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Time Cons is tency o f Opt imal P l a n s : A Pr imer 

I n t r oduc t i on 

A p lann ing problem c o n s i s t s o f the f o l l o w i n g e lements : 

1. A des ignated agent , termed the p r i m o r d i a l p l a n n e r , who 

chooses a ( p o s s i b l y i n f i n i t e ) p l ann ing h o r i z o n , the 

i n i t i a l t ime o f which i s chosen , w i thout l o s s e s o f gene r 

a l i t y , t o be t = 0. The f i n a l t ime o f the ho r i zon i s 

denoted T, w i th T • • f o r an i n f i n i t e h o r i z o n . 

2 . A set o f present and fu tu re sequences (or con t inua) o f 

d e c i s i o n s , termed p l a n s . A subset o f these p lans a re 

determined by the p r i m o r d i a l p lanner to be f e a s i b l e , 

g iven h i s pe rcep t i ons o f the p rob lem's c o n s t r a i n t s . 

3* A system l i n k i n g the f e a s i b l e p lans to outcomes they 

cause . 

k. Performance c r i t e r i a used by the p r i m o r d i a l p lanner t o 

rank the d e s i r a b i l i t y o f f e a s i b l e p lan outcomes. A 

h ighes t rank f e a s i b l e p lan ( i f one e x i s t s ) i s termed an 

o p t i m a l , o r e q u i v a l e n t l y , a p r i m o r d i a l p l a n . 

As the op t ima l p lan i s implemented, o ther p lanners may 

want to change i t . They may have fundamental d i f f e r e n c e s w i th the 

p r i m o r d i a l p lanner about one or more o f the p lann ing elements 

above. For example, new ins t ruments may become a v a i l a b l e which 

change the c o n s t r a i n t s de te rmin ing the f e a s i b l e p l a n s . Un fo re 

seeab le new in fo rma t ion may become known about the system. O r , 

s o c i e t y may demand tha t the p lanner fundamental ly change the p e r 

formance c r i t e r i a i n i t i a l l y adopted . In any o f these even t s , i t 
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seems app rop r ia te tha t the " o p t i m a l " p lan be changed to r e f l e c t 

the new elements. 

I t i s p o s s i b l e , though, t ha t f u tu re p lanners w i l l be i n 

agreement w i th the p r i m o r d i a l p lanner about the l a t t e r t h ree 

p lann ing e lements . Because they eva lua te the p lans s t a r t i n g a t 

l a t e r dates than d i d the p r i m o r d i a l p l a n n e r , though, t h e i r p l a n 

n ing hor i zons are not the same as the p r i m o r d i a l p l a n n e r ' s . 

Future p lanners w i l l on ly concern themselves w i t h the impacts 

t h e i r proposed p lans have on t h e i r own present and f u t u r e , i g n o r 

i ng t h e i r own p a s t s . Th i s myopic (from the v iewpoint o f the 

p r i m o r d i a l p lanner ) behav io r on the pa r t o f f u tu re p lanners may 

lead them to dev ia te from the p r i m o r d i a l p l a n , even i f they a l l 

agree w i th the p r i m o r d i a l p lanner on the o ther p lann ing elements 

2 - U . From a normat ive po i n t o f v iew, i f one views the p r i m o r d i a l 

p l a n n e r ' s cho ice o f ho r i zon as the app rop r i a te c h o i c e , then t h i s 

myopic behav io r i s u n d e s i r a b l e . Can i t somehow be avoided? 

I f the p r i m o r d i a l p lanner cannot fo rce the fu tu re p l a n 

ners to implement the op t ima l p l a n , he can on ly hope tha t f u t u r e 

p lanners w i l l , o f t h e i r own f ree w i l l , choose to implement i t . A 

p lann ing problem which has the p roper ty tha t i t s op t ima l p lan w i l l 

be implemented by a l l f u tu re p l a n n e r s , each o f whom i s f r ee to 

change i t but won' t do s o , i s termed a p lann ing problem w i t h a 

c o n s i s t e n t op t ima l p l a n . Even i f a p lann ing problem does not have 

c o n s i s t e n t op t ima l p l a n s , i t may be t rue tha t some fu tu re p lanner 

a t t ime T < T w i l l f r e e l y choose to implement tha t pa r t o f the 

op t ima l p lan under h i s c o n t r o l . A p lann ing problem whose o p t i m a l 

p l an has t h i s p roper ty i s termed a problem w i t h a T - c o n s i s t e n t  

op t ima l p l a n . 
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As we w i l l s e e , o n l y c e r t a i n problems w i th very s p e c i a l 

s t r u c t u r e s have c o n s i s t e n t o r x - c o n s i s t e n t o p t i m a l p l a n s . 

Strotz and B u r n e s s ^ have shown tha t these s t r u c t u r e s a l s o 

r e q u i r e t h a t , i n any problem which i n v o l v e s d i s c o u n t i n g the f u 

t u r e , the d i scoun t f u n c t i o n nust be o f a very s p e c i a l form. In 

economic p lann ing prob lems, Kydland and P r e s c o t t , ^ C a l v o , ^ and 

F i s c h e r ^ ' have shown tha t these s p e c i a l s t r u c t u r e s r e q u i r e t h a t 

expec ta t i ons be adap t i ve r a t h e r than be ing r a t i o n a l o r b e i n g , i n 

some o the r sense , determined by f u t u r e p o l i c y d e c i s i o n s . F i n a l l y , 

we w i l l a l s o show tha t problems w i th what are u s u a l l y termed 

nonseparable performance c r i t e r i a do not possess c o n s i s t e n t o p t i 

mal p l a n s . 

These r e s u l t s are presented i n a u n i f i e d way through the 

use o f a d i s c r e t e t ime op t ima l c o n t r o l model . The model i s broad 

enough t o encompass a l l o f the above s p e c i a l s t r u c t u r e s , ye t 

s imple enough t o be understood by people u n f a m i l i a r w i th dynamic 

o p t i m i z a t i o n t echn iques . In the p r o c e s s , though, the reader w i l l 

become acqua in ted w i th the s o - c a l l e d Bellman P r i n c i p l e o f O p t i -

m a l i t y , which i s a necessary c o n d i t i o n c h a r a c t e r i z i n g o p t i m a l 

p lans i n p lann ing problems w i th c e r t a i n s p e c i a l s t r u c t u r e s . We 

w i l l see t h a t , when d i s c o u n t i n g i s not employed, the problems 

whose op t ima l p lans are c h a r a c t e r i z e d by Be l lman ' s P r i n c i p l e a r e 

p r e c i s e l y those problems whose op t ima l p lans are c o n s i s t e n t . When 

d i s c o u n t i n g i s employed, though, t h i s i s no l onge r the c a s e , and a 

d i f f e r e n t t e s t f o r c o n s i s t e n c y i s r e q u i r e d . 

In problems whose o p t i m a l p lans are not c o n s i s t e n t , t h e 

p r i m o r d i a l p lanner nust e i t h e r f i n d some way to fo rce fu tu re 
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p lanners t o implement her p l a n , or adopt some o ther s t r a t e g y . I f 

the former course o f a c t i o n i s i m p o s s i b l e , the p r i m o r d i a l p lanner 

may choose t o propose some o the r p lan which w i l l be f r e e l y im

plemented by fu ture p l a n n e r s . Such a p l a n i s termed c o n s i s t e n t , 

and i n genera l there may be many c o n s i s t e n t , a l b e i t s u b o p t i m a l , 

p l a n s . In problems not i n v o l v i n g d i s c o u n t i n g , p lans which are 

c o n s i s t e n t are p r e c i s e l y those p lans de r i ved v i a the use of the 

Bel lman P r i n c i p l e , r ega rd l ess o f whether o r not i t c h a r a c t e r i z e s 

the op t ima l p l a n . As mentioned above, these c o n s i s t e n t p lans a r e 

subopt imal un less the problem has a s t r u c t u r e i n which Be l lman ' s 

P r i n c i p l e does c h a r a c t e r i z e the op t ima l p l a n . 

