

good and t ime t+1 good f o r a l l t > 1. As i s u s u a l , we have to make some d e c i 

s i o n about how to exp ress p r i c e s . One scheme, perhaps the most commonly u s e d , 

i s to exp ress a l l p r i c e s i n terms o f t ime 1 good; f o r examp le , by l e t t i n g , 

s a y , y ( t ) be the p r i c e o f t ime t good i n u n i t s o f t ime 1 good w i t h Y (1) - 1. 

We w i l l s t a r t ou t w i t h a d i f f e r e n t scheme, one tha t e x p r e s s e s exchange r a t i o s 

i n terms o f o n e - p e r i o d g r o s s i n t e r e s t r a t e s . Thus , we l e t r ( t ) be the p r i c e 

o f t ime t good i n u n i t s o f t ime t+1 good . (The co r respondence between the two 

ways o f e x p r e s s i n g p r i c e s i s r ( t ) = y ( t ) / Y ( t + 1 ) . ) 

In o r d e r to d e s c r i b e c o m p e t i t i v e b e h a v i o r and e q u i l i b r i u m , we need a 

d e s c r i p t i o n o f who owns what ; i . e . , a d e s c r i p t i o n o f what i n d i v i d u a l s s t a r t 

ou t w i t h p r i o r to t r a d e . We use the word "endowment" to d e s c r i b e t h i s and 

l e t w^( t ) be the p a r t o f the endowment o f member h o f g e n e r a t i o n i t h a t c o n 

s i s t s o f t ime t good. In g e n e r a l , we assume t h a t any member o f g e n e r a t i o n t 

has an endowment c o n s i s t i n g o f some t ime t good and some t ime t+1 good and 

n o t h i n g o f any o the r good . 

B e f o r e we d e s c r i b e c o m p e t i t i v e t r a d e f o r m a l l y , i t may h e l p to t h i n k 

i n a g e n e r a l way about what k i n d o f t r a d e can occu r i n t h i s economy. C o n s i d e r 

the s i t u a t i o n a t some da te t , when t h e r e a r e members o f g e n e r a t i o n t-1 p r e s e n t 

( the o l d ) and members o f g e n e r a t i o n t p r e s e n t ( the y o u n g ) . F i r s t n o t e t h a t 
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because t h e r e i s on l y one good a t each d a t e , the re i s no p o t e n t i a l f o r i n t e r -

gene ra t i on (between g e n e r a t i o n ) t r a d e . No member o f g e n e r a t i o n t-1 (no o l d 

person) has a n y t h i n g to g i v e a member o f g e n e r a t i o n t (a young person) i n 

exchange f o r t ime t good ; no young person has a n y t h i n g to g i v e an o l d pe rson 

i n exchange f o r t ime t good which i s o f v a l u e to the o l d p e r s o n . There may, 

however, be p o t e n t i a l f o r i n t r a g e n e r a t i o n ( w i t h i n g e n e r a t i o n ) t rade among 

members o f g e n e r a t i o n t . (As we w i l l see l a t e r i n a model w i t h more o b j e c t s 

i n i t , i n t e r g e n e r a t i o n t r a d e i s a p o s s i b i l i t y . ) 

In g e n e r a l , a c o m p e t i t i v e e q u i l i b r i u m i s a s e t o f p r i c e s and q u a n t i 

t i e s tha t s a t i s f y two c o n d i t i o n s : (a) the q u a n t i t i e s t h a t a r e r e l e v a n t f o r a 

p a r t i c u l a r person maximize t h a t p e r s o n ' s u t i l i t y i n the s e t o f a l l q u a n t i t i e s 

t h a t a re a f f o r d a b l e g i v e n the p r i c e s and the p e r s o n ' s endowment, and (b) the 

q u a n t i t i e s c l e a r m a r k e t s . For the a p p l i c a t i o n now be ing c o n s i d e r e d the p r i c e s 

a r e an r ( t ) sequence ( t h a t i s , r ( 1 ) , r ( 2 ) , r ( 3 ) , r ( t ) ) , w h i l e the q u a n t i 

t i e s a re a consumpt ion a l l o c a t i o n and , pe rhaps , q u a n t i t i e s o f l oans g ran ted or 

r e c e i v e d . Roughly s p e a k i n g , we w i l l proceed as f o l l o w s . C o n d i t i o n (a) w i l l 

g i v e us r e l a t i o n s h i p s between u t i l i t y max im iz ing q u a n t i t i e s and p r i c e s — r e l a 

t i o n s h i p s t h a t a r e u s u a l l y l a b e l e d demand or s u p p l y f u n c t i o n s . And (b) p i c k s 

out those p r i c e s c o n s i s t e n t w i t h the u t i l i t y max im iz ing q u a n t i t i e s be ing 

market c l e a r i n g q u a n t i t i e s . 

Our f i r s t t ask i s to f i n d the r e l a t i o n s h i p between u t i l i t y max im i z 

i n g q u a n t i t i e s and p r i c e s . To do t h i s , we f i r s t d e s c r i b e the s e t o f a f f o r d 

a b l e l i f e t i m e consumpt ion bund les f o r some member h o f g e n e r a t i o n t , t > 1. 

We suppose t h a t person h faces some p o s i t i v e p r i c e r ( t ) , a g ross i n t e r e s t 

r a t e , a t which h can borrow o r l e n d . One way to d e s c r i b e the se t o f a f f o r d 

a b l e consumption bund les i s as f o l l o w s : 

(1) c j ( t ) < w j ( t ) - i h ( t ) 
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(2 ) e £ ( t + 1 ) < w j ( t+1) + r ( t ) a h ( t ) 

where 2 , h ( t ) i s t he l o a n s t h a t h c h o o s e s t o g r a n t . I t i s c r u c i a l t o b e a r i n 

mind t h a t a n e g a t i v e v a l u e o f « ,^( t ) means t h a t h b o r r o w s . 

We a l s o f i n d i t c o n v e n i e n t t o d e s c r i b e t he s e t o f a f f o r d a b l e c o n 

s u m p t i o n b u n d l e s f o r h by 

(3) c j ( t ) - e j ( t + 1 ) / r ( t ) < w £ ( t ) + w j ? ( t + 1 ) / r ( t ) . 

As an e x e r c i s e , p r o v e t h a t t he p a i r o f c o n s t r a i n t s , (1 ) and ( 2 ) , i s 

e q u i v a l e n t t o ( 3 ) ; t h a t i s , p r o v e t he f o l l o w i n g two s t a t e m e n t s : 

( i ) I f ( c f c ( t ) , c t ( t + 1 ) ) i s a c o n s u m p t i o n b u n d l e t h a t s a t i s f i e s ( 3 ) , t hen 

t h e r e e x i s t s some v a l u e o f « , h ( t ) f o r w h i c h (c ( t ) , c ( t+1 ) ) s a t i s f i e s (1 ) 

and ( 2 ) . 

( i i ) I f ( c j ( t ) , c ^ ( t + 1 ) , a h ( t ) ) s a t i s f i e s (1 ) and ( 2 ) , t hen ( c £ ( t ) , c £ ( t + 1 ) ) 

s a t i s f i e s ( 3 ) . 

We now d e s c r i b e t he r e l a t i o n s h i p between u t i l i t y m a x i m i z i n g c h o i c e s 

and w ^ ( t ) , w £ ( t + 1 ) , and r ( t ) . F i r s t , n o t e t h a t s i n c e u t i l i t y i s i n c r e a s i n g 

i n c ^ ( t ) and i n c ^ ( t + 1 ) , u t i l i t y m a x i m i z i n g c h o i c e s w i l l s a t i s f y (3 ) a t e q u a l -

i t y . T h i s i m p l i e s t h a t we can use (3 ) a t e q u a l i t y and e x p r e s s h ' s u t i l i t y a s 

a f u n c t i o n o f a s i n g l e v a r i a b l e . T h u s , f o r e x a m p l e , we can e x p r e s s u t i l i t y i n 

te rms o f c !? ( t ) a s 

u j [ e j ( b ) f c j ( t + 1 ) ] = u j ( c j ( t ) , w j ( t + 1 ) + r ( t ) [ w j ( t ) - e j ( t ) ] ) . 

We w i l l e x p r e s s u t i l i t y i n t e rms o f a new v a r i a b l e c a l l e d s a v i n g and 

deno ted sj? f o r h i n g e n e r a t i o n t . We d e f i n e s ^ as w ^ ( t ) - c ^ ( t ) , t h e amount 
u e t c 

by w h i c h t he endowment when young e x c e e d s c o n s u m p t i o n when y o u n g . U s i n g (3 ) 

a t e q u a l i t y , u t i l i t y as a f u n c t i o n o f s a v i n g i s 
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(4) u [ o J ( t ) f c J ( t * 1 ) ] = u [ w £ ( t ) - s £ , w £ ( t + 1 ) + r ( t ) s j ] . 

Our g e n e r a l a s s u m p t i o n s abou t u t i l i t y i m p l y t h a t t h e r e i s a u n i q u e 

v a l u e o f s ^ w h i c h m a x i m i z e s t he r i g h t - h a n d s i d e (RHS) o f (4 ) and t h a t t h i s 

maximum i s g i v e n by t he v a l u e o f s^} a t w h i c h t he f i r s t d e r i v a t i v e o f t he RHS 

o f (4) i s z e r o . U s i n g t he c h a i n r u l e , the f i r s t d e r i v a t i v e o f t h e RHS o f (4 ) 

i s , ) + r ( t ) u ^ . ( , ) , whe re , as a b o v e , u}. i s t he p a r t i a l d e r i v a -

t i v e o f u}( , ) w . r . t . i t s j t h a rgumen t . Upon e q u a t i n g t h i s d e r i v a t i v e to 

z e r o , we have 

(5) u ^ ( , ) / u J 2 ( , ) = r ( t ) . 

T h i s s a y s t h a t t he v a l u e o f s a v i n g wh ich m a x i m i z e s u t i l i t y i s t h a t w h i c h 

e q u a t e s t he MRS t o r ( t ) , w h i c h i s t he p r i c e o f t ime t good i n u n i t s o f t i m e 

t+1 good . 

Here a r e two examp les f o r w h i c h e q u a t i o n (5 ) can be e a s i l y s o l v e d 

f o r s a v i n g , s . . These examp les w i l l be used r e p e a t e d l y i n e x e r c i s e s . 

Example 1. u £ ( c £ ( t ) , c j ( t + 1 ) ) = c j ( t ) [ c j ( t + 1 ) ] 6 , 6 > 0 . Then u ^ = 

[ c £ ( t + 1 ) ] 8 , uh

t2 = 6 c £ ( t ) [ c J ( t + 1 ) ] 6 - \ and u j , ( , J / u J ^ t , ) = o J ( t * 1 ) / B c J ( t ) . 

U s i n g t he d e f i n i t i o n o f s ^ and (3 ) a t e q u a l i t y , we can r e w r i t e t h i s 

as 

U t 1 ( ' ) / U t 2 ( ' ) = t w t ( t + 1 ) + r ( f c ) s t ] / 6 C w t ( t ) - s ^ 

T h u s , f o r t h i s e x a m p l e , e q u a t i o n (5) t a k e s t he fo rm 

[wJ(t+1 )+r ( t )sJ] /B[wJ(t ) -sJ] = r ( t ) . 

V e r i f y t h a t t h i s can be s o l v e d f o r s ^ and t h a t the s o l u t i o n i s 
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s£ = B w £ ( t ) / ( 1 + B ) - w J ( t + 1 ) / ( 1 + B ) r ( t ) 

Example 2 . u £ ( c j ( t ) , c £ ( t + 1 ) ) = [ c j ( t ) ] 1 / 2

+ 6 [ c J ( t + 1 ) ] 1 / 2 , 6 > 0 . 

V e r i f y t h a t f o r t h i s e x a m p l e , e q u a t i o n (5) can be s o l v e d f o r s£ to 

o b t a i n 

s j = S 2 r ( t ) w £ ( t ) / [ 1 + B 2 r ( t ) ] - w j ( t + 1 ) / r ( t ) [ 1 + B 2 r ( t ) ] . 

In g e n e r a l , we w i l l deno te the v a l u e o f t h a t m a x i m i z e s (4 ) by t he 

f u n c t i o n s ^ [ r ( t ) , w ^ ( t ) , w ^ ( t + 1 ) ] , w h i c h we c a l l a s a v i n g f u n c t i o n . Somet imes 

we w i l l deno te t he f u n c t i o n by s^ ( ) o r even by s ! \ F o r e x a m p l e , i f h has 

t he examp le 1 u t i l i t y f u n c t i o n we w r i t e s £ [ r ( t ) , w £ ( t ) , w £ ( t + 1 ) ] = 

Bw!?( t ) / (1+B) - w . ( t + 1 ) / ( 1 + B ) r ( t ) . ( F o r t h i s c a s e , compute t he p a r t i a l d e r i v a -

t i v e s o f s . w . r . t . r ( t ) , w ^ ( t ) , and wj?(t+1). I n t e r p r e t what y o u f i n d i n te rms 

o f income and s u b s t i t u t i o n e f f e c t s on t he demand f o r c £ ( t ) and c . ( t + 1 ) . 

In g e n e r a l , ou r a s s u m p t i o n s abou t u t i l i t y f u n c t i o n s and t h e assump

t i o n t h a t w j ( t ) > 0 and w j ( t+1 ) > 0 i m p l y t h a t s £ ( r ( t ) , w £ ( t ) , w j ( t + 1 ) ) h a s t he 

f o l l o w i n g p r o p e r t i e s : 

(a) I t i s c o n t i n u o u s . 

(b ) The re i s a u n i q u e v a l u e o f r ( t ) , say r * , s u c h t h a t s£ = 0 and f o r r ( t ) > 

r * f > 0 ; w h i l e f o r r ( t ) < r * , si? < 0 . 

