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F o r m u l a t i n g Dynamic L i n e a r R a t i o n a l E x p e c t a t i o n s Mode l s by Means o f 

P e r i o d i c - C o e f f i c i e n t L i n e a r S t o c h a s t i c D i f f e r e n c e E q u a t i o n s 

I n t r o d u c t i o n 

The t e c h n i q u e s r e c e n t l y i n t r o d u c e d i n t o economics t o make 

e s t i m a t i o n o f t h e p a r a m e t e r s o f dynamic sys tems t r a c t a b l e a r e no t w e l l -

s u i t e d t o most a g r i c u l t u r a l commodity s y s t e m s . These t e c h n i q u e s i n v o l v e 

t he e x p l i c i t s o l u t i o n o f c e r t a i n t i m e - i n v a r i a n t l i n e a r s t o c h a s t i c d i f 

f e r e n c e e q u a t i o n s (LSDEs) t h a t a r i s e f r om the o p t i m i z a t i o n o f c o n s t a n t -

c o e f f i c i e n t q u a d r a t i c o b j e c t i v e f u n c t i o n s s u b j e c t t o l i n e a r c o n 

s t r a i n t s . The c o n s t a n t - c o e f f i c i e n t q u a d r a t i c o b j e c t i v e f u n c t i o n i s 

i n a p p r o p r i a t e f o r much o f a g r i c u l t u r e b e c a u s e , even u n d e r t h e a s s u m p t i o n 

o f a l i n e a r p r o d u c t i o n f u n c t i o n , a f i r m ' s o b j e c t i v e f u n c t i o n s h o u l d 

i n c l u d e t h e c u b i c i n t e r a c t i o n o f market p r i c e , t h e f i r m ' s i n p u t s , and a 

s e a s o n a l l y v a r y i n g a v e r a g e p r o d u c t i v i t y . Hence t h e t i m e - i n v a r i a n t 

l i n e a r - q u a d r a t i c f r amework , t hough t r a c t a b l e enough f o r e m p i r i c a l w o r k , 

seems t o r e q u i r e a g r i c u l t u r a l a n a l y s t s i n t e r e s t e d i n s u b - a n n u a l models 

t o i g n o r e t he e f f e c t s o f v a r i a t i o n s i n e i t h e r market p r i c e s , f i r m s ' 

i n p u t s , o r a v e r a g e p r o d u c t i v i t y on c o m p e t i t i v e e q u i l i b r i u m . M o d e l i n g 

a g r i c u l t u r e on an a n n u a l b a s i s , t o a v o i d s e a s o n a l v a r i a t i o n i n a v e r a g e 

p r o d u c t i v i t y , i s not an a t t r a c t i v e s o l u t i o n e i t h e r , f o r t h e l e n g t h s o f 

most o f t he b i o l o g i c a l l a g s p r o m i n e n t i n a g r i c u l t u r e a r e not i n t e g e r 

m u l t i p l e s o f a y e a r . E c o n o m i s t s i n t e r e s t e d i n m o d e l i n g dynamic e q u i l i b -
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r i u m i n a g r i c u l t u r a l sys tems seem t o be f a c e d w i t h c h o o s i n g between 

t r a c t a b i l i t y and a d e q u a t e r e a l i s m . 

I n t h i s p a p e r I p r o p o s e a compromise s o l u t i o n t o t h e d i lemma 

f a c i n g a g r i c u l t u r a l m o d e l e r s . The key e lement o f t h e compromise i s t o 

model a v e r a g e p r o d u c t i v i t y as a s e a s o n a l l y v a r y i n g bu t d e t e r m i n i s t i c 

s e q u e n c e . In a d d i t i o n , a r e s t r i c t e d s e t o f q u a d r a t i c c o s t - o f - a d j u s t m e n t 

te rms i s u s e d . 

M o d e l i n g a v e r a g e p r o d u c t i v i t y as a p e r i o d i c ( e . g . , s e a s o n a l l y 

v a r y i n g ) bu t d e t e r m i n i s t i c sequence a c h i e v e s a t l e a s t t h e same degree o f 

r e a l i s m a s i n t he more f a m i l i a r t i m e - i n v a r i a n t l i n e a r - q u a d r a t i c models 

o f dynamic economic e q u i l i b r i u m , where a v e r a g e p r o d u c t i v i t y i s a l s o 

r e p r e s e n t e d as n o n s t o c h a s t i c ( i n f a c t , as a c o n s t a n t ) . The a s s u m p t i o n 

o f a p e r i o d i c , d e t e r m i n i s t i c a v e r a g e p r o d u c t i v i t y can be v iewed as t h e 

n a t u r a l e x t e n s i o n o f t h e t i m e - i n v a r i a n t models t o a g r i c u l t u r e . The 

r e s t r i c t e d c l a s s o f q u a d r a t i c c o s t - o f - a d j u s t m e n t t e rms u s e d h e r e does 

l i m i t t he m o d e l e r ' s f l e x i b i l i t y i n r e p r e s e n t i n g dynamic c o n s t r a i n t s . 

However , much can be done w i t h i n t h i s c l a s s , and i t may be p o s s i b l e t o 

b roaden t he c l a s s i n l a t e r wo rk . 

T h i s s t r a t e g y a l s o p r e s e r v e s t he t r a c t a b i l i t y o f t he l i n e a r -

q u a d r a t i c m o d e l — i t a l l o w s c l o s e d - f o r m e x p r e s s i o n s f o r f i r m s ' d e c i s i o n 

r u l e s and c o m p e t i t i v e e q u i l i b r i u m l aws o f m o t i o n t h a t a r e u s e f u l f o r 

p a r a m e t e r e s t i m a t i o n . Under t he a s s u m p t i o n o f p e r i o d i c , d e t e r m i n i s t i c 

a v e r a g e p r o d u c t i v i t y , t he m o d e l ' s o b j e c t i v e f u n c t i o n s become q u a d r a t i c 

i n s t o c h a s t i c and c h o i c e v a r i a b l e s bu t w i t h p e r i o d i c c o e f f i c i e n t s r a t h e r 
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t h a n c o n s t a n t c o e f f i c i e n t s . S i m i l a r l y , t h e LSDEs t h a t a r i s e i n o p t i m i z 

i n g t hese p e r i o d i c - c o e f f i c i e n t o b j e c t i v e f u n c t i o n s s u b j e c t t o l i n e a r 

c o n s t r a i n t s a l s o c o n t a i n p e r i o d i c c o e f f i c i e n t s i n e i t h e r t h e i r f o r c i n g 

t e r m s , c h a r a c t e r i s t i c p o l y n o m i a l s , o r b o t h . I s h a l l show t h a t t h e c l a s s 

o f p e r i o d i c - c o e f f i c i e n t LSDEs t h a t a r i s e s f rom the models p r o p o s e d h e r e 

can be s o l v e d e x p l i c i t l y , though t h e c l o s e d - f o r m s o l u t i o n s a r e somewhat 

more c o m p l i c a t e d t h a n f o r t h e c o r r e s p o n d i n g c o n s t a n t - c o e f f i c i e n t L S D E s . 

In t h e f i r s t s e c t i o n o f t h i s p a p e r I a n a l y z e a s i m p l e bu t 

t y p i c a l dynamic a g r i c u l t u r a l model w i t h f i r m s ' o b j e c t i v e f u n c t i o n s t h a t 

(a) a r e q u a d r a t i c i n s t o c h a s t i c and c h o i c e v a r i a b l e s , (b) c o n t a i n o n l y 

r e s t r i c t e d forms o f q u a d r a t i c c o s t s o f a d j u s t m e n t , (c ) have p e r i o d i c 

c o e f f i c i e n t s , and (d) a r e max im ized s u b j e c t t o l i n e a r c o n s t r a i n t s . The 

f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s ( E u l e r e q u a t i o n s ) f o r m a x i m i z i n g t h e 

ne t p r e s e n t v a l u e o f a r e p r e s e n t a t i v e f i r m i n t h e i n d u s t r y a r e d e r i v e d 

i n t he f i r s t s e c t i o n and t u r n ou t t o i n c l u d e a f o r c e d LSDE w i t h a c o n 

s t a n t - c o e f f i c i e n t c h a r a c t e r i s t i c p o l y n o m i a l and p e r i d o i c - c o e f f i c i e n t 

f o r c i n g t e r m s . The f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s f o r m a x i m i z i n g t h e 

w e l f a r e c r i t e r i o n o f a h y p o t h e t i c a l s o c i a l p l a n n e r whose o p t i m a l d e c i 

s i o n s r e p l i c a t e c o m p e t i t i v e e q u i l i b r i u m a r e a l s o d e r i v e d i n t h e f i r s t 

s e c t i o n ; t hey i n c l u d e a f o r c e d LSDE w i t h p e r i o d i c - c o e f f i c i e n t c h a r a c t e r 

i s t i c p o l y n o m i a l and f o r c i n g t e r m s . The second s e c t i o n o f t he p a p e r 

p r e s e n t s t e c h n i q u e s f o r compu t i ng c l o s e d - f o r m s o l u t i o n s t o p e r i o d i c -

c o e f f i c i e n t LSDEs o f t he t y p e s d e r i v e d i n t h e f i r s t s e c t i o n . 
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S e c t i o n I. D e r i v i n g L i n e a r S t o c h a s t i c D i f f e r e n c e E q u a t i o n s Tha t C h a r a c  

t e r i z e C o m p e t i t i v e E q u i l i b r i u m i n an I n d u s t r y w i t h P e r i o d i c A v e r a g e  

P r o d u c t i v i t y 

A d e s c r i p t i o n o f t he i n d u s t r y . 