The Opt imal P lann ing Problem 

The most g e n e r a l op t ima l p lann ing problem cons ide red 

here can always be p laced i n the form: 

( 1 ) D ^ D ^ V V - ' - V V V I ^ 

s . t . X T + 1 = f T (X T ,D Q , . . . ,D T , . . . ,D T ) ; XQ g i v e n , t=0, . . . ,T 

For each t , the p r i m o r d i a l p lanner chooses a v e c t o r D̂. from a 

cho ice se t CT(XT) to so l ve ( l ) , p roduc ing an op t ima l o r p r i m o r d i a l  

p l an (D*,...,D^)« The v e c t o r va lued s ta te equat ions f t determine 

the e v o l u t i o n o f the s t a t e vec to r XT« Note tha t we permi t the 

p o s s i b i l i t y t ha t f u tu re d e c i s i o n s may a f f e c t cu r ren t s t a t e s . T h i s 

s imple setup i s broad enough to e x h i b i t a l l known causes o f i n c o n 

s i s t e n c y wh i l e avo id i ng c o m p l i c a t i o n s concern ing the e x i s t e n c e and 
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computat ion o f op t ima l p lans i nhe ren t i n both i n f i n i t e ho r i zon and 

s t o c h a s t i c p lann ing problems. An i l l u s t r a t i v e example f o l l o w s . 

Example 1: C a p i t a l Budget ing 

Cons ider the f o l l o w i n g problem faced by a f i r m ' s p r imo r 

d i a l p l anne r , who chooses a p l an t o a l l o c a t e a f i x e d c a p i t a l 

budget K among T competing p r o j e c t s . P r o j e c t t s t a r t s i n p e r i o d t 

and , f o r s i m p l i c i t y , i s assumed to l a s t one p e r i o d . A d o l l a r 

i n v e s t e d i n the p r o j e c t s t a r t i n g (and ending) i n p e r i o d t earns a 

d i v i dend o f B t . An investment o f D t d o l l a r s i n p e r i o d t i s then 

assumed to y i e l d d iv idends o f B^D^. In a d d i t i o n , r e t a i ned e a r n 

ings i n p e r i o d t , denoted X t , a re taxed i n tha t p e r i o d a t the r a t e 

The und iscounted re tu rn to the f i r m i n p e r i o d t i s t hen : 

(2) U t ( X t , D t ) = D t B t - P t X t , t=0, T. 

At t ime t = 0 , the f i r m ' s p r i m o r d i a l p lanner c o r r e c t l y p e r c e i v e s a 

fu tu re i n t e r e s t ra te s e r i e s , ( i - p . . . , i rp ) . In d e r i v i n g her p l a n , 

she d iscoun ts the r e t u r n i n p e r i o d t by the f a c t o r l / ( l+ i -^) • 

( l + ig ) • • • • • ( l + i t ) . D e f i n i n g the d i scoun t f u n c t i o n 

(3) r ( t , x ) = l / ( l + i T + 1 ) ( l + i T + 2 ) • • • ( l + i t ) » 

r ( 0 , 0 ) = 1 

the p r i m o r d i a l p l a n n e r ' s maximand i s then : 

T 

(It) I r ( t , 0 ) U t ( X t , D t ) . 
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To complete the s p e c i f i c a t i o n of the p r i m o r d i a l p l a n 

n e r ' s prob lem, we d e r i v e the s t a t e equat ion f o r r e t a i n e d earn ings 

X ^ . S t a r t i n g a t t = 0, the p lanner i n v e s t s DQ from the t o t a l 

c a p i t a l fund K , l e a v i n g be fo re tax r e t a i n e d earn ings o f K - D Q . 

A f t e r tax r e t a i ned earn ings o f = ( 1 - P Q ) ( K - D Q ) are then l e f t 

f o r f u tu re investment purposes . In p e r i o d t = 1, investment o f D-̂  

l eaves be fo re tax r e t a i n e d earn ings o f X 1 - D-^, and a f t e r t a x 

ea rn ings o f X 2 = (l-Pj_) ( X ^ - D - ^ ) are a v a i l a b l e f o r f u tu re i n v e s t 

ment purposes. Con t i nu ing i n t h i s manner, we see t h a t : 

( 5 ) x t + i - ( 1 - V ( V V = f

t

( W ' t = 0 ' T ; x o = K -

The p r i m o r d i a l p l a n n e r ' s problem i s then: 

(6) D « ) D I r ( t , 0 ) U T ( X T , D / u ( X 0 , D 0 , . . . , X T , D T , X T + 1 , t ) 
0 T "t~"0 

s . t . X T + 1 = f T ( X T , D T ) , t=0, T ; X Q = K ; D^ e C T ( X T ) 

= [ o , x t ] 

where f t i s g i ven by (5). 

C l a s s i f i c a t i o n o f Opt ima l P lann ing Problems 

There are s e v e r a l subc lasses o f problem ( l ) t h a t prove 

u s e f u l i n the f o l l o w i n g . One subc lass o f problem i s termed non- 

a n t i c i p a t o r y , and c o n s t i t u t e s those problems i n which the cu r ren t 

s t a te v e c t o r depends on ly on cu r ren t and past d e c i s i o n v e c t o r s , 

i . e . , 

(7) X T + 1 = f T ( X T , D Q , . . . , D T ) , t=0, T. 
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By r e d e f i n i n g the cu r ren t s t a t e X T t o i n c l u d e the past d e c i s i o n 

v e c t o r s D Q , D^._^, a n o n a n t i c i p a t o r y prob lem's s t a t e equat ions 

can always be w r i t t e n i n the form 

( 8 ) Xt+1 = f t ^ X t » D t ^ ' t = 0 ' T * 

The most gene ra l n o n a n t i c i p a t o r y problem i s i l l u s t r a t e d i n F i g u r e 

1. Another important subc lass o f problems are the mono ton ica l l y  

separab le prob lems, i n which the o b j e c t i v e f u n c t i o n U i s sepa rab le 

and monotone i n the f o l l o w i n g sense: 

(9) U ( X

0 ' D 0 X T ' D T ' X T + 1 ) = 

g [ U 0 ( X Q , D Q ) , U X ( X ± , D 1 ) , . . . , U T ( X T , D T ) , U T + 1 ( X T + 1 ) ] = 

g x [UQ (XQ , D q ) , g 2 ( U X ( X X , D 1 ) , . . . , U T ( X T , D T ) , U T + 1 ( X T + 1 ) ) ] 

and 

fo r any f i x e d va lue o f U Q , g-^ i s a mono ton ica l l y non -

dec reas ing f u n c t i o n o f g 2 « 

A common type o f mono ton ica l l y separab le problem i s the a d d i t i v e  

separab le prob lem: 

T 
(9a) U ( X 0 > D 0 . . . , X T , D T , X T F L ) = I U T ( X T , D T ) + U ^ ^ X ^ ) 

"t—0 

diagrammed i n F igu re 2 ; and the d i scoun ted a d d i t i v e sepa rab le 

problem 

T 
(9b) U = I r ( t , 0 ) U . ( X . , D . ) + r ( T + l , 0 ) U ( X ( T , J - . ) 

t=0 
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where r ( t , 0 ) i s a r e a l va lued d iscount f u n c t i o n , g i v i n g the p r i 

mord ia l p l a n n e r ' s d iscount f a c t o r f o r d e c i s i o n s implemented a t 

t ime t . 

D e f i n i t i o n o f C o n s i s t e n t P lans 

Roughly speak ing , a c o n s i s t e n t p lan i s a sequence o f 
A A 

d e c i s i o n s ( D Q , . . . , D ^ , ) hav ing the p rope r t y t h a t , f o r each t ime 

T , D^ i s the f i r s t d e c i s i o n i n a p l an which maximizes the " o b j e c -
A A 

t i v e rema in ing" a f t e r D Q , D^ ^ have been determined. At each 

T , the above max imiza t ion t r e a t s t h e s t a te e v o l u t i o n X ^ , 
A A 

X ^ p a r a m e t r i c a l l y , and c a l c u l a t e s the impacts o f D^ on the 
A A 

f u tu re s t a tes X ^ and u t i l i t i e s U T , U.p. More 

p r e c i s e l y , we adopt two formal d e f i n i t i o n s w i t h i n our p lann ing 

framework; one fo r und iscounted problems and the o ther f o r d i s 

counted problems. 
A A 

For und iscounted prob lems, a p lan ( D Q , . . . ,1)^,) i s c o n -
A 

s i s t e n t i f and on ly i f fo r each 0 < T < T , D^ i s the f i r s t com

ponent i n a s o l u t i o n o f the f o l l o w i n g p rob lem: 
( 1 0 ) D " » , n "^O^V l̂ll'll'll'VDfXT+l' 

T T 

D T + 1 ' * " , X T ' D T , X T + 1 ^ 

A A A 

s . t . X T + 1 = f T ( X T , D 0 , . . . , D T _ 1 , D T , . . . , D T ) ; t=x, T 
A A 

w i t h XQ g i v e n and ( X ^ , . . . , X ^ , ) i s the s t a te e v o l u t i o n 
A A 

r e s u l t i n g from ( D Q , . . . , D ^ J and the s t a t e equat ions f^. 
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A 

Th is p roper ty can he weakened by r e q u i r i n g on l y t h a t D T be t h e 

f i r s t component o f a s o l u t i o n v e c t o r t o (10) f o r some p a r t i c u l a r x 

> 0 . T h i s weaker p roper ty i s termed x - c o n s i s t e n c y . The p lan i s 

c o n s i s t e n t i f and on l y i f i t i s x - c o n s i s t e n t f o r a l l x = 1, 

T. 

