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O P T I M U M M O N E T A R Y I N S T R U M E N T V A R I A B L E 

I N T R O D U C T I O N 

F o r s o m e t i m e m o n e t a r y e c o n o m i s t s a n d 

o f f i c ia l s h a v e b e e n d e b a t i n g h o w c e n t r a l b a n k s 

o u g h t to o p e r a t e . S h o u l d the F e d e r a l R e s e r v e , 

f o r e x a m p l e , seek to c o n t r o l o n e o r a n o t h e r o f 

the m o n e t a r y agg rega tes? A n d i f s o , w h i c h 

o n e ? O r s h o u l d it c o n t r o l s o m e in te res t ra te o r 

r a tes? 

W e d o no t k n o w h o w the F e d e r a l R e s e r v e , 

o r f o r tha t m a t t e r a n y o t h e r c e n t r a l b a n k , 

o u g h t to o p e r a t e . W e d o , t h o u g h , k n o w w h a t 

s e e m s to us a no t u n r e a s o n a b l e w a y o f d e c i d 

i n g ; a w a y , t ha t i s , o f d e t e r m i n i n g the o p t i 

m u m m o n e t a r y i n s t r u m e n t v a r i a b l e . A n d i n 

th i s p a p e r w e e x p l a i n o r , be t te r , i l l u s t r a te o u r 

w a y . 

T h e c e n t r a l b a n k tha t is c e r t a i n a b o u t the 

e c o n o m i c s t r u c t u r e c o n s t r a i n i n g it o r d o e s n o t 

c a r e a b o u t the v a r i a n c e o f p o l i c y o u t c o m e s 

c a n , w i t h c o m p l e t e i n d i f f e r e n c e , use a n y p o s s i 

b l e i n s t r u m e n t v a r i a b l e . It is d i f f i cu l t , h o w e v e r , 

t o i m a g i n e a n y c e n t r a l b a n k b e i n g c e r t a i n o r 

n o t c a r i n g a b o u t the v a r i a n c e o f p o l i c y o u t 

c o m e s . T h e p r e s u m p t i o n m u s t t h e r e f o r e be 

tha t m o s t i f n o t a l l c e n t r a l b a n k s h a v e a t rue 

c h o i c e to m a k e : n a m e l y , w h i c h o f a l l p o s s i b l e 

i n s t r u m e n t v a r i a b l e s t o u s e . 1 A n d w h a t w e 

w o u l d h a v e c e n t r a l b a n k s d o i s d e c i d e b y m a x 

i m i z i n g the i r r e s p e c t i v e e x p e c t e d u t i l i t i e s ; o r i n 

o t h e r w o r d s , b y c o m p a r i n g the m a x i m u m e x 

p e c t e d u t i l i t i es a s s o c i a t e d w i t h a l l t he v a r i o u s 

p o s s i b l e i n s t r u m e n t v a r i a b l e s . W h a t i n e f fect 

w e w o u l d h a v e the F e d e r a l R e s e r v e d o i s c a l 

c u l a t e a l t e r n a t i v e o p p o r t u n i t y l o c i , t he re b e i n g 

o n e s u c h f o r e a c h p o s s i b l e i n s t r u m e n t v a r i a b l e , 

a n d t h e n , h a v i n g s p e c i f i e d v a l u e s f o r i ts ta rget 

v a r i a b l e s , d e t e r m i n e w h i c h o f these l o c i o r 

c o n s t r a i n t s a l l o w s it to a c h i e v e the g rea tes t e x -
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1 See W . Poole, "Op t ima l Choice of Monetary Po l 
icy Instruments in a Simple Stochastic M a c r o 
M o d e l , " Quarterly Journal of Economics, {May 1970), 
and J . Kareken , " T h e Opt ima l Monetary Instrument 

p e c t e d u t i l i t y . W e w o u l d h a v e the F e d e r a l R e 

se rve d o th is n o t o n c e b u t , s i n c e the c o s t is n o t 

m u c h , at the b e g i n n i n g o f e v e r y p o l i c y p e r i o d . 

N o r is i t i m p r a c t i c a l to sugges t th i s . H o w 

e v e r c o m p l e x the u n d e r l y i n g e c o n o m i c 

s t r u c t u r e , o p p o r t u n i t y l o c i c a n b e c a l c u l a t e d . 

In S e c t i o n I, w e use a v e r y s i m p l e e c o n o m i c 

s t r u c t u r e . B u t w e d o s o o n l y b e c a u s e o u r p u r 

pose the re is to e x p l a i n o u r w a y o f d e t e r m i n 

i n g the o p t i m u m m o n e t a r y i n s t r u m e n t v a r i a b l e ; 

a n d it is c o n v e n i e n t in e x p l a i n i n g to use a s i m 

p le s t r u c t u r e . I n S e c t i o n s II a n d I I I , w h e r e i n 

w e d e r i v e a c t u a l T r e a s u r y b i l l ra te a n d d e m a n d 

d e p o s i t l o c i , w e use the F e d e r a l R e s e r v e - M I T -

U n i v e r s i t y o f P e n n s y l v a n i a e c o n o m i c s t r u c t u r e , 

w h i c h is v e r y c o m p l e x . 2 

W e d o t h e n p r o v i d e s o m e n u m b e r s o r e x 

p e r i m e n t a l f i nd i ngs . W e w o u l d c a u t i o n , h o w 

e v e r , aga ins t p a y i n g m u c h a t t e n t i o n to t h e m . 

T h e y a re no t , w e t h i n k , e v e n sugges t i ve o f 

h o w the F e d e r a l R e s e r v e o u g h t t o o p e r a t e . W e 

d e c i d e d to i n c l u d e t h e m in the p a p e r o n l y b e 

c a u s e they s h o w tha t o u r w a y o f d e t e r m i n i n g 

the o p t i m u m m o n e t a r y i n s t r u m e n t v a r i a b l e is 

p r a c t i c a l . 

B u t o u r w a y is p r a c t i c a l o r f e a s i b l e o n l y f o r 

m y o p i c c e n t r a l b a n k s , f o r t hose c o n c e r n e d 

o n l y a b o u t c u r r e n t - p e r i o d d e v e l o p m e n t s o r , b y 

w a y o f a p p r o x i m a t i o n , w i l l i n g t o p r e t e n d tha t 

they a re . It is n o a c c i d e n t t ha t i n S e c t i o n s I 

a n d I I w e t ake u t i l i t y as d e p e n d i n g s i m p l y o n 

c u r r e n t - p e r i o d n o m i n a l g r o s s n a t i o n a l p r o d u c t 

a n d i n S e c t i o n I I I as d e p e n d i n g o n c u r r e n t -

p e r i o d r e a l G N P a n d the c u r r e n t - p e r i o d c h a n g e 

i n the p r i c e l e v e l . H a d w e t a k e n u t i l i t y as d e 

p e n d i n g o n f u t u r e - p e r i o d v a l u e s as w e l l , w e 

w o u l d n o t h a v e b e e n a b l e to g o f u r t h e r ; w e 

w o u l d n o t h a v e b e e n a b l e to s h o w the p r a c t i c 

a b i l i t y o r f e a s i b i l i t y o f c a l c u l a t i n g a n d c o m p a r 

i n g the m a x i m u m e x p e c t e d u t i l i t i e s a s s o c i a t e d 

w i t h the v a r i o u s p o s s i b l e i n s t r u m e n t v a r i a b l e s . 