C o n s i d e r a s i m p l e i n d u s t r y c o n s i s t i n g o f m i d e n t i c a l f i r m s 

each p r o d u c i n g a s i n g l e ou tpu t f r om a s i n g l e i n p u t and s e l l i n g a l l 

o u t p u t each p e r i o d t o consumers (no i n v e n t o r i e s a r e h e l d ) . 

The p r o d u c t i o n f u n c t i o n i s l i n e a r i n t h e i n p u t and c o n t a i n s a n 

a d d i t i v e s t o c h a s t i c t e r m , b u t t h e a v e r a g e p r o d u c t i v i t y o f t h e i n p u t 

v a r i e s p e r i o d i c a l l y and d e t e r m i n i s t i c a l l y . I n p a r t i c u l a r , 

(1) q t = f f c n t + ( e t / m ) , 

e t 

where q^ i s ou tpu t p e r f i r m , n .̂ i s i n p u t p e r f i r m , — i s each f i r m ' s 

s h a r e o f t h e i n d u s t r y - w i d e p r o d u c t i o n s h o c k , and f + , a s t r i c t l y p e r i o d i c 

and n o n n e g a t i v e sequence o f p e r i o d p , i s t he a v e r a g e p r o d u c t i v i t y o f t he 

i n p u t . H e r e , and t h r o u g h o u t t h i s p a p e r , v a r i a b l e s a r e d a t e d by t i m e 

s u b s c r i p t s . 

The f i r m ' s c o s t o f p r o d u c t i o n c o n s i s t s o f the c o s t o f p u r 

c h a s i n g t h e i n p u t p l u s two q u a d r a t i c t e r m s , one t o r e f l e c t d i s e c o n o m i e s 

o f s c a l e and a n o t h e r t o r e f l e c t t he c o s t o f a d j u s t i n g t h e f i r m ' s l e v e l 

o f i n p u t u s e . The q u a d r a t i c c o s t - o f - a d j u s t m e n t t e r m , w h i c h d e t e r m i n e s 

how t h e endogenous and exogenous v a r i a b l e s i n t h e s y s t e m a r e l i n k e d 
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d y n a m i c a l l y , has t he f o rm o f t he s q u a r e o f a s i m p l e d i f f e r e n c e o f i n p u t 

l e v e l s . I s h a l l u s e a f i r s t d i f f e r e n c e o f i n p u t l e v e l s f o r now, bu t 

A p p e n d i x A shows t h a t h i g h e r o r d e r d i f f e r e n c e s , p e r h a p s more a p p r o p r i a t e 

t o a g r i c u l t u r e , can a l s o be u s e d . L e t t h e c o s t o f p r o d u c t i o n be 

(2) c t - w t n t + ( T / 2 ) n t

2

+ ( 6 / 2 ) - n ^ ) 2 , 

where w t i s t he c o s t o f a c q u i r i n g one u n i t o f i n p u t , (y/2)n^ r e f l e c t s 

d i s e c o n o m i e s o f s c a l e , and ( 6 / 2 ) ( n - n ) 2 i s t he c o s t - o f a d j u s t m e n t 

t e r m . The c o n s t a n t s y and 6 a r e p o s i t i v e . 

The re a r e m i d e n t i c a l f i r m s i n t h e i n d u s t r y , so we can e x p r e s s 

a g g r e g a t e ou tpu t as 

(3) \ = mq t 

and a g g r e g a t e i n p u t a s 

(U) U t = mn^. 

E a c h p e r i o d f i r m s s e l l a l l t h e i r o u t p u t t o c o n s u m e r s . I have 

assumed t h a t t he c o n s u m e r s ' o p t i m i z a t i o n p r o b l e m s do not g e n e r a t e d y 

namic d e c i s i o n r u l e s . I n s t e a d , t h e i r d e c i s i o n s a r e summar ized i n t he 

a g g r e g a t e demand c u r v e 

(5) * T = D Q - D ^ T , 

where D q and D-^ a r e p o s i t i v e c o n s t a n t s . 
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The exogenous s t o c h a s t i c p r o c e s s e s t h a t d e t e r m i n e t h e e q u i l 

i b r i u m p r i c e and q u a n t i t y sequence i n t h i s i n d u s t r y a r e {eL} and {w^}. 

L e t t h e s e p r o c e s s e s be j o i n t l y c o v a r i a n c e s t a t i o n a r y w i t h laws o f m o t i o n 

g i v e n by 

(6) c ( L ) e = v f , w i t h £ ( L ) = - . . . - 5 L r

t and 

<f(L)w = vY , w i t h $ ( L ) = 1 - $_L - . . . - $ L q , o x x q 

where L i s t he l a g o p e r a t o r d e f i n e d by Lx^. = x t _ i * The w h i t e - n o i s e 

p r o c e s s e s {v^} and {v^} a r e t he i n n o v a t i o n s o f t h e j o i n t {e^., w^} p r o 

c e s s . 

D e r i v i n g t h e f i r m s ' f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s 

A r e p r e s e n t a t i v e f i r m i n t h e i n d u s t r y i s assumed t o chose 

i n p u t s t o max im ize t he c o n d i t i o n a l e x p e c t a t i o n o f i t s d i s c o u n t e d ne t 

p r e s e n t v a l u e , w h i c h i s g i v e n by 

( T ) £ E t ^ = 0

 s J « W t * A * J + W W f f i ) - V t + J 

- ( Y / 2 ) n 2

+ j - ( ^ H n ^ - n ^ ) 2 } , 

s u b j e c t t o a g i v e n H f c _ 1 and e q u a t i o n s ( l ) and (3) - ( 6 ) . The d i s c o u n t 

f a c t o r 3 l i e s i n t h e i n t e r v a l ( 0 , l ) . The symbol d e n o t e s e x p e c t a t i o n 

c o n d i t i o n e d on i n f o r m a t i o n a v a i l a b l e t o t h e f i r m a t t i m e t , w h i c h 

i s f J t U l " t _ 1 » " t _ 2 ' }» where S t = { f" t , f t + 1 , . . . ; N t > N ^ , . . . ; 
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Wj., w^._^, . . . ; e - k ' ^ t - l ' No te t h a t t h e f i r m knows the e n t i r e 

f u t u r e o f t h e {f^.} sequence w i t h c e r t a i n t y ( because i t i s d e t e r m i n i s t i c 

and p e r i o d i c ) . W h i l e e q u a t i o n (7) i s a d i r e c t and n a t u r a l way t o w r i t e 

t h e f i r m ' s o b j e c t i v e f u n c t i o n , i t t u r n s ou t t h a t t h e f i r m ' s b e h a v i o r can 

be more c o n v e n i e n t l y a n a l y z e d i f we r e w r i t e (7) i n an u n d i s c o u n t e d f o rm 

by t r a n s f o r m i n g t he v a r i a b l e s . L e t 

3 t / 2 { ^ , n t , ; t , Q t , N t , P t , w t , v ^ , v ^ } = 

and 

D t - *\ = « w 

Then we can e x p r e s s t h e f i r m ' s o b j e c t i v e a s m a x i m i z i n g , o v e r c h o i c e s o f 

sequences o f i n p u t s n ^ , 

( 8 ) £ E t ^ = 0 ^ p t + j f t + j n t + J

+ W W m ) - W t + J 

- ( T / 2 ) n t

2

+ . - ( « / 2 ) ( n t + J - f S n ^ ) 2 } . 

s u b j e c t t o a g i v e n n t - 1 and 

(9) 1 t = f t n t + ( e t / m ) , 

(10) Q t = m q t , 

(11) N t = m n t , 
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(12) P t = D t - D ^ , 

and 

(13) s ( L ) e t " £ ( 3 L ) e t = 

and 

^ ( L ) w t = $ ( g L ) w t = v ^ . 

I n te rms o f t h e t r a n s f o r m e d v a r i a b l e s , F .̂ r e p r e s e n t s e x p e c t a t i o n s c o n d i 

t i o n e d on ft^ ( n 1 - _ l >n^._p, . . . } , where 

fit = * f t ' f t + l > - " ; N f N t - 1 ' w t ' w t - l ' e f e t - l ' * * • * • 

By t h e p r i n c i p l e o f c e r t a i n t y e q u i v a l e n c e [ B e r t s e k a s , p . 8 l ] 

we can s o l v e t h e f i r m ' s p r o b l e m as though i t were d e t e r m i n i s t i c and then 

r e p l a c e any v a r i a b l e s o u t s i d e t he r e l e v a n t i n f o r m a t i o n s e t w i t h t h e i r 

c o n d i t i o n a l e x p e c t a t i o n s . I g n o r i n g u n c e r t a i n t y and d i f f e r e n t i a t i n g (8) 

w i t h r e s p e c t t o n t + j , j = 0 , l , . . . , T , g i v e s t h e f o l l o w i n g sys tem o f f i r s t -

o r d e r n e c e s s a r y c o n d i t i o n s f o r t h e m f i r m s i n t h e i n d u s t r y : 

(ik) ( E u l e r e q u a t i o n ) 

( l - a L + L 2 ) n s + 1 = [ l / ( 6 B ) ] ( w g - f s P s ) , 

f o r s = t , t + 1 , . . . , t + T - 1 , 

where a = { ( 1 / 8 ) + 8 + h 7 ( 5 0 ) ] } , and 

(15) ( T r a n s v e r s a l i t y c o n d i t i o n ) 

l i r a [68n - ( 6 + Y ) n +f P -w ] = 0 . 
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Note t h a t we can u s e (9) - (12) t o r e w r i t e (1*0 and (15) as 

(16) ( l - a L + L 2 ) n o j _ = [ l / ( 6 B ) ] ( w - f D +f D. Q ) 

s+1 s s s s i s 

= [ 1 / ( 6 8 ) 1 ( w - f D + D , f 2 N +D n f e ) L J s s s l s s l s s 

and 

( IT) l i m [ 6 B n T _ 1 - ( 6 + Y ) n T + - f 2 - f ^ D ^ - v j = 0 . 