For d iscounted problems w i t h the performance index (9b ) , 

the f o rmu la t i on (10) w i l l not do. Th is i s because (10) assumes 

tha t the raaximand o f a p lanne r at t ime t i s 

T 
(11) I r ( t , 0 ) U t ( X t , D t ) + r ( T + l , 0 ) U T + 1 ( X T + 1 ) , 

t=t 

which i m p l i e s t ha t the p lanner a t t d i scoun ts h i s own cu r ren t and 

f u t u r e u t i l i t i e s as h e a v i l y as d i d the p r i m o r d i a l p lanner t p e r 

iods e a r l i e r . A more r e a l i s t i c assumption t r e a t s any fu tu re 

p lanners and the p r i m o r d i a l p lanner symmet r i ca l l y by assuming t h a t 

the p lanner a t t d i scoun ts f u t u r e u t i l i t i e s U^+ l» • • *» % i n t , i e 

same way tha t the p r i m o r d i a l p lanner d i scoun ts he r own f u t u r e 

u t i l i t i e s U ^ , U T _ T . Fo r example, i f i t i s assumed tha t the 

p r i m o r d i a l p lanner does not d i scoun t her cu r ren t u t i l i t y U Q , then 

we a l s o must assume tha t the p lanner a t t does not d iscount h i s 

own cu r ren t u t i l i t y U^.. Denot ing the d iscount f a c t o r f o r U^. o f a 
A A 

p lanner a t t ime x by r ( t , x ) , we say a p l an ( D Q , . . . , D ^ , ) i s d i s - 

counted c o n s i s t e n t i f and on l y i f f o r each x , 0 < x < T, D T i s the 

f i r s t component i n a s o l u t i o n v e c t o r t o the f o l l o w i n g prob lem: 
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( 1 2 ) D , ? f ? , D _ J r ( t , T ) U t ( X t , D t ) + r f W . x l U ^ f X ^ ) 

A A A 

s . t . X t + 1 = f t ( X t , D 0 , . . . , D t _ 1 , D t , . . . , D T ) , t=T, T. 

I f , f o r some p a r t i c u l a r T > 0, D T i s the f i r s t component 

i n a s o l u t i o n v e c t o r t o (9b), we say t h a t the p l an i s T - d i s c o u n t e d  

c o n s i s t e n t . 

Of c o u r s e , the op t ima l p l an ( D * , . . . , D * ) i n e i t h e r an 

und iscounted o r a d i scoun ted problem may o r may not be c o n s i s t e n t 

o r d iscounted c o n s i s t e n t . In the f o l l o w i n g s e c t i o n s , we exp lo re 

the r e l a t i o n s h i p between c o n s i s t e n c y and o p t i m a l i t y . 

The R e l a t i o n s h i p Between Cons is tency and  
O p t i m a l i t y f o r Undiscounted Problems 

Be l lman ' s P r i n c i p l e o f O p t i m a l i t y 

R i cha rd Bel lman formula ted the b a s i s f o r h i s o p t i m i z a 

t i o n t e c h n i q u e , c a l l e d Dynamic Programming, i n h i s 1957 book w i th 

the same t i t l e . The b a s i s f o r the t echn ique , c a l l e d the 

P r i n c i p l e o f O p t i m a l i t y , i s a necessary c o n d i t i o n c h a r a c t e r i z i n g 

op t ima l p lans f o r c e r t a i n types o f p l ann ing prob lems. I t i s 

r e p r i n t e d be low: 

"An op t ima l p o l i c y has the p rope r t y t ha t 
whatever the i n i t i a l s t a t e and i n i t i a l d e 
c i s i o n a r e , the remain ing d e c i s i o n s must 
c o n s t i t u t e an op t ima l p o l i c y w i t h regard t o 
the s t a t e r e s u l t i n g from the f i r s t d e c i s i o n . " 

In our j a r g o n , the a p p l i c a b i l i t y o f B e l l m a n ' s P r i n c i p l e i m p l i e s 

t ha t the op t ima l p lan ( D * , . . . , D * ) i n an und iscounted problem i s 1-
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c o n s i s t e n t . Th i s i s because i t says tha t ( D * , . . . , D * ) s o l v e s (10) 

f o r T = 1, so i t s f i r s t component D* i s the f i r s t d e c i s i o n i n t h e 

op t ima l p l a n . I f Be l lman ' s P r i n c i p l e a p p l i e s at each x > 0 , 

c o n s i d e r i n g the i n i t i a l s t a te t o be X* and the i n i t i a l d e c i s i o n t o 

be D* ^ , then the o p t i m a l p l an i s c o n s i s t e n t . 

As shown by M i t t e n , ^ and r e s t a t e d i n N e m h a u s e r , ^ 

Be l lman 's P r i n c i p l e a p p l i e s a t each x f o r n o n a n t i c i p a t o r y , mono

t o n i c a l l y separab le p rob lems, which proves tha t they have c o n s i s 

t e n t op t ima l p l a n s . The a p p l i c a t i o n o f Be l lman ' s P r i n c i p l e i n t h e 

impor tant s p e c i a l case o f n o n a n t i c i p a t o r y , a d d i t i v e s e p a r a b i l i t y 

i s demonstrated be low. The problem i s : 

( 1 3 ) v - - ' D T u = u ° ( x ° ' D o ) + * " + v w + - - - + v w 

• < W W 

s . t . = f t ( X t , D t ) , X 0 g i v e n , t=0, T, D t 8 

C t ( X t ) , and i s diagrammed i n F i g u r e 2 . 

To app ly B e l l m a n ' s P r i n c i p l e , we f i r s t note t ha t the 

n o n a n t i c i p a t o r y nature o f the s t a t e equat ion a l l o w s us t o r e c u r 

s i v e l y compute X ^ + 1 as f o l l o w s : 

X1 = f 0 ( X o , D 0 ) 

X 2 = f l ^ X l ' D l ) = f l ( f o ( X 0 » D 0 , » D l ) 

(lk) 

X 3 = f 2 ( X 2 , D 2 ) = f 2 ( f 1 ( f 0 ( X o , D 0 ) , D 1 ) , D 2 ) 

X t + ] _ = f t ( X t , D t ) = 
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Thus, any fu tu re s t a te depends s o l e l y on d e c i s i o n s made p r i o r t o 

t ha t t ime and the i n i t i a l s t a t e X Q , which i s c l e a r from a g lance 

a t F igu re 2 . By s u b s t i t u t i n g the above r e l a t i o n s i n t o the a d d i -

t i v e l y separab le o b j e c t i v e f u n c t i o n U, we see tha t the problem 

becomes: 

( 1 5 ) D0,???,D t W V + V W V ' V + 

U 2 ( f 1 ( f 0 ( X 0 , D 0 ) , D 1 ) , D 2 ) +...+ 

W V + U T + 1 ( X T+i 

w i t h XQ g iven and chosen from the set C T ( X T ) , t=0, T. 

I t i s the s p e c i a l s t r u c t u r e o f ( 1 3 ) t ha t permi ts the 

a p p l i c a t i o n o f B e l l m a n ' s P r i n c i p l e . No t ing tha t 1^ d o e s n ' t occur 

i n U Q , ( 1 3 ) can be so l ved by : 

(16) = m a x [ U 0 ( X 0 , D 0 ) + D i ) m f X ) D T U 1 ( X * , D 1 ) + . . . + U T ( X T , D j + 

W W 1 -

s . t . D Q e C 0 ( X 0 ) D t , e C t ( X t ) . 