( c ) s j ( r ( t ) ) < w j ( t ) f o r a l l r ( t ) . 't 1- y ' ' t 

The s a v i n g f u n c t i o n f o r h i n g e n e r a t i o n t g i v e s us the r e l a t i o n s h i p 

between u t i l i t y m a x i m i z i n g c h o i c e s and p r i c e s . In o r d e r to c o m p l e t e t he 

d e s c r i p t i o n o f a c o m p e t i t i v e e q u i l i b r i u m , we must d e s c r i b e marke t c l e a r i n g 

c o n d i t i o n s . 
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In t he p r e s e n t m o d e l , we assume t h a t t h e t o t a l amount o f t ime t good 

a v a i l a b l e i s the sum o f what i n d i v i d u a l s s t a r t w i t h . T h e n , t he c o n d i t i o n t h a t 

t o t a l c o n s u m p t i o n o f t i m e t good be e q u a l to t he goods a v a i l a b l e i s 

( 6 ) Ih C t -1 ( t ) + 2h c t ( t ) = Ihwtl ( t )
 + £ h w t ( t ) f 0 r ^11 t > 1, 

where summat ion o v e r h means summat ion o v e r t h e members i n t he r e l e v a n t g e n e r 

a t i o n . 

N e x t , we use some i m p l i c a t i o n s o f t he i n d i v i d u a l budge t c o n 

s t r a i n t s . A t t = 1, t he t r i v i a l budget c o n s t r a i n t o f h i n g e n e r a t i o n 0 i s 

C Q ( 1 ) < " ^ ( 1 ) , w h i c h i m p l i e s t h a t c h o i c e s s a t i s f y t h i s a t e q u a l i t y o r t h a t 

£ h C g ( 1 ) = Ihwjj(1). By ( 6 ) , t h i s i m p l i e s 1 ^ ( 1 ) = 1 ^ 0 ) . T h i s e q u a l i t y and 

(3 ) a t e q u a l i t y summed o v e r h i m p l y £ ^ ( 2 ) = £ ^ ( 2 ) . T h e n , u s i n g (6 ) a g a i n , 

we g e t ^ 0 ^ ( 2 ) = £ h w 2 ( 2 ) . By t he o b v i o u s i n d u c t i o n argument t h e n , we g e t f o r 

a l l t > 1, 

wh ich we can w r i t e a s 

(8) £ h ( w £ ( t ) - c J ( t ) ) = 0 , f o r t > 1. 

S i n c e w ^ ( t ) - c ^ ( t ) i s s a v i n g o f h i n g e n e r a t i o n t , (8) s a y s t h a t t o t a l s a v -

i n g s f o r t he members o f g e n e r a t i o n t must be z e r o i n e q u i l i b r i u m . 

We have a l r e a d y e x p r e s s e d t he dependence between t he c h o i c e o f 

s a v i n g and r ( t ) f o r h i n g e n e r a t i o n t by t he f u n c t i o n s^ ( ) . L e t us d e f i n e 

t he f u n c t i o n S f c [ r ( t ) ] by 

(9 ) S t [ r ( t ) ] = lhshA ). 
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We c a l l S f c t he a g g r e g a t e s a v i n g f u n c t i o n on t h e p a r t o f g e n e r a t i o n t . ( N o t e 

t h a t we h e r e u s e a n o t a t i o n t h a t l e a v e s i m p l i c i t t he dependence o f a g g r e g a t e 

s a v i n g on endowments . ) The r e q u i r e m e n t t h a t u t i l i t y m a x i m i z i n g c h o i c e s be 

marke t c l e a r i n g i s , t h e r e f o r e , t he r e q u i r e m e n t t h a t 

(10) S f c [ r ( t ) ] = 0 ; t = 1, 2 , . . . . 

Here a r e some e x e r c i s e s . 

1. F i n d t he S ,_ [ r ( t ) ] f u n c t i o n f o r t he f o l l o w i n g c a s e s : 

( i ) N ( t ) = 100; each h i n g e n e r a t i o n t has t he example 1 u t i l i t y f u n c t i o n 

w i t h 8 = 1 and wj?(t) = 2 , w j ( t+1 ) = 1. 

(11) N ( t ) = 100; each h h a s t he example 1 u t i l i t y f u n c t i o n w i t h 6 = 1 , and 

h h ( 2 , 1 ) ; h = 1, 2 , 50 
(wj(t),wj(t+1)) = 

( 1 , 1 ) ; h = 5 1 , 5 2 , 100 

2 . Use some o r a l l o f p r o p e r t i e s ( a ) - ( c ) o f s ^ l i s t e d above t o p r o v e t he 

f o l l o w i n g abou t S t [ r ( t ) ] , t he a g g r e g a t e s a v i n g f u n c t i o n f o r g e n e r a t i o n 

t : 

(a) S t [ r ( t ) ] i s c o n t i n u o u s . 

(b1) The re e x i s t s some v a l u e o f r ( t ) , s a y r ( t ) , s u c h t h a t i f r ( t ) < r ( t ) , 

then S [ r ( t ) ] < 0 . 

(b2) There e x i s t s some v a l u e o f r ( t ) , s a y r ( t ) , s u c h t h a t i f r ( t ) > r ( t ) , 

then S [ r ( t ) ] > 0 . 

( c ) S f c [ r ( t ) ] < IhwJ(t). 

3 . Use p r o p e r t i e s ( a ) , ( b 1 ) , (b2) o f t he S ^ [ r ( t ) ] f u n c t i o n t o p r o v e t he 

f o l l o w i n g : F o r e a c h t , t h e r e e x i s t s a t l e a s t one v a l u e o f r ( t ) t h a t 

s a t i s f i e s e q u a t i o n ( 1 0 ) . 
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4 . D e s c r i b e c o m p l e t e l y t h e c o m p e t i t i v e e q u i l i b r i a f o r t h e f o l l o w i n g e c o n o 

mies : 

( i ) N ( t ) = 100 f o r a l l t > 0 . Each member o f g e n e r a t i o n t , t > 1 has t h e 

example 1 u t i l i t y f u n c t i o n w i t h s = 1 and ( w ^ ( t ) , w ^ . ( t ) ) = ( 2 , 1 ) f o r 

a l l h and t > 1. 

( i i ) Same a s ( i ) e x c e p t t h a t (w j ( t ) ,w ! ) . ( t ) ) = ( 1 , 2 ) f o r a l l h and t > 1. 

( i i i ) Same a s ( i ) e x c e p t t h a t each member o f g e n e r a t i o n t , t > 1, has t he 

example 2 u t i l i t y f u n c t i o n w i t h 8 = 1 . 

( i v ) Same a s ( i ) e x c e p t t h a t f o r a l l t > 1 

[ w . ( t ) , w ( t ) J = 
( 1 , 1 ) ; h = 5 1 , 5 2 , 100 

( v ) Same a s ( i ) e x c e p t t h a t f o r a l l t > 1 

( w . ( t ) , w ( t ) J = 
c c _ l ( 1 , 1 ) ; h = 6 1 , 6 2 , 100 

( v i ) Same a s ( i ) e x c e p t t h a t f o r a l l h 

h w ( 2 , 1 ) f o r t = 1, 3 , 5 , . . . 
( w " ( t ) , w j . ( t ) ) = 

Z Z ' ( 1 , 1 ) f o r t = 2 , 4 , 6 , . . . 

5 . ( P a r e t o o p t i m a l i t y ) Under t he a s s u m p t i o n t h a t t he t o t a l amount o f t i m e t 

good a v a i l a b l e i s t h e sum o f i n d i v i d u a l endowments ; n a m e l y , t h a t Y ( t ) = 

1 w ^ ( t ) + V vft . ( t ) f o r a l l t > 1. P r o v e t h a t t he c o m p e t i t i v e e q u i l i b -
h 1 h t _ 1 

r i u m o f each o f t he f o l l o w i n g economies o f t he l a s t e x e r c i s e i s no t 

P a r e t o o p t i m a l : ( i ) , ( i i i ) - ( v i ) . (You may f i n d i t h e l p f u l t o r e v i e w 

the m a t e r i a l on f e a s i b l e , P a r e t o s u p e r i o r and P a r e t o o p t i m a l a l l o c a 

t i o n s . ) 
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A t t h i s p o i n t , we want t o i n t r o d u c e a s i m p l e k i n d o f t a x a t i o n i n t o 

ou r model—endowment t a x a t i o n . T h i s k i n d o f t a x a t i o n i s o f t e n c a l l e d " l u m p 

sum" t a x a t i o n b e c a u s e t he amount t o be p a i d i s u n a f f e c t e d by c h o i c e s t h a t t h e 

i n d i v i d u a l makes . In ou r m o d e l , s u c h t a x e s can e i t h e r be p a y a b l e when young 

(a t ax on w ^ ( t ) f o r h i n g e n e r a t i o n t ) o r p a y a b l e when o l d ( a t a x on w^( t+1) 

f o r h i n g e n e r a t i o n t ) . Whether p a y a b l e when young o r when o l d , we assume 

( u n l e s s we e x p l i c i t l y s a y o t h e r w i s e ) t h a t p e o p l e when young know t h e t a x t h e y 

must pay when o l d and t a k e a c c o u n t o f i t when they d e c i d e how much t o s a v e . 

F o r a g i v e n t a x scheme and g i v e n endowments, to f i n d s a v i n g i n t h e p r e s e n c e o f 

t he t ax s i m p l y use n e t - o f - t a x o r a f t e r - t a x endowments i n t he s a v i n g f u n c 

t i o n . By the way, t a x e s can be e i t h e r p o s i t i v e ( t h e i n d i v i d u a l makes a p a y 

ment) o r n e g a t i v e ( t h e i n d i v i d u a l r e c e i v e s a payment o r t r a n s f e r ) . 

6 . (Taxes on y o u n g , t r a n s f e r s t o o l d , o r " s o c i a l s e c u r i t y " schemes) H e r e , 

we c o n s i d e r o n l y b a l a n c e d budge t schemes , t h o s e f o r w h i c h t he t a x e s c o l 

l e c t e d f rom the young a t any d a t e t e q u a l t h e t r a n s f e r s a t t h a t d a t e t o 

t he o l d . Assume t h r o u g h o u t t h a t p e o p l e when young know and t a k e i n t o 

a c c o u n t t he t r a n s f e r s t hey w i l l r e c e i v e when o l d . 

( i ) C o n s i d e r t h e e x e r c i s e 4 ( i ) economy and c o n s i d e r a scheme i n w h i c h e a c h 

p e r s o n when young i s t a x e d one u n i t and e a c h p e r s o n when o l d r e c e i v e s 

one u n i t as a t r a n s f e r . D e s c r i b e t he c o m p e t i t i v e e q u i l i b r i u m and show 

t h a t i t i s P a r e t o s u p e r i o r to t h a t w h i c h o b t a i n s i n t he a b s e n c e o f t he 

scheme. 

( i i ) C o n s i d e r t he same s o c i a l s e c u r i t y scheme w i t h i n t h e c o n t e x t o f t h e e x e r 

c i s e 4 ( i v ) economy. Compare t he e q u i l i b r i a w i t h and w i t h o u t t he scheme. 

( i i i ) C o n s i d e r t he e x e r c i s e 4 ( i ) economy bu t w i t h N(0) = 100 and N ( t ) = 

2 N ( t - 1 ) f o r a l l t > 1. I f e a c h p e r s o n when young i s t a x e d one u n i t , 
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what i s t he maximum t h a t can be g i v e n t o e v e r y p e r s o n when o l d ? Compare 

the c o m p e t i t i v e e q u i l i b r i a w i t h and w i t h o u t t h i s scheme, 

( i v ) C o n s i d e r t he e x e r c i s e 4 ( i ) economy bu t w i t h N(0) = 100, N ( t ) = 2 M ( t - 1 ) 

f o r t = 1, 2 , . . . , 10 and N ( t ) = N(10) f o r t > 10. D e s c r i b e some a l t e r 

n a t i v e s o c i a l s e c u r i t y schemes f o r t h i s economy. R e l a t e t h e " d i f f i c u l 

t i e s " t h a t a r i s e t o t h o s e t h a t c u r r e n t l y p l a g u e t he U . S . s o c i a l s e c u r i t y 

s y s t e m . 

7 . (Consumpt ion v s . income t a x e s ) To g e t s t a r t e d , we w r i t e v e r s i o n s o f 

e q u a t i o n s (1 ) and (2 ) t h a t i n c l u d e a f l a t r a t e c o n s u m p t i o n t a x , zQ, and 

a f l a t r a t e income t a x , z y : 

( 1 1 ) c j ( t ) < ( 1 - z ) w J ( t ) - a h ( t ) - z e j ( t ) u y u c u 

( 2 1 ) c ^ t + 1 ) < ( 1 - z „ ) [ w ! ? ( t + 1 ) + r ( t H h ( t ) ] - z c * ( t + 1 ) . u y u o u 

Note t h a t under t he income t a x , z y , i n t e r e s t r e c e i v e d i s t a x a b l e and 

i n t e r e s t p a i d i s d e d u c t i b l e . Show, w i t h o u t mak ing any p a r t i c u l a r a s 

sump t i ons abou t p r e f e r e n c e s o r endowments, t h a t a l l n o n n e g a t i v e p a i r s 

( z c , z y ) s a t i s f y i n g ( 1 - z y ) / ( 1 + z c ) = g f o r a g i v e n g s a t i s f y i n g 0 < g < 1 

a r e e q u i v a l e n t . As p a r t o f y o u r a n s w e r , d e f i n e e q u i v a l e n t . 

We now want t o i n t r o d u c e government b o r r o w i n g i n t o t he m o d e l . I t i s 

easy to show t h a t i f government d e b t c o n s i s t s o f s u r e ( s a f e o r c e r t a i n ) t i t l e s 

t o the consump t i on good i n t he f u t u r e , t hen one p e r i o d d e b t s o r l o a n s o f t h e 

government must bear t he same r a t e o f r e t u r n a s p r i v a t e l o a n s . We w i l l assume 

s u c h s a f e t y o f government d e b t and t he i m p l i e d e q u a l i t y o f r a t e s o f r e t u r n . 