The f i r m ' s f i r s t - o r d e r n e c e s s a r y c o n d i t i o n ( l 6 ) i s t h u s a LSDE 

w i t h t i m e - i n v a r i a n t c h a r a c t e r i s t i c p o l y n o m i a l ( l - a Z + Z 2 ) and p e r i o d i c 

c o e f f i c i e n t s , f g and f g , on some o f t he exogenous ( t o t h e f i r m ) f o r c i n g 

sequences t h a t appea r on t he r i g h t s i d e o f t h e e q u a l s i g n . A t e c h n i q u e 

f o r s o l v i n g LSDEs o f t h i s f o r m , g i v e n a boundary c o n d i t i o n s u c h as ( I T ) , 

w i l l be p r e s e n t e d i n S e c t i o n I I o f t h i s p a p e r . E q u a t i o n ( l 6 ) i s no t y e t 

i n t he fo rm o f a d e c i s i o n r u l e , as we s h a l l a l s o see i n S e c t i o n I I , 

where t he t e c h n i q u e s f o r s o l v i n g LSDEs w i l l be used to e x p l a i n how t o 

d e r i v e t h e f i r m ' s d e c i s i o n r u l e . 

D e r i v i n g t h e l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s t h a t d e s c r i b e t h e  

b e h a v i o r o f a g g r e g a t e endogenous v a r i a b l e s i n e q u i l i b r i u m . 

The most d i r e c t r o u t e t o t h e LSDEs and boundary c o n d i t i o n s 

t h a t g o v e r n t h e a g g r e g a t e b e h a v i o r o f endogenous v a r i a b l e s i n t h i s 

s i m p l e model i s t o m u l t i p l y b o t h s i d e s o f ( l 6 ) and (17) by m t o ge t t he 

f o l l o w i n g e x p r e s s i o n f o r t h e dynamic b e h a v i o r o f N+: 
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( l - a L + L 2 ) N = [m / (63 ) I (w - f D +D. f 2 N +D_ f e ), 
s+1 s s s l s s l s s 

o r 

mD f 2 

(19) [ l - ( a + * 8 ) L » L * ] g = [m/(6B)](w - f D +D_ f e J , 
op J s+1 s s s l s s 

f o r s = t , t + 1 , t + T - 1 , 

and 

(20) l i m [6B N - (6+y+mf 2 D )N +m(f D - f D e ^ - v )] = 0 . 

The LSDEs and boundary c o n d i t i o n s g o v e r n i n g 0^. and P .̂ can be d e r i v e d 

f rom (19) and (20) by u s i n g (9) - ( 1 2 ) ; t h e s e e q u a t i o n s w i l l no t be 

e x h i b i t e d h e r e . 

No te t h a t , a c c o r d i n g t o (19 )» t h e e q u i l i b r i u m LSDE f o r N^ has 

1 2 a p e r i o d i c - c o e f f i c i e n t c h a r a c t e r i s t i c p o l y n o m i a l { l - [ a + ( 6 g ) mD 1 f ]Z + 
X s 

Z } and a p e r i o d i c c o e f f i c i e n t , f „ , on some o f t h e exogenous ( t o t h e 
s 

i n d u s t r y ) f o r c i n g t e r m s . T e c h n i q u e s f o r s o l v i n g LSDEs o f t he fo rm shown 

i n ( 1 9 ) , g i v e n boundary c o n d i t i o n s as i n ( 2 0 ) , a r e a l s o p r e s e n t e d i n 

S e c t i o n I I and then u s e d t o e x p l a i n how t o s o l v e f o r t he e q u i l i b r i u m 

laws o f m o t i o n f o r t h e a g g r e g a t e endogenous v a r i a b l e s . 

W h i l e i t t u r n s out t h a t (19) and (20) a r e i n d e e d t h e LSDE and 

a boundary c o n d i t i o n t h a t c h a r a c t e r i z e i n d u s t r y e q u i l i b r i u m , and w h i l e 

i t was c o n v e n i e n t t o i n t r o d u c e them q u i c k l y f o r c o m p a r i s o n w i t h t h e LSDE 

and boundary c o n d i t i o n f rom the f i r m ' s p r o b l e m ( e q u a t i o n s ( l 6 ) and 

( l T ) ) , I have not a c t u a l l y e s t a b l i s h e d t h a t t h e s e e q u a t i o n s do c h a r a c -
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t e r i z e c o m p e t i t i v e e q u i l i b r i u m i n t h e i n d u s t r y . F o r t h a t p u r p o s e I 

s h a l l employ t h e a r t i f i c e o f a h y p o t h e t i c a l s o c i a l p l a n n e r whose d e c i 

s i o n p r o b l e m has been shown t o g e n e r a t e t he LSDEs and boundary c o n d i 

t i o n s c h a r a c t e r i s t i c o f c o m p e t i t i v e e q u i l i b r i u m [Sa rgen t ( 1 9 8 0 ) , p 2 0 ] . 

L e t t h e p l a n n e r choose a g g r e g a t e i n p u t t o max imize t h e d i s 

c o u n t e d s t r e a m o f consumer s u r p l u s e s ne t o f s o c i a l c o s t s o f p r o d u c t i o n , 

where consumers s u r p l u s a t t ime t i s g i v e n by 

(21) / 0 * ( D 0 - D l x ) d x = D Q Q t - ( D ^ ) ^ 2 

and s o c i a l c o s t s o f p r o d u c t i o n a r e 

(22) w t N t + [ y / ( 2 m ) ] N 2 + [6/ (2m) ] ( l ^ ) 2 . 

That i s , t h e p l a n n e r m a x i m i z e s , w i t h r e s p e c t t o sequences o f TJ.,., 

- ( v 2 ) ( f t + J

5 t + j + 2 W W v j + v j } 

- w t + j N t + J - [ Y / ( 2 m ) ] 5 2

+ J - [ 6 / ( 2 m ) ! ( N t + . - N t + . _ 1 ) 2 } , 

s u b j e c t t o a g i v e n and e q u a t i o n s ( l ) and (3) - ( 6 ) . 

I t i s c o n v e n i e n t t o use t h e same t r a n s f o r m a t i o n o f v a r i a b l e s 

a s b e f o r e t o w r i t e t h e p l a n n e r ' s p r o b l e m a s m a x i m i z i n g , w i t h r e s p e c t t o 

sequences o f N+, 

( 2 k ) £ E * L " W W t + j + W 
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" ( D 1 / 2 ) ( 4 J N 2

+ j + 2 f t + J N t + j e t + J + e t

2

+ . ) 

- \ + J N t + J - [ ^ ( 2 m ) 1 ^ j - l 6 / ( 2 m ) I ( N t + J - N t + J - l ) 2 l 

s u b j e c t t o a g i v e n N ^ _ x and e q u a t i o n s (9) - ( 1 3 ) . 

A g a i n i g n o r i n g u n c e r t a i n t y , t h e d e r i v a t i v e s o f (2h) w i t h 

r e s p e c t t o N^. +j g i v e e q u a t i o n s (19) and (20) as t h e f i r s t - o r d e r n e c e s 

s a r y c o n d i t i o n s f o r t he s o c i a l p l a n n e r ' s p r o b l e m , t h u s e s t a b l i s h i n g t h a t 

t h i s LSDE and boundary c o n d i t i o n do c h a r a c t e r i z e c o m p e t i t i v e e q u i l i b 

r i u m . 

S e c t i o n I I . Methods f o r s o l v i n g a c l a s s o f s e c o n d - o r d e r f o r c e d l i n e a r  

s t o c h a s t i c d i f f e r e n c e e q u a t i o n s whose c h a r a c t e r i s t i c p o l y n o m i a l a n d / o r  

f o r c i n g te rms have p e r i o d i c c o e f f i c i e n t s . 

The o p t i m i z a t i o n p r o b l e m s o f a r e p r e s e n t a t i v e f i r m and a 

h y p o t h e t i c a l s o c i a l p l a n n e r i n t h e i n d u s t r y d e s c r i b e d i n t he f i r s t 

s e c t i o n gave r i s e t o LSDEs w i t h p e r i o d i c c o e f f i c i e n t s i n t he c h a r a c t e r 

i s t i c p o l y n o m i a l a n d / o r i n t he f o r c i n g f u n c t i o n . Methods f o r s o l v i n g 

s u c h d i f f e r e n c e e q u a t i o n s a r e p r e s e n t e d i n t h i s s e c t i o n . I t b e g i n s w i t h 

a method f o r s o l v i n g LSDEs o f t h e same fo rm as t h o s e i n t h e f i r s t - o r d e r 

n e c e s s a r y c o n d i t i o n s o f f i r m s i n t h e i n d u s t r y d e s c r i b e d i n s e c t i o n I. 

That i s , t h e s e d i f f e r e n c e e q u a t i o n s have a t i m e - i n v a r i a n t c h a r a c t e r i s t i c 

p o l y n o m i a l bu t p e r i o d i c - c o e f f i c i e n t s t o c h a s t i c f o r c i n g f u n c t i o n s . The 

second p a r t o f t h i s s e c t i o n e x p l a i n s a method f o r s o l v i n g LSDEs t h a t 
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r e s e m b l e t h o s e i n t h e f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s o f t he s o c i a l 

p l a n n e r d e s c r i b e d a b o v e . I n p a r t i c u l a r , t h e s e d i f f e r e n c e e q u a t i o n s have 

a p e r i o d i c c h a r a c t e r i s t i c p o l y n o m i a l . 