X Q g i ven X * = f 0 ( X 0 , D Q ) 

Xt+1 = f t ^ X t ' D t ^ t = 1, T 

T h i s i s p r e c i s e l y what B e l l m a n ' s P r i n c i p l e says , i . e . , t ha t the 

remain ing d e c i s i o n s ( D * , . . . , D * ) must c o n s t i t u t e an op t ima l p l an 

w i t h regard to the s t a te ( X ^ ^ C x ^ ! ) * ) r e s u l t i n g from the f i r s t 

d e c i s i o n D*. A l s o , t h i s a b i l i t y t o decompose the o p t i m i z a t i o n 

problem shows tha t the op t ima l p lan s o l v i n g (10) i s 1 -cons i s -

t e n t . A p lanner a t t ime 1 who r e c o n s i d e r s the op t ima l p l an 
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D*, . . « , D* computed by the p r i m o r d i a l p lanner would s o l v e (10) 

f o r x = 1, t a k i n g X* = f Q ( X 0 , D * ) as g i v e n . P i c t o r i a l l y , the 

p lanner a t t ime 1 ignores the p a r t o f F i g u r e 2 t o the l e f t o f 

i n c a l c u l a t i n g h i s p l a n . T h i s i s the same problem (so produces 

the same s o l u t i o n ) as the i n n e r max imiza t ion i n ( l 6 ) computed by 

the p r i m o r d i a l p l a n n e r . In f a c t , a t each x > 0 , B e l l m a n ' s P r i n 

c i p l e s t i l l a p p l i e s t o ( 10 ) , whose s o l u t i o n i s thus x - c o n s i s t e n t 

f o r a l l x , i . e . , c o n s i s t e n t . To see t h i s , note from ( l 6 ) t h a t i t s 

i n n e r max imiza t ion can be s i m i l a r l y decomposed i n t o two p a r t s : 

n I V V V + X U t ( X t ) + U T + l ( X T + l ) ] 

(17) 

W W " - D t e w 

s . t . D x e C-^X-L) D t e C t ( X t ) 

X x g i ven X* = f ^ X . ^ ) 

Xt+1 = f t ^ t ' V t = 2 , . . . . T 

because U-̂  does not depend on the fu tu re d e c i s i o n s D 2 , • « « , D^. 

Thus, Be l lman ' s P r i n c i p l e a p p l i e s a g a i n , and the op t ima l p l an i s 

a l s o 2 - c o n s i s t e n t . Con t i nu ing i n t h i s manner, the o r i g i n a l T+l 

v a r i a b l e o p t i m i z a t i o n problem (13) can be decomposed i n t o T+l 

s i n g l e v a r i a b l e o p t i m i z a t i o n prob lems, y i e l d i n g the dynamic p r o 

gramming decomposi t ion 

( i 8 ) V " - - D T u = ^ v v v i ^ v v v + • • • + 

m a x ( U T ( X T , D T ) + U T + 1 ( X T + 1 ) ) ] ] . . ] 
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where X f c + 1 = f t ( X t , D t ) , t=0, T and D t e C t ( X t ) . So , 

B e l l m a n ' s P r i n c i p l e a p p l i e s a t each T > 0 , and the op t ima l p lan i n 

the und i scoun ted , a d d i t i v e s e p a r a b l e , n o n a n t i c i p a t o r y problem i s 

c o n s i s t e n t . A p lanne r a t any t ime x > 0 thus ignores the p a r t o f 

F i g u r e 2 t o the l e f t o f X T i n computing h i s p l a n . As vas men

t i oned e a r l i e r , B e l l m a n ' s P r i n c i p l e w i l l a l s o app ly at each x i n 

the more g e n e r a l c l a s s o f und iscounted mono ton i ca l l y s e p a r a b l e , 

n o n a n t i c i p a t o r y problems maximiz ing (9) sub jec t t o ( 8 ) . Op t ima l 

p lans f o r these problems a re then a l s o c o n s i s t e n t . To summarize, 

B e l l m a n ' s P r i n c i p l e a p p l i e s to und i scoun ted , mono ton ica l l y sep 

a r a b l e , n o n a n t i c i p a t o r y prob lems. In any und iscounted p rob lem, 

t h e a p p l i c a b i l i t y o f Be l lman ' s P r i n c i p l e a t each x i m p l i e s t ha t 

the op t ima l p lan i s c o n s i s t e n t . 

D iscounted Cons is tency f o r Discounted Problems 

The d i s c o u n t e d , a d d i t i v e s e p a r a b l e , n o n a n t i c i p a t o r y 

problem o f maximiz ing (9b) sub jec t t o (8) can a l s o be s o l v e d by 

a p p l y i n g B e l l m a n ' s P r i n c i p l e a t each x . Th i s i s e a s i l y seen by 

n o t i n g tha t r e d e f i n i n g U t t o be r ( t , 0 ) U t ( X t , D t ) b r i n g s (9b) i n t o 

the form o f (13) . Then, one a p p l i e s the p roo f j u s t g i v e n . 

Th is f a c t , though, has no b e a r i n g on whether o r not t h e 

o p t i m a l p lan i s d iscounted c o n s i s t e n t . Wh i le the p r i m o r d i a l p l an 

s a t i s f i e s (10) f o r each x , d iscounted c o n s i s t e n c y r e q u i r e s t h e 

s a t i s f a c t i o n o f (12) f o r each T . In a cont inuous t ime s e t t i n g , 

Burness , g e n e r a l i z i n g a r e s u l t o f S t r o t z , found necessary and 

s u f f i c i e n t c o n d i t i o n s tha t must be s a t i s f i e d by r ( t , x ) t o ensure 

d i scoun ted c o n s i s t e n c y o f the op t ima l p l a n . His p roo f i n v o l v e s 

the use o f the c a l c u l u s o f v a r i a t i o n s . Our d i s c r e t e t ime forrau-
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l a t i o n a l l ows us t o d e r i v e the d i s c r e t e t ime analogue o f h i s 

r e s u l t u s i n g s imple c a l c u l u s . 

D i s c r e t e Time Burness Theorem 

A necessary and s u f f i c i e n t c o n d i t i o n f o r the d i scoun ted  

c o n s i s t e n c y o f an op t ima l p lan maximiz ing (9b) sub jec t to (8) i s  

t h a t 

« » ' * r a l l . , t . T , T . . 

A s imple c o r o l l a r y o f t h i s i s tha t i f the d i scoun t  

f u n c t i o n i s g iven by ( 3 ) , then the op t ima l p l an i s d iscounted  

c o n s i s t e n t . 

P r o o f . We f i r s t prove n e c e s s i t y . The f i n a l d e c i s i o n 

D* o f the o p t i m a l p lan i s found by s o l v i n g 

(20) gax r ( T , 0 ) U T ( X * , D T ) + r ( T + l , 0 ) U i p f l ( f T ( X * , D T ) ) 

where X* i s the s t a te a t t ime T o f the p r i m o r d i a l p l a n . Assuming 

an i n t e r i o r maximum, s o l v i n g (20) y i e l d s : 

3U 3U 3f 
r ( T , 0 ) jjl (X* ,D* ) • r ( T f l , 0 ) - 3 ^ 3 ^ {XT!>DV = 0 

or 

(21) 

3U 

r (T+ l , 0 ) _ a D T T T 

H T . O ) ~ ~ 3U 3f 
±Z±—i(Y* D*) 

3 f T S D ^ W 
A p lanner a t t ime T would so l ve (12 ) , w i th h i s f i n a l 

d e c i s i o n Drp, computed by s o l v i n g : 

(22) max r ( T , T ) U T ( X T , D T ) + r ( T f l , T ) U T + 1 ( f T ( X T , D T ) ) 



- l 6 -

where X T i s the s t a t e at t ime T and i s taken p a r a m e t r i c a l l y . 

S o l v i n g (22) y i e l d s : 

(23) 

3U . . 
a n ^ X T , D ) 

r ( T » l t T ) 
r ( T , T ) " ' 3U 8f . A ' 

3 f T 3Pj, T T 

Cons i s tency o f the op t ima l p lan requ i res tha t the s e 

quence o f f u tu re p lanners a t each t ime T chooses the same d e c i s i o n 
A A 

t ha t the p r i m o r d i a l p lanner d i d . T h i s means tha t D Q = D*, = 
A 

D*, D T = D*, wh i ch , th rough the s t a t e e q u a t i o n s , i m p l i e s 
A A A 

t h a t X 1 = X * , X g = X * , X T + 1 = X » + 1 . In p a r t i c u l a r , c o n s i s -
A A 

tency o f the p r i m o r d i a l p lan r e q u i r e s X T = X* = D*, so tha t 

the r i gh t - hand s i d e s o f (21) and (23) are e q u a l . Thus, we see 

tha t 

(ok\ r ( T + l , 0 ) _ r (T+ l , x ) _ 

r (T+ l T ) 

i . e . , t h a t the r a t i o ^ i p ^ [ i s independent o f T . 