I f we d o , t hen we do no t have to d e r i v e a s p e c i a l demand f o r government bonds 

o r d e b t ; i n d i v i d u a l s a r e i n d i f f e r e n t a s to whe the r t h e i r s a v i n g t a k e s t h e fo rm 

o f deb t i s s u e d by o t h e r members o f t h e i r g e n e r a t i o n o r d e b t i s s u e d by t he 
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government . The e f f e c t o f t he p r e s e n c e o f government deb t i s c a p t u r e d b y : 

(a) the r e q u i r e m e n t t h a t p r i v a t e s a v i n g a t d a t e t be e q u a l t o t he t i m e t v a l u e 

o f o u t s t a n d i n g government deb t a t t , b o t h measured i n u n i t s o f t h e t i m e t 

g o o d , and (b ) t he r e q u i r e m e n t t h a t government and p r i v a t e d e b t ea rn t he same 

r e t u r n . Requ i remen t (a ) s a y s t h a t we now equa te t h e f u n c t i o n S f c [ r ( t ) ] to t he 

t ime t v a l u e o f o u t s t a n d i n g government d e b t , no t t o z e r o . 

8 . (Endowment t a x e s v s . government b o r r o w i n g ) C o n s i d e r t he economy o f 

e x e r c i s e 4 ( i ) . Assume t h e r e i s a government w h i c h w i l l r a i s e 25 u n i t s 

o f t ime 1 good and t r a n s f e r t h e s e u n i t s t o members o f g e n e r a t i o n 0 . 

Compare t he f o l l o w i n g ways o f f i n a n c i n g t h i s scheme. 

(a ) The government c o l l e c t s 1/4 o f a u n i t o f t ime 1 good f rom each member o f 

g e n e r a t i o n 1. 

(b) The government a t t = 1 s e l l s s e c u r i t i e s w h i c h a r e t i t l e s t o t ime 2 good 

( o n e - p e r i o d b o n d s ) . A t t = 1 i t a l s o announces t h a t t he members o f 

g e n e r a t i o n 1 w i l l be t a x e d e q u a l l y a t t = 2 (when they a r e o l d ) t o pay 

o f f b o n d s . ( H i n t : Show t h a t t he e q u i l i b r i u m under scheme (a ) i s a l s o 

an e q u i l i b r i u m under t h i s scheme . ) 

( c ) The government a t t = 1 s e l l s s e c u r i t i e s w h i c h a r e t i t l e s t o t i m e 2 good 

( o n e - p e r i o d b o n d s ) . I t s e l l s enough to g e t 25 u n i t s o f t ime 1 g o o d . I t 

w i l l t a x t he members o f g e n e r a t i o n 2 e q u a l l y a t t = 2 t o pay o f f t h e 

s e c u r i t i e s i t s e l l s a t t = 1. 

The r e s u l t t h a t t he e q u i l i b r i u m under 8 ( a ) i s a l s o an e q u i l i b r i u m 

under 8 ( b ) i s a p a r t i c u l a r i n s t a n c e o f a g e n e r a l r e s u l t t h a t o f t e n goes by t h e 

name R i c a r d i a n e q u i v a l e n c e , named a f t e r D a v i d R i c a r d o , an e a r l y 19th c e n t u r y 

E n g l i s h e c o n o m i s t . The g e n e r a l r e s u l t wh i ch we w i l l p rove can be s t a t e d a s 

f o l l o w s . 
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P r o p o s i t i o n . G i v e n an e q u i l i b r i u m under some p a t t e r n o f lump-sum t a x a t i o n and 

government b o r r o w i n g , a l t e r n a t i v e ( i n t e r t e m p o r a l ) p a t t e r n s o f lump-sum t a x a 

t i o n t h a t keep t he p r e s e n t v a l u e ( a t t h e g i v e n e q u i l i b r i u m r a t e s o f r e t u r n ) o f 

each i n d i v i d u a l ' s t o t a l t ax l i a b i l i t y e q u a l t o t h a t i n t h e g i v e n e q u i l i b r i u m 

a r e e q u i v a l e n t t o t he f o l l o w i n g s e n s e . C o r r e s p o n d i n g t o each s u c h p a t t e r n i s 

a p a t t e r n o f government b o r r o w i n g and l e n d i n g s u c h t h a t t he g i v e n e q u i l i b r i u m 

consumpt ion a l l o c a t i o n , i n c l u d i n g c o n s u m p t i o n o f t he gove rnmen t , and t he g i v e n 

e q u i l i b r i u m ( r a t e s o f r e t u r n ) a r e an e q u i l i b r i u m under t h e a l t e r n a t i v e t a x a 

t i o n p a t t e r n . 

P r o o f . We can w r i t e t h e budge t s e t o f h i n g e n e r a t i o n t , f o r t > 1, a s : 

( i ) c j ( t ) = w £ ( t ) - x j ( t ) - S l h ( t ) 

( i i ) c £ ( t + 1 ) = w £ ( t + 1 ) - t j ( t + 1 ) + r ( t H h ( t ) 

where t he x ' s a r e lump-sum t a x e s ( t h e s u b s c r i p t r e f e r s t o t h e g e n e r a t i o n ) . 

Comb in ing t h e s e , by e l i m i n a t i n g fc^(t), we have 

( i i i ) c £ ( t ) + c £ ( t + 1 ) / r ( t ) = w j ( t ) + w £ ( t + 1 ) / r ( t ) - [ x j ( t ) + x j ( t + 1 ) / r ( t ) ] . 

L e t us d e n o t e t he q u a n t i t i e s and r a t e s o f r e t u r n s i n t h e g i v e n 

e q u i l i b r i u m by t he r e s p e c t i v e symbo ls w i t h a " - " o v e r them. T h u s , f o r a l l h 

and t > 1, c £ ( t ) , c £ ( t + 1 ) , i h ( t ) , t £ ( t ) , x "J ( t+1) , and r ( t ) s a t i s f y 

( i ) - ( i i i ) and a r e s u c h t h a t 

(a ) ( ( ? ( t ) , c ! ) ( t + 1 ) ) m a x i m i z e s h ' s u t i l i t y s u b j e c t t o ( i i i ) a t r ( t ) = r ( t ) 

and t he " - " t a x e s . 

r~h — — 

(b) II ( t ) = B ( t ) / r ( t ) , where t he summat ion i s o v e r t h e members o f g e n e r a 

t i o n t and where B ( t ) i s t he number o f one p e r i o d bonds a t t , e a c h bond 

b e i n g a t i t l e to one u n i t o f t ime t+1 g o o d . 
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Now c o n s i d e r any o t h e r t a x p a t t e r n t h a t f o r e a c h h s a t i s f i e s 

( i v ) t £ ( t ) + r£ ( t+1) /F( t ) = T j ( t ) + F£( t+1) /F( t ) , 

t he c o n d i t i o n t h a t t he p r e s e n t v a l u e o f t a x e s be t he same. 

I t f o l l o w s f rom ( i i i ) t h a t when f a c e d w i t h r ( t ) = r ( t ) , h h a s t h e 

same s e t o f a f f o r d a b l e c o n s u m p t i o n b u n d l e s a s under t he " - " t a x a t i o n p a t 

t e r n . I t f o l l o w s t h a t ( c ^ ( t ) , c ^ ( t + l ) ) i s a g a i n a u t i l i t y m a x i m i z i n g consump-

t i o n b u n d l e . However , t o a c h i e v e ( c ^ ( t ) , c ^ ( t + 1 ) ) under r ( t ) = r ( t ) and t he 

a l t e r n a t i v e t a x a t i o n p a t t e r n , h must l e n d a d i f f e r e n t amount ; i n p a r t i c u l a r , 

( i ) i m p l i e s t h a t t he new l e v e l o f l e n d i n g , 8 . h ( t ) , i s r e l a t e d t o 2.^ by 

(v ) i h ( t ) = l h ( t ) - [ x £ ( t ) - ^ ( t ) ] . 

Summing ( v ) o v e r h i n g e n e r a t i o n t and u s i n g ( b ) , we have 

( v i ) lih(t) -- B ( t ) / F ( t ) - £ [ x £ ( t ) - 7 j ( t ) ] . 

Now we must show t h a t t h i s l e v e l o f t o t a l l e n d i n g by t he members o f 

g e n e r a t i o n t c l e a r s t h e marke t i n l o a n s . S i n c e t he marke t c l e a r i n g c o n d i t i o n 

i s t h a t £ a ^ ( t ) e q u a l s government b o r r o w i n g , we must show t h a t t h e RHS o f ( v i ) 

i s t h e a l t e r n a t i v e l e v e l o f government b o r r o w i n g a t t i m p l i e d by t h e a l t e r n a 

t i v e t a x e s and t he c o n d i t i o n t h a t government c o n s u m p t i o n i s u n c h a n g e d . 

The a l t e r n a t i v e l e v e l o f government b o r r o w i n g a t each d a t e t > 1 

must s a t i s f y 

( v i i ) B ( t ) / r ( t ) = G f c - [ T f c ( t ) + T t _ 1 ( t ) ] + B ( t - 1 ) 

where G i s government c o n s u m p t i o n , t . ( t ) i s t o t a l t i m e t t a x e s on g e n e r a t i o n 

t , and T . ( t ) i s t o t a l t ime t t a x e s on g e n e r a t i o n t - 1 . We a r e g i v e n t h a t 

( v i i i ) B ( t ) / F ( t ) = G f c - [ ^ ( t W ^ t ) ] + B ( t - 1 ) . 
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S o l v i n g ( v i i i ) f o r G and s u b s t i t u t i n g t h e r e s u l t i n t o ( v i i ) , we g e t f o r a l l 

t > 1 

( i x ) B ( t ) M t ) = B ( t ) / ? ( t ) - [ T t ( t ) - T f c ( t ) ] - [ T t _ 1 ( t ) - T f c _ 1 ( t ) ] 

+ [B(t-1)-B(t-1)]. 

F o r t = 1, B ( t - 1 ) = B ( t - 1 ) because B (0 ) i s an i n h e r i t e d amount o f 

deb t w h i c h i s n o t a f f e c t e d by p o l i c i e s adop ted a t t = 1. A l s o , a s a c o n s e 

quence o f t he p r e s e n t v a l u e c o n d i t i o n on t a x e s f o r t h e p e o p l e who a r e o l d a t 

t = 1, T Q ( 1 ) = T Q ( 1 ) - ( S i n c e i t i s t oo l a t e a t t = 1 to a d j u s t t h e t a x e s mem

b e r s o f g e n e r a t i o n 0 p a i d when t h e y were y o u n g , we do n o t v a r y t h e t a x e s they 

must pay when o l d . ) Thus ( i x ) i m p l i e s 

(x ) B ( t ) / r ( t ) = B ( t ) ( r / t ) - [ T f c ( t ) - 7 f c ( t ) ] 

f o r t = 1. 

We now e s t a b l i s h by i n d u c t i o n t h a t ( x ) h o l d s f o r a l l t > 1. 

F o r t > 2 , ( i v ) can be l a g g e d once and summed o v e r h to g e t 

T f c . j ( t ) - T f c , j ( t ) = - [ x t j ( t - 1 ) - t £ 1 ( t - 1 ) ] r ( t ) . Upon s u b s t i t u t i n g t h i s i n t o 

( i x ) , we ge t f o r a l l t > 2 

( x i ) B ( t ) / r ( t ) = B ( t ) / r ( t ) - [ x f c ( t ) - 7 f c ( t ) ] 

+ { [ T t _ 1 ( t - 1 ) - T t _ 1 ( t - 1 ) ] F ( t - 1 ) + B ( t - 1 ) - B ( t + 1 ) } . 

N o t i c e t h a t i f ( x ) h o l d s f o r t - 1 , t hen t he te rm i n c u r l y b r a c k e t s , { }, i n 

( x i ) i s z e r o . T h i s , i n t u r n , by ( x i ) i m p l i e s t h a t ( x ) h o l d s f o r t . T h i s 

i n d u c t i o n s t e p , t o g e t h e r w i t h t he p r e v i o u s l y e s t a b l i s h e d r e s u l t t h a t ( x ) h o l d s 

f o r t = 1, i m p l i e s t h a t ( x ) h o l d s f o r a l l t > 1. S i n c e t he RHS o f ( x ) i s 

e q u a l to t he RHS o f ( v i ) , we have e s t a b l i s h e d marke t c l e a r i n g f o r l o a n s a t 

e v e r y d a t e . T h i s c o m p l e t e s t he p r o o f . 
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N o t i c e t h a t t he p r o p o s i t i o n i s g e n e r a l i n t h a t n o t h i n g s p e c i f i c was 

assumed abou t p r e f e r e n c e s , endowments, o r t a x e s . The c r u c i a l h y p o t h e s i s i s 

the one c o n c e r n i n g t he p r e s e n t v a l u e o f t a x e s on e a c h i n d i v i d u a l , c o n d i t i o n 

( i v ) i n t h e p r o o f . You s h o u l d be a b l e t o d e m o n s t r a t e t h a t schemes (a ) and ( c ) 

o f p r o b l e m 8 do no t s a t i s f y t h a t c o n d i t i o n . We now c o n s i d e r s t i l l a n o t h e r 

f i n a n c i n g scheme t h a t when compared t o scheme (a ) does no t s a t i s f y t h a t c o n d i 

t i o n . 

9 . ( B o r r o w i n g f o r e v e r ) As i n 8 ( c ) , t he government s e l l s enough s e c u r i t i e s 

a t t = 1 t o g e t 25 u n i t s o f t ime 1 good w h i c h i t t r a n s f e r s t o members o f 

g e n e r a t i o n 0 . However , i n s t e a d o f t a x i n g t h e members o f g e n e r a t i o n 2 a t 

t = 2 , i t s e l l s enough new s e c u r i t i e s (new o n e - p e r i o d bonds) to pay o f f 

t he s e c u r i t i e s i t i s s u e d a t t = 1. A t e v e r y s u b s e q u e n t d a t e , i t k e e p s 

d o i n g t h i s ; i t s e l l s enough new s e c u r i t i e s t o pay o f f t h e s e c u r i t i e s 

t h a t come d u e . As c o m p l e t e l y a s you c a n , d e s c r i b e t h e c o m p e t i t i v e 

e q u i l i b r i u m under t h i s scheme f o r t he e x e r c i s e 4 ( i ) economy. I s t h e 

e q u i l i b r i u m under t h i s scheme P a r e t o s u p e r i o r to t h e c o m p e t i t i v e e q u i 

l i b r i u m i n t he a b s e n c e o f any p o l i c y ? I s i t P a r e t o o p t i m a l ? 