T i m e - i n v a r i a n t c h a r a c t e r i s t i c p o l y n o m i a l s w i t h p e r i o d i c - c o e f f i c i e n t  

f o r c i n g f u n c t i o n s . 

C o n s i d e r t h e d i f f e r e n c e e q u a t i o n 

(25) ( l - a L + L 2 ) n t + 1 = f t e t , t >_0, 

w i t h n_-^ g i v e n and t r a n s v e r s a l i t y c o n d i t i o n 

(26) l i m [63n - ( S + Y ) n + f e J = 0 , 

where a l l t h e v a r i a b l e s and c o e f f i c i e n t s a r e d e f i n e d as i n S e c t i o n I. 

In p a r t i c u l a r , a >_ ( l / 8 ) + 8 , 0 < 3 < 1 , s ( L ) e t = v®, and f t i s a p e r i o d i c 

sequence o f p e r i o d p . Note t h a t s i n c e 0 < ( l - 8 ) 2 = 1-28+8, we have 2 = 

( 2 3 / 3 ) < (1+8/8) _< a , o r a > 2 . 

The f i r s t s t e p t owa rd an e x p l i c i t s o l u t i o n f o r n^ i n te rms o f 

e t t h a t s a t i s f i e s t h e t r a n s v e r s a l i t y c o n d i t i o n (26) i s t o f a c t o r t h e 

c h a r a c t e r i s t i c p o l y n o m i a l ( l - a Z + Z 2 ) . We seek c o e f f i c i e n t s p-̂  and p 2 

s u c h t h a t ( l - p x Z ) ( l - p 2 Z ) = ( l - a Z + Z 2 ) . That i s , p ± + P 2 = a and P X P 2 = 1* 

s o t h a t p^ = ( l / p ^ ) = [ l / ( c t - p ^ ) ] . These r e l a t i o n s h i p s imp l y t h a t we can 

choose p ± t o be between z e r o and o n e , f o r , i f we l e t g ( x ) = x - [ l / ( a -

x)] and r e c a l l a > 2 , we see t h a t g ( 0 ) < 0 and g ( l ) > 0 . S i n c e g i s 
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c o n t i n u o u s i n ( - ° ° , 2 ) , t h e i n t e r m e d i a t e v a l u e t heo rem i m p l i e s g(x)=0 has 

a r o o t i n ( 0 , l ) . L e t p ± be t h a t r o o t . Then p 2

 = ( l /p -^ ) > 1 . 

We now use t h e f a c t o r i z a t i o n t o f u r t h e r t h e deve lopment o f an 

e x p l i c i t s o l u t i o n f o r (25) and ( 2 6 ) . F o r t > 0 we r e w r i t e (25) a s 

(27) ( l - P l L ) ( l - p 2 L ) n t + 1 = f t e t . 

As demons t ra ted by S a r g e n t [ 1979 , C h a p t e r IX] , t h e t r a n s v e r s a l i t y c o n 

d i t i o n (26) r e q u i r e s s o l v i n g t h e u n s t a b l e r o o t — p 2 , t h e r o o t g r e a t e r 

t h a n u n i t y i n m o d u l u s — f o r w a r d and t h e s t a b l e r o o t — p ± — b a c k w a r d s . Tha t 

i s , we i n v e r t ( l - p 2 L ) t o o b t a i n 

(28) ( l - P l L ) n t + 1 = ( l - P 2 D - 1 f t e t = \ ^ P 2 " J f t + J + 1 e t + J + 1 , 

w h i c h s i m p l i f i e s t o 

00 

( 2 9 ) \ = p i V i - p i ]=0 A f t + J

e t + J -

T h i s c o m p l e t e s an e x p l i c i t s o l u t i o n t o t h e d e t e r m i n i s t i c d i f f e r e n t i a l 

e q u a t i o n (25) w i t h boundary c o n d i t i o n s n_-^ and ( 2 6 ) . 

E q u a t i o n (26) i s n o t , howeve r , i n t h e f o rm o f a s o l u t i o n t o 

t h e p r o b l e m t h a t f a c e d t h e f i r m s i n t h e i n d u s t r y d e s c r i b e d i n S e c t i o n I, 

f o r t h e f i r m s do not know f u t u r e v a l u e s o f {e^.} when they m i s t choose 

n . ^ A c c o r d i n g t o t h e p r i n c i p l e o f c e r t a i n l y e q u i v a l e n c e , t h e f i r m s 

choose n^ no t a c c o r d i n g t o (29) bu t r a t h e r t o s a t i s f y 

CO 

( 3 0 ) n t = p i n t - i - p i ^ = 0

p i f t + J

E t e t + j ' 
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where u n c e r t a i n t y has been r e i n t r o d u c e d t o t h e p r o b l e m by r e p l a c i n g 

e ^ . + j , f o r j = l , 2 , . . . , by i t s c o n d i t i o n a l (on Sl^) e x p e c t a t i o n , 

V t + J

 = E ( e t + J K > -

The f i n a l fo rm o f t he r e p r e s e n t a t i v e f i r m ' s d e c i s i o n r u l e i s 

t h e n d e t e r m i n e d f r om (30) by r e p l a c i n g t h e summation on t he r i g h t s i d e 

by an e q u i v a l e n t e x p r e s s i o n i n v o l v i n g o n l y c u r r e n t and p a s t v a l u e s o f 

{e^.}, i . e . , e ^ , s-t-l Hansen and S a r g e n t [1980] have shown how 
CO 

sums o f the fo rm £ A^E e can be e x p r e s s e d as a w e i g h t e d a v e r a g e o f 
J=0 t t + J 

c u r r e n t and p a s t v a l u e s o f ( e t > . By e x p l o i t i n g t h e s t r i c t l y p e r i o d i c 

n a t u r e o f { f ^ K Hansen and S a r g e n t ' s t e c h n i q u e can be g e n e r a l i z e d t o 

* E e 
• t + j * t e t + j 

e x p r e s s £ X ^ f + j _ 1 E + e + A , as a w e i g h t e d a v e r a g e o f c u r r e n t and p a s t 

v a l u e s o f {e^.} , where we l e t A = p-̂  t o match up w i t h ( 3 0 ) . 

R e c a l l t h a t {f^} has p e r i o d p and t h a t ^ ( L ) e ^ . = v t

e . L e t f-^+kp 

" f 0> f t + k p + l = f l ' • • " f t + k p + ( p - l ) = f p - l > f o r a n ^ i n t e g e r k - T h e " 

00 
and t h e p r o b l e m i s r e d u c e d t o one o f e x p r e s s i n g ]> A ^ E . e . . as a 

J _ Q * ^ + P J + * 

w e i g h t e d a v e r a g e o f c u r r e n t and p a s t v a l u e s o f t h e {e^} p r o c e s s . 

To b e g i n t h i s n e x t s t e p i n t h e s o l u t i o n w r i t e 

As shown i n Append i x A , t h e e x p r e s s i o n ( l - A P L ~ P ) can be f a c t o r e d as ( l -

X P L _ P ) = ( l - Z 0 A L _ 1 ) ( l - Z 1 A L _ 1 ) . . . ( l - Z p _ 1 A L _ 1 ) , where 

(33) Z = e

x ( 2 k i r / p ) = c o s ( 2 W p ) + i s i n ( 2 k T r / p ) , f o r k = 0 , l , . . . , p - 1 . 
K 
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T h e n , by p a r t i a l f r a c t i o n s , 

n - 1 

(3k) ( w V V 1 

k=0 
B ( l - Z , X L " 1 ) " 1 , where 

K K 

p - i 
n 

'k j=0 

Z P - l 

B , n (1-JL) (l-ei2(J"k)7t/p). 

* j * k 

S u b s t i t u t i n g ( 3 M i n (32) g i v e s 

(36) I X*J + V 
j=0 

p - l 0 8 

Z,J X J E . n 

r . 1 1 

The rema in s t e p , t h e n , i s t o r e d u c e ) Zr_ X U E e , . , t o a w e i g h t e d 

a v e r a g e o f c u r r e n t and p a s t v a l u e s o f {e^ } . 
00 
r 1 1 

A p p e n d i x B shows t h a t I X ^ E ^ e ^ ^ ^ c a n be w r i t t e n as 
j=0 

(37) { a ( L , Z k X , £ , r ) + [ L ^ ( L . Z j X , * , r ) ] + } e t ; 

where 

r -1 m i n ( r , j + £ ) m i n ( £ - h + j , r - l ) 
a ( L , Z X , A , r ) = I [ I a I 

j=0 h=J+l g=0 
^ - g - h + j + l ^ 

and 

[ L " % 1 ( L , Z k X , ^ , r ) ] 

- S ( V ) " 1 I " ' [ I C h ( Z k c ) h " g ] L ^ , 
g=A h=g+l 

f o r £ = 0 , 1 , . . . , r - l ; 

0 , f o r A = r , r + 1 , . . . ; 

w i t h 
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min ( h - l , r ) 
= 1 and a ^ = £ a j a h j * " o r ^ = 2 ' 3 » « « * » 

J = l 

and 

L e t 

1 r h 
P l = " S ( Z k X ) ~ ^ C h ( Z k X ) ~ S ' f ° r g = 2 > 3 , . . . , r - l . 

h=e+l 

( 3 8 ) o ( L , Z k X , £ , r ) = a ( L , Z k X , 4 , r ) + [ L £ y j U . Z j A , 4 , r ) ] + , 

so t h a t we have 

CO 

( 3 9 ) I = Q Z K XJ E t e t + £ + J = a ( L , Z k X , * , r ) e t . 