Nex t , c o n s i d e r the p r i m o r d i a l p l a n n e r ' s cho ice D* ^ . 

Th i s i s formed by s o l v i n g : 

(25) max^ [ r ( W , 0 ) O M ( X j L 1 ^ L 1 ) + 

max [ r (T ,0 ) . ^ ( ^ ( ^ ^ ) , B p ) 

+ r ( T + l , 0 ) U T + 1 ( f T ( f T _ 1 ( X * _ 1 , D T _ 1 ) , D T ) ) ] ] 

whose s o l u t i o n s a t i s f i e s the c o n d i t i o n tha t the p a r t i a l d e r i v a t i v e 

o f (25) w i t h respec t t o Dip_^ equa ls z e r o , o r 
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3 U T 1 3 U T 3 f T 1 
(26) r ( T - l , 0 ) ( X * D * ) + r(T,0) ^ 1 

T - l ' T - l T - l 

3U 3 f 3 f 
+ r ( T + 1 , 0 ) W T ^ ( D ? ) = o. 

T T - l T - l 

D i v i d i n g by r(T,0) and r e a r r a n g i n g l e a v e s : 

(27) 
r ( T - l , 0 ) 3 U T - 1 =

 3 U T 3 f T - l 
r (T,0) 3 D T _ 1 " dfT_x 3 D T _ 1 

, r (T+l ,0) 3 U T+1 3 f T 9 f T - l 
r (T,0) 3 f T S f ^ 3 D T _ 1 

vhere a l l d e r i v a t i v e s are eva lua ted a long the op t ima l p l a n . 

The p lanne r a t any t ime T who r e c o n s i d e r s t h i s c h o i c e o f 

Rp-1 would s o l v e : 

(28) max^ ( r ( T - l , T ) U T _ 1 ( X * _ 1 , D T _ 1 ) + 

max[ r (T,T)U ( f (X* ,D ),D ) 
T 

+ r ( T + l , x ) U T _ L ( f T ( f w ( X » _ 1 , D T _ X ) , D T ) ) ] I. 

Cons i s tency r e q u i r e s i t s s o l u t i o n to he the same as tha t o f (25), 

so a mod i f i ed c o n d i t i o n (27) r e s u l t s , w i t h 0 r e p l a c e d by T : 

foo l r ( T - l , T ) 3 U T - 1 . 3 U T 3 f T - l 
[ 2 9 ) r ( T , T ) 3 D T _ 1 " ~ 3 f T _ 1 3 D ^ 1 

r ( T + l , r ) 3 U T+1 3 f T 3 f T - l 
r ( T , T ) 3 f T 3 f T _ 1 3 D T _ 1 * 
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r (T+ l x) 
As we have j u s t seen , r '(ip x) i S i n d e P e n d e n t o f T * 

r(T—1 T ) 
The re fo re , (29) i m p l i e s t h a t ^ must a l s o be independent o f 

r (T+l T ) 

T , i n c l u d i n g , by ( 2 7 ) , t = 0 . But t h e n , o f c o u r s e , r ( T _ 1

T

T ) n u s t 

a l s o be independent o f x . 

C o n s i d e r i n g the p r i m o r d i a l and fu tu re p l a n n e r s ' problems 

f o r f i n d i n g D T _ 2 , and imposing c o n s i s t e n c y , we s i m i l a r l y f i n d 

t h a t r ( ^ " g ? x ) i s i n d e P e n d e n t o f T « This i m p l i e s t ha t the r a -

t i o s ,1, * i and =7^0 \ a r e a l s o independent o f x . Con t i nu ing 

the process f o r B>p_3, D Q , i t i s t e d i o u s , but s i m p l e , t o f i n d 

t h a t i t i s necessary t h a t a d i scoun ted c o n s i s t e n t , o p t i m a l p lan i n 

a n o n a n t i c i p a t o r y , a d d i t i v e separab le problem s a t i s f i e s (19)• 

The p roo f o f the s u f f i c i e n c y o f (19) f o r the d i scoun ted 

c o n s i s t e n c y o f the op t ima l p lan i s s t r a i g h t f o r w a r d , and w i l l be 

omi t ted he re . 

The Relevance o f S t r o t z - B u r n e s s 

The problem both S t r o t z and Burness use t o d i s c u s s t h i s 

r e s u l t i s a problem where the p r i m o r d i a l p l a n n e r , who a l s o p l a y s 

the r o l e o f a l l f u tu re p l a n n e r s , i s p l ann ing her own fu tu re c o n 

sumption s t ream. I f the p l a n n e r ' s p re fe rence o r d e r i n g over f u t u r e 

consumption streams i s not r ep resen tab le t y a d i scoun ted separab le 

u t i l i t y (9b) w i th r ( t , x ) o f the necessary form (19) , then the 

p r i m o r d i a l p lan i s not c o n s i s t e n t . S t r o t z views the l ack o f 

c o n s i s t e n c y as damaging t o a normat ive theory o f b e h a v i o r , wh ich 

p r e s c r i b e s tha t the p lan which should be implemented i s the p r i 

mo rd ia l p l a n . From t h i s v i e w p o i n t , the consumer who d o e s n ' t 

implement her p r i m o r d i a l p lan i s myopic. S t r o t z says ( l , p . 173) 



- 1 9 -

"An i n d i v i d u a l , who because he does not 
d i scoun t a l l f u tu re p l e a s u r e s at a cons tan t 
ra te o f i n t e r e s t f i n d s h i m s e l f c o n t i n u o u s l y 
r e p u d i a t i n g h i s past p l a n s , may l e a r n to 
d i s t r u s t h i s f u tu re b e h a v i o r , and may do 
something about i t . " 

S t r o t z proposes tha t such an i n d i v i d u a l may choose 

e i t h e r o f two c o u r s e s : 

1. At t ime z e r o , the i n d i v i d u a l chooses to precommit 

her f u t u r e d e c i s i o n s i r r e v o c a b l y , o r 

2. the i n d i v i d u a l w i l l dec ide t o s u c c e s s i v e l y r e c a l c u 

l a t e the o p t i m a l p l a n . 

The l a t t e r would produce a p l an i n wh i ch , f o r each T , the chosen 

D T i s t ha t found by s o l v i n g (12) f o r x . By d e f i n i t i o n , t h i s 

procedure always generates a d i scoun ted c o n s i s t e n t p l a n , which i s 

not the p r i m o r d i a l p lan u n l e s s r ( t , x ) i s o f the necessary form 

(20). 

S t r o t z ' s a la rm i s u n j u s t i f i e d i n problems l i k e those he 

d i s c u s s e d , where the re i s o n l y a s i n g l e d e c i s i o n maker, i . e . , t h e 

p r i m o r d i a l p l a n n e r . Un less the p r i m o r d i a l p lanner has changed her 

mind about the a p p r o p r i a t e h o r i z o n , o r about the a p p r o p r i a t e 

performance c r i t e r i o n , s t a te equat ions and c o n s t r a i n t s o p e r a t i v e 

over t ha t h o r i z o n , she never would r e c o n s i d e r the p r i m o r d i a l 

p l a n . I t s cons i s t ency (or l ack o f ) i s then a moot p o i n t . I f the 

p r i m o r d i a l p lanner d i d change her mind about one o r more o f the 

above p lann ing problem e lements , then she would not n e c e s s a r i l y 

c o n s i d e r the p r i m o r d i a l p lan t o be op t ima l anymore. The f a c t t h a t 

i t i s a l s o i n c o n s i s t e n t i n t h i s event does not imply t ha t the 
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p r i m o r d i a l p lanner i s myopic. Ra the r , the economist who p o s i t s 

t ha t such a d e c i s i o n maker w i l l implement the p r i m o r d i a l p lan has 

made an i n c o r r e c t assumpt ion . 