10. A n a l y z e t h e f i n a n c i n g scheme o f p r o b l e m 9 f o r two o t h e r e c o n o m i e s : t he 

economy o f e x e r c i s e 4 ( i i ) and t he economy o f e x e r c i s e 4 ( i v ) . 
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I I I . L o n g - t e r m a s s e t s , e x p e c t a t i o n s , and p e r f e c t f o r e s i g h t e q u i l i b r i u m 

In e x e r c i s e s 8 -10 o f s e c t i o n I I , we c o n s i d e r e d t he c o n s e q u e n c e s o f 

government b o r r o w i n g t h a t t a k e s t he form o f o n e - p e r i o d bonds o r l o a n s . We now 

want to s t u d y t he consequences o f a government s a l e o f l o n g e r - t e r m b o n d s — 

bonds w h i c h pay o f f i n two p e r i o d s o r i n t h r e e p e r i o d s o r i n k p e r i o d s . F o r 

e x a m p l e , g i v e n t he economy o f e x e r c i s e 4 ( i ) o f s e c t i o n II and g i v e n t h a t t he 

government a t t = 1 s e l l s enough bonds w h i c h a r e t i t l e s to t ime 3 good t o 

r a i s e 25 u n i t s o f t ime 1 good and w i l l t a x t he members o f g e n e r a t i o n 3 e q u a l l y 

a t t = 3 t o pay o f f t h e b o n d s , we want t o d e s c r i b e what happens a t t = 1, 2 , 

and 3 and t h e r e a f t e r . 

W i t h o u t l o s s o f g e n e r a l i t y , we w i l l suppose t h a t each bond i s a 

p rom ise t o pay 1 u n i t o f t he consump t i on good a t t h e d a t e when i t comes d u e . 

( I n t he l a n g u a g e t y p i c a l l y u s e d , t h e s e a r e z e r o " c o u p o n " bonds o r " p u r e d i s 

c o u n t " b o n d s . ) As we d i d a b o v e , we assume t h a t p r o m i s e s a r e b e l i e v e d a n d , i n 

f a c t , h o n o r e d . 

Now, i f a t any t ime t , a young p e r s o n buys a bond w h i c h does no t 

come due a t t + 1 , t hen s u c h a p e r s o n must p l a n t o s e l l i t a t t + 1 , p r e s u m a b l y t o 

some member o f g e n e r a t i o n t + 1 . We may suppose t h a t a t t t h e r e i s a p r i c e o f 

s u c h b o n d s , deno ted P ^ ( t ) f o r bonds t h a t pay o f f i n k p e r i o d s , a t t+k . How

e v e r a t t , a p o t e n t i a l p u r c h a s e r o f s u c h bonds must guess t he p r i c e a t t h e 

n e x t d a t e . ( A f t e r a l l , t he p u r c h a s e r s a t t + 1 , t h e members o f g e n e r a t i o n t + 1 , 

a r e no t y e t p r e s e n t i n t he economy. ) We b e g i n o u r a n a l y s i s o f t h i s s i t u a t i o n 

by s u p p o s i n g t h a t member h o f g e n e r a t i o n t has a " g u e s s " o r a " f o r e c a s t " a b o u t 

h e 

t he p r i c e o f s u c h bonds a t t+1 . We deno te t h e g u e s s by p ^ ' ^ t + 1 ) and assume 

i t i s no t n e g a t i v e . (Here the s u p e r s c r i p t " h , e " s t a n d s f o r h ' s e x p e c t a t i o n . 

The s u b s c r i p t i s k-1 because a t t+1 , t h e bonds pay o f f i n k-1 p e r i o d s . ) 

M o r e o v e r , we t r e a t t h i s guess o r f o r e c a s t a s one t h a t h h o l d s w i t h c e r t a i n t y . 
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We b e g i n by d e s c r i b i n g a v e r s i o n o f t he budge t s e t f o r member h o f 

g e n e r a t i o n t i m p l i e d by t he p r e s e n c e o f a marke t i n s u c h bonds and h ' s f o r e 

c a s t . 

(11) e j ( t ) = w £ ( t ) - a h ( t ) - p k ( t ) b £ ( t ) 

(12) oJ(t+1) = wj(t+1) + r ( t ) i i h ( t ) + p j » * ( t * 1 ) b j j ( t ) . 

In a d d i t i o n to t he consump t i on b u n d l e , h chooses 2 , h ( t ) , o n e - p e r i o d l o a n s 

g r a n t e d by h , and b ^ ( t ) , the number o f k - p e r i o d bonds h p u r c h a s e s . The " g i v -

e n s " t o i n d i v i d u a l h a r e t he endowment, t he w ' s ; t he t i m e t p r i c e pe r bond , 

P l < ( t ) ; t he t i m e t g r o s s i n t e r e s t r a t e on o n e - p e r i o d l o a n s , r ( t ) ; and t he p r i c e 

h e 

a t wh i ch h e x p e c t s t o be a b l e t o s e l l t he bonds a t t+1, p^ '^ ( t+1) . F o r t he 

moment, we do no t a s k how h a r r i v e d a t t h i s e x p e c t a t i o n . 

S i n c e H^( t ) i s no t c o n s t r a i n e d a s t o s i g n , t h e above two c o n s t r a i n t s 

a r e e q u i v a l e n t to t he s i n g l e c o n s t r a i n t o b t a i n e d b y , s a y , s o l v i n g (11) f o r 

H h ( t ) and s u b s t i t u t i n g t he s o l u t i o n i n t o ( 1 2 ) . The r e s u l t can be w r i t t e n 

(13) r ( t ) c £ ( t ) + c£(t+1) = r ( t ) w j ( t ) + w£(t+1) 

- b j j ( t ) [ r ( t ) p k ( t ) - p ^ ( t + 1 ) ] . 

As an e x e r c i s e , show t h a t (13) i s e q u i v a l e n t t o (11) and (12) i n t h e 

same way a s you showed e a r l i e r t h a t (3 ) i s e q u i v a l e n t t o (1 ) and ( 2 ) . 

G i v e n o n l y t h a t u t i l i t y i s i n c r e a s i n g i n b o t h components o f consump

t i o n , we can draw some c o n c l u s i o n s f rom (13) abou t h ' s demand f o r b o n d s , h ' s 

c h o i c e o f b £ ( t ) . I f t he term i n s q u a r e b r a c k e t s t h a t m u l t i p l i e s b £ ( t ) i s 

p o s i t i v e , t hen h c h o o s e s b!)(t) = 0 (we do no t p e r m i t a n e g a t i v e demand f o r 

government b o n d s ) ; i f t h a t te rm i s n e g a t i v e , t hen h c h o o s e s t o have an i n f i 

n i t e number o f b o n d s ; i f i t i s z e r o , t hen h i s i n d i f f e r e n t abou t t he magn i t ude 

o f b jVt ) . These remarks l e a d us t o the f o l l o w i n g p r o p o s i t i o n : 



- 28 -

P r o p o s i t i o n . I f t h e r e i s u n a n i m i t y — n a m e l y , p. * . ( t + 1 ) = p^ ^( t+1) f o r a l l h 

i n g e n e r a t i o n t — a n d i f some k p e r i o d bonds e x i s t a t t , t hen i n any e q u i l i b 

r i u m ( i n w h i c h , i n p a r t i c u l a r , d e s i r e d bond p u r c h a s e s e q u a l t he bonds s u p 

p l i e d ) 

(14) r ( t ) p k ( t ) = p j ^ t + D . 

P r o o f . As an e x e r c i s e , p r e s e n t a p r o o f . 

The c o n c l u s i o n o f t h i s p r o p o s i t i o n s a y s t h a t t he p r i c e o f b o n d s , 

p k ( t ) , t h e r a t e o f r e t u r n on l o a n s , r ( t ) , and the e x p e c t e d p r i c e o f b o n d s , 

p® . ( t + 1 ) , s a t i s f y a p r e s e n t v a l u e f o r m u l a , o r , e q u i v a l e n t l y , t h a t t he o n e -
K — I 

p e r i o d e x p e c t e d r a t e o f r e t u r n on b o n d s , p^ 1 ( t + 1 ) / p ^ ( t ) , e q u a l s t he r a t e o f 

r e t u r n on o n e - p e r i o d l o a n s , r ( t ) . From now o n , we assume u n a n i m i t y , namely 

p ^ ' ? ( t + 1 ) = pf; . ( t+1 ) f o r a l l h i n g e n e r a t i o n t . 

Our f i r s t t a s k i s t o d e f i n e what we c a l l a t ime t t empora ry e q u i l i b  

r i u m . G i v e n p® . ( t + 1 ) , a t i m e t t empora ry e q u i l i b r i u m i s a bond p r i c e p k ( t ) , 

an r ( t ) , bond p u r c h a s e s , l o a n s g r a n t e d and r e c e i v e d a t t , and a p a t t e r n o f 

c o n s u m p t i o n o f t i m e t good w h i c h c l e a r s t he ma rke t s f o r b o n d s , l o a n s , and t he 

c o n s u m p t i o n o f good a t t i m e t . We want t o d e s c r i b e how we go a b o u t f i n d i n g a 

t empora ry e q u i l i b r i u m . 

F i r s t , n o t e t h a t f o r p r i c e s t h a t s a t i s f y ( 1 4 ) , (13 ) becomes ( 3 ) . In 

o t h e r w o r d s , f o r p r i c e s t h a t s a t i s f y ( 1 4 ) , w h i c h a r e t h e o n l y k i n d t h a t a r e 

c o n s i s t e n t w i t h e q u i l i b r i u m , t he s e t o f a f f o r d a b l e c o n s u m p t i o n b u n d l e s depends 

o n l y on r ( t ) (and endowments) i n t h e same way as d e s c r i b e d by ( 3 ) . M o r e o v e r , 

i f f o r a g i v e n r ( t ) , h wants to d i s s a v e — i . e . , c h o o s e s c £ ( t ) > w £ ( t ) , t h e n h 

b o r r o w s . I f i n s t e a d h wants t o s a v e — i . e . , c h o o s e s c ^ ( t ) < w ^ ( t ) , t h e n h 

e i t h e r l e n d s o r buys bonds o r some o f b o t h . S i n c e i n e q u i l i b r i u m , t he r a t e s 

o f r e t u r n on l o a n s and bonds a r e e q u a l , h c a r e s o n l y a b o u t t o t a l s a v i n g , n o t 
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i t s c o m p o s i t i o n between l o a n s g r a n t e d and bonds p u r c h a s e d . T h u s , m a x i m i z a t i o n 

o f u t i l i t y s u b j e c t t o (13) g i v e s us the same s a v i n g f u n c t i o n f o r h a s we found 

i n s e c t i o n I I ; n a m e l y , s ^ . And by summing t h e s e f u n c t i o n s o v e r a l l t he mem-

b e r s o f g e n e r a t i o n t , we g e t t he same a g g r e g a t e s a v i n g f u n c t i o n on t he p a r t o f 

g e n e r a t i o n t ; n a m e l y , S ^ [ r ( t ) ] . 

One e q u i l i b r i u m c o n d i t i o n i s t h a t s a v i n g by t he members o f g e n e r a 

t i o n t , S t [ r ( t ) ] , e q u a l s t he t ime t v a l u e o f government bonds s u p p l i e d by b o t h 

t he members o f g e n e r a t i o n t -1 and t he gove rnmen t . I f we assume t h a t o n l y 

bonds w h i c h pay o f f i n k p e r i o d s a r e o u t s t a n d i n g a t t , t he number o f w h i c h we 

deno te by B k ( t ) , t he e q u i l i b r i u m c o n d i t i o n i s 

(15) S f c [ r ( t ) ] = p k ( t ) B k ( t ) . 

E q u a t i o n (15) c o n t a i n s two unknowns, r ( t ) and p k ( t ) . We need a t l e a s t one 

o t h e r c o n d i t i o n i f we a r e to hope to d e t e r m i n e v a l u e s f o r t ) and r ( t ) . The 

o t h e r c o n d i t i o n i s ( 1 4 ) . We d e f i n e a t empora ry e q u i l i b r i u m i n te rms o f b o t h 

c o n d i t i o n s . 

A t empora ry e q u i l i b r i u m a t t , t h e n , i s a p a i r ( r ( t ) , p k ( t ) ) t h a t 

s a t i s f i e s (14) and ( 1 5 ) . Note t h a t the " g i v e n s " a r e an Sj. f u n c t i o n , w h i c h , i n 

t u r n , depends on t h e p r e f e r e n c e s and endowments o f members o f g e n e r a t i o n t ; 

t he number o f b o n d s , B k ( t ) ; and t he a n t i c i p a t e d p r i c e o f bonds a t t + 1 , 

p k i ^ t + 1 ^ - D i f f e r e n t " g i v e n s " w i l l , i n g e n e r a l , imp l y d i f f e r e n t s o l u t i o n s . 

One way t o " s o l v e " (14) and (15) i s to s o l v e (14 ) f o r P k ( t ) and t o 

s u b s t i t u t e t he r e s u l t i n t o ( 1 5 ) . T h i s g i v e s us 

(16) r ( t ) S f c [ r ( t ) ] = [ p ® ( t + 1 ) ] B k ( t ) . 

E q u a t i o n (16 ) c o n t a i n s o n l y one unknown r ( t ) . I f we can s o l v e i t f o r r ( t ) , 

then we can use t h a t s o l u t i o n and (14) t o s o l v e f o r p k ( t ) . Do t he g e n e r a l 



- 30 -

a s s u m p t i o n s made imp l y t h a t t h e r e e x i s t s a t l e a s t one v a l u e o f r ( t ) t h a t 

s a t i s f i e s ( 1 6 ) ? 