S u b s t i t u t i n g ( 3 9 ) i n t o ( 3 6 ) and t h e r e s u l t i n g e x p r e s s i o n i n t o 

( 3 1 ) g i v e s 

" 1 P _ 1 9 p _ 1 

(hO) I X J f E e = [ I f A * (£ B o ( L , 7 . X , £ , r ) ) ] e 
J = 0 t+ j t t+J Z = Q 9. k = Q k k t 

where a ( L , Z k X , £ , r ) comes f r om e q u a t i o n ( 3 8 ) and t h e Z ^ and come f r om 

e q u a t i o n s ( 3 3 ) and ( 3 5 ) , r e s p e c t i v e l y . ( i t i s no t t o o d i f f i c u l t t o p r o 

gram an a l g o r i t h m t h a t w i l l compute t h e Z ^ and B^ and t h e n e x p r e s s 

a ( L , Z k X , £ , r ) i n te rms o f X and Z K and t h e c o e f f i c i e n t s o f c ( L ) . Such an 
CO 

a l g o r i t h m can be e x t e n d e d t o c a l c u l a t e \ f E e as a w e i g h t e d 

ave rage o f e ^ . , e t _ - ^ , . . . , e ^ . _ r + - ^ , where t h e w e i g h t s depend e x p l i c i t l y on 

P ' F 0 ' f l » " * ' f p - 1 » A N D 
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L e t t i n g p 1=X and s u b s t i t u t i n g (Uo) i n (30) p u t s t he s o l u t i o n 

t o (25) i n a f o rm t h a t i n v o l v e s o n l y c u r r e n t and p a s t v a l u e s o f t h e 

f o r c i n g v a r i a b l e e t . T h i s s o l u t i o n , o r 

P - l 0 P - l 

{ k l ) n t = p l n t - l " p l t \ = 0 Vl ( [=Q B k o ( L , Z k P l , £ , r ) ) ] e t , 

i s i n t h e f o rm o f a d e c i s i o n r u l e t h a t a f i r m w i t h f i r s t - o r d e r n e c e s s a r y 

c o n d i t i o n s g i v e n by (25) and (26) c o u l d a c t u a l l y a p p l y t o i n f o r m a t i o n 

a v a i l a b l e a t t i m e t t o d e t e r m i n e i t s i n p u t n^.. 

P e r i o d i c - c o e f f i c i e n t c h a r a c t e r i s t i c p o l y n o m i a l s . 

C o n s i d e r t h e f o l l o w i n g s e t o f p e r i o d i c - c o e f f i c i e n t LSDEs t h a t 

have t h e fo rm o f t h e s o c i a l p l a n n e r ' s E u l e r e q u a t i o n s p r e s e n t e d i n 

S e c t i o n I: 

( H 2 ) n t + i = Vt " n t - i + ftV 

where {o^.} and {f,.} a r e d e t e r m i n i s t i c sequences o f p e r i o d p and a^>2 f o r 

a l l t . As b e f o r e , £ ( L ) e t = v £ . T h i s s e t o f LSDEs must be s o l v e d s u b 

j e c t t o a g i v e n n _ ± and a t r a n s v e r s a l i t y c o n d i t i o n , a n a l o g o u s t o ( 2 0 ) , 

g i v e n by 

(U3) l i m [68 n - 68 ( cx T - B )n + f e j = 0 . 
T-x«> 

The key t o s o l v i n g t h i s s e t o f LSDEs i s t o r e w r i t e i t i n te rms 

o f 2p new p a r a m e t e r s , as f o l l o w s : 



- 1 9 -

( l t 5 ) n t f l = ^ t V ^ t - i V i * + f t V 

where {p^} and are a l s o p e r i o d i c of pe r i od p w i th 

(MS) p t + y t = a t 

and 

M P t

 T t + 1 = ^ 

I t i s p o s s i b l e to choose the (at most) 2p d i s t i n c t values of the p e r i 

od ic {p^} and {y .̂} sequences to s a t i s f y (h6) and (kj) as w e l l as 

0<p1_<l<Y^.<oit (see Appendix C ) . 

Prov ided the {e+} process goes to zero as t goes to i n f i n i t y , 

the proper ty 0<p^.<l<Y^<a1- o f the parameters of the rewr i t t en system 

guarantees the ex is tence of a s o l u t i o n that s a t i s f i e s the t r a n s v e r s a l i t y 

cond i t i on (k3) • Rewr i t i ng (1+5) f o r n t + - p n t + 2 ' * * * ' n t+p &i-ves 

{ k 8 ) ( n t + i - p t V = ^ K - p t - i V i 5 + f t e t 

( ' W t + i ' W s V i ( n t + i " p t n t ) + f t + i e t + i 

( n t +p - l _ p t +p -2 n t +p -2^ - Y t +p -2 ( n t +p -2 _ p t +p -3 n t +p -3^ + f t +p -2 e t +p -2 

^ n t +p " p t +p - l n t +p - l ^ = Y t + p - l ^ t + p - l ^ t + p ^ ^ + p ^ ^ ^ t + p - l ^ + p - l * 

Repeated s u b s t i t u t i o n g ives 
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^ n t + p " p t + p - l n t + p - l ) = Y t + p - l ^ n t + p - l ~ p t + p - 2 n t + p - 2 ) + f t + p - l e t + p - l ' 

Repea ted s u b s t i t u t i o n g i v e s 

(^9) ^ t + p - P t + p - i ^ + p - i ) = A ( n t - p t - i n t - i ) + b f 

where 

( 5 0 ) A = Y t + p - l Y t + p - 2 Wt = VlV? YlV 

and 

(51) b t = f t + p - l e t + p - l + Y t + p - l f t + p - 2 e t + p - 2 + Y t + p - l Y t + p - 2 f t + p - 3 e t + p - 3 + 

+ Y t + p - l Y t + p - 2 Y t + 2 Y t + l f t e f 

S i n c e P ^ + p _ x = P - t - l ' e q u a t i o n (1+9) can be r e w r i t t e n as 

(52) ( l - A L p ) ( n t + p - p t + p - l n t + P - l ) = V 

o r 

(53) n = p n + ( l - A L P ) _ 1 b . . 
t+p t+p-1 t+p-1 t 

The p r o p e r t y 1<T^, f o r a l l t , i m p l i e s 1<A and s u g g e s t s t h a t an e x p l i c i t 

s o l u t i o n t o t he sys tem o f LSDEs g i v e n by (k2) and (k3) can be found by 

a p p l y i n g t h e f o r w a r d i n v e r s e o f ( l - A L 5 ) , o r ( l - A " 1 L ~ p ) ~ 1 ( - A " 1 L " p ) , t o b t 

i n (53) t o get 

^ \ + P " p t + P - l n t + P - l - ( l / A ) ] = Q

 ( l / A ) J b t + P + P J . 
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(55) n t - p t _ 1 n t _ 1 = Y t . 1 ( n t _ 1 H > t _ 2 n t . 2 ) + f t . 1 « t - r 

A c c o r d i n g t o (5*0, 

CO 

(56) ( n t H > t - i » t - i > = ( _ 1 / A ) j j _ 0

 ( l / A ) J V p J 

and 

-Y 

j=0 
(57) T ^ H . ^ ^ - ( - f ^ I L ( l / A ) J V l + P j ] 

+ f t - l e t - l ' 

S u b t r a c t i n g (57) f r om (56) g i v e s 

( 5 8 ) K ^ t - l V l ^ V l K - l ^ t - a ^ K - l V l = 

l = o ( - i M ) ( V p j - Y t - i V i + P j ) - f t - i e t - r 

F rom t h e d e f i n i t i o n o f b t i n (51) and y t - 1 - ^%-\+-^ 

(59) V Y t - l b t - l = ( f t 4 p _ i e t + p _ i ) - ( Y t _ i + p f t . l 4 p . i e t _ i + p _ i ) 

+ ^ t + p - l f t + p - 2 e t + p - 2 ) - ^ t - l + p Y t - l + p - l f t - l + p - 2 e t - l + p - 2 ^ + 

^ Y t + p - l Y t + p - 2 f t + p - 3 e t + p - 3 ^ ^ t - l + p Y t - l + p - l * * ' Y t + l f t e t ) 

+ ( Y t + p - l Y t + p - 2 * * • Y t + l f t e t ^ _ ( Y t - l + p Y t - l + p - l ' * * Y t + l Y t f t - l e t - l ) 

= f t + p - l e t + p - l - A f t - l e t - l ' 

S u b s t i t u t i n g t h i s r e s u l t i n (58) g i v e s 
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(60) ( n t - p t _ 1 n t _ 1 ) - Y t - 1 ( " t - l ^ t - 2 n t - 2 } - f t - l e t - l 

A L o ( f t + P J + P - l e t + p J + P - l " A f t + p J - l e t + p j - l ) ft-l et-l 

= ~T ^ f t+p- l e t+p- l" A f t - l e t - l + ^A^ f t+2p - l e t+2p - l 

1 2 1 
f t + p - l e t + p - l + V ft+3p-l et+3p-l~^A^ f t+2p - l e t+2p - l 

+ ( I ) 3 ft+l4P-let+Up-l-(r)2 f t+3p - l e t+3p - l + ' " 1 " ft-l et-l 

t-1 
= ^ ^ t - i h J - f t - i e t = i • °> 

w h i c h v e r i f i e s t h a t (5*0 s a t i s f i e s (k2). 