Var iab le , " Journal of Money, Credit, and Banking, 
(Aug . 1970). 

2 Hereinafter, we shal l refer to the F R structure. 
There is, we understand, a new version. If so, we 
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M I T Econometr ic M o d e l , " Federal Reserve Bulletin, 
(Jan. 1968). 



It is n o t k n o w n w h a t p o l i c i e s a re o p t i m a l f o r 

a c e n t r a l b a n k tha t is u n c e r t a i n a b o u t the t r u e 

v a l u e s o f s t r u c t u r a l p a r a m e t e r s a n d w h o s e c o n 

c e r n e x t e n d s i n t o the f u t u r e . 

W e m i g h t h a v e p r o p o s e d c o m p a r i n g the e x 

p e c t e d u t i l i t i e s o f a r b i t r a r y r a t h e r t h a n o p t i m a l 

p o l i c i e s . B u t w h i c h o n e s ? O r w e m i g h t h a v e 

p r o p o s e d tha t v a r i a n c e s o f s t r u c t u r a l p a r a m e 

ters b e i g n o r e d . It s e e m e d to us , h o w e v e r , tha t 

u n c e r t a i n t y a b o u t p a r a m e t e r s is a n i m p o r t a n t 

f ac t o f l i f e a n d tha t w e o u g h t t h e r e f o r e to t ake 

u t i l i t y as d e p e n d i n g o n l y o n c u r r e n t - p e r i o d v a l 

ues o f t a rge t v a r i a b l e s . 

S o m e r e a d e r s m i g h t w a n t to o b j e c t t ha t the 

T r e a s u r y b i l l r a t e a n d the s t o c k o f d e m a n d 

d e p o s i t s a re n o t p o s s i b l e F e d e r a l R e s e r v e i n 

s t r u m e n t v a r i a b l e s . W e b e l i e v e , , t h o u g h , that 

the F e d e r a l R e s e r v e i f i t w a n t e d to c o u l d d e 

t e r m i n e the b i l l r a te e x a c t l y . It w o u l d o n l y 

h a v e to a n n o u n c e a p r i c e f o r b i l l s . A n d is 

c o m i n g q u i t e c l o s e to s o m e p r e a s s i g n e d v a l u e 

f o r , s a y , the 3 - m o n t h a v e r a g e o f d e m a n d d e 

pos i t s i m p o s s i b l e ? W e t h i n k no t . B u t i t d o e s 

n o t r e a l l y m a t t e r i f w e h a v e b e e n i n e p t i n se 

l e c t i n g p o s s i b l e F e d e r a l R e s e r v e i n s t r u m e n t 

v a r i a b l e s . O u r w a y m i g h t b e u s e d f o r c h o o s i n g 

b e t w e e n ( o r a m o n g ) o t h e r p o s s i b l e i n s t r u m e n t 

v a r i a b l e s . 

I. Q U A D R A T I C U T I L I T Y A N D A 
S I M P L E E C O N O M I C S T R U C T U R E 

L e t the m o n e t a r y a u t h o r i t y ' s u t i l i t y f u n c t i o n 

b e 

U = ~{Y - Y)* 

w h e r e Y is n o m i n a l c u r r e n t - q u a r t e r G N P a n d 

Y is t he d e s i r e d o r ta rge t v a l u e o f Y. T h e n 

EU = -VY - (EY - Y)2 

w h e r e E s t a n d s f o r e x p e c t e d v a l u e a n d V f o r 

v a r i a n c e . I s o - e x p e c t e d u t i l i t y c o n t o u r s a re 

p a r a b o l a s , s y m m e t r i c a b o u t EY — Y, i n the 

p o s i t i v e q u a d r a n t o f the (EY, VY) p l a n e . T h e 

r e l e v a n t o p p o r t u n i t y l o c i , o r c o n s t r a i n t s sub jec t 

to w h i c h EU is m a x i m i z e d , a re t h e r e f o r e a l l a t 

t a i n a b l e c o m b i n a t i o n s o f EY a n d VY. 

L e t the e c o n o m i c s t r u c t u r e be 

(1) Y = s0 + s , r + ex 

a n d 

(2) m = Si + 5 3 y + + e-2 

E q u a t i o n 1 d e s c r i b e s n o m i n a l agg rega te d e 

m a n d as a f u n c t i o n o f the in te res t ra te , r, a n d 

e q u a t i o n 2 the c o n d i t i o n fo r e q u a l i t y b e t w e e n 

the a c t u a l s t o c k o f d e m a n d d e p o s i t s , m, a n d 

the d e s i r e d s t o c k . T h e m o n e t a r y a u t h o r i t y is 

u n c e r t a i n a b o u t the v a l u e s o f the p a r a m e t e r s , 

su, st, . . . , St a n d a b o u t the v a l u e s o f the d i s 

t u r b a n c e s <?i a n d e-,. 

I f r is u s e d as the i n s t r u m e n t v a r i a b l e , the 

r e d u c e d - f o r m e q u a t i o n f o r Y is e q u a t i o n 1. If 

m is u s e d as the i n s t r u m e n t v a r i a b l e , it is 

(3) Y = sb + sew + e3 

w h e r e 

SUSQ — SiSi 

Si = . 
S4 -f- S1S2 

Si 
s6 = — 

S4 "T s l S 3 

a n d 

s4<?i — sxet 

ez = : 
s* -f- S1S2 

F r o m these r e d u c e d f o r m s , the t w o l o c i c a n 

b e o b t a i n e d . T o i l l u s t r a t e , f r o m e q u a t i o n 1, 

(4) EY(r) = Es0 + rESl + Ea 

a n d 

(5) VY(r) = V(sa + ei) 
+ rWsy + 2rC(s0 + eu Si) 

w h e r e C s t a n d s f o r c o v a r i a n c e . S o l v i n g e q u a 

t i o n 4 f o r r a n d s u b s t i t u t i n g the r e s u l t i n t o 

e q u a t i o n 5 g i v e s the r - l o c u s 

(6) VY(r) = Co + dEY(r) + c 2 [ £ 7 ( r ) ] 2 



O P T I M U M M O N E T A R Y I N S T R U M E N T V A R I A B L E 

w h e r e 

Co = V(So + d) + 
K 5 t [ £ ( . 9 p + 

2 £ ( x 0 + L'I)C(S0 + e u Si) 

2C(s0 + ei, Si) 

Esi 

2VSlE(so + ei) 

E q u a t i o n 6 g i ves a l l c o m b i n a t i o n s o f EY a n d 

VY a t t a i n a b l e w h e n r is u s e d as the i n s t r u m e n t 

v a r i a b l e . 