Many economic mode l le rs o f a s i n g l e d e c i s i o n maker 's 

behav io r have assumed tha t the p r i m o r d i a l p lan w i l l be i m p l e 

mented. These mode l le rs assume tha t the s i n g l e d e c i s i o n maker 

( e . g . , a f i r m o r a consumer) maximizes some o b j e c t i v e ( e . g . , 

p r o f i t s or u t i l i t y ) over some f i x e d h o r i z o n , u s u a l l y chosen to be 

i n f i n i t e . Fxamples i n c l u d e the dynamic compe t i t i ve f i r m models 

t r ea ted by Sargen t . Among t h e o r i e s o f the f i r m , the most 

w ide l y accepted b e h a v i o r a l assumption i s t ha t f i rms maximize 

d iscounted p r o f i t s , u s i n g the d iscount f unc t i on (3) o f our c a p i t a l 

budget ing example. Among t h e o r i e s o f the consumer, the re i s l e s s 

agreement on the a d m i s s i b l e forms o f the consumer 's i n te r t empora l 

u t i l i t y f u n c t i o n . However, the assumption commonly employed i n 

the recent r a t i o n a l expec ta t i ons models o f Sargent and o the rs i s 

t ha t a consumer 's i n t e r t e m p o r a l p re fe rences a re r ep resen tab le by a 

d i s c o u n t e d , a d d i t i v e l y s e p a r a b l e , t ime i n v a r i a n t u t i l i t y f u n c t i o n : 

(30) I ( jJr f tCCJ A I r*U(C ) 
t=o 1 1 z t - o t 

where r = — - J i s a " cons tan t r a t e o f t ime p r e f e r e n c e . " 

The c o r o l l a r y to the Burness Theorem i m p l i e s tha t non

a n t i c i p a t o r y models o f the f i r m w i t h a d i scoun t f u n c t i o n (3) w i l l 

be c o n s i s t e n t . Thus, even i f the f i r m ' s management p lanner 

changes i t s d e c i s i o n h o r i z o n and r e c o n s i d e r s the p r i m o r d i a l p l a n , 

the p r i m o r d i a l p lan w i l l s t i l l be implemented. Nonan t i c i pa to r y 
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models o f the consumer w i th a d i s c o u n t e d , a d d i t i v e l y sepa rab le 

u t i l i t y o f the form (30) w i l l a l s o be c o n s i s t e n t , as noted by 

S t r o t z . Th is i s because the cons tan t r a t e d i scoun t f u n c t i o n used 

i n them i s : 

(31) r ( t , x ) = r*-* = ( T T § I T ) t ' T ( i + i ) . . . ( i f i ) ; 
Y 

t - T t imes 

and i s thus o f the same form as ( 3 ) , w i t h i t = i , f o r a l l t . Of 

c o u r s e , even i f a consumer 's u t i l i t y f u n c t i o n i s a d d i t i v e l y sep

a r a b l e , i t i s p o s s i b l e t ha t the consumer 's d i scoun t f u n c t i o n w i l l 

not be o f the form (19). In t h i s even t , an economist who admits 

the p o s s i b i l i t y t ha t the consumer w i l l change h i s h o r i z o n and 

r e c o n s i d e r h i s p r i m o r d i a l p l a n , must then a l s o admit tha t the 

p r i m o r d i a l p lan i s i n c o n s i s t e n t and w i l l not be implemented. 

S t r o t z ' s c l a i m tha t i n c o n s i s t e n c y o f p r i m o r d i a l p lans 

leads t o u n d e s i r a b l e myopic b e h a v i o r has more v a l i d i t y i n models 

w i t h f u tu re p lanners o ther than the p r i m o r d i a l p l a n n e r . T h e i r 

d e c i s i o n h o r i z o n s d i f f e r f rom t h a t o f the p r i m o r d i a l p l a n n e r . In 

these models, even i f a l l f u tu re p lanners agree w i t h the p r imo r 

d i a l p l a n n e r ' s cho i ce o f performance c r i t e r i o n , and w i th he r 

assessment o f the s t a te equat ions and c o n s t r a i n t s , they s t i l l may 

not implement the p r i m o r d i a l p lan u n l e s s r ( t , f ) s a t i s f i e s (19 ) . 

I f one b e l i e v e s tha t the p r i m o r d i a l p l a n n e r ' s cho ice o f ho r i zon 

i s , i n some sense , the c o r r e c t c h o i c e , then the i n c o n s i s t e n c y 

c e r t a i n l y seems t o cause u n d e s i r a b l e myopic behav io r . 

Opt imal growth models wh ich maximize s o c i a l we l f a re over 

l ong o r i n f i n i t e ho r i zons must admit the ex i s t ence o f f u tu re 
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p l a n n e r s . I ncons i s tency o f t h e i r op t ima l p lans i s l i k e l y , f o r 

they are o f ten proposed f o r use i n p lann ing environments where i t 

i s imposs ib l e to precommit the b e h a v i o r o f f u t u r e p l a n n e r s , and 

because there i s seldom any good reason to b e l i e v e t h a t d i s c o u n t 

i n g w i l l be o f the form ( l 9 ) » S e v e r a l t h e o r i s t s assume tha t the 

s o c i a l we l f a re f u n c t i o n i s o f the form ( 3 0 ) , i n which case the o p 

t i m a l p lan i s c o n s i s t e n t . But the p r i c e t h a t these models pay i s 

the same p a i d by models o f i n d i v i d u a l agents which assume t h i s 

form. These t h e o r i s t s must r u l e out the p o s s i b i l i t y t ha t the 

p l a n n e r ' s p re fe rence o rde r ings may not be rep resen tab le by s o c i a l 

we l f a re f u n c t i o n s o f t ha t form. Koopmans^ 1 0 ^ has found axioms 

c h a r a c t e r i z i n g p re fe rence o rde r i ng which are rep resen tab le by 

( 3 0 ) . Whether o r not these axioms are p l a u s i b l e i n p o s i t i v e 

models , o r d e s i r a b l e i n normat ive models, has never been 

determined. 

A n t i c i p a t o r y Behav io r as a Cause o f I ncons i s t ency 

A n t i c i p a t o r y behav io r as a p e r v a s i v e cause o f i n c o n s i s 

tency has been s t r e s s e d by P r e s c o t t and Kyd land , F i s h e r , and t h e 

i n t r o d u c t o r y a r t i c l e i n Lucas and S a r g e n t . T h e concept can be 

f u l l y i l l u s t r a t e d by the s i m p l e , a d d i t i v e s e p a r a b l e , a n t i c i p a t o r y 

problem i l l u s t r a t e d i n F igu re 3« The p l a n n e r ' s problem i s t o : 

( 3 2 ) V W + W V + U 2 ( X 2 ) 

s . t . X X = ^ ( X O . D Q . D J ^ ) , X 2 = f 1 ( X 1 , D 1 ) . 

S u b s t i t u t i n g the s t a t e equat ions i n the o b j e c t i v e f u n c t i o n , p r o b 

lem ( 3 2 ) i s to f i n d D * and D* s o l v i n g 
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(33) jjnaĝ  U

0

( X 0 ' D 0 )
 + V V V V V ' V + V V V V * ' 

The s o l u t i o n o f (32) w i l l , i n g e n e r a l , be i n c o n s i s t e n t . The 

problem i s und i scoun ted , so c o n s i s t e n c y r e q u i r e s tha t (33) he 

decomposed by the Bel lman P r i n c i p l e : 

(3U) max [ U 0 ( X ( ) , D 0 ) + m a x [ U 1 ( X » , D 1 ) + U 2 ( f 1 ( X * , D 1 ) ) ] ] 

where ( X * , X * ) i s the s t a te t r a j e c t o r y determined by f Q , f^, and 

the op t ima l p lan D*, D*. 

However, (3*0 does not f o l l o w from (33 ) , so (33) i s not 

1 - c o n s i s t e n t . Th is i s because a f u t u r e p l a n n e r ' s cho i ce o f a t 

t ime p e r i o d 1, t a k i n g the s t a t e X * as g i v e n , w i l l so l ve the inner 

max imiza t ion i n (3*0, i . e . , 

(35) max [ U ^ . D ^ + U ^ f ^ X * ^ ) ) I , 

p roduc ing a d e c i s i o n D 1 w h i c h , u n l i k e the op t ima l p l a n ' s D*, t akes 

no account o f the i n d i r e c t impact Di has on through X̂ _ = 

fQfXQ.DQjD-^). Thus * D*, so the op t ima l p lan i s i n c o n s i s 

t e n t . T h i s i s obv ious from F i g u r e 3 , where we see tha t a f u t u r e 

p lanner a t t ime 1 who accep t s X* as g i v e n , w i l l , o f c o u r s e , i gnore 

t h e e f f e c t D-̂  has on X-^. The fu tu re p lanner wo r r i es on l y about 

the e f f e c t s D-̂  has on U ^ , Xg , and Dg. 