M u l t i p l y i n g b o t h s i d e s o f (5*+) by iP and t a k i n g m a t h e m a t i c a l 

e x p e c t a t i o n s c o n d i t i o n e d on i n f o r m a t i o n a v a i l a b l e a t t ime t g i v e s t he 

s o l u t i o n t o t h e e q u i v a l e n t s t o c h a s t i c p r o b l e m as 

CO 

( 6 l ) n t = p t - i \ - i - ( 1 / A ) \ = 0

 ( 1 / A ) J E t W 

A p p e n d i x A shows t h a t we can r e p l a c e ( l / A ) by <t>p^ i n t h e sum on t h e 

r i g h t s i d e o f ( 6 l ) , where <j>-1 i s t h e p o s i t i v e p** 1 r o o t o f A . Then t h e 

sum becomes 

00 00 

m i = o (I/A)J K T * T + P J = ̂  (^^Vt^-i 

00 
+ j = 0 * ( Y t + p j + p - l f t + p j + p - 2 ) E t e t + p j + p - 2 

00 ^ 
+ L o * ( Y t + p j + p - l Y t + p J + p - 2 f t + p j + p - 3 ) E t e t + p j + p - 3 
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+ j = 0

 ( Y t + P J + P - l Y t + p j + p - 2 Y t + p j + l f t + p j ) V t + p j * 

S i n c e t h e c o e f f i c i e n t s ( f ^ j ^ ) , frt+pj+p-l^+pj+p^> ' 

( Y t + p j + p - l Y t + p j + p - 2 Y t + P j + l f t + P j ) a r e e a c h P e r i o d i c o f P e r i o d P . 

e a c h o f t he sums on t h e r i g h t s i d e o f (62) i s o f t he f o rm t r e a t e d i n t he 

f i r s t p a r t o f t h i s s e c t i o n . A p p l y i n g t h e methods e x p l a i n e d t h e r e t o t h e 

sums on t he r i g h t s i d e o f (52) g i v e s a r e a l i z a b l e s o l u t i o n t o t h e sys tem 

g i v e n by (1+2) and (1+3). 

Such a s o l u t i o n has t h e fo rm o f a d e c i s i o n r u l e f o r t h e s o c i a l 

p l a n n e r ' s p r o b l e m t h a t was d e s c r i b e d i n S e c t i o n I. Note t h a t t h e p l a n 

n e r wou ld a c t u a l l y have up t o p d i s t i n c t d e c i s i o n r u l e s , each d e r i v e d 

f rom e q u a t i o n (5^), t h e (a t most) p d i s t i n c t v a l u e s o f p^ , and t h e ( a t 

most) p d i s t i n c t v a l u e s o f Y+« The p l a n n e r wou ld u s e t h e p r u l e s s u c 

c e s s i v e l y and t h e n b e g i n a g a i n w i t h t h e f i r s t o n e , e t c . 



A p p e n d i x A : F a c t o r i n g ( l - X p L ~ p ) , and R e l a t e d T o p i c s 

F a c t o r i n g ( l - X p L ~ p ) 

Theorem: can be f a c t o r e d as 

( A l ) ( l - X P L ~ P ) = ( l - Z 0 X L " 1 ) ( l - Z 1 X L _ 1 ) . . . ( l - Z ^ X L - 1 ) , 

where 

(A2) Z v = e

i ( 2 k 7 r / p ) = cos(2kTr /p ) + i s i n ( 2 k n / p ) , 

f o r k = 0 , 1 , 2 , . . . , p - 1 . 

P r o o f : L e t Z deno te ( X / L ) , so t h a t ( l - X P L ~ P ) = ( l - Z p ) . The e q u a t i o n 

1 - Z P = 0 has t h e p d i s t i n c t complex r o o t s , Z Q , Z-p Zp_ 2 > and Z p _ x 

g i v e n by e q u a t i o n (A2) [ C h u r c h i l l , B r o w n , and V e r h e y , p p . 15-16 ] . 

A c c o r d i n g t o t h e f u n d a m e n t a l t heo rem o f a l g e b r a and i t s c o r o l l a r i e s 

[Shanahan , p p . 20*1-205] , ( l - Z p ) can be e x p r e s s e d i n te rms o f i t s r o o t s 

as 

(A3) ( 1 - Z p ) = b ( Z - Z Q ) ( Z - Z 1 ) . . . ( Z - Z ^ ) , 

where b i s a complex c o n s t a n t . I n t h i s c a s e , b = - 1 , t he c o e f f i c i e n t on 

Z p i n ( 1 - Z p ) . I n a d d i t i o n , b ( - Z Q ) ( - Z 1 ) . . . i-Z-p_i) = 1> t h e c o n s t a n t 

t e r m i n ( l - Z p ) . Hence ( - Z Q ) ( - Z 1 ) . . . ( - Z ^ ) = - 1 . R e a r r a n g i n g (A3) 

g i v e s 

( 1 _ z p ) = [ b ( - z 0 ) ( - Z l ) . . . ( - z p _ 1 ) ] ( i - z - 1 z ) ( i - z - 1 z ) . . . ( l - z - ^ z ) 
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o r 

( A k ) ( l - Z P ) = [1 -Z - 1 Z ) (1 -Z^ 1 Z ) (1 -Z - ] : 2 Z) . . . ( l - Z ^ Z ) . 

S i n c e e"*"2" = 1 and Z"^" = Z Q = 1 , we can r e w r i t e (Ah) as 

(A5) ( 1 - Z P ) = ( l - Z 0 Z ) ( l - Z - : i e

i 2 , T z ) . . . ( l - Z - V ^ Z ) . 

Bu t Z - \ e 1 2 1 1 = e ^ — ^ M ^ = e^T^ = 2 L , s o t h a t p - k K 

(A6) ( l - Z p ) = ( I - Z Q Z M I - Z J Z ) . . . ( l - Z p ^ Z ) 

R e c a l l i n g t h a t Z = ( X / L ) g i v e s t h e d e s i r e d r e s u l t , e q u a t i o n ( A l ) . 

F a c t o r i n g ( l - X I ^ ) 

I n t h e s o l u t i o n o f LSDEs o f t h e fo rm ( l - a t L + L 2 ) n t = f t e t , i t 

i s n e c e s s a r y , i n e f f e c t , t o f a c t o r ( l - X Z p ) , where X > 0 . T h i s can b e 

done i n t he f o l l o w i n g way. L e t s - 1 be t h e p o s i t i v e p t h r o o t o f X . I f 

Zj_, k = 0 , 1 , 2 , p - 1 , a r e t h e r o o t s o f ( l - Z p ) d e f i n e d a b o v e , t h e n 

s Z " 1 a r e t h e r o o t s o f ( l - X Z p ) . T h a t i s , K 

[ l - X ( s Z ~ 1 ) p ] = [ l - X ( i ) ] = 0 , f o r k = 0 , 1 , 2 , p - 1 . 

T h u s , ( l - X Z p ) = - X ( Z - s Z ~ 1 ) ( Z - s Z ~ 1 ) . . . ( Z - s Z " ^ ) 

= [ ( . X ) ( - s Z - 1 ) ( - s Z - 1 ) . . . ( - s Z " 1 ) ] [ l - s ^ Z ^ C l - s ^ Z ^ ) . . . ( l - s - ^ Z ) . 
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In e f f e c t , we have w r i t t e n ( l - A Z p ) = ( l - ( p | T z ) p ) and f a c t o r e d 

as b e f o r e . By t h i s d e v i c e , we c a n e x p r e s s t h e suras on t he r i g h t s i d e o f 

e q u a t i o n ( 6 l ) i n te rms o f c u r r e n t and p a s t v a l u e s o f t he {e^.} 

s e q u e n c e . We mere l y l e t be t h e p o s i t i v e p * b r o o t o f A , s u b s t i t u t e 

[• ) ^ f ° r ( l / A ) ^ , and p r o c e e d as d e s c r i b e d above (see e q u a t i o n ( 3 l ) 

and t h e pages t h a t f o l l o w i t ) . 

S i m p l e h i g h e r - o r d e r d i f f e r e n c e e q u a t i o n s 

The body o f t h i s p a p e r d e a l s w i t h s e c o n d - o r d e r LSDEs d e r i v e d 

f rom f i r s t - o r d e r q u a d r a t i c c o s t s o f a d j u s t m e n t , ( 6 / 2 ) (n^.-n^._^) ~. The 

methods f o r s o l v i n g t h e s e LSDEs a r e e a s i l y a d a p t e d t o s o l v i n g t h e 

h i g h e r - o r d e r LSDEs d e r i v e d f r om q u a d r a t i c c o s t s o f a d j u s t m e n t o f t h e 

f o r m (TJ-) ( n t - n t _ ^ ) 2 , where q i s any p o s i t i v e i n t e g e r . C o s t s o f a d j u s t 

ment o f t h i s fo rm l e a d t o LSDEs h a v i n g t h e fo rm 

(AT) ( l - a t L q

+ L 2 q ) n t + q - f ^ , 

where a l l v a r i a b l e s a r e a s p r e v i o u s l y d e f i n e d . 

F i r s t c o n s i d e r t he c a s e where = a , f o r a l l t . T h e n , w i t h 

p ± and p 2 d e f i n e d as b e f o r e , we can r e w r i t e (AT) as 

(A8) ( l - P l L q ) ( l - p 2 L q ) n t + q = f t V 

o r , u s i n g ( l - p ^ l ) - 1 = -p" 1!,"* 1 ( l - p ^ L - * 1 ) = p^L^l-p^lT* 1 ] and a p p l y i n g 

t h e o p e r a t o r a l g e b r a f o r m a l l y , 

(A9) n t = p 1 n t _ 1 - P l lQ f t + J q e t + J q 
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I n t h i s a p p e n d i x , we have a l r e a d y seen t h a t by l e t t i n g = [ q/ p ~ ] ^ we 

can u s e methods d e s c r i b e d i n t h i s p a p e r t o e x p r e s s t h e sum i n (A9) i n 

te rms o f c u r r e n t and p a s t v a l u e s o f t he {e^} s e q u e n c e . 