T h e o p p o r t u n i t y l o c u s f o r m, t he m - l o c u s , 

is o b t a i n e d i n the s a m e w a y as the r - l o c u s w a s , 

b u t f r o m e q u a t i o n 3 . 

A s w e s h o w in S e c t i o n I I , t r a d i t i o n a l o r 

c l a s s i c a l e s t i m a t i o n o f e q u a t i o n s 1 a n d 2 p r o 

v i d e s the b a s i c i n f o r m a t i o n n e e d e d to d e t e r m i n e 

n u m e r i c a l v a l u e s f o r t he coe f f i c i en t s o f the r-

l o c u s ( t h a t i s , f o r c „ , c , , a n d c , ) a n d f o r the 

coe f f i c i en t s o f the w - l o c u s . A n d w i t h n u m e r i c a l 

o p p o r t u n i t y l o c i , the m o n e t a r y a u t h o r i t y c a n 

d e t e r m i n e i ts o p t i m u m i n s t r u m e n t v a r i a b l e . A l l 

i t h a s to d o is s p e c i f y a ta rge t v a l u e f o r Y. 

I t is w o r t h p a u s i n g b r i e f l y h e r e to c o n s i d e r 

w h a t it m e a n s to d e t e r m i n e n u m e r i c a l o p p o r t u 

n i t y l o c i b y t r a d i t i o n a l e s t i m a t i o n o f the 

e c o n o m i c s t r u c t u r e . E a c h v a r i a n c e o f p o s s i b l e 

o u t c o m e s o f Y, f o r e x a m p l e VY(r), c o m b i n e s 

t r u e r a n d o m n e s s i n the e c o n o m y a n d u n c e r 

t a i n t y a b o u t the v a l u e s o f s t r u c t u r a l p a r a m e t e r s . 

I n d e e d , VY(r), l i k e VY(m), is a f o r e c a s t v a r i 

a n c e ; t ha t is t o s a y , a v a r i a n c e o f f o r e c a s t Y 

a r o u n d " t r u e " o r a c t u a l Y. T o b e s u r e , the 

r a n d o m n e s s o f " t r u e " Y is e n t i r e l y a t t r i b u t a b l e 

to e x a n d e2. B u t the m o n e t a r y a u t h o r i t y , i n 

m a k i n g i ts i n s t r u m e n t v a r i a b l e c h o i c e , m u s t 

a l s o b e i n f l u e n c e d b y h o w c e r t a i n it is a b o u t 

p a r a m e t e r v a l u e s . S u p p o s e tha t w h e n m is u s e d 

as the i n s t r u m e n t v a r i a b l e , Y is p a r t l y d e t e r 

m i n e d b y s o m e p a r a m e t e r the v a l u e o f w h i c h 

is e x t r e m e l y u n c e r t a i n ; a n d w h e n r is u s e d as 

the i n s t r u m e n t v a l u e , Y is n o t d e t e r m i n e d e v e n 

i n p a r t b y th is p a r a m e t e r . I f at a l l a v e r s e to 

r i s k , the m o n e t a r y a u t h o r i t y s h o u l d t h e n , ceteris 

paribus, use r as its i n s t r u m e n t v a r i a b l e . 

II. Q U A D R A T I C U T I L I T Y A N D A 

C O M P L E X E C O N O M I C 

S T R U C T U R E 

T h e F R e c o n o m i c s t r u c t u r e is , as w e h a v e 

s a i d , v e r y c o m p l e x . T h e r e a re m a n y b e h a v i o r a l 

e q u a t i o n s , s o m e o f w h i c h a re n o n l i n e a r . It c a n 

be w r i t t e n 

F,(x,z,r,a„ e.) = 0 (/ = 1, 2 , . . . , K) 

w h e r e x is a v e c t o r o f the c u r r e n t v a l u e s o f 

e n d o g e n o u s v a r i a b l e s , K i n n u m b e r ; z is a v e c 

to r o f c o n t e m p o r a n e o u s , n o n p o l i c y e x o g e n o u s 

v a r i a b l e s ; r is the ra te o n 3 - m o n t h T r e a s u r y 

b i l l s ; n, is a v e c t o r o f p a r a m e t e r s ; a n d e ; is a 

d i s t u r b a n c e . I f a l l n o n l i n e a r t e r m s i n x a n d r 

are a p p r o x i m a t e d b y first-order T a y l o r e x p a n 

s i o n s , t hen the s t r u c t u r e c a n b e w r i t t e n 

(7) Ax = Br + C 

w h e r e A is a KxK m a t r i x w i t h e l e m e n t s a * , ; 

B is a Kx\ m a t r i x w i t h e l e m e n t s ba; a n d C is a 

Kxl m a t r i x w i t h e l e m e n t s c , . A l s o , 

«.j = fn(x°, z, r°, a„ e,) 

b„ = gij(x°, z, r", a i t e,) 
a n d 

c, = hi(x°, z, r°, a,-, e^ 

w h e r e x" a n d r" a r e the v a l u e s o f x a n d r u s e d 

i n m a k i n g the m o d e l l i n e a r . I t f o l l o w s tha t 

(8) 

a n d 

(9) 

