
F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s 
R e s e a r c h Depar tment W o r k i n g P a p e r 

NOTES ON CONTROL AND PREDICTION 

Thomas J . S a r g e n t 

W o r k i n g P a p e r 229 
PACS F i l e 2700 

November 1982 

NOT FOR DISTRIBUTION 
WITHOUT AUTHOR'S APPROVAL 

The v iews e x p r e s s e d a r e t h o s e o f t h e a u t h o r and no t n e c e s s a r i l y 
t h o s e o f t h e F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t h e F e d e r a l 
R e s e r v e S y s t e m . The m a t e r i a l c o n t a i n e d i s o f a p r e l i m i n a r y n a 
t u r e , i s c i r c u l a t e d t o s t i m u l a t e d i s c u s s i o n , and i s no t t o be 
q u o t e d w i t h o u t p e r m i s s i o n o f t h e a u t h o r . 



9. A More G e n e r a l U n i v a r i a t e O p t i m i z a t i o n P r o b l e m 

The p r o b l e m o f t he p r e c e d i n g s e c t i o n i s a s p e c i a l c a s e 

o f a more g e n e r a l q u a d r a t i c o p t i m i z a t i o n p r o b l e m , one v e r s i o n o f 

w h i c h f o l l o w s . We d e f i n e t h e p o l y n o m i a l i n t he l a g o p e r a t o r , 

(58) d ( L ) = d Q + d-jL + . . . + d^m, 

where d Q * 0, d m * 0 . We assume t h a t g t i s a sequence o f e x p o n e n 

t i a l o r d e r l e s s t h a n l/V~~b~, where 0 < b < 1 . Then t h e p r o b l e m i s 

to choose a sequence ( y t , t >, 0} t o max im ize 

(59) j U g ^ - § * * - i [ d ( l j , t l j 

where h > 0 , 

s u b j e c t t o y _ l 5 y _ 2 , • • • y _ m g i v e n . 

The p r o b l e m o f S e c t i o n 8 i s a v e r s i o n o f p r o b l e m (59) w i t h 

g-t = ( f 0 + a t ~ w t ^ ' m = 1 » v t ~ n t ' a n d d ^ L ^ = "I ( 1 - L ) ' e x c e p t 

t h a t i n t h e p r o b l e m o f t h i s s e c t i o n we have s t r e n g t h e n e d t h e 

r e q u i r e m e n t on g+ t h a t i t be o f e x p o n e n t i a l o r d e r l e s s t han 1/V~b"7 

r a t h e r t h a n l / b (no te t h a t 1 / V ~ b ~ < l / b ) . The r e a s o n t h a t t h i s 

s t r o n g e r c o n d i t i o n i s needed f o r t he more g e n e r a l p r o b l e m o f t h i s 

s e c t i o n w i l l be d e s c r i b e d b e l o w . 

The E u l e r e q u a t i o n f o r t h i s p r o b l e m i s 

(60) [ d ( b L _ 1 ) d ( L ) + h] y t = g t . 

We i n v i t e t he r e a d e r t o v e r i f y t h a t t h i s i s t he E u l e r e q u a t i o n by 

d i f f e r e n t i a t i n g t he r i g h t s i d e (59) w i t h r e s p e c t t o y t and r e 

a r r a n g i n g . No te t h a t (53) i s a s p e c i a l c a s e o f (60) w i t h 

d ( L ) = ( l - L ) V ~ d 7 2 , h = f i , g t = ( f o + a t - v t ) * 
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In a d d i t i o n t o t h e E u l e r e q u a t i o n (60 ) , t h e n e c e s s a r y 

and s u f f i c i e n t c o n d i t i o n s f o r m a x i m i z a t i o n o f (6 l ) a r e c o m p l e t e d 

by t he c o n d i t i o n 

( 6 D | I bV 2 < + »• 
d t=0 t 

I n s p e c t i o n o f (59) r e v e a l s t h a t any {y^} p a t h t h a t v i o l a t e s ( 6 l ) , 

even i f i t s a t i s f i e s t h e E u l e r e q u a t i o n , g i v e s a v e r y bad outcome 

f o r the c r i t e r i o n f u n c t i o n . In g e n e r a l , c o n d i t i o n (6 l ) i s not 

i m p l i e d by t he t r a n s v e r s a l i t y c o n d i t i o n s , w h i c h a r e o b t a i n e d a s i n 