P r e s c o t t and Kydland argue tha t the assumption o f 

p e r f e c t f o r e s i g h t o r r a t i o n a l expec ta t i ons i n macroeconoraic p l a n 

n i n g models i n t roduces such a n t i c i p a t o r y phenomena i n t o them, 

which cause the p r i m o r d i a l p lans t o be i n c o n s i s t e n t . In our 

parad igm, a macroeconomic p l ann ing model has the government choos 

i n g p o l i c y v a r i a b l e s D Q , D T t o maximize some performance c r i -



-2k-

t e r i o n U sub jec t to the b e h a v i o r a l r u l e s o f f i rms and consumers, 

as g iven i n the form o f s t a te equa t i ons . These r u l e s take the 

g e n e r a l form: 

(36) X t + 1 = f t ( X t , D Q D t , D ^ + 1 , . . . , D p , t«0, T 

which means tha t the r e l e v a n t behav io r o f f i rms and consumers i n 

the next pe r i od i s some f u n c t i o n o f past ' behav io r and government 

d e c i s i o n s as w e l l as t h e i r e x p e c t a t i o n o f f u t u r e government d e c i 

s i o n s . , D®. The assumption o f p e r f e c t f o r e s i g h t i n the 

d e t e r m i n i s t i c model above i s t h a t : 

(37) D * + J = D t + J , J = l , T - t ; f o r each t=0, . . . . T - l 

which c r e a t e s the most gene ra l p o s s i b l e p lann ing problem ( l ) 

cons ide red h e r e . U n l i k e the p rev ious example, the s t a t e X t i n 

each p e r i o d t depends on f u t u r e d e c i s i o n s . Then, not on ly i s the 

op t ima l p lan i n c o n s i s t e n t , i t i s not even x - c o n s i s t e n t f o r any x . 

Fur thermore, t h i s negat i ve r e s u l t s t i l l ho lds when the 

assumption o f p e r f e c t f o r e s i g h t i s weakened. For example, c o n 

s i d e r the myopic p e r f e c t f o r e s i g h t case i l l u s t r a t e d i n F igu re U. 

There, the b e h a v i o r a l s t a t e at t ime t depends not on a l l f u t u r e 

d e c i s i o n s , but only on tha t d e c i s i o n made i n p e r i o d t+1: 

( 3 8 ) X

t+i • WV +̂i5 • ft(xt*Dt»Dt+i)-

The same t h i n g tha t happens i n F i g u r e 3 happens i n each p e r i o d , so 

t h a t an op t ima l p l an f o r an economy w i th myopic p e r f e c t f o r e s i g h t 

i s n e i t h e r c o n s i s t e n t nor x - c o n s i s t e n t f o r any x > 0. 
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In f a c t , any sys temat i c r e l a t i o n s h i p between expected 

and a c t u a l f u tu re d e c i s i o n s w i l l cause i n c o n s i s t e n c y . In more 

s o p h i s t i c a t e d s t o c h a s t i c models where fu tu re expec ta t i ons a r e 

random v a r i a b l e s , the r a t i o n a l expec ta t i ons hypo thes is t ha t 

equa ls the mean o f D t + j w i l l cause i n c o n s i s t e n c y f o r the same 

reason . In f a c t , even s y s t e m a t i c a l l y b i a s e d , but s t i l l f u tu re 

determined expec ta t i ons D ^ + j = g (mean o f where g i s some 

f u n c t i o n , shou ld cause i n c o n s i s t e n c y . 

P r e s c o t t and Kydland g i ve some microeconomic examples o f 

a n t i c i p a t o r y phenomena, which f i t i n t o the s imp le two -pe r i od model 

o f F igu re 3« For example, they mention the case o f o p t i m a l gov

ernment pa tent p o l i c i e s . There , i t i s o p t i m a l t o o f f e r a number 

o f pa ten ts (DQ) i n i t i a l l y , to induce an op t ima l l e v e l o f i n v e n t i v e 

a c t i v i t y ( X * ) . But i n pe r i od 1, a f t e r these i n v e n t i o n s are e r e -
A 

a t e d , i t seems best to remove a l l the p a t e n t s , l e a v i n g no ( D ^ = 0) 

p a t e n t s , r a t h e r than l e a v i n g D * = D * p a t e n t s , so t h a t the i n v e n 

t i o n s can be produced by c o m p e t i t i v e markets r a t h e r than by monop

o l i e s . Inventors who expected t h i s t o happen ( i . e . , = 
A 

= 0) would not have undertaken t h e op t ima l l e v e l o f i n v e n t i v e 

a c t i v i t y , ( X * ) , though. So , the o p t i m a l l e v e l o f pa ten ts t ha t 

shou ld remain , D * * = 0 , and the o p t i m a l p lan i s i n c o n s i s t e n t . 

Both P r e s c o t t and Kydland and F i s c h e r d i s c u s s the i n c o n 

s i s t e n c y o f op t ima l t a x a t i o n p lans i n wor lds where f i rms have 

f u t u r e determined e x p e c t a t i o n s . However, they o f f e r r a d i c a l l y 

d i f f e r e n t remedies f o r t h i s p rob lem. The former advocate S t r o t z ' s 

f i r s t c o u r s e , i . e . , tha t f u tu re d e c i s i o n s be precommitted by the 

p r i m o r d i a l p l a n n e r . They propose t o do t h i s by hav ing the p r i -
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mord ia l p lanner s u b s t i t u t e s imp le p o l i c y r u l e s , wherein f u t u r e 

p lanners are bound to use predetermined r u l e s to make d e c i s i o n s 

on ly nomina l l y under t h e i r c o n t r o l , f o r the d i s c r e t i o n f u t u r e 

p lanners would o therw ise have i n making d e c i s i o n s . A l though these 

r u l e s are c l e a r l y subopt imal from the p r i m o r d i a l p l a n n e r ' s p o i n t 

o f v iew, P r e s c o t t and K y d l a n d ' s s i m u l a t i o n s show tha t these r u l e s 

appear t o outper form the subopt ima l s o l u t i o n which would o the rw i se 

be implemented a t the d i s c r e t i o n o f f u t u r e p l a n n e r s . However, as 

F i s c h e r po in ted o u t , t he re w i l l g e n e r a l l y s t i l l be an i n c e n t i v e 

f o r fu tu re p lanners t o break these subopt imal ( from t h e i r v i ew

po in t ) r u l e s . Of c o u r s e , one might argue tha t the p r i m o r d i a l 

p lanner cou ld adopt c o n s t i t u t i o n a l o r o ther b i nd ing c o n s t r a i n t s to 

fo rce the fu tu re p lanners t o f o l l o w these p o l i c y r u l e s . But i f 

t ha t were f e a s i b l e , why c o u l d n ' t the p r i m o r d i a l p lanner adopt 

c o n s t r a i n t s t o prevent the op t ima l p lan i t s e l f from ever b e i n g 

changed? 

Rather than advocate the s u b s t i t u t i o n o f s imple r u l e s 

f o r d i s c r e t i o n , F i s c h e r contends t h a t the use o f d i s c r e t i o n on  

occas ion may be war ran ted . The patent example c i t e d e a r l i e r can 

be used t o i l l u s t r a t e F i s c h e r ' s r e a s o n i n g . I f the f u t u r e p lanners 

repea ted ly revoke pa ten ts granted e a r l i e r to i n v e s t o r s , then 

e v e n t u a l l y a l l f u t u r e i nven to r s would expect t h i s t o happen and 

would cease i n v e n t i n g . Repeated ly revok ing patents i n a r a t i o n a l 

expec ta t i ons environment i s thus u n d e s i r a b l e . However, the o c 

c a s i o n a l revoca t ion o f pa ten ts which would have produced vas t 

monopoly p r o f i t s w i l l p robab ly not reduce t o t a l i n v e n t i v e a c t i v i t y 

very much, and w i l l produce much s o c i a l b e n e f i t through lowered 
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monopoly p r o f i t s . F i s c h e r r a i s e s the p o s s i b i l i t y t ha t randomiza 

t i o n o f d e c i s i o n s may be o f use i n d e v i s i n g such a s t r a t e g y . In 

the patent example, the government might randomly c a n c e l p a t e n t s , 

u s i n g some preannounced and expected p r o b a b i l i t y d i s t r i b u t i o n to 

do s o . The r e s u l t i n g outcome o f t h i s s t o c h a s t i c p lan may be 

b e t t e r than tha t o f a s i m p l e , d e t e r m i n i s t i c r u l e , p a r t i c u l a r l y i f 

the i nven to r s most w i l l i n g t o bear the r i s k are a l s o the most 

l i k e l y to produce v a l u a b l e i n v e n t i o n s . Once a g a i n , though, why 

wou ldn ' t f u t u r e p lanners have an i n c e n t i v e t o change a p rev ious ly -

adopted randomizat ion r u l e ? 