As an e x e r c i s e , d e s c r i b e c o m p l e t e l y t h e t ime t t empora ry e q u i l i b r i u m 

f o r e a c h o f t he f o l l o w i n g e c o n o m i e s . 

( i ) N ( t ) = 100, u j ( c j ( t ) , c j ( t + 1 ) ) = c £ ( t ) c £ ( t + 1 ) , ( w j ( t ) , w £ ( t + 1 ) ) = 

( 2 , 1 ) f o r a l l h , B k ( t ) = 100, and p ^ U + 1 ) = 1. 

( i i ) Same a s ( i ) e x c e p t t h a t p^ ^( t+1) = 1 /2 . 

N o t i c e t h a t t he tempora ry e q u i l i b r i u m depends o n , among o t h e r 

t h i n g s , t he p r i c e a n t i c i p a t i o n , p® ( t + 1 ) . T h u s , i f we do n o t go beyond t h i s 

way o f m o d e l i n g , we must s a y t h a t what happens depends o n , among o t h e r t h i n g s , 

what p e o p l e b e l i e v e abou t p r i c e s i n the f u t u r e . E c o n o m i s t s have g e n e r a l l y 

been r e l u c t a n t t o l e a v e m a t t e r s t h e r e , m a i n l y because o f a s u s p i c i o n t h a t 

b e l i e f s a b o u t p r i c e s i n t he f u t u r e can be e x p l a i n e d . 

In t he c o n t e x t c u r r e n t l y under d i s c u s s i o n , e c o n o m i s t s have f o r a 

l o n g t ime used a s a h y p o t h e s i s abou t b e l i e f s s o m e t h i n g c a l l e d p e r f e c t f o r e 

s i g h t . The h y p o t h e s i s o f p e r f e c t f o r e s i g h t i s t he h y p o t h e s i s t h a t f o r e c a s t s 

o r e x p e c t a t i o n s a r e c o r r e c t o r t h a t t hey e q u a l t he c o r r e s p o n d i n g r e a l i z a t i o n s . 

To i n t r o d u c e t h i s c o n c e p t most s i m p l y , l e t us f i r s t suppose t h a t 

k = 2 ; n a m e l y , t h a t a l l t he bonds o u t s t a n d i n g a t t pay o f f a t t+2 . L e t us 

a l s o suppose t h a t a t t+1 o n l y bonds t h a t pay o f f a t t+2 w i l l be o u t s t a n d i n g . 

In t h i s c o n t e x t , p e r f e c t f o r e s i g h t i s the h y p o t h e s i s p^ ^ t + 1 ) = p^ ^ ( t + 1 ) , o r 

w i t h k = 2 , p ® ( t + 1 ) = p 1 ( t + 1 ) . We f i r s t show how to a p p l y t he h y p o t h e s i s . 

Then we w i l l s a y why i t i s an o b v i o u s and a t t r a c t i v e h y p o t h e s i s i n t h i s c o n 

t e x t . F i n a l l y , we w i l l n o t e some o f i t s i m p l i c a t i o n s . 

In t he c i r c u m s t a n c e s b e i n g assumed h e r e , we can use t h e p e r f e c t 

f o r e s i g h t h y p o t h e s i s as f o l l o w s . F i r s t , s o l v e f o r p « ( t + 1 ) . S e c o n d , use t h a t 
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s o l u t i o n and p e r f e c t f o r e s i g h t t o f i n d r ( t ) f r om ( 1 6 ) , and then p 2 ( t ) f rom 

( 1 4 ) . S i n c e we have a l r e a d y done t he s e c o n d s t e p , h e r e we w i l l d e s c r i b e o n l y 

t he f i r s t s t e p . 

A t t +1 , t he bonds t h a t pay o f f a t t = 2 a r e o n e - p e r i o d b o n d s . 

Suppose t he t o t a l number o f such government bonds i s B ^ t + 1 ) . Then p 1 ( t+1 ) 

must s a t i s f y 

(17) S t + l [ r ( t + 1 ) ] = p ^ t + D B ^ t + 1 ) . 

A g a i n , we have one e q u a t i o n i n two unknowns, r ( t + 1 ) and p ^ ( t + 1 ) . However , a 

second e q u a t i o n i s i m p l i e d by t he c o n d i t i o n t h a t t he r a t e o f r e t u r n on t h e s e 

bonds a t t+1 be r ( t + 1 ) , o r t h a t 

(18) 1 / p ^ t + D = r ( t + 1 ) . 

Here a r e two e x e r c i s e s w h i c h a s k y o u t o a p p l y t he p e r f e c t f o r e s i g h t 

h y p o t h e s i s . 

1. C o n s i d e r t he economy o f e x e r c i s e 4 ( i ) o f s e c t i o n I I . Suppose t he g o v e r n 

ment a t t = 1 s e l l s 25 b o n d s , each o f w h i c h i s a t i t l e t o one u n i t o f 

t ime 3 g o o d — i . e . , each bond when i s s u e d i s a t w o - p e r i o d bond . The 

p r o c e e d s f rom the bond s a l e a r e d i s t r i b u t e d i n e q u a l amounts t o t he 

members o f g e n e r a t i o n 0 ; w h i l e t he members o f g e n e r a t i o n 3 , t he young a t 

t = 3 , a r e t a x e d e q u a l l y t o pay o f f t h e b o n d s . D e s c r i b e t he c o m p e t i t i v e 

e q u i l i b r i u m under t he p e r f e c t f o r e s i g h t h y p o t h e s i s . 

2 . Same a s E x e r c i s e 1 e x c e p t t h a t i n s t e a d o f s e l l i n g 25 bonds a t t = 1, t he 

government s e l l s enough t w o - p e r i o d bonds to r a i s e 25 u n i t s o f t he t ime 1 

g o o d . A g a i n , d e s c r i b e the c o m p e t i t i v e e q u i l i b r i u m under t he p e r f e c t 

f o r e s i g h t h y p o t h e s i s . 
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P e r f e c t f o r e s i g h t i s an a t t r a c t i v e h y p o t h e s i s b e c a u s e p e o p l e have an 

i n c e n t i v e t o fo rm c o r r e c t f o r e c a s t s . (We w i l l d e v o t e some c l a s s d i s c u s s i o n t o 

e x p l a i n i n g t h i s i n c e n t i v e . ) G i v e n t h i s i n c e n t i v e , i f you d e s c r i b e p e o p l e a s 

h o l d i n g v i e w s o r mak ing f o r e c a s t s t h a t a r e no t c o r r e c t , you a r e p r o b a b l y 

g i v i n g a f a u l t y d e s c r i p t i o n o f t h e i r b e h a v i o r . P e r f e c t f o r e s i g h t has l o n g 

been used i n c o n t e x t s l i k e the one d e s c r i b e d above because i t i s easy to a p p l y 

i n t h a t c o n t e x t . In t he n e x t s e c t i o n , we w i l l be u s i n g p e r f e c t f o r e s i g h t i n 

c o n t e x t s i n w h i c h i t i s no t so easy t o a p p l y . 

The f o l l o w i n g e x e r c i s e s d e a l w i t h two c l o s e l y r e l a t e d c o n s e q u e n c e s 

o f p e r f e c t f o r e s i g h t . 

3 . ( L o n g - t e r m and s h o r t - t e r m r a t e s o f r e t u r n ) C o n s i d e r a p u r e d i s c o u n t bond 

w h i c h a t t i m e t i s a p r o m i s e t o one u n i t o f t ime t+k g o o d . Suppose i t s 

p r i c e a t t i s p k ( t ) . The g r o s s i n t e r n a l r a t e o f r e t u r n on t h i s bond i s 

d e f i n e d t o be [ 1 / p k ( t ) ] ( 1 / k ) . 

( a ) Under t he p e r f e c t f o r e s i g h t h y p o t h e s i s , p r o v e t h e f o l l o w i n g : 

[ 1 / p k ( t ) ] 1 / k = [r(t)r(t+1) . . . r ( t + k - 1 ) ] ( 1 / k ) 

where r ( t + j ) i s t he e q u i l i b r i u m o n e - p e r i o d r e t u r n a t t i m e t + j , and where 

t he r i g h t s i d e i s a p r o d u c t o f k te rms r a i s e d t o the power 1/k. 

(b) Show, u s i n g an e x a m p l e , t h a t t he r e s u l t i s no t t r u e i f p e r f e c t f o r e s i g h t 

does no t h o l d . 

4 . ( I r r e l e v a n c e o f the m a t u r i t y c o m p o s i t i o n o f government d e b t ) 

( a ) Same a s P rob lem 2 e x c e p t t h a t i n s t e a d o f s e l l i n g t w o - p e r i o d bonds a t 

t = 1, t h e government s e l l s o n e - p e r i o d bonds a t t = 1 and a t t = 2 s e l l s 

enough o n e - p e r i o d bonds t o pay o f f t h o s e i s s u e d a t t = 1. D e s c r i b e t h e 
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e q u i l i b r i u m and compare i t w i t h t h a t o f p r o b l e m 2 . Comment on t h e r o l e 

o f t he p e r f e c t f o r e s i g h t h y p o t h e s i s . 

(b) F o r m u l a t e a g e n e r a l p r o p o s i t i o n c o n c e r n i n g i r r e l e v a n c e o f t he m a t u r i t y 

c o m p o s i t i o n o f government d e b t . 

( c ) P r e s e n t a p r o o f o f you r p a r t (b) p r o p o s i t i o n . 
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IV . The p r i c i n g o f an i n f i n i t e l y l o n g - l i v e d a s s e t under p e r f e c t f o r e s i g h t 

Here we suppose t h a t t h e r e e x i s t s i n t he economy some amount o f 

" l a n d , " A , where A i s measured i n a c r e s , s a y . A t e a c h d a t e t , t h i s l a n d 

throws o f f a " c r o p " c o n s i s t i n g o f D ( t ) ( f o r d i v i d e n d ) u n i t s o f t he t i m e t 

g o o d . The c r o p i s p r o p o r t i o n a l t o t he a c r e a g e i n t he s e n s e t h a t xA a c r e s o f 

l a n d th row o f f a t i m e t c r o p e q u a l to x D ( t ) . In ou r marke t schemes , we w i l l 

assume t h a t A i s owned i n i t i a l l y by t he p e o p l e who a r e o l d a t t = 1. In a 

c o m p e t i t i v e e q u i l i b r i u m , t h i s l a n d i s s o l d e a c h p e r i o d ; a t t ime t , t he ( o l d ) 

members o f g e n e r a t i o n t -1 s e l l i t t o the (young) members o f g e n e r a t i o n t . 

W i t h o u t l o s s o f g e n e r a l i t y , we assume t h a t l a n d i s s o l d e x - d i v i d e n d , a f t e r t he 

o l d a t t g e t t he t ime t c r o p . We l e t p ( t ) be t he ( e x - d i v i d e n d ) p r i c e p e r a c r e 

o f l a n d i n u n i t s o f t i m e t g o o d . L e t d ( t ) d e n o t e the c r o p p e r a c r e o r 

D ( t ) / A . We a r e i n t e r e s t e d i n , among o t h e r t h i n g s , how p ( t ) g e t s d e t e r m i n e d 

f o r t > 1. 

The p r e s e n c e o f l a n d does n o t l e a d us t o change what we have been 

assuming abou t p r e f e r e n c e s o r u t i l i t y . P e o p l e s t i l l " c a r e " o n l y a b o u t how 

much they consume. What l a n d does i s p r o v i d e an a l t e r n a t i v e way o f c o n v e r t i n g 

endowment o f t i m e t good i n t o c o n s u m p t i o n o f t i m e t+1 g o o d . 

A t any d a t e t , a l l t he l a n d i s o f f e r e d f o r s a l e by t he o l d a t any 

p o s i t i v e p r i c e . In o t h e r wo rds , t he s u p p l y o f l a n d on the p a r t o f t he o l d i s 

p e r f e c t l y i n e l a s t i c a t t he q u a n t i t y A . T h u s , t he p r i c e i s d e t e r m i n e d by t he 

demand f o r l a n d on t he p a r t o f t he young a t t . 

We b e g i n by d e s c r i b i n g one v e r s i o n o f t he budget s e t f o r member h o f 

g e n e r a t i o n t , some young p e r s o n : 

(19) c £ ( t ) = w £ ( t ) - a h ( t ) - p ( t ) a h ( t ) 

(20) c j ( t + 1 ) = wV+1) + r ( t ) H h ( t ) + a h ( t ) d ( t + 1 ) + a h ( t ) p h ' e ( t + 1 ) . 



- 35 -

In a d d i t i o n to the c o n s u m p t i o n b u n d l e , h chooses l ( t ) , o n e - p e r i o d l o a n s 

g r a n t e d by h , and a n ( t ) , a c r e s o f l a n d p u r c h a s e d by h . The " g i v e n s " t o t he 

i n d i v i d u a l a r e the endowment, t he w ' s ; t he t i m e t l a n d p r i c e , p ( t ) ; t he t i m e t 

g r o s s i n t e r e s t r a t e , r ( t ) ; the p e r a c r e c r o p a t t+1 , d ( t + 1 ) ; and t he p r i c e 

t h a t h e x p e c t s to be a b l e to s e l l the l a n d f o r a t t+1 , p h ' e ( t + 1 ) . F o r t he 

moment, we do no t a s k how h a r r i v e d a t t h i s b e l i e f . 

S i n c e st^Ct) i s no t c o n s t r a i n e d a s t o s i g n , t he above two c o n s t r a i n t s 

a r e e q u i v a l e n t to t he s i n g l e c o n s t r a i n t o b t a i n e d b y , s a y , s o l v i n g (19) f o r 

2 . h ( t ) and s u b s t i t u t i n g t he s o l u t i o n i n t o ( 2 0 ) . The r e s u l t can be w r i t t e n 

(21) r ( t ) c £ ( t ) + c £ ( t + 1 ) = r ( t ) w £ ( t ) + w £ ( t + 1 ) 

- a h ( t ) [ r ( t ) p ( t ) - d ( t + 1 ) - p h , e ( t + 1 ) ] . 