Xi 

Xi 

Y = dnr + di„ 

m - di\r + d20 

w h e r e d^ ~ Aj B, Aj b e i n g t h e / t h r o w o f 

A~\ a n d du, = A f1 C. T h e n 

Y(r) = dnr + d i a 

a n d 

Y(m) i l l 
d%\ 

m 
divdu — diodn 



S o w h a t is r e q u i r e d a re e s t i m a t e s o f the f irst 

t w o m o m e n t s o f t he v e c t o r s (d,u d u l ) a n d 

(£> , , , / ) , „ ) . B u t s i n c e the c/'s a n d D ' s a re c o m 

p l i c a t e d f u n c t i o n s o f the u n d e r l y i n g r a n d o m 

v a r i a b l e s — t h e p a r a m e t e r s the d i s t u r b a n c e s 

e,-, a n d the c o n t e m p o r a n e o u s v a l u e s o f n o n i n -

s t r u m e n t e x o g e n o u s v a r i a b l e s Zi—their d i s t r i 

b u t i o n s c a n n o t b e d e r i v e d a n a l y t i c a l l y f r o m the 

d i s t r i b u t i o n s o f the u n d e r l y i n g r a n d o m v a r i 

a b l e s . 3 It is p o s s i b l e , t h o u g h , to s a m p l e f r o m the 

d i s t r i b u t i o n s o f the u n d e r l y i n g r a n d o m v a r i 

a b l e s , i nse r t the s a m p l e d v a l u e s i n t o e q u a t i o n 

7 , a n d s o l v e f o r v a l u e s o f the r e d u c e d - f o r m 

coe f f i c i en t s , the d's a n d the Z) 's . B y r e p e a t e d 

s a m p l i n g , a set o f v a l u e s o f the d ' s a n d 

the £>'s is b u i l t u p , f r o m w h i c h m o m e n t s c a n 

b e e s t i m a t e d a n d n u m e r i c a l o p p o r t u n i t y l o c i 

d e r i v e d . " 

It is a l s o p o s s i b l e t o p r o c e e d d i f f e ren t l y . 

R e l e v a n t o p p o r t u n i t y l o c i c a n b e d e t e r m i n e d 

p o i n t b y p o i n t f r o m a n o n l i n e a r s t r u c t u r e . F o r 

e a c h o f a set o f v a l u e s o f r a n d e a c h o f a set 

o f v a l u e s o f m, a s a m p l e o f v a l u e s o f Y is g e n 

e r a t e d a n d e s t i m a t e s o f the first t w o m o m e n t s 

a re c a l c u l a t e d . W e d e c i d e d aga ins t p r o c e e d i n g 

th i s w a y i n p a r t b e c a u s e o f the cos t . A g rea t 

m a n y s i m u l a t i o n s w o u l d h a v e b e e n r e q u i r e d : 

2(nxp) s i m u l a t i o n s , i n f a c t , i n o r d e r get p 

p o i n t s o n e a c h l o c u s , u s i n g n o b s e r v a t i o n s o n 

Y f o r e a c h p o i n t . 

3 Even for very simple economic structures, such 
as that of Section II, it is difficult if not impossible 
to derive the distributions of the reduced-form coeffi
cients as functions of the moments of the structural 
parameters. T o determine the numer ica l loci impl ied 
by the structure of Section II, it would therefore also 
be necessary to sample f rom the joint distributions of 
the structural parameters that are consistent with 
statistical estimation. 

4 W h y derive numerical opportunity loc i rather 
than calculate expected uti l i t ies? It is just that to ca l 
culate expected uti l i t ies, Y, the desired or target 
value of Y, must be known or assumed. But having 
derived numer ica l l oc i , one may find dominance in a 

neighborhood of some reasonable value for Y—that 
one variance is smal ler than the other at every value 
of EY in the neighborhood. C lear ly , deriving numeri
cal loc i is for outsiders. 

D I S T R I B U T I O N S O F P A R A M E T E R S , 

D I S T U R B A N C E S , A N D E X O G E N O U S 

V A R I A B L E S . W e a s s u m e d tha t the m e a n o f 

e a c h p a r a m e t e r in F, is e q u a l to the c o r r e 

s p o n d i n g e s t i m a t e , tha t the v a r i a n c e - c o v a r i a n c c 

m a t r i x o f a set o f p a r a m e t e r s is e q u a l t o a c o n 

s tan t t imes the v a r i a n c e - c o v a r i a n c c m a t r i x o f 

the c o r r e s p o n d i n g e s t i m a t o r s , a n d that the 

v a r i a n c e o f the d i s t u r b a n c e i n Fj is e q u a l to 

a c o n s t a n t t i m e s the c o r r e s p o n d i n g r e s i d u a l 

v a r i a n c e . ' ' 

S a m p l e v a l u e s o f « , , the v e c t o r o f p a r a m e t e r s 

i n the i th e q u a t i o n , no t the o r i g i n a l s t r u c t u r e , 

w e r e g e n e r a t e d j o i n t l y a c c o r d i n g to the m a t r i x 

e q u a t i o n 

at = a, + RiV 

w h e r e a , is the v e c t o r o f p o i n t es t ima tes o f 

a-,, R, is a m a t r i x s u c h tha t R,R', e q u a l s the e s 

t i m a t e d v a r i a n c e - c o v a r i a n c e m a t r i x o f « j , a n d 

v is a v e c t o r o f r a n d o m v a r i a b l e s c h o s e n i n d e 

p e n d e n t l y o f o n e a n o t h e r f r o m a n o r m a l d i s t r i 

b u t i o n w i t h m e a n z e r o a n d v a r i a n c e o n e t r u n 

c a t e d at p l u s a n d m i n u s t w o . T h e d i s t u r b a n c e 

f o r the i t h e q u a t i o n w a s g e n e r a t e d a c c o r d i n g to 

w h e r e <r; is the e s t i m a t e d r e s i d u a l s t a n d a r d 

e r r o r f o r the i t h e q u a t i o n a n d v is a s i ng l e i n 

d e p e n d e n t d r a w i n g f r o m the s a m e t r u n c a t e d 

n o r m a l . It f o l l o w s tha t the e x p e c t e d v a l u e o f 

« i is tha t the v a r i a n c e - c o v a r i a n c e m a t r i x 

o f « j is 0 . 7 7 t i m e s the v a r i a n c e - c o v a r i a n c e m a 

t r i x f o r a , - , t ha t the m e a n o f e{ is z e r o , a n d tha t 

i ts v a r i a n c e is 0 . 7 7 of. ( T h e c o n s t a n t is 0 . 7 7 

b e c a u s e w e i n a d v e r t e n t l y f a i l e d to r e c o g n i z e 

tha t the v a r i a n c e o f the t r u n c a t e d n o r m a l is 

0 . 7 7 a n d n o t u n i t y . ) 

W e c h o s e a t r u n c a t e d d i s t r i b u t i o n f o r v b e 

c a u s e m a n y o f the e q u a t i o n s o f the F R s t r u c 

tu re a re i n a f o r m i n c o n s i s t e n t w i t h a n u n -

5 Thus, the data requirements for each estimated 
equation are the point estimates of the coefficients, 
the point estimates of the residual variance, and the 
inverse of the relevant cross-product matrix of the 
independent variables. The coefficient and residual 
variance estimates were avai lable, but the cross-prod
uct matrices had to be re-estimated. 
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l i m i t e d range f o r the d i s t u r b a n c e . F o r e x a m p l e , 

s e v e r a l o f the e s t i m a t e d e q u a t i o n s f o r in te res t 

ra tes a re l i n e a r , so tha t d i s t u r b a n c e s f r o m a 

d i s t r i b u t i o n w i t h u n l i m i t e d r a n g e c o u l d p r o d u c e 

n e g a t i v e in te res t ra tes . A l s o , w e d i d a c e r t a i n 

a m o u n t o f l i n e a r i z a t i o n a n d t h e r e b y c h a n g e d 

s o m e e s t i m a t e d e q u a t i o n s w h i c h o r i g i n a l l y h a d 

f o r m s tha t c o n s t r a i n e d the d e p e n d e n t v a r i a b l e s 

to p r o p e r r anges . 