A l l o f the problems c rea ted by t ime c o n s i s t e n c y due to 

a n t i c i p a t o r y phenomena are the r e s u l t o f a fundamental paradox . 

T h i s paradox i s due to the l o g i c a l i n c o n s i s t e n c y o f the f o l l o w i n g 

th ree assumptions common t o a n a l y s t s ' models o f op t ima l p l a n n i n g 

w i t h a n t i c i p a t o r y phenomena: 

( A l ) Assume t h a t agents c o r r e c t l y a n t i c i p a t e f u t u r e 

p lann ing a c t i o n s ( i . e . , d e c i s i o n s , p o l i c y r u l e s , 

randomiza t ion r u l e s , e t c . ) which are r e l e v a n t to 

t h e i r own w e l f a r e . 

(A2) Assume t h a t f u tu re p lanners can observe the agen ts ' 

pas t a n t i c i p a t i o n s o f cu r ren t and f u t u r e p l ann ing 

a c t i o n s . 

(A3) Assume tha t f u tu re p lanners have the d i s c r e t i o n t o 

implement a c t i o n s wh ich were not a n t i c i p a t e d i n the 

past by agen ts . 
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Tirae i n c o n s i s t e n c y i m p l i e s t h a t p lanners endowed w i th the powers 

o f (A2) and (A3) w i l l a c t u a l l y implement a c t i o n s which were not 

a n t i c i p a t e d by pas t a g e n t s , thus v i o l a t i n g the " r a t i o n a l e x p e c t a 

t i o n s " assumption ( A l ) . A l t e r n a t i v e l y , i f an a n a l y s t i n s i s t s tha t 

(A l ) and (A2) must be v a l i d , then (A3) must be v i o l a t e d , i . e . , the 

a n a l y s t cannot admit the p o s s i b i l i t y t ha t f u tu re p lanners have the 

d i s c r e t i o n t o change the p r i m o r d i a l p l a n . In t h i s c a s e , f u t u r e 

p lanne rs have no " f r e e w i l l " to ac t i f agents can c o r r e c t l y a n t i c 

i p a t e these a c t i o n s be fo rehand . They are p reo rda ined t o f o l l o w 

t h e p r i o r a n t i c i p a t i o n s o f agents w h i c h , due t o t ime i n c o n s i s 

t e n c y , would not be r e a l i z e d i f p lanners d i d have " f r e e w i l l . " 

Because o f t h i s , i t i s d i f f i c u l t to understand the l o g i c o f e s t i 

mating the e f f e c t s o f " p o l i c y regime changes" i n models ( see , 

e . g . , ( l l ) ) t ha t purpor t t o have r a t i o n a l expec ta t i ons o p e r a t i n g 

bo th be fo re and a f t e r regime changes. 

N o n s e p a r a b i l i t y As a Cause o f I ncons i s t ency 

Even i n problems wi thout a n t i c i p a t o r y e lements , a non-

separab le performance c r i t e r i o n can l e a d t o i n c o n s i s t e n c y o f the 

o p t i m a l p l a n . To see t h i s , c o n s i d e r the s i m p l e , und iscounted two-

p e r i o d problem be low: 

D ^ 8 1

 u ( x o ' V x i > V 
(39) 

s . t . X1 = f 0 ( X 0 , D Q ) , X Q g i ven D t e C T ( X T ) 

Cons is tency r e q u i r e s tha t the Bel lman P r i n c i p l e a p p l i e s 

t o the op t ima l s o l u t i o n , i . e , t ha t f o r any f i x e d X Q : 
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tkO) ^ U t t ^ . X ^ ) = max gax U ( X 0 , D 0 , f 0 ( X 0 , D 0 ) , D l ) . 

U n f o r t u n a t e l y , i t i s v e i l known t h a t the J o i n t max imiza t ion o f a 

f u n c t i o n o f two v a r i a b l e s cannot always be decomposed i n t o the two 

o n e - v a r i a b l e problems tha t c o n s i s t e n c y r e q u i r e s i t to b e . As 

(l) 

mentioned e a r l i e r , M i t t e n v 1 ; has found s imple s u f f i c i e n c y c o n d i 

t i o n s (9) on the form o f U which guarantee tha t B e l l m a n ' s P r i n 

c i p l e a p p l i e s . The a d d i t i v e separab le case (5) s a t i s f i e s these 

c o n d i t i o n s , as does the m u l t i p l i c a t i v e form 

T 
(U l ) U ( X 0 , D 0 , X 1 , D 1 , . . . , X T , D T ) = H U t ( X t , D t ) 

"t—0 

when the U t ' s a re cons t ruc ted so tha t > 0 f o r a l l D t e 

C^.(X^.). As was argued e a r l i e r , i t i s not a t a l l c l e a r t ha t o p t i 

mal growth problems w i l l , o r s h o u l d , have a d d i t i v e l y sepa rab le 

u t i l i t y f u n c t i o n s . I f the u t i l i t y f u n c t i o n i s not even monotoni 

c a l l y s e p a r a b l e , then the p r i m o r d i a l p lan w i l l , i n g e n e r a l , be 

i n c o n s i s t e n t , even though d i s c o u n t i n g i s not employed. 

Conc lus ions 

We have seen tha t any o f the f o l l o w i n g elements w i l l 

l ead t o i n c o n s i s t e n c y o f p r i m o r d i a l p l a n s : 

1. D i scoun t i ng w i t h a d i scoun t f unc t i on not s a t i s f y i n g 

(19 ) . 

2 . A n t i c i p a t o r y e lements , such as expec ta t i ons which 

a r e , i n some sense , determined by f u tu re p o l i c y 

d e c i s i o n s . 

3 . Nonseparable performance c r i t e r i a . 
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We have argued tha t d i s c o u n t i n g may not be o f the a p p r o 

p r i a t e form i n o p t i m a l growth prob lems. A n t i c i p a t o r y elements 

seem l i k e l y i n any economic problem where c o n t r o l l e d agents have 

bo th an i n c e n t i v e t o f o r e c a s t f u tu re d e c i s i o n s , and the s k i l l s 

r equ i r ed t o f o r e c a s t i n some way which i s s y s t e m a t i c a l l y r e l a t e d 

t o the a c t u a l f u tu re d e c i s i o n s . Nonseparable performance c r i t e r i a 

may occur i n problems i n v o l v i n g i n t e r t e m p o r a l p re fe rences over 

f u tu re consumption s t reams, u n l e s s one i s con f i den t tha t the 

r e s t r i c t i v e axioms needed t o J u s t i f y a d d i t i v e separab le u t i l i t i e s 

c h a r a c t e r i z e a c t u a l or d e s i r a b l e behav io r . 



F i g u r e 1 Nonan t i c i pa to ry Problem 

max 
D

0 , D 1 D ? 

(V C t ) 

ro(V Do) * l ( X 1' D l ) _> 

U ( X 0 , D 0 , X r D r X 2 , D 2 , 

fT(xT>nT) 

, X T , D T , X T + 1 ) 

F i g u r e 2 A d d i t i v e Separable Nonan t i c ipa to ry Problem 

max 

D 0 , D l t . . . , D T 

(V C t ) 

D. 

P—> f o( x o« n o) J—i f 1( x 1 ' D 1) 

u o(V D o) + u i ( x r D i ) • U T (X T ,D T ) + U T + 1 ( X T + 1 ) 



F igure 3 A d d i t i v e Separab le A n t i c i p a t o r y Problem 

max 

(Vct) 

Jo(VDo) l J i ( x r n i ) + u

2(x;>) 

F i g u r e 1 Myopic P e r f e c t F o r e s i g h t : ( D

t + 1 ) e = D

t + 1 

r> r » m a x 

D 0 , D r . . . , D T 

, (V C t ) 

\ i 
D1 

' > 
D2 I 

, \ 
1 
I 

D T 
i 

f o ( V D 0 ' D l ) f i ( x i » D,,D 2) f2(x2, D 2' D 3) 
X3 ^ f T(x T,D T,n T + 1) XT+1 

s i V 

uo(xo •Do) + U l ( X 1 + U 2( X 2 ,D 2 ) + uT(xT ,DT) + UT+l( X T , l ) 
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