As an e x e r c i s e , show t h a t (21) i s e q u i v a l e n t t o (19) and (20) i n t he 

same way a s you showed e a r l i e r t h a t (3 ) i s e q u i v a l e n t t o (1 ) and ( 2 ) . 

G i v e n o n l y t h a t u t i l i t y i s i n c r e a s i n g i n bo th components o f c o n 

s u m p t i o n , we can draw some c o n c l u s i o n s f rom (21) a b o u t h ' s demand f o r l a n d , 

h ' s c h o i c e o f a n ( t ) . I f t he te rm i n s q u a r e b r a c k e t s t h a t m u l t i p l i e s a n ( t ) i s 

p o s i t i v e , t hen h c h o o s e s a h ( t ) = 0 (we do no t p e r m i t a n e g a t i v e demand f o r 

l a n d ) ; i f t h a t term i s n e g a t i v e , t h e n h c h o o s e s t o have an i n f i n i t e amount o f 

l a n d ; i f i t i s z e r o , t hen h i s i n d i f f e r e n t abou t t he m a g n i t u d e o f a h ( t ) . 

These remarks l e a d us t o t he f o l l o w i n g p r o p o s i t i o n . 

P r o p o s i t i o n . I f t h e r e i s u n a n i m i t y - - n a m e l y p h , e ( t + 1 ) = p e ( t + 1 ) f o r a l l h i n 

g e n e r a t i o n t — t h e n i n any e q u i l i b r i u m ( i n w h i c h d e s i r e d l a n d p u r c h a s e s e q u a l 

t he l a n d s u p p l i e d ) 

(22) r ( t ) p ( t ) = d ( t+1) + p e ( t + 1 ) . 
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P r o o f . As an e x e r c i s e , p r e s e n t a p r o o f . 

The c o n c l u s i o n o f t h i s p r o p o s i t i o n s a y s t h a t t he p r i c e o f l a n d , 

p ( t ) , t he r a t e o f r e t u r n on l o a n s , r ( t ) , and t he e x p e c t e d p a y o f f f rom the 

l a n d , d ( t+1 ) + p e ( t + 1 ) , s a t i s f y a p r e s e n t v a l u e f o r m u l a , o r , e q u i v a l e n t l y , 

t h a t t he r a t e o f r e t u r n on l a n d , [ d ( t + 1 ) + p e ( t + 1 ) ] / p ( t ) , e q u a l s t he r a t e o f 

r e t u r n on l o a n s , r ( t ) . 

From now o n , we assume u n a n i m i t y ; n a m e l y , p h , e ( t + 1 ) = p e ( t + 1 ) f o r 

a l l h i n g e n e r a t i o n t . 

A g a i n , we f i r s t d e f i n e a t ime t t empora ry e q u i l i b r i u m . G i v e n 

p e ( t + 1 ) , a t i m e t t empora ry e q u i l i b r i u m i s a l a n d p r i c e p ( t ) , an r ( t ) , l a n d 

p u r c h a s e s , l o a n s g r a n t e d and r e c e i v e d a t t , and a p a t t e r n o f c o n s u m p t i o n o f 

t ime t good w h i c h c l e a r s t he ma rke t s f o r l a n d , l o a n s , and t he c o n s u m p t i o n good 

a t t ime t . 

We want t o d e s c r i b e how we go abou t f i n d i n g a t e m p o r a r y e q u i l i b r i u m . 

F i r s t , n o t e t h a t f o r p r i c e s t h a t s a t i s f y ( 2 2 ) , (21 ) becomes (3). In 

o t h e r w o r d s , f o r p r i c e s t h a t s a t i s f y ( 2 2 ) , w h i c h a r e t h e o n l y k i n d t h a t a r e 

c o n s i s t e n t w i t h e q u i l i b r i u m , t he s e t o f a f f o r d a b l e c o n s u m p t i o n b u n d l e s depends 

o n l y on r ( t ) (and endowments) i n the same way a s d e s c r i b e d by (3). M o r e o v e r , 

i f f o r a g i v e n r ( t ) , h wants to d i s s a v e — i . e . , chooses c ^ ( t ) > w ^ ( t ) , t h e n h 

b o r r o w s . I f , i n s t e a d , h wants t o s a v e — i . e . , c h o o s e s c ^ ( t ) < w ^ ( t ) , t h e n h 

e i t h e r l e n d s o r buys l a n d o r some o f b o t h . S i n c e i n e q u i l i b r i u m , t h e r a t e s o f 

r e t u r n on l o a n s and l a n d a r e e q u a l , h c a r e s o n l y abou t t o t a l s a v i n g , no t i t s 

c o m p o s i t i o n between l o a n s g r a n t e d and l a n d p u r c h a s e s . T h u s , m a x i m i z a t i o n o f 

u t i l i t y s u b j e c t t o (21) g i v e s us t he same s a v i n g f u n c t i o n f o r h a s we found i n 

s e c t i o n I I ; n a m e l y , s?. And by summing t h e s e f u n c t i o n s o v e r a l l t he members 

o f g e n e r a t i o n t , we g e t t he same a g g r e g a t e s a v i n g f u n c t i o n on t he p a r t o f 

g e n e r a t i o n t ; n a m e l y , S f c [ r ( t ) ] . 
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Assuming t h a t t h e r e a r e no government bonds o u t s t a n d i n g , t h e e q u i 

l i b r i u m c o n d i t i o n now i s 

(23) S t [ r ( t ) ] = p ( t ) A . 

We can " d e r i v e " (23) i n t he same way a s we d e r i v e d ( 1 0 ) . In p l a c e 

o f (6 ) we g e t the new marke t c l e a r i n g c o n d i t i o n 

(24) I c * , ( t ) + I e j ( t ) = I wj ( t ) + I w j ( t ) + D ( t ) . 
h C _ 1 h ^ h t _ 1 h C 

But t o t a l c o n s u m p t i o n o f t he o l d a t t now s a t i s f i e s 

(25) I oh (t) = I w j ( t ) + D ( t ) + p ( t ) A . 

h h 

Upon s u b s t i t u t i n g f rom (25) i n t o ( 2 4 ) , we ge t ( 2 3 ) . 

N o t e , by t he way, t h a t we now assume t h a t Y ( t ) , t he t o t a l amount o f 

t ime t good a v a i l a b l e i n t h i s economy, i s e q u a l t o t he sum o f i n d i v i d u a l 

endowments p l u s t h e t o t a l c r o p , the r i g h t - s i d e o f ( 2 4 ) . I t i s i m p o r t a n t t o 

remember t h i s i f y o u a r e asked q u e s t i o n s abou t f e a s i b l e o r o p t i m a l c o n s u m p t i o n 

a l l o c a t i o n s . 

You can i n t e r p r e t e q u a t i o n (23) a s s a y i n g t h a t n e t s a v i n g on t he 

p a r t o f g e n e r a t i o n t i s e q u a l t o ne t d i s s a v i n g on t he p a r t o f g e n e r a t i o n t - 1 , 

a l l o f w h i c h i s i n t he fo rm o f s a l e s o f l a n d . 

E q u a t i o n (23) c o n t a i n s two unknowns, r ( t ) and p ( t ) . We need a t 

l e a s t one o t h e r c o n d i t i o n i f we a r e to hope t o d e t e r m i n e v a l u e s f o r p ( t ) and 

r ( t ) . The o t h e r c o n d i t i o n i s ( 2 2 ) . 

A t empora ry e q u i l i b r i u m a t t , a s a b o v e , i s a p a i r ( r ( t ) , p ( t ) } t h a t 

s a t i s f i e s (22) and ( 2 3 ) . No te t h a t t he " g i v e n s " a r e an Sj. f u n c t i o n , w h i c h , i n 

t u r n , depends on t he p r e f e r e n c e s and endowments o f members o f g e n e r a t i o n t ; an 

amount o f l a n d , A ; t he pe r a c r e d i v i d e n d a t t+1 , d ( t + 1 ) ; and t he a n t i c i p a t e d 
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p r i c e o f l a n d a t t+1 , p e ( t + 1 ) . D i f f e r e n t " g i v e n s " w i l l , i n g e n e r a l , i m p l y 

d i f f e r e n t s o l u t i o n s . 

One way to " s o l v e " (22) and (23 ) i s t o s o l v e (22) f o r p ( t ) and 

s u b s t i t u t e t he r e s u l t i n t o ( 2 3 ) . T h i s g i v e s us 

(26) r ( t ) S t [ r ( t ) ] = [ d ( t + 1 ) + p e ( t - 1 ) ] A . 

E q u a t i o n (26) c o n t a i n s o n l y one unknown r ( t ) . I f we can s o l v e (26 ) 

f o r r ( t ) , t hen we can use t h a t s o l u t i o n and (22) t o s o l v e f o r p ( t ) . 

We w i l l use t h e te rm " s e q u e n c e o f t empora ry e q u i l i b r i a " t o r e f e r t o 

a sequence c o m p r i s e d o f a t i m e t t empora ry e q u i l i b r i u m f o r each t > 1. 

As an e x e r c i s e , d e s c r i b e c o m p l e t e l y t he s e q u e n c e o f t empora ry e q u i 

l i b r i a f o r e a c h o f t he f o l l o w i n g e c o n o m i e s : 

f o r a l l h and t > 1. A = 100, d ( t ) = 1, and p e ( t + 1 ) = 1 f o r a l l t > 1. 

( i i ) Same a s ( i ) e x c e p t t h a t p e ( t + 1 ) = 1/2 f o r a l l t > 1. 

( i i i ) Same a s ( i ) e x c e p t t h a t d ( t ) = 1/2 i f t i s odd and d ( t ) = 3 / 2 i f t i s 

e v e n . 

( i v ) Same a s ( i ) e x c e p t t h a t f o r a l l t > 1 

( i ) N ( t ) = 100, u j ( c £ ( t ) , c j ( t + 1 ) ) = e j ? ( t ) c £ ( t + 1 ) and ( w j ( t ) , w j ( t ) ) = ( 2 , 1 ) 

(wj(t) ,wj_ 1 ( t) ] = 
( 2 , 1 ) f o r h = 1, 2 , 50 

( 1 , 1 ) f o r h = 5 1 , 5 2 , 100 

(v ) Same a s ( i ) e x c e p t t h a t f o r a l l h 

( w j ( t ) , w j _ 1 ( t ) ) = 
( 2 , 1 ) f o r t = 1, 3 , 5 , 

( 1 , 1 ) f o r t = 2 , 4 , 6 , 
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N o t i c e t h a t t he sequence o f t empora ry e q u i l i b r i a depends o n , among 

o t h e r t h i n g s , t h e sequence o f p r i c e a n t i c i p a t i o n s . T h u s , i f we do n o t go 

beyond t h i s way o f m o d e l i n g , we must s a y t h a t what happens depends o n , among 

o t h e r t h i n g s , what p e o p l e b e l i e v e a b o u t p r i c e s i n t he f u t u r e . 

One a p p r o a c h t o e x p l a i n i n g b e l i e f s i s t o impose h y p o t h e s e s abou t t h e 

r e l a t i o n s h i p between b e l i e f s abou t p r i c e s i n t he f u t u r e and o t h e r v a r i a b l e s . 

One v e r s i o n o f t h i s a p p r o a c h i s t o h y p o t h e s i z e t h a t b e l i e f s abou t p r i c e s i n 

t he f u t u r e a r e fo rmed by e x t r a p o l a t i o n f rom c u r r e n t and p r e v i o u s p r i c e s . One 

p a r t i c u l a r v e r s i o n i s c a l l e d s t a t i c e x p e c t a t i o n s ; i t s a y s t h a t p e o p l e b e l i e v e 

t he p r i c e i n t he f u t u r e w i l l be t he same as t he c u r r e n t p r i c e . In ou r n o t a 

t i o n , t he s t a t i c e x p e c t a t i o n s h y p o t h e s i s i s e x p r e s s e d a s p e ( t + 1 ) = p ( t ) f o r 

a l l t . 

Here i s an e x e r c i s e . In e a c h o f the economies o f t he l a s t e x e r c i s e , 

r e p l a c e t he sequence o f p r i c e a n t i c i p a t i o n s by t he s t a t i c e x p e c t a t i o n s h y 

p o t h e s i s and f i n d t he i m p l i e d sequence o f t empora ry e q u i l i b r i a . 

We have now found s e q u e n c e s o f t empora ry e q u i l i b r i a f o r s e v e r a l 

e c o n o m i e s . In some, t he h y p o t h e s i z e d b e l i e f s t u r n o u t t o be c o r r e c t , i n 

o t h e r s n o t . N o t i c e , i n p a r t i c u l a r , t h a t a h y p o t h e s i s l i k e s t a t i c e x p e c t a t i o n s 

i s c o n s i s t e n t w i t h b e l i e f s b e i n g c o r r e c t i n some economies and no t i n o t h e r s . 

Why, t h o u g h , s h o u l d we be c o n c e r n e d abou t whe the r h y p o t h e s i z e d 

b e l i e f s t u r n o u t to be c o r r e c t ? We a r e c o n c e r n e d abou t t h i s b e c a u s e p e o p l e 

have an i n c e n t i v e to t r y to be c o r r e c t , an i n c e n t i v e w h i c h i s no weaker t han 

t he i n c e n t i v e t o max im ize p r o f i t o r u t i l i t y . T h a t b e i n g s o , a m o d e l i n g a p 

p r o a c h w h i c h i g n o r e s t h a t i n c e n t i v e i s no t l i k e l y to g i v e good p r e d i c t i o n s . 