T h e r e a re qu i t e a f e w n o n i n s t r u m e n t e x o g e 

n o u s v a r i a b l e s i n the F R s t r u c t u r e that c a n b e 

t r ea ted as r a n d o m . T h e s e i n c l u d e p o p u l a t i o n , 

F e d e r a l G o v e r n m e n t e x p e n d i t u r e s , a n d e x p o r t s . 

W e a s s u m e d that these v a r i a b l e s a re g e n e r a t e d 

b y s e c o n d - o r d e r a u t o r e g r e s s i v e s c h e m e s , 

Zt.i = Pt>i + P\iZt-l,i + Pl,Zt-2,i + Ut,i 

T h e /3's w e r e t a k e n as fixed a n d e q u a l to the 

e s t i m a t e d coe f f i c i en ts f r o m a n o r d i n a r y leas t 

s q u a r e s r e g r e s s i o n o f z-, o n t w o l a g g e d v a l u e s o f 

i t se l f o v e r the p e r i o d 1 9 5 2 - Q 1 to 1 9 6 8 - Q 4 . 

( I t w a s a n o v e r s i g h t tha t w e d i d n o t a l s o t a k e 

the j3's as r a n d o m . ) T h e d i s t u r b a n c e , ut,i, w a s 

t r ea ted as r a n d o m w i t h m e a n z e r o a n d v a r i a n c e 

e q u a l t o 0 . 7 7 t imes the e s t i m a t e d r e s i d u a l 

v a r i a n c e f r o m tha t r e g r e s s i o n . 

T h e d i s t r i b u t i o n s o f t he e x o g e n o u s v a r i a b l e s 

c a n p l a y a n i m p o r t a n t r o l e i n d e t e r m i n i n g the 

be t te r i n s t r u m e n t v a r i a b l e . I n a s i m p l e m o d e l , 

the less v a r i a n c e i n the aggrega te d e m a n d 

s c h e d u l e the m o r e l i k e l y is i t t ha t the in te res t 

ra te i s the be t te r i n s t r u m e n t v a r i a b l e . I n a b i l i t y 

to f o r e c a s t e x o g e n o u s v a r i a b l e s l i k e g o v e r n 

m e n t e x p e n d i t u r e s a n d e x p o r t s c o n t r i b u t e s d i 

r e c t l y to v a r i a n c e o f agg rega te d e m a n d . T h u s , 

i f t he re a re s c h e m e s t ha t f o r e c a s t t h o s e v a r i 

a b l e s w i t h s m a l l e r e r r o r v a r i a n c e t h a n d o o u r 

a u t o r e g r e s s i v e s c h e m e s , o u r f a i l u r e t o use t h e m 

w o u l d s e e m , o n the w h o l e , to f a v o r d e m a n d 

d e p o s i t s as t he o p t i m u m m o n e t a r y i n s t r u m e n t 

v a r i a b l e . 

R E S U L T S . W e d e r i v e d o p p o r t u n i t y l o c i f o r 

the first q u a r t e r o f 1 9 6 9 u s i n g 1 0 0 r a n d o m 

d r a w i n g s . 6 W i t h r as the i n s t r u m e n t v a r i a b l e 

« Der i v ing loc i for 1969-Q1, we l inearized the F R 
structure around values for 1968-Q4. 

E(Y) = 884.9 - .819r 

a n d 

V(Y) = 361 .0 - 2 ( . 6 7 1 > + . 0 8 8 r 2 

w h e r e r is m e a s u r e d as a p e r cen t pe r a n n u m 

a n d Y is m e a s u r e d i n b i l l i o n s o f d o l l a r s at a n 

a n n u a l ra te . T h e r e f o r e , the / - - locus is 

V(Y) = 102,012 - 231 .4 E(Y) + . 1 3 1 6 6 [E(Y)Y 

T h e h ighes t v a l u e o f E(Y) f o r w h i c h the l o c u s 

has a n y m e a n i n g is E(Y) — 8 8 4 . 9 , s i n c e the re 

r ---- 0 . A t r = 1 0 , E(Y) = 8 7 6 . 7 . T h e l o c u s is 

d r a w n i n F i g u r e 1 f o r a p p r o x i m a t e l y that r a n g e 

of v a l u e s . W e w o u l d e x p e c t o u r e s t i m a t e d l o c u s 

to m o s t c l o s e l y a p p r o x i m a t e the l o c u s o b t a i n e d 

f r o m the o r i g i n a l n o n l i n e a r m o d e l i n the v i c i n i t y 

o f r = r°, t he v a l u e a r o u n d w h i c h w e l i n e a r 

i z e d , o r i n the v i c i n i t y o f E(Y) = 8 8 0 . 3 . 

W i t h m as i n s t r u m e n t , 

E(Y) = 805.8 + . 4 9 5 w 

a n d 

V(Y) = 1067.0 - 2(5.178) /77 + .0365 / /7 2 

w h e r e m is i n b i l l i o n s o f d o l l a r s . T h e r e f o r e , the 

/ / 7 - l ocus ( a l s o s h o w n in F i g u r e 1 ) is 

V(Y) = 114,713.7 - 26\.2E{Y) + . 1 4 9 0 9 [ £ ( y ) ] 2 

N o t e that i n F i g u r e 1 m d o m i n a t e s r as a n 

i n s t r u m e n t v a r i a b l e . F o r a n y e x p e c t e d v a l u e o f 

Y, the v a r i a n c e o f Y is s m a l l e r w i t h m as the 

i n s t r u m e n t v a r i a b l e t h a n w i t h r as the i n s t r u 

m e n t v a r i a b l e . B u t the d i f f e r e n c e b e t w e e n the 
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v a r i a n c e s at , say , E(Y) — 8 8 0 is 2 0 , a n d 2 0 is 

no t a s i gn i f i can t d i f f e r e n c e . F o r a s a m p l e o f 

1 0 0 d r a w i n g s , a 9 0 p e r c e n t c o n f i d e n c e i n t e r v a l 

a r o u n d the v a r i a n c e o f the m - l o c u s at E(Y) = 

8 8 0 ranges f r o m 2 6 9 to 4 3 2 , w h e r e a s the c o r 

r e s p o n d i n g i n t e r v a l f o r the r - l o c u s ranges f r o m 

2 8 5 to 4 5 7 . T h e r e i s , t h e r e f o r e , c o n s i d e r a b l e 

o v e r l a p o f the c o n f i d e n c e i n t e r v a l s . 