S e c t i o n 8 , by d i f f e r e n t i a t i n g a f i n i t e T v e r s i o n o f (59) w i t h 

r e s p e c t t o t h e y^, • • • y»p m+1' s e t t i n g t he r e s u l t s t o z e r o , 

and t a k i n g l i m i t s a s T •*• 0 0 . Hansen and S a r g e n t ( ) d e s c r i b e i n 

d e t a i l why t h e t r a n s v e r s a l i t y c o n d i t i o n s , t hough n e c e s s a r y f o r an 

op t imum, a r e no t i n g e n e r a l s u f f i c i e n t . They a l s o d e s c r i b e how i t 

i s t h a t (6 l ) i s t h e g e n e r a l c o n d i t i o n t h a t s e l e c t s t he u n i q u e 

s o l u t i o n o f t h e E u l e r e q u a t i o n s (60) t h a t max im i zes (59)* 

We b r i e f l y d e s c r i b e how (60) i s s o l v e d s u b j e c t t o 

( 6 l ) . We f i r s t no te a s i m p l e bu t i m p o r t a n t f e a t u r e o f t h e c h a r a c 

t e r i s t i c p o l y n o m i a l h + d ( b L ~ ^ ) d ( L ) t h a t a p p e a r s i n (60 ) . T h i s 

p o l y n o m i a l e v a l u a t e d a t any v a l u e Z Q e q u a l s t h e p o l y n o m i a l e v a l u 

a t e d a t bZQ~ . In p a r t i c u l a r , i f Z Q i s a z e r o o f t h i s p o l y n o m i a l , 

t h e n so i s b z ^ . To p rove t h i s , suppose t h a t Z Q i s a z e r o , 

w h i c h means s e t t i n g L = Z Q g i v e s h + d (bz^ - ^ " ) d (zg ) = 0. The 

c l a i m i s t h a t t h i s i m p l i e s t h a t s e t t i n g L = h z ^ - 1 w i l l a l s o s e t 

t h e p o l y n o m i a l t o z e r o . M a k i n g t h i s s u b s t i t u t i o n g i v e s h + d ( z Q ) 

d (bZp ) , w h i c h e q u a l s t h e c h a r a c t e r i s t i c p o l y n o m i a l e v a l u a t e d a t 

Z Q , w h i c h e q u a l s z e r o by a s s u m p t i o n . T h u s , t he z e r o s o f t he 
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c h a r a c t e r i s t i c p o l y n o m i a l o f t h e E u l e r e q u a t i o n come i n p a i r s o f 

t h e form z ^ , ^zy~^ > k = 1 , . . . , m. 

L e t us assume t h a t t h e z e r o s o f t he c h a r a c t e r i s t i c 

p o l y n o m i a l a r e d i s t i n c t . (The r e a d e r c a n a p p l y t h e methods o f 

S e c t i o n 5 t o a n a l y z e t he c a s e o f r e p e a t e d z e r o e s , i f t h i s becomes 

n e c e s s a r y . ) Le t t h e z e r o e s be o r d e r e d i n d e s c e n d i n g o r d e r i n 

a b s o l u t e v a l u e by 

lz-,1 > I z J > > | z _ | > Ibz - 1 I > > I b z 0

- 1 I > I bz ~ 1 I. L e t i x i i c i i mi i m 1 > 2 < i 1 ' 

us d e f i n e X K = l / z k , k = 1 , . . . , m. N o t i c e t h a t t h e above 

o r d e r i n g , and i n p a r t i c u l a r | z m | > ( b z ^ - ^ | , i m p l i e s t h a t 

l ^ k l < 1 / b f ° r k = 1 , . . . , m. Then i t i s p o s s i b l e t o f a c t o r 

t h e c h a r a c t e r i s t i c p o l y n o m i a l o f the E u l e r e q u a t i o n a s 

(62) h + d ( b L _ 1 ) d ( L ) = c ( b L _ 1 ) c ( L ) 

where 

(63) c ( L ) = c 0 ( l - X 1 L ) ( l - X 2 L ) . . . ( l - X m L ) 

(6k) c 0 = [(-i)mx0/(x1x2 . . .xm] 

and where X Q i s a c o n s t a n t t h a t i s u n i q u e l y d e t e r m i n e d by h and 

d ( L ) . 