P e r f e c t f o r e s i g h t o r r a t i o n a l e x p e c t a t i o n s c o m p e t i t i v e e q u i l i b r i u m 

I n s t e a d o f d e s c r i b i n g how p e o p l e fo rm c o r r e c t b e l i e f s , we w i l l 

i n s u r e c o n s i s t e n c y w i t h t he i n c e n t i v e to be c o r r e c t by a g a i n i m p o s i n g t he 
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h y p o t h e s i s t h a t b e l i e f s a r e c o r r e c t . U s u a l l y t h i s i s c a l l e d mak ing u s e o f a 

p e r f e c t f o r e s i g h t o r r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m c o n c e p t . 

Here i s a d e f i n i t i o n a p p l i c a b l e t o t h i s l a n d economy. A p e r f e c t 

f o r e s i g h t c o m p e t i t i v e e q u i l i b r i u m c o n s i s t s o f s e q u e n c e s f o r p ( t ) and r ( t ) and 

the o t h e r endogenous (dependen t ) v a r i a b l e s s u c h t h a t t he t ime t v a l u e s a r e a 

t i m e t t empora ry e q u i l i b r i u m f o r p e ( t + 1 ) = p ( t + 1 ) . More g e n e r a l l y , a p e r f e c t 

f o r e s i g h t c o m p e t i t i v e e q u i l i b r i u m i s a sequence o f v a l u e s f o r t he endogenous 

v a r i a b l e s w i t h t he p r o p e r t y t h a t t he t t n term o f t he sequence i s a t i m e t 

t empora ry e q u i l i b r i u m g i v e n t h a t b e l i e f s abou t p r i c e s i n t he f u t u r e a r e g i v e n 

by t he s u b s e q u e n t t e r m ( s ) i n t he s e q u e n c e . 

From now on t he term " e q u i l i b r i u m " w i l l be u s e d t o r e f e r t o a com

p e t i t i v e , p e r f e c t f o r e s i g h t e q u i l i b r i u m . 

I t i s more d i f f i c u l t t o a p p l y p e r f e c t f o r e s i g h t i n t h i s model t han 

i t i s t o a p p l y i t i n t he s e t u p s we s t u d i e d i n s e c t i o n I I I . T h e r e , ou r exam

p l e s were c a r e f u l l y c o n s t r u c t e d s o t h a t we c o u l d a l w a y s f i n d t he p e r f e c t 

f o r e s i g h t f o r e c a s t s a p p l i c a b l e t o some f u t u r e d a t e and t h e n work b a c k w a r d s . 

H e r e , t h a t i s no t p o s s i b l e . 

L e t ' s b e g i n by w o r k i n g i n a somewhat f o r m a l way w i t h e q u a t i o n s (22) 

and ( 2 3 ) . The d e f i n i t i o n o f an e q u i l i b r i u m ( p e r f e c t f o r e s i g h t ) t e l l s us to 

s e t p e ( t + 1 ) = p ( t + 1 ) . Suppose we do t h a t i n (22) and w r i t e t he r e s u l t as 

(27) r ( t ) p ( t ) = d ( t+1 ) + p ( t + 1 ) . 

N e x t , suppose we s o l v e (27 ) f o r r ( t ) and s u b s t i t u t e t he r e s u l t i n t o (23 ) t o 

ge t 

(28) S h [ ( d ( t + 1 ) + p ( t + 1 ) ) / p ( t ) ] = p ( t ) A . 
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I f we can f i n d a n o n n e g a t i v e p ( t ) sequence t h a t s a t i s f i e s (28) f o r a l l t > 1, 

we w i l l have f ound an e q u i l i b r i u m . T h i s i s so because g i v e n s u c h a p ( t ) s e 

q u e n c e , we can e a s i l y f i n d a c o r r e s p o n d i n g r ( t ) sequence ( f r o m ( 2 7 ) ) . Then 

t h e s e t o g e t h e r can e a s i l y be shown t o s a t i s f y t h e d e f i n i t i o n o f an e q u i l i 

b r i u m . 

Here a r e t h r e e economies we w i l l u s e i n s e v e r a l e x e r c i s e s . 

Economy 1. N ( t ) = 100, u j ( c j ? ( t ) , c j ? ( t + 1 ) ] = c j ( t ) c £ ( t + 1 ) , and ( w £ ( t ) . w ^ ( t ) ) = 

( 2 , 1 ) f o r a l l h and t > 1. A l s o , A = 100 and d ( t ) = 1 f o r a l l 

t > 1. 

Economy 2 . Same a s Economy 1 e x c e p t t h a t f o r a l l t > 1 

. h ( 2 , 1 ) f o r h = 1, 2 , . . . . 50 
( w j ( t ) . w j . ( t ) ) = 

( 1 , 1 ) f o r h = 5 1 , 5 2 , 100 

Economy 3 . Same a s Economy 1 e x c e p t t h a t d ( t ) = 1/2 i f t i s odd and d ( t ) = 3 / 2 

i f t i s e v e n . 

As an e x e r c i s e , w r i t e t he e x p l i c i t fo rms o f e q u a t i o n (28) f o r t = 1, 

2 , 3 , and 4 f o r each o f t he above e c o n o m i e s . Nex t w r i t e i n a s u c c i n c t way t h e 

e x p l i c i t f o rms o f e q u a t i o n (28) f o r a l l t > 1 f o r each o f t h o s e e c o n o m i e s . 

N o t i c e t h a t (28) f o r t = 1 can be w r i t t e n S} [ ( d ( 2 ) + p ( 2 ) ) /p( 1) ] = 

p ( 1 ) A . G i v e n t h a t we know the fo rm o f t he f u n c t i o n S , ( a s you do i n t h e l a s t 

e x e r c i s e ) and t h a t we know d ( 2 ) and A , t h i s e q u a t i o n c o n t a i n s two unknowns 

p( 1) and p ( 2 ) . Hence , i t i s no t l i k e l y t h a t we can s o l v e f o r a u n i q u e p a i r 

t h a t s a t i s f i e s i t . We can g e t a n o t h e r e q u a t i o n i n p ( 2 ) f rom (28 ) f o r t = 2 — 

n a m e l y , S 2 [ ( d ( 3 ) + p ( 3 ) ) / p ( 2 ) ] = p ( 2 ) A — b u t t h i s c o n t a i n s a n o t h e r unknown, 

p ( 3 ) . O b v i o u s l y , i f we p r o c e e d to t = 3 , to t = 4 , and so o n , we w i l l a l w a y s 

be one e q u a t i o n s h o r t . ( N o t i c e , by t he way, t h a t i f we somehow knew p (T ) f o r 

some T > 1, t h e n we c o u l d use t h e s e e q u a t i o n s to f i n d p ( T - 1 ) , p ( T - 2 ) , . . . 

p ( D . ) 
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Somet imes when we have f ewer e q u a t i o n s than unknowns, t h e r e a r e any 

number (an i n f i n i t e number) o f s o l u t i o n s . F o r e x a m p l e , t h e r e a r e an i n f i n i t e 

number o f p a i r s ( x , y ) t h a t s a t i s f y the s i n g l e e q u a t i o n y = 10 + 2 x , s i n c e f o r 

any x , t h e r e i s a v a l u e o f y f o r w h i c h t he e q u a t i o n h o l d s . To c o n s i d e r 

whe ther t h i s i s n e c e s s a r i l y our s i t u a t i o n , we p r o c e e d a s f o l l o w s . We c o u l d 

p i c k a r b i t r a r i l y a p o s i t i v e v a l u e o f p (1 ) and use e q u a t i o n (28) f o r t = 1 t o 

g e t a v a l u e o f p ( 2 ) ( o r pe rhaps s e v e r a l ) . T h e n , we c o u l d use t h a t v a l u e o f 

p ( 2 ) i n e q u a t i o n (28) f o r t = 2 t o g e t a v a l u e o f p(3) and so o n . I f t h i s 

p r o c e d u r e a l w a y s g e n e r a t e s a n o n n e g a t i v e p ( t ) s e q u e n c e , t hen ou r s i t u a t i o n 

wou ld be a n a l o g o u s to h a v i n g one l i n e a r e q u a t i o n i n two unknowns. 

As an e x e r c i s e , t r y t h i s p r o c e d u r e f o r t he e x p l i c i t f o rms o f e q u a 

t i o n (28) you f ound i n t he l a s t e x e r c i s e . What you s h o u l d f i n d i s t h a t t he 

p r o c e d u r e e v e n t u a l l y i m p l i e s n e g a t i v e v a l u e s o f p ( t ) f o r a l m o s t a l l v a l u e s o f 

p ( 1 ) . T h i s shows t h a t we canno t s t a r t w i t h any v a l u e o f p( 1) and f i n d a 

c o r r e s p o n d i n g sequence t h a t i s an e q u i l i b r i u m b e c a u s e , remember, an e q u i l i 

b r i u m c o n s i s t s o f n o n n e g a t i v e p r i c e s . 

Now t r y to p r o v e t h a t e a c h o f economies 1 and 2 has a u n i q u e e q u i 

l i b r i u m and t h a t t h a t e q u i l i b r i u m has t he p r o p e r t y t h a t p ( t ) i s a c o n s t a n t f o r 

a l l t > 1. A l s o , d e t e r m i n e i n w h i c h economy the p r i c e o f l a n d i s h i g h e r . 

F i n a l l y , f o r each economy, w r i t e an e q u a t i o n t h a t t h e c o n s t a n t p r i c e o f l a n d 

s a t i s f i e s . 

B e f o r e we t u r n t o an a n a l y s i s o f economy 3 and then to a f i n a l s e t 

o f e x e r c i s e s on t h i s m o d e l , some g e n e r a l comments on u n i q u e n e s s o f e q u i l i b r i u m 

a r e i n o r d e r . The above examp les show t h a t even though we seem t o be "one 

e q u a t i o n s h o r t , " i t can happen t h a t t h e r e i s a u n i q u e e q u i l i b r i u m . T h i s does 

no t mean t h a t u n i q u e n e s s o f e q u i l i b r i u m i s t he t y p i c a l s i t u a t i o n i n ou r 

m o d e l . I t i s w e l l known t h a t m u l t i p l e e q u i l i b r i a can a r i s e i n t he s t a n d a r d 
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m o d e l , one w i t h a f i n i t e number o f i n d i v i d u a l s and c o m m o d i t i e s . T h a t b e i n g 

s o , we s h o u l d be v e r y s u r p r i s e d i f m u l t i p l e e q u i l i b r i a c o u l d no t a r i s e i n ou r 

model wh i ch has an i n f i n i t e number o f i n d i v i d u a l s and c o m m o d i t i e s . One l e s s o n 

t o be l e a r n t f rom ou r e x a m p l e s , t h o u g h , i s t he f o l l o w i n g . The mere f a c t t h a t 

ou r e q u i l i b r i u m c o n d i t i o n s a r e a d i f f e r e n c e e q u a t i o n sys tem w i t h o u t " e n o u g h " 

i n i t i a l c o n d i t i o n s i s no t by i t s e l f s u f f i c i e n t t o imp l y t he e x i s t e n c e o f 

m u l t i p l e e q u i l i b r i a . 

Now we w i l l s t u d y economy 3 . Economies 1 and 2 a r e easy t o a n a l y z e 

because f o r t h o s e economies an e q u i l i b r i u m p ( t ) sequence i s one t h a t s a t i s f i e s 

an e q u a t i o n o f t he form p ( t+1 ) = f [ p ( t ) ] f o r a l l t > 1, where f i s some f u n c 

t i o n t h a t does no t depend on t . We c a n n o t q u i t e do t h i s f o r economy 3- F o r 

economy 3 , we c a n , howeve r , f i n d two f u n c t i o n s , c a l l them f 1 and f 2 , s u c h t h a t 

an e q u i l i b r i u m p ( t ) sequence i s one t h a t s a t i s f i e s : 

f ( p ( t ) ) i f t i s odd 
(29) p ( t+1 ) = 

f 2 ( p ( t ) ) i f t i s even 

(As an e x e r c i s e , w r i t e e x p l i c i t e x p r e s s i o n s f o r f 1 and f 2 f o r economy 3 . 

A l s o , s k e t c h t h o s e f u n c t i o n s i n t he ( p ( t ) , p ( t + 1 ) ) p l a n e and t r y t o a n a l y z e 

s o l u t i o n s g r a p h i c a l l y . ) 

N o t i c e t h a t e q u a t i o n (29) s a y s t h a t any e q u i l i b r i u m s a t i s f i e s p ( 2 ) = 

f ^ p O ) ) , P ( 3 ) = f 2 ( p ( 2 ) ) , p ( 4 ) = f 1 ( p ( 3 ) ) , p ( 5 ) = f 2 ( p ( 4 ) ) , and so o n . I t 

f o l l o w s by s u b s t i t u t i o n t h a t any e q u i l i b r i u m p ( 1 ) , p ( 3 ) , and p ( 5 ) must s a t i s f y 

p ( 3 ) = f ^ f ^ p O ) ) ] , p ( 5 ) = f 2 [ f 1 ( p ( 3 ) ) ] a n d , more g e n e r a l l y , t h a t f o r any 

e q u i l i b r i u m : 

(30 ) p ( t+2 ) = f 2 [ f 1 ( p ( t ) ) ] = g ^ p U ) ) i f t i s o d d . 
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As an e x e r c i s e , w r i t e an e x p l i c i t e x p r e s s i o n f o r the c o m p o s i t e 

f u n c t i o n , g « , f o r economy 3 . 