III. T H E R E A L I N C O M E - V A R I A N C E 

O F P R I C E U T I L I T Y F U N C T I O N 

W e a l s o d e r i v e d the first-quarter 1 9 6 9 o p p o r t u 

n i t y l o c i r e l e v a n t f o r m a x i m i z a t i o n o f e x p e c t e d 

u t i l i t y , w h e r e 

U = l o g X — b[\00{P - P°)/P°y-

X is r e a l G N P in 1 9 5 8 p r i c e s , P is the G N P 

d e f l a t o r , a n d P° is the d e f l a t o r f o r the f o u r t h 

q u a r t e r o f 1 9 6 8 . I s o - e x p e c t e d u t i l i t y c o n t o u r s 

f o r th is f u n c t i o n a re s t ra igh t l i nes w i t h s l o p e 

b i n the [E l o g X, \04E(P - P'/P0)''] p l a n e . 

T h e l o g f u n c t i o n i m p l i e s r i s k a v e r s i o n ; at a 

g i v e n v a l u e o f the v a r i a n c e o f the de f l a t o r , f a i r 

g a m b l e s o n X a re a l w a y s re j ec ted . T h e r e l e v a n t 

o p p o r t u n i t y l o c i c o n s i s t o f a l l a t t a i n a b l e c o m 

b i n a t i o n s o f E l o g X a n d 1 0 7 i [ ( P - P")/P"]-. 

T h e s e w e r e o b t a i n e d f o r r a n d f o r m as f o l l o w s . 

W h e t h e r r o r m is u s e d as the i n s t r u m e n t 

v a r i a b l e , t he re a r c r e d u c e d - f o r m e q u a t i o n s f o r 

b o t h r e a l i n c o m e a n d the de f l a to r . L e t 

X = bxr + b. 

P = < V + b, 

be those f o r r. T h u s , 

£ ( l o g X ) = £ I o g ( 6 ! i - + bt) 

s o E l o g X c a n n o t b e w r i t t e n as a f u n c t i o n o f 

r a n d o f the m o m e n t s o f b, a n d b,. It is p o s 

s i b l e , h o w e v e r , to c o m p u t e E l o g X f o r e a c h 

v a l u e o f r i n a r e a s o n a b l e r a n g e . W e let r r a n g e 

f r o m 1 p e r c e n t to 10 p e r c e n t . F o r e a c h v a l u e 

o f r, w e c o m p u t e d a n d a v e r a g e d l o g (b,r + b2) 

o v e r the s a m p l e o f v a l u e s o f b, a n d b-, a n d t o o k 

the r e s u l t i n g a v e r a g e as o u r e s t i m a t e o f E l o g 

X. F r o m the r e d u c e d f o r m f o r P, w e h a v e 
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\/{p°nr-E{b3*) + E(b^) 

2P%rEb3 + £/;.,) + 2rE(bibi)] 

S e l e c t e d v a l u e s o f E l o g X a n d 1 0 ' £ 

are g i v e n i n T a b l e 1. S o m e v a l u e s f o r the m-

l o c u s , w h i c h w e r e o b t a i n e d i n the s a m e w a y 

u s i n g the r e d u c e d - f o r m e q u a t i o n s f o r m, a re 

a l s o g i v e n i n T a b l e 1. B o t h l o c i a re s h o w n i n 

F i g u r e 2 . 

T A B L E 1: Selected Values For Real Income—Price 
Variance Loc i 

/•-locus /N-IOCUS 

r ElogX 10' / - : m ! 
in lHoaX 10</; (vr 

I 6 . 5 6 9 . 2 5 2 140. 1 6 . 5 5 9 .222 
2 6 . 5 6 8 .250 142.1 6 . 5 6 0 . 2 2 6 
3 6 . 5 6 7 .247 144. 1 6.561 .229 
4 6 . 5 6 6 .244 146.1 6 . 5 6 2 .232 
5 6 . 5 6 5 .241 148.1 6 . 5 6 3 .235 
6 6 . 5 6 4 .239 150.1 6 . 5 6 4 .239 
7 6 . 5 6 3 .236 152.1 6 . 5 6 6 .242 
8 6 . 5 6 3 . 2 3 3 154.1 6 . 5 6 7 . 2 4 5 
9 6 . 5 6 2 .231 156. 1 6 . 5 6 8 .249 

10 6.561 .228 158.1 6 . 5 6 9 .252 

O n c e a g a i n /77 d o m i n a t e s r; at e a c h v a l u e o f 

E l o g X the v a r i a n c e o f the d e f l a t o r is s m a l l e r 

f o r the 777 - locus t h a n it is f o r the r - l o c u s . T h e 

d i f f e r e n c e , h o w e v e r , is m i n i s c u l e . A t E l o g X 

= 6 . 5 6 4 7 , w h i c h c o r r e s p o n d s to r — r ° f o r the 

r - l o c u s , the p e r c e n t a g e v a r i a n c e o f the d e f l a t o r 

f o r the m - l o c u s is 0 . 2 3 9 3 , w h i l e tha t f o r the 

r - l o c u s is 0 . 2 3 9 7 . F o r a s a m p l e o f 1 0 0 d r a w 

i ngs , 9 0 pe r cen t c o n f i d e n c e i n t e r v a l s a r o u n d 

those es t ima tes a re a l m o s t c o i n c i d e n t . 

I V . C O N C L U S I O N 

A s i n d i c a t e d i n the i n t r o d u c t i o n , w e t h i n k 

that l i t t le a t t e n t i o n s h o u l d b e p a i d t o o u r e x 

p e r i m e n t a l findings. It is no t o n l y b e c a u s e o u r 

s a m p l e s w e r e t oo s m a l l , b u t a l s o b e c a u s e , t o 

c a l c u l a t e n u m e r i c a l l o c i , it is n e c e s s a r y to as 

s u m e a u t i l i t y f u n c t i o n a n d , w h a t is m o r e , a n 

e c o n o m i c s t r u c t u r e . A n d to a c c e p t c a l c u l a t e d 

l o c i , o r a c o m p a r i s o n t h e r e o f , is to a c c e p t the 

a s s u m e d u t i l i t y f u n c t i o n a n d t he a s s u m e d s t r u c 

tu re . E v e n if o u r s a m p l e s h a d b e e n l a r g e r , w e 

w o u l d no t t h e n h a v e c a r e d to p r e s s o u r findings. 