The c a s e where i s p e r i o d i c o f p e r i o d p i s a b i t more com

p l i c a t e d but e n t i r e l y a n a l o g o u s t o the c a s e p r e s e n t e d i n t h e t e x t . 

D e f i n i n g p t and so t h a t + = and y ^ p ^ . ^ = 1 , we have t h a t 

(A10) n t + q = a t n t - n ^ + f t e t 

becomes 

( A l l ) n t + q = p t n t + y t ( n t - p t _ q n t _ q ) + f t e t 

and 

n t + 2 q - p t + q n t + q + Y t + q ( n t + q " p t n t ) + f t + q e t + q 

t+pq P t + p q - q n t + p q - q + Y t + p q - q ^ n t + p q - q ~ P t + p q - 2 q n t + p q - 2 q - i 

+ f t + p q - q e t + p q - q ' 

where p i s t h e s m a l l e s t i n t e g e r such t h a t p q i s e v e n l y d i v i s i b l e by p . 

T h e n , p r o c e e d i n g as i n t h e t e x t , we g e t 

(6) ( l - A L P q ) ( n ~ _p ~ n ~ ) = b + , 
*• / K t+pq t+pq-q t+pq-q- 1 t ' 
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where 

( 7 ) 1 = V p q - q Vpq-2q — Yt+q Y t 

and 

(8) b = f ~ e ~ + Y ~ f ~ e ~ 
t t+pq-q t+pq -q t+pq-q t+pq -2q t+pq -2q 

t+pq -q t+pq -2q t+pq -3q t+pq -3q 

+ Y t + p q - q Y t + p q - 2 q " * Yt+qftV 

U s i n g ( l - A L ^ ) - 1 = ( - 1 / A ) L " P C 1 [ l - ( l / A ) L " p i 1 ] _ 1 , we ge t 

( 9 ) " t = P t - q \ - q ~ ( 1 / A ) JQ

 ( 1 / A ) j \ + ? q J -

L e t (J)-"1" be t he p o s i t i v e p q ^ r o o t o f A . Then we can s u b s t i t u t e ij>p <^ 

f o r ( l / A ) ^ and p r o c e e d as d e s c r i b e d a b o v e . 



A p p e n d i x B: E x t e n d i n g t h e W e i n e r - K o l m o g o r o v P r e d i c t i o n 
F o r m u l a s D e r i v e d by Hansen and S a r g e n t 

L a r r y C h r i s t i a n o d e v e l o p e d t h e r e s u l t s i n t h i s a p p e n d i x i n t h e 

summer o f 1980 and gave me a p h o t o c o p y o f h i s m a n u s c r i p t i n e a r l y 

1 9 8 1 . I have o n l y s l i g h t l y a l t e r e d t h e n o t a t i o n and w o r d i n g o f h i s 

m a n u s c r i p t i n p r e p a r i n g t h i s a p p e n d i x . 

F o r £ = 0 , 1 , 2 , . . . , l e t 

( B 1 ) y t 5 E t j 0

x J
 W j » 

where c ( L ) e t = r ( L ) v t , c(L) » 1 + C j L + . . . + £ r L r , r ( L ) = r Q + I^L + 

. . . + r q L ^ , v^ i s f u n d a m e n t a l f o r e^., and X < 1 . The o p e r a t o r E^ 

i n d i c a t e s l i n e a r l e a s t s q u a r e s p r o j e c t i o n on t h e s e t {e^. ,e^._-^,.. .} . 

Hansen and S a r g e n t showed t h a t 

CO 

(B2) y ° = E t ^ x \ + J = U±(L,X)et + U 2 ( L , X ) V 

where 

(B3) l U L . X ) = d X ) _ 1 - C ( X ) " 1 T t I 
k = l h=k+l 

0 l_ x r - l T r - 1 
= y l p l * " ' w l ' 

and 
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( B U ) M P ( L . X ) = c U ) " 1 T [ ? r ,x h - k ]L k 

k=0 h=k+l 

The s t r a t e g y f o r e x t e n d i n g t h e i r f o r m u l a s t o y . , I = 1,2,.. . , i s t o u s e 

SL 0 

t h e l aw o f i t e r a t e d p r o j e c t i o n s t o c a l c u l a t e y = E y a f t e r s u b -

s t i t u t i n g p 1 ( L , X ) e t + £ + u 2 ( L , X ) v t + £ f o r y ° + ^ . A p p l y i n g t h e l aw o f 

i t e r a t e d p r o j e c t i o n s and t h e W e i n e r - K o l m o g o r o v p r e d i c t i o n f o r m u l a 

( B 5 ) A = E t 4 * • E J V L ' X ) e t + * + ^ ^ J ' 

o r 

(B6) y * = E t u 1 ( L , X ) e t + £ + [ L ^ 1 ( L , X ) ] + e t + [ L £ U 2 ( L , X ) ] + v t , 

where y ^ ( L , X ) = + p^L + . . . + u ^ L n and n = m i n ( £ - l , r - l ) . 

I f we l e t o ( L ) = a1 + a^L + . . . + a r L r - 1 = (c 1 + £ 2 L + . . . 

+ C - J . 1 * " 1 ) , t h e n 

e t + l = a ( L ) e t + F ( L ) v t + l 

e t + 2 = K a ( L ) + [ L ~ l a ( L ) ] + } e t + t a i L + i ] r ( L ) v . t+2 

e t + 3 = { ( 4 + a 2 ) a ( L ) • a 1 [ L " 1 a ( L ) ] + + [ L - 2 o ( D ] + } e t 

+ { ( a 2 + a 2 ) L 2 + c ^ L + l } r ( L ) v t . 



- 3 -

m i n ( h - l , r ) 
where a-^ = 1 and a-^ = £ ° « a i , f ° r h = 2 , 3 . . . . 

j = l J J 

A p p l y i n g t h e l i n e a r p r o j e c t i o n o p e r a t o r Ej. t o (B7) and s u b s t i t u t i n g t h e 

r e s u l t i n t o t h e f i r s t ter ra o f (B6) g i v e s 

o r 

E t ^ i ( L ' x ) e t + * = u i E t e t + £ + y i E t e t + £ - i + — + w i v t+Jt-n 

= { y ° I a . [ L h - & a ( L ) ] + + u j [ L h + 1 " * a ( D ] + + u * * f a 
h= l h= l h= l 

[ L h + 2 ~ £ a ( L ) ] + + . . . + y j V a H [ L h + n A ( L ) ] + } e t 

h = l 

+ { u ? [ L " £ r ( L ) I a L H " 1 ] + + v ] [ L 1 - h ( L ) Z l a L h - 1 } + 

h= l h= l 

+ ^ L ^ V D ^ L ^ ^ + . . . + u J [ L n - £ r ( D T ^ " 1 ] ^ , 
1 h= i h 1 h= i n * x 

(B8) E t M 1 ( L , X ) e t + £ = c ^ L . A j e ^ o 2 ( L , X ) v t , 

where 
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(B9) C L U . X ) i I y k T a h [ L h + k - ' c c ( L ) ] + 

k=0 h= l 

and 

(BIO) o _ ( L , A ) = I p k [ L k ~ £ r ( L ) Y a ^ n - 1 ] 
k=0 h= l 

( B l l ) 

Then 

We can s i m p l i f y a ^ ( L , A ) by n o t i n g t h a t 

r ^ y T r - l -J>+h+k 

r T h+k -£ /—\i i [ L « ( L ) J + = < 

4 - k - h + l A - k - h + 2 r 

f o r ( r - l ) > ( m - h - k ) ; 

0 , f o r ( r - l ) < ( m - h - k ) . 

n fc-k r - l -J l+h+k 
(B12) a ( L , A ) = I y? [ a \ j 

1 k=0 h= l j=0 £ - k - h + l + j ' 

where t h e f i n a l summat ion i s d e f i n e d t o be z e r o when r - l - £ + h + k < 0 . 

Rear rangement o f (B12) g i v e s 

r - l m i n ( r , j + £ ) m i n U - h + j , r - l ) 

I [ I % I 
j=0 h= j+ l k=0 

(B13) o \ ( L , A ) = U _ ^ ah V . k

a j i _ k _ h + J + 1 ] L J . 

To s i m p l i f y ( L , A ) , n o t e t h a t 
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£-k 
r(L) I a h L h - 1 = {a± + a 2 L + a ^ 2 + . . . + a £ _ k L £ _ k _ 1 ) 

(r Q + r x L + . . . + r q L q ) 

= a 1 r Q + ( a ^ + a 2 r Q )L + ( a ^ + a ^ + a 3 r 0 ) L

2

 + 

o r 

£-k , . q+£-k- l , . 
(B1U) r(L) I a L = I b* L h , 

h=l h=0 

k m in (h ,£ -k - l ) 
where b, = a . ^ T , . . From (3lU) we get 

h j=max(h-q,0) J + 1 h ~ J 

(Bl5) [ L k - £ r ( L ) T a h L h - 1 ] + . b*_R • b ^ L 

" I Vk+hL ' h=0 

for k = 0, 1, £ - 1 . F ina l ly , substituting (B15) into (BIO) we get 

• , q-1 . . q-1 n 

I »1 I b £ - k + h L -III 
k = 0

 1 h=0 * K + n h=0 k=0 
(B16) 5 2 (L,») . I «5 V ^ L * . f t l A t + j L * 

q-1 m i n ( £ - l , r - l ) . £ - k - l , 
= J o l J o 1 V l W ^ -

h ~ ° k " ° j=max(£-k+h-q,0) 



- 6 -

Now s u b s t i t u t e ( B l 6 ) and (B13) i n t o (B8) and u s e t h e r e s u l t i n g 

e x p r e s s i o n i n (B6) t o g e t 

(B IT) j \ = a 1 ( L , X ) e t + a 2 ( L , X ) v t , 

where 

(B18) a 1 ( L , X ) = O j U . X ) + [ L " % 1 ( L , X ) ] + 

(B19) a 2 ( L , X ) = a 2 ( L , X ) + [ L " * M 2 ( L , X ) ] + . 