E q u a t i o n (30) i s u s e f u l because i t s a y s t h a t t he odd d a t e d te rms o f 

an e q u i l i b r i u m p ( t ) sequence s a t i s f y p ( t+2 ) = g 1 ( p ( t ) ) where g 1 i s a f u n c t i o n 

t h a t does no t depend on t i m e . As an e x e r c i s e , t r e a t p ( t+2) = g 1 ( p ( t ) ) a s a 

f i r s t - o r d e r d i f f e r e n c e e q u a t i o n and a n a l y z e i t s s o l u t i o n s . In p a r t i c u l a r , 

p rove t h a t t h e r e i s one and o n l y one n o n n e g a t i v e sequence w h i c h s a t i s f i e s 

p ( t+2 ) = g - | ( p ( t ) ) and t h a t t h i s i s a c o n s t a n t s e q u e n c e . Denote t h i s c o n s t a n t 

p . and show t h a t p 1 > 0 . Nex t l e t p 2 = fjCPj) a n d p rove t he f o l l o w i n g : t he 

sequence p ( t ) = p 1 i f t i s odd and p ( t ) = p 2 i f t i s even s a t i s f i e s (29) and 

i s the o n l y sequence t h a t s a t i s f i e s ( 2 9 ) . A l s o d e t e r m i n e whether p 2 > p 1 o r 

v i c e v e r s a . F o r t h i s l a s t q u e s t i o n , i t may be h e l p f u l t o n o t e t h a t by s u b s t i 

t u t i o n , the even d a t e d te rms o f an e q u i l i b r i u m f o r economy 3 must s a t i s f y t he 

c o m p o s i t e f u n c t i o n p ( t+2) = f , [ f 2 ( p ( t ) ) ] . 

Now, h e r e a r e some e x e r c i s e s t h a t r e q u i r e a p p l y i n g t h e model o f t h i s 

s e c t i o n . 

1. (Land p r i c e s and t h e s i z e o f t he c r o p ) C o n s i d e r economy 1 b u t w i t h d ( t ) = 

d > 0 f o r a l l t . Show t h a t t he o n l y e q u i l i b r i u m l a n d p r i c e sequence i s a 

c o n s t a n t sequence and t h a t t he v a l u e o f t he c o n s t a n t , p, s a y , depends on 

d . Does p + 0 a s d • 0? E x p l a i n . 

Nex t answer t h i s same q u e s t i o n f o r an economy e x a c t l y l i k e economy 1 

bu t w i t h ( w j ( t ) , w j _ 1 ( t ) ) = ( 1 , 2 ) . 

2 . ( T i m e - s e r i e s v s . c r o s s - s e c t i o n o b s e r v a t i o n s ) Suppose you have t i m e - s e r i e s 

d a t a f o r economy 3 , d a t a w h i c h c o n s i s t o f o b s e r v a t i o n s on t he p a i r s 

( d ( t ) , p ( t ) ) f o r d i f f e r e n t d a t e s . P l o t t h e s e p a i r s on a c h a r t w i t h d ( t ) on 

t he h o r i z o n t a l a x i s and p ( t ) on t he v e r t i c a l a x i s . Now c o n s i d e r t he 
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f o l l o w i n g q u e s t i o n s . What a r e t he e q u i l i b r i u m p r i c e s o f l a n d i n two o t h e r 

economies t h a t a r e i d e n t i c a l t o economy 3 e x c e p t t h a t i n one d ( t ) i s 

a l w a y s 1 / 2 , w h i l e i n the o t h e r d ( t ) i s a l w a y s 3 / 2 ? Is t h e r e any s i m p l e 

way t o use t h e t i m e - s e r i e s o b s e r v a t i o n s f o r economy 3 t o answer t h e s e 

q u e s t i o n s ? Why? 

3 . (An " e s t i m a t i o n " p rob lem) You a r e an e c o n o m i s t l i v i n g i n economy 3 . You 

a r e a s k e d what t he e q u i l i b r i u m l a n d p r i c e wou ld be i n economies t h a t a r e 

i d e n t i c a l e x c e p t t h a t t hey have d i f f e r e n t t ime p a t t e r n s o f c r o p s — f o r 

e x a m p l e , c r o p s t h a t do n o t v a r y o v e r t i m e . Here i s what you know. You 

have d a t a on A and on ( d ( t ) , p ( t ) ) f o r y o u r economy. You a l s o know t h a t 

t he a g g r e g a t e s a v i n g f u n c t i o n f o r e v e r y g e n e r a t i o n has t he f o rm S [ r ( t ) ] = 

aQ - a ^ / r ( t ) . However , you do no t s t a r t ou t knowing t he p a i r o f pa rame

t e r s ( a Q , a ^ ) . O u t l i n e i n d e t a i l a p r o c e d u r e f o r a n s w e r i n g t he q u e s t i o n . 

4 . ( I n t e r n a t i o n a l " c a p i t a l " f l o w s and c o n t r o l s on " c a p i t a l " f l o w s ) C o n s i d e r a 

w o r l d economy t h a t c o n s i s t s o f two c o u n t r i e s , c o u n t r y V and c o u n t r y W. 

C o u n t r y V has t he c h a r a c t e r i s t i c s o f economy 1 w h i l e c o u n t r y W has t he 

same c h a r a c t e r i s t i c s e x c e p t t h a t i t c o n t a i n s t w i c e a s much l a n d — 2 0 0 

a c r e s , e a c h a c r e o f w h i c h has a c r o p o f one u n i t o f t he c o n s u m p t i o n good 

a t each d a t e . Assume t h a t n e i t h e r p e o p l e nor l a n d can p h y s i c a l l y move 

between c o u n t r i e s , bu t t h a t t he c o n s u m p t i o n good can be t r a n s p o r t e d w i t h 

o u t c o s t between c o u n t r i e s . 

Here a r e e l e m e n t s o f some a l t e r n a t i v e government p o l i c y r u l e s : (a ) 

l a i s s e z - f a i r e (LF ) a t t — A t t ime t , any member o f g e n e r a t i o n t can buy l a n d 

l o c a t e d a n y w h e r e . A l s o , t h e r e can be b o r r o w i n g and l e n d i n g between r e s i d e n t s 

o f d i f f e r e n t c o u n t r i e s , (b) p o r t f o l i o a u t a r k y (PA) a t t — A member o f g e n e r a 

t i o n t o f a p a r t i c u l a r c o u n t r y can buy l a n d l o c a t e d i n t h a t c o u n t r y o n l y and 

can l e n d to o r bor row f rom r e s i d e n t s o f t h a t c o u n t r y o n l y . 
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( i ) D e s c r i b e and compare e q u i l i b r i a under PA f o r a l l t > 1 and under LF f o r 

a l l t > 1. D e s c r i b e who i s b e t t e r o f f under w h i c h p o l i c y . P r o v e t h a t 

t h e e q u i l i b r i u m under PA i s no t P a r e t o o p t i m a l . 

( i i ) D e s c r i b e t he e q u i l i b r i a under PA f o r t = 1, LF f o r t > 2 . Assume t h a t 

t he e n t i r e p o l i c y ( p a t h o r r u l e ) i s known a t t = 1. ( H i n t : F i r s t 

s o l v e f o r what happens f o r t > 2 and then use t h e t = 2 outcome t o 

s o l v e f o r what happens a t t = 1.) 

( i i i ) Does what happens a t t = 1 depend on whether LF o r PA w i l l be i n e f f e c t 

f o r t > 2? What does t h i s s u g g e s t a b o u t why we a n a l y z e p o l i c y r u l e s o r 

p a t h s r a t h e r t han d i f f e r e n t a c t i o n s a t t = 1? 

5 . (Consumpt i on v s . income t a x e s ) F o r economies w i t h l a n d , f o r m u l a t e and 

p r o v e an e q u i v a l e n c e r e s u l t between consump t i on and income t a x e s a l o n g t he 

l i n e s o f t he p r o p o s i t i o n i n e x e r c i s e 7 o f s e c t i o n I I . 

6 . (A t a x on l a n d r e n t s ) Read a l i t t l e abou t Henry G e o r g e , a 19th c e n t u r y 

A m e r i c a n who a d v o c a t e d a s i n g l e t a x , a t ax on l a n d r e n t s . D e s c r i b e how 

you wou ld use t he model o f t h i s s e c t i o n t o a n a l y z e t he e f f e c t s o f t h e k i n d 

o f t a x s y s t e m George f a v o r e d . 
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V . I n t e r t e m p o r a l p r o d u c t i o n 

We b e g i n w i t h a v e r y s i m p l e p r o d u c t i o n t e c h n o l o g y w h i c h you can 

t h i n k o f a s a s t o r a g e t e c h n o l o g y . We assume t h a t f o r a l l t > 1, k u n i t s o f 

t ime t good can be c o n v e r t e d i n t o xk u n i t s o f t ime t+1 g o o d , where k i s any 

n o n n e g a t i v e number and x i s some g i v e n n o n n e g a t i v e number ( w h i c h does no t 

depend on t i m e o r k ) . 

F e a s i b l e a l l o c a t i o n s 

We l e t K ( t ) deno te the t o t a l amount o f t ime t good s t o r e d a t t i m e t 

o r used as i n p u t f o r t he s t o r a g e t e c h n o l o g y . A p a t h o f t o t a l c o n s u m p t i o n 

C ( 1 ) , C ( 2 ) , C ( t ) i s f e a s i b l e i f g i v e n K ( 0 ) , t h e r e e x i s t s a n o n n e g a t i v e 

K ( t ) sequence f o r t > 1 t h a t s a t i s f i e s : 

( 3 D C ( t ) + K ( t ) < Y ( t ) + x K ( t - 1 ) ; a l l t > 1. 

Note t h a t we s a y " g i v e n K ( 0 ) " b e c a u s e a t t = 1, ou r s t a r t i n g d a t e , t he amount 

o f t ime 0 good p l a c e d i n t o s t o r a g e a t t ime 0 i s a l r e a d y d e t e r m i n e d . (The 

symbo ls o t h e r t han K ( t ) and x have t he same mean ing they had i n s e c t i o n I.) 

The r i g h t s i d e o f (31) r e p r e s e n t s t he t o t a l amount o f t ime t good 

a v a i l a b l e to t he economy. The l e f t s i d e r e p r e s e n t s t o t a l usage o f t h a t g o o d , 

c o n s u m p t i o n , C ( t ) , p l u s i n v e s t m e n t , K ( t ) . T h u s , (31) s a y s t h a t t o t a l u s e o f 

t ime t good c a n n o t e x c e e d the amount a v a i l a b l e . 

Here a r e two e x e r c i s e s . 

1. Suppose N ( t ) = 1 and Y ( t ) = 1 f o r a l l t > 0 and x = 2 and K (0 ) = 0 . A l s o , 

suppose t h a t u j ( c ! ? ( t ) , c j ( t + 1 ) ) = c j ( t ) c ! j ( t + 1 ) f o r a l l h and t > 1. Show 

t h a t t h e f o l l o w i n g a l l o c a t i o n i s f e a s i b l e but no t P a r e t o o p t i m a l : 

( o ? ( t ) , o J - 1 ( t ) ) = ( 1 / 2 , 1 / 2 ) f o r a l l h and t > 0 . 
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2 . P r o v e t he f o l l o w i n g . Any f e a s i b l e a l l o c a t i o n t h a t i s s u c h t h a t 

u ^ C c J c O . o J c t + l ^ / u J g C o J c ^ . e J c t + l ) ] < x 

f o r some h and some t > 1 i s no t P a r e t o o p t i m a l . 

C o m p e t i t i v e e q u i l i b r i u m 

We b e g i n by w r i t i n g a r e v i s e d budget s e t , r e v i s e d v e r s i o n s o f (19) 

and ( 2 0 ) . These a r e : 

(32) c £ ( t ) = w £ ( t ) - a h ( t ) - p ( t ) a h ( t ) - k h ( t ) 

(33) c£(t+1) = w £ ( t + 1 ) + r ( t ) a h ( t ) + a h ( t ) [ d ( t + 1 ) + p e ( t + 1 ) ] + x k h ( t ) 

where k ^ ( t ) , t he o n l y new s y m b o l , s t a n d s f o r t h e amount o f t i m e t good t h a t 

member h i n g e n e r a t i o n t p l a c e s i n t o s t o r a g e . Here a r e s e v e r a l e x e r c i s e s . 

3 . P r o v e t he f o l l o w i n g . In any c o m p e t i t i v e e q u i l i b r i u m , p e r f e c t f o r e s i g h t o r 

n o t , r ( t ) > x f o r a l l t . (Use an argument s i m i l a r t o t h a t used t o g e t 

e q u a t i o n (22) i n s e c t i o n I V . ) 

4 . D e s c r i b e a n o - l a n d economy w i t h an e q u i l i b r i u m t h a t s a t i s f i e s r ( t ) > x f o r 

a l l t > 1. 

5 . D e s c r i b e a n o - l a n d economy w i t h an e q u i l i b r i u m t h a t s a t i s f i e s r ( t ) = x f o r 

a l l t > 1. 

6 . D e s c r i b e an economy w i t h l a n d and w i t h an e q u i l i b r i u m ( p e r f e c t f o r e s i g h t , 

h e r e and be low) w i t h r ( t ) > x f o r a l l t > 1. 

7 . D e s c r i b e an economy w i t h l a n d and w i t h an e q u i l i b r i u m w i t h r ( t ) = x f o r 

a l l t > 1. 

8 . (Taxes on l a n d r e n t s a g a i n ) S tudy t he e f f e c t s o f s u b s t i t u t i n g a t a x on 

l a n d r e n t s f o r a f l a t r a t e t a x on endowments. 
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( C o n s u m p t i o n v s . income t a x e s a g a i n ) C o n s i d e r a n o - l a n d model i n w h i c h t he 

e q u i l i b r i u m i s s u c h t h a t s t o r a g e o c c u r s a t e v e r y d a t e and i n w h i c h 

x > 1. Show t h a t c o n s u m p t i o n and income t a x e s a r e n o t i n g e n e r a l e q u i v a 

l e n t i n t he s e n s e o f t he p r o p o s i t i o n l i s t e d i n e x e r c i s e 7 o f s e c t i o n I I . 

Assume h e r e t h a t t he income tax i s l e v i e d on t h e endowment, on g r o s s 

i n t e r e s t as i n ( 2 ' ) and on t he g r o s s r e t u r n f r om s t o r a g e ; n a m e l y , x k n ( t - 1 ) 

a t t . A l s o , show t h a t i n g e n e r a l an e q u i l i b r i u m w i t h z y > 0 i s no t P a r e t o 

o p t i m a l . D i s c u s s whether t he same i s t r u e f o r z Q > 0 . 