B e f o r e d o i n g tha t , w e w o u l d w a n t to a v e r a g e 

o v e r t i m e 7 a n d s e v e r a l e c o n o m i c s t r u c t u r e s . 

B u t m o r e f u n d a m e n t a l l y , w e fee l tha t n o 

m o n e t a r y a u t h o r i t y s h o u l d d e c i d e o n c e a n d f o r 

a l l , b y s ta t i s t i ca l i n f e r e n c e , w h i c h o f i ts p o s s i b l e 

i n s t r u m e n t v a r i a b l e s t o use . U n l e s s f a c e d w i t h 

p r o h i b i t i v e c o s t s , i t s h o u l d d e c i d e w h i c h v a r i 

a b l e t o use at the b e g i n n i n g o f e v e r y p o l i c y 

p e r i o d o r p o s s i b l y e v e r y q u a r t e r . T h i s u l t i 

m a t e l y is w h y w e c o u l d i n g o o d c o n s c i e n c e 

c o n t e n t o u r s e l v e s o n l y w i t h o f f e r i n g a w a y o f 

d e t e r m i n i n g the o p t i m u m i n s t r u m e n t v a r i a b l e 

( a n d w i t h a s a m p l e o f o n l y 1 0 0 d r a w i n g s ) . 

9 3 

7 See the appendix, wherein we appraise the at
tempt of Ho lb rook and Shapi ro to determine empir i 
cal ly the opt imum monetary instrument variable. 
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9 4 A P P E N D I X : 

H o l b r o o k a n d S h a p i r o o n the O p t i m u m 

M o n e t a r y Inst rument V a r i a b l e 

T h e r e has b e e n o n e a t t e m p t tha t w e k n o w o f , 

b y H o l b r o o k a n d S h a p i r o ( H & S ) , to d e t e r m i n e 

e m p i r i c a l l y the F e d e r a l R e s e r v e ' s o p t i m u m i n 

s t r u m e n t v a r i a b l e . 1 W h a t H & S d i d w a s to c a l 

c u l a t e a n d t h e n to c o m p a r e c e r t a i n v a r i a n c e s o f 

r e a l G N P , v a r i a n c e s a s s o c i a t e d w i t h th ree p o s 

s i b l e m o n e t a r y i n s t r u m e n t v a r i a b l e s : the n a r 

r o w l y d e f i n e d s t o c k o f m o n e y , the m o n e t a r y 

b a s e , a n d , w h a t w o u l d s e e m a r a t h e r s u r p r i s i n g 

c h o i c e , the a v e r a g e ra te o n l o n g - t e r m T r e a s u r y 

b o n d s . - W h a t t hey f o u n d w a s , f o r e v e r y c a l e n 

d a r q u a r t e r i n a l o n g s t re t ch o f y e a r s , a s m a l l e r 

v a r i a n c e f o r the n a r r o w l y d e f i n e d m o n e y s t o c k 

t h a n f o r b o t h the m o n e t a r y base a n d , b y a 

m u c h w i d e r m a r g i n a p p a r e n t l y , the a v e r a g e 

T r e a s u r y b o n d ra te . T h u s , t he i r t en ta t i ve c o n 

c l u s i o n w a s tha t , i n s e t t i n g i ts p o l i c y , the F e d 

e r a l R e s e r v e o u g h t t o use the n a r r o w l y d e f i n e d 

m o n e y s t o c k . 

B u t H & S c a l c u l a t e d a n d so c o m p a r e d the 

w r o n g v a r i a n c e s . T h e y w e n t a s t r a y , w e s u s p e c t , 

b e c a u s e t hey f o r g o t t ha t t he re m u s t b e d i s 

t u r b a n c e t e r m s i n t h e i r s t r u c t u r a l e q u a t i o n s . 

W h a t e v e r t h e e x p l a n a t i o n , t h o u g h , they c a n n o t 

b e r e g a r d e d as h a v i n g m a d e a c a s e , e v e n a 

h i g h l y p r o v i s i o n a l c a s e , f o r the n a r r o w l y d e 

f i n e d m o n e y s t o c k as the F e d e r a l R e s e r v e ' s 

o p t i m u m m o n e t a r y i n s t r u m e n t v a r i a b l e . 

H & S d i s t i n g u i s h e d b e t w e e n a c t u a l G N P , d e 

n o t e d h e r e b y Y, a n d p r e d i c t e d G N P , d e n o t e d 

h e r e b y y,,. S u p p o s e tha t 

1 See Robert Ho lb rook and Ha ro l d Shapiro, "The 
Cho ice of Op t ima l Intermediate Economic Targets," 
American Economic Review, M a y 1970, pp. 40—46. 

2 Ho lb rook and Shapiro referred to the narrowly 
defined stock of money, the money base, and the av
erage rate on Treasury bonds as possible intermedi
ate target variables. But they assumed that the Fed 
eral Reserve is able to determine exactly any one of 
these three variables, so it is quite proper for us to 
refer to them here as possible instrument variables. 

(1) c = flly + Ui 
(2) / = a, + a* + Ui 

(3) r = ai + abY + a^n + Ui 

(4) Y= C + J 

w h e r e C a n d / a r e , r e s p e c t i v e l y , c o n s u m p t i o n 

a n d i n v e s t m e n t , r a n d m a re the t w o p o s s i b l e 

m o n e t a r y i n s t r u m e n t v a r i a b l e s , r e s p e c t i v e l y , the 

ra te o f i n te res t a n d the s t o c k o f m o n e y a n d 

U u U-., a n d Ux a re r a n d o m d i s t u r b a n c e s . 3 T h e n 

(5) Y(r) 

a n d 

(6) Y{m) 

1 
(a, + asr + Ui + U2) 

1 
( « 2 0 3 ^ 4 

1 — ai — a 3 a s 

+ azam + Ui + Ut + a3U3) 

w h e r e Y(r) is a c t u a l G N P w i t h r as t he i n s t r u 

m e n t v a r i a b l e a n d Y(m) is a c t u a l G N P w i t h 

in as the i n s t r u m e n t v a r i a b l e . A l s o 

(5a) 

a n d 

1 
— (a2 + atr) 

(6a) yp(m) = 
1 - a i azcif, 

(a2 + aza4 

w h e r e yv(r) is p r e d i c t e d G N P w i t h r as the 

i n s t r u m e n t v a r i a b l e , y,,(m) is p r e d i c t e d G N P 

w i t h m as the i n s t r u m e n t v a r i a b l e , a n d a * is 

the e s t i m a t o r o f a,. 