E q u a t i o n (B IT) i s t h e s o l u t i o n we s o u g h t . To summar ize ou r 

r e s u l t s , no te t h a t we have shown 

= a 1 ( L , X ) e t + a 2 ( l , X ) v t , 

where 

r - l m i n ( r , j + £ ) m i n ( £ - h + j , r - l ) , 

. - £ 
+ [L * u 1 ( L , X ) ] + f 

and 

q-1 m i n ( £ - l , r - l ) . £ - k - l , 

j = m a x ( £ - k + h - q , 0 J 

+ [ L % 2 ( L , X ) ] + , 

w i t h 

C(L)e t = (1 + i^L + . . . + C r L )e t 
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= (r 0 + r l L + . . . + p L 4 ) y t H r ( D v t ; 

min(h-l,r) 
a 1 = 1 and a

h = I a j a h - j ' f o r h = 2> 3 , 
i1 — 1 

y (L,X) = C(X)- 1 - 5 ( X ) - A I [ I e . A n - K ] L K ; 
k=l h=k+l 

i - l r r v , h-k-uk 

M 0 (L ,X ) = C ( X ) - 1 "I [ I r X n " K ] L K ; 
q-1 h-ki T k 

k=0 h=k+l h 

y j = d x ) " 1 ; 

k = -5(X) 1 I C.X h k , for k = 2 , 3 , r - 1 . 
h=k+l 

T h u s , 

[ L " \ ( L , X ) ] + = <j 

- d X ) " i r f [ I C h X h " k ] L k - £ , 
k=£ h=k+l 

for £ + 0 , 1 , 2 , . . . , r - 1 ; 

0 , for £ = r, r+1, . . . ; 

and 

[L~*y (L ,X) ] + =<j 

d x ) " i q f [ I r h x h - k ] L k " £ , 

k=l h=k+l 

for £ = 1 , 2 , . . . , q - 1 ; 

0 , for £ = q, q+1, . . . . 
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To match t h e r e s u l t s o f t h i s a p p e n d i x w i t h t h e f o r m u l a g i v e n 

i n e q u a t i o n (36), no te t h a t i n t h e body o f t h i s p a p e r we have 

r ( L ) v ^ = v ^ , o r q=0. Hence ( ^ ( L j A ) = 0 f o r t h a t p r e d i c t i o n p r o b l e m . 
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A p p e n d i x C : P r o p e r t i e s o f t he P a r a m e t e r s Used t o R e w r i t e 
t h e S y s t e m o f LSDEs w i t h P e r i o d i c - C o e f f i c i e n t 

C h a r a c t e r i s t i c E q u a t i o n s 

The r e s u l t s i n t he second p a r t o f S e c t i o n I I depend upon b e i n g 

a b l e t o r e w r i t e (1+2) as (1+5), where t h e 2p new p a r a m e t e r s o f t h e p e r i 

o d i c ( o f p e r i o d p) {p+} and (Y +} sequences s a t i s f y (1*6), (1+7), and 0 < 

P t < 1 < Y t < 1 f o r a l l t . Here we s h a l l show t h a t (1+6) and (1+7) 

u n i q u e l y d e t e r m i n e t h e s e 2p new p a r a m e t e r s . 

R e p r e s e n t t h e sys tem (1+2) a s 

(C I ) n t + 1 = a £ n t - n t _ 1 + f t e t , 

where t = k p + £ , k = - 1 , 0 , 1 , 2 , and £ e ( 0 , 1 , 2 , p - l ) . 

Then we seek t o r e w r i t e t h e s y s t e m as 

( C 2 ) Vi = p£nt + V^i-iVi* + ftV 

where 

(C3) P £ + Y £ = ̂  

and 

(CU) = 1 , 

w i t h p_-̂  = Pp_i when £ = 0 . E q u a t i o n (C2) c o r r e s p o n d s t o e q u a t i o n 

(1+5). In a d d i t i o n , we need t o show t h a t p^, p^, . . . , p ^ , Y Q » Y-p •••> 

Y p - 1 can be u n i q u e l y c h o s e n t o s a t i s f y 0 < p^ < 1 < Yj, < a £ > f o r * = 

0 , 1 , 2 , p - 1 . 

To b e g i n , u s e (C3) and (Cl+) t o e x p r e s s P Q as an i m p l i c i t 

f u n c t i o n o f a ^ , a ^ , ^ , o r 
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1 

(C5) ° a , - 1 

1 1 

V 

P " 1 " a 0" p 0 ' 

D e f i n e F £ ( x ) = ( a ^ - x ) - 1 , f o r £ = 0, 1 , 2, . . . , p - l , and 

i|>(x) = x - F 1 ( F 2 ( F 3 ( . . . ( F p _ 1 ( F Q ( x ) ) ) . . . ) ) ) . Then (C5) can be w r i t t e n as 

(C6) i|>(p0) = P 0 " F 1 ( F 2 ( F 3 ( . . . ( F 0 ( p 0 ) ) . . . ) ) ) = 0 . 

We can now s t a t e 

Theorem 1 : The f u n c t i o n i|> d e f i n e d above has a u n i q u e r o o t i n ( 0 , l ) . 

P r o o f : S i n c e ct^ > 2, F^ i s c o n t i n u o u s on t h e domain ( - » , 2 ] , 

f o r i = 0 ,1 ,2 , p - l . F u r t h e r m o r e , 0 < F ^ ( x ) < 1 f o r ftl 

and £ = 0 ,1 ,2 , p - l . Thus i f ft 1 , 0 < F Q ( x ) < 1 ; 0 < 

F p _ 1 ( ( F 0 ( x ) ) ) < 1 and F ^ ^ O F Q i s c o n t i n u o u s on ( - ° ° , l ] ; 

0 < F p _ 2 ( F p _ 1 ( F 0 ( x ) ) ) < 1 and F p _ 2 o F p - l o F 0 i s c o n t i n u o u s on (-

°° , l ] ; e t c . C o n t i n u i n g i n t h i s f a s h i o n shows t h a t x< 1 i m p l i e s 

t h a t 0 < F 1 ( F 2 ( F 3 ( . . . ( F _ _ 1 ( F 0 ( X ) ) ) . . . ) ) ) < 1 and t h a t T i s 

c o n t i n u o u s on (- 0 0 , l ] . Hence <J>(0) < 0 and > 0. By t h e 

c o n t i n u i t y o f on (- 0 0 , l ] and t h e i n t e r m e d i a t e v a l u e t h e o r e m , 

i|> has a r o o t i n ( 0 , 1 ) . 
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To s e e t h a t t h e r o o t i s u n i q u e , n o t e t h a t 

0 < f ^ F

£ ( x ) < 1 f o r x < 1 and £ = 0 , 1 , 2 , . . . , p - 1 . U s i n g 

t h i s p r o p e r t y and t h e c h a i n r u l e o f d i f f e r e n t i a t i o n g i v e s 

(C7) 0 < ^ (Fj^oFgO . . . o F p _ 1 o F 0 ) ( x ) < 1 f o r x < 1 . 

Hence 

0 < ! ^ i | > ( x ) = l - - ! ^ - ( F 1 o F 2 o . . . o F Q ) ( x ) < 1 f o r x < 1 , s o * 

i s monotone i n ( 0 , l ) and t h u s has o n l y one r o o t i n t h a t i n t e r 

v a l . Q . E . D . 

A c c o r d i n g t o the t h e o r e m , t h e r e i s one and o n l y v a l u e o f P Q 

between 0 and 1 t h a t s a t i s f i e s e q u a t i o n ( C 5 ) - G i v e n t h i s v a l u e , s e l e c t 

P 1 5 p 2 , P p ^ a c c o r d i n g t o 

(C8) p „ , = = F n ( p J < 1 . p -1 a 0 - p Q 0 - 0 ' 

= F -, ( F . ( p A ) ) < 1 
P - 2 V I " P P - I P - R 0 0 

P l = ^ = F 2 ( F 3 ( - ( F

P - 2 ( F p - l C F 0 ( p 0 ) ) ) ) - ) ) < X * 

F i n a l l y , s e t 

(C9) Y 0 = 1 / P p . i 

Y £ = l / p * - l > * • I t 2, . . . . p - 1 . 

C h o o s i n g a c c o r d i n g t o (C9) g u a r a n t e e s t h a t (C*0 w i l l be s a t i s f i e d . To 

s e e t h a t e q u a t i o n (C3) a l s o h o l d s , n o t e t h a t 
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po + Yo = po + ( 1 / V i ] = po + [ 1 / ^ ( a o - p o ) = po + ao - po = V 

and 

p£ + Y£ = p£ + M't^l) = P£ +
 H /C^A-P * ) = P * + \ ~ P

£ = V 

f o r £ = 1 , 2 , p - l . T h i s shows how t o s e l e c t p a r a m e t e r s P Q , p ± , 

p p - l ' p p - l » Y 0 ' Y l ' Y p - 1 t h a t s a t i s f y ( c3) and (CU) as w e l l a s 

0 < p^ < 1 < < a ^ , f o r £ = 0, 1 , 2, p - l . To see t h a t o n l y t h i s 

s e t o f p a r a m e t e r s can s a t i s f y t he c o n d i t i o n s , r e c a l l t h a t P g was u n i q u e 

and n o t e t h a t (C3) and (CU) i m p l y t h a t (C8) and (C9) must be s a t i s f i e d . 