: ! Th is economic structure is far s impler than the 
one specified by H & S . But since we want only to i l lus
trate wherein they went wrong, we do not need even 
a faint ly realistic structure or more than two possible 
monetary instrument variables. H & S fai led to include 
disturbances in describing their model , but they must 
surely belong there, fo r otherwise the model must be 
rejected unless the data fit it exactly. 



O P T I M U M M O N E T A R Y I N S T R U M E N T V A R I A B L E 

T h e loss f u n c t i o n e x p l i c i t l y a s s u m e d b y H & S 

is 

(7) L(x) = [Yp(x) - Y(x)Y- (x = r, m) 

w h e r e Yv{r) a n d Y,,(m) a re the f i r s t - o r d e r 

T a y l o r e x p a n s i o n s o f , r e s p e c t i v e l y , y „ ( r ) a n d 

yP(m) a r o u n d the p o i n t a — (a,, a2, . . . , a0). 

S i n c e 

(8) Yp(r) = —— [as + a V + (a, - a i ) F ] 
i — a i 

a n d 

(9) Yp(m) = -. 1 [a 2 + a»a, 

1 - Oi - a3ab 

+ a 3 w a 6 + (a i - fli)^ + (a 3 — a3)r 

+ a 3 (a 6 - a6)r) 
i t f o l l o w s t h a t 4 

(10) EL{r) = £ T T p ( r ) - r(r)]= 

a n d 

(11) EL(m) = E[Yp(m) - Y(m)]-

\ 1 - ay - azOi ) 

EL(r) is the e x p e c t e d l oss w i t h r as the i n s t r u 

m e n t v a r i a b l e a n d EL(m) is the e x p e c t e d l oss 

w i t h m as the i n s t r u m e n t v a r i a b l e . 

T h e s t r a i g h t f o r w a r d p r o c e d u r e w o u l d s e e m 

to be to m i n i m i z e EL(r) b y the c h o i c e o f r 

a n d to m i n i m i z e EL(m) b y the c h o i c e o f m 

a n d t h e n to c o m p a r e the r e s p e c t i v e m i n i m a . 

B u t d o i n g s o w o u l d a m o u n t to a s s u m i n g t ha t 

t he m o n e t a r y a u t h o r i t y d o e s n o t c a r e a b o u t the 

e x p e c t e d v a l u e o f Y. H & S t h e r e f o r e a s s u m e d 

t ha t " t h e p o l i c y m a k e r . . . s e l e c t ( s ) the v a l u e 

o f e a c h i n t e r m e d i a t e ta rge t v a r i a b l e s u c h tha t 

the e x p e c t e d v a l u e o f i n c o m e is e q u a l to d e s i r e d 

i n c o m e , a n d t h e n . . . c h o o s e ( s ) a m o n g ( i n 

s t r u m e n t ) v a r i a b l e s tha t o n e w h i c h m i n i m i z e s 

the e x p e c t e d s q u a r e d d e v i a t i o n o f a c t u a l f r o m 

d e s i r e d i n c o m e . " S o H & S w o u l d h a v e the 

4 Th is fo rmula for forecast error holds exactly 
only in the post-sample per iod, for in the sample pe
r iod there is also a covariance term. 

m o n e t a r y a u t h o r i t y m i n i m i z e EL{x), b u t s u b 

jec t to the c o n s t r a i n t 

(12) EYp(x) = Y 

w h e r e Y is the ta rget v a l u e o f Y. B u t t hey 

t h e m s e l v e s d i d no t c o m p u t e the i r c o n s t r a i n e d 

m i n i m a o f EL(x), that i s , EL(x). 

T h e y f o r g o t to c a l c u l a t e the s e c o n d t e r m s 

o n the r i g h t - h a n d s i d e s o f e q u a t i o n s 10 a n d 

11 . r > T h i s is h a r d l y a m i n o r o v e r s i g h t . T h o s e 

t e rms w o u l d r e m a i n e v e n i f the s a m p l e s i ze 

w e r e i n d e f i n i t e l y l a r g e . A n d w e s u s p e c t t ha t 

f o r t he i r e s t i m a t e d m o d e l the o m i t t e d t e r m s a re 

r e l a t i v e l y l a r g e . A r a n k i n g o f i n s t r u m e n t s b y 

VY„(x) i n n o w a y i m p l i e s a r a n k i n g b y EL(x). 

E v e n i f H & S h a d n o t f o r g o t t e n the s e c o n d 

t e r m s o n the r i g h t - h a n d s ides i n e q u a t i o n s 1 0 

a n d 1 1 , they w o u l d h a v e e n d e d u p c a l c u l a t i n g 

the w r o n g v a r i a n c e s . F o r i n c a l c u l a t i n g v a r i 

a n c e s , t hey used a c t u a l v a l u e s o f b o t h r a n d m 

( t h a t is , r„ a n d m„). A n d as is e a s i l y s h o w n , 

EY„(m„) is n o t i n g e n e r a l e q u a l t o EYp(ra). 

T h e e x p e c t a t i o n o f Yp at r = ra i s , b y e q u a t i o n 

8, 

(13) EYp{ra) = r - * — [at + a3ra] 
l - a\ 

a s s u m i n g u n b i a s e d e s t i m a t o r s o f the a,'s. F r o m 

e q u a t i o n 3 , i t f o l l o w s tha t 

(14) » ! „ = - [ r „ - fl4 - atY(ra) - £/,] 

a n d f r o m ( 5 ) tha t 

(15) ma = t * ^ r [(1 - cii - d3ah)ra 

a${i — di) 

— di + aidi — (diUi + d5U2) + U3 — aiU3] 

B u t the e x p e c t a t i o n o f Y„(m) at m = ma i s , 

b y e q u a t i o n s 9 a n d 1 5 , 

(16) EYp{ma) = ^ZTa^ t " 2 + a s r ^ 

d3(dbUx + abUj + U3 - axU3) 

(1 —a\ — a3ab) (1 — ai) 

5 In footnote 7, p. 45, they recognize but do not 
deal wi th this omission. 



S o at a n y p o i n t i n t ime EY,,(in„) ^ EY,,(r„) 

u n l e s s , b y s o m e c h a n c e , a l l (7, 's h a p p e n to be 

z e r o . 

T h u s , if a c t u a l o r o b s e r v e d v a l u e s o f b o t h 

( a l l ) p o s s i b l e i n s t r u m e n t v a r i a b l e s are u s e d i n 

c a l c u l a t i n g v a r i a n c e s , the r e s u l t i n g v a r i a n c e s 

w i l l c o r r e s p o n d to d i f f e ren t m e a n v a l u e s o f Y,„ 

a n d a c o m p a r i s o n o f v a r i a n c e s c o r r e s p o n d i n g to 

the s a m e v a l u e o f EY,„ w h i c h is w h a t H & S 

p r o p o s e d , is no t a c h i e v e d . 