S i n c e |xk| < l /V~~b~ f o r k = 1 , . . . , m, (62) - (63) 

i m p l y t h a t h + d ( b L - 1 ) d ( L ) has been f a c t o r e d i n t o c ( b L - 1 ) c ( L ) , 

where t he z e r o e s o f c ( z ) e x c e e d V b i n m o d u l u s , ( f r o m (63) t h e 

z e r o e s o f c ( z ) a r e t h e l / X k ' s ) and where t h e z e r o e s o f c ( b z - 1 ) a r e 

l e s s t h a n V b i n modu lus . 

U s i n g f a c t o r i z a t i o n (62 ) , t h e E u l e r e q u a t i o n (60) can be 

r e p r e s e n t e d a s 
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(65) c ( b L - 1 ) c ( L ) y t = g t 

The u n i q u e s o l u t i o n o f t he E u l e r e q u a t i o n t h a t s a t i s f i e s (6 l ) i s 

g i v e n by 

(66) c ( L ) y t = c ( b L _ 1 ) - 1 g t . 

o r 

(66) ( 1 - X j L ) , • • . ( l - X m L ) y t = c Q ~ 2 [ ( l - X j b L - 1 ) . . . 

( l - X m L - l ) ] - l g t . 

A p a r t i a l f r a c t i o n s r e p r e s e n t a t i o n o f C Q c ( b L - ' ' " ) - " ' ' i s g i v e n by 

(67) [ ( l - X ^ L - 1 ) . . . ( l - X m b L - 1 ) ] = I * _± 

k= l ( l - X , bL ) k 

where 

(68) A, = l i r a ( l - X . b z X ) c ( b z _ 1 ) / c n . 
z • X, b k 

U s i n g (67 ) , s o l u t i o n (66) can be r e p r e s e n t e d a s 

- 2 f, \ ^2 
(69) ( l - X ^ ) . . . ( l - X m L ) y t = I { > L - I I r S t 

k= l l - X , bL 
k 

o r 

(70) ( l - X l L ) . . . ( l - X m L ) y t = c 0 " A k ^ 

S i n c e |xk| < l / V b , | b X k | <V b . T h i s c o n d i t i o n , t o g e t h e r w i t h o u r 

h a v i n g assumed t h a t {g^} i s o f e x p o n e n t i a l o r d e r l e s s t han 1 / V b 

g u a r a n t e e s t h a t t h e r i g h t hand s i d e c o n v e r g e s , and t h a t a s a 

f u n c t i o n o f t i t i s i t s e l f o f e x p o n e n t i a l o r d e r l e s s t han 1 / V b . 

T h i s c o n d i t i o n , t o g e t h e r w i t h t h e f a c t t h a t 
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l ^ k l < ^ ^ ^ ' s k = 1, . . . , m, g u a r a n t e e s t h a t t h e s o l u t i o n (TO) 

s t a r t i n g f rom the g i v e n s t a r t i n g v a l u e s y_]_» . • . , y _ m s a t i f i e s 

c o n d i t i o n (6 l ) and i s t h e r e f o r e o p t i m a l . 

We now b r i e f l y d e s c r i b e why we were a b l e t o g e t by w i t h 

t h e weaker a s s u m p t i o n o f e x p o n e n t i a l o r d e r l e s s t h a n l / b , r a t h e r 

t han 1/ V b , f o r {a^} and {w^} i n t h e p r o b l e m o f S e c t i o n 8. The 

r e a s o n i s s i m p l y t h a t f o r t he s p e c i a l p o l y n o m i a l d (L ) = ^ d /2 ( l -

L ) , i t t u r n s ou t t h a t f o r any h > 0, t h e f a c t o r i z a t i o n (62) - (63) 

i s such t h a t |X-jJ < 1, w h i c h i s s t r o n g e r t h a n t he g e n e r a l c o n d i 

t i o n t h a t JX-J < 1/ "V b . The r e a d e r can v e r i f y t h a t w i t h more 

g e n e r a l p o l y n o m i a l s o f t he f o rm d ( L ) = » d /2 ( l - a L ) , v a l u e s o f a 

e x i s t f o r w h i c h t h e a n a l o g u e o f - $ i n f i g u r e h i s l e s s t han 

( l + b ) , so t h a t 1 < X^ < 1 / V b. F o r s u c h c a s e s , i t i s n e c e s s a r y t o 

impose a s t r o n g e r c o n d i t i o n on t h e e x p o n e n t i a l o r d e r s o f ( a ^ , w^) 

t h a n we d i d i n S e c t i o n 8. 

We c l o s e t h i s s e c t i o n w i t h a remark on t e r m i n o l o g y . 

C o n s i d e r s o l u t i o n (66) , c ( L ) y t = c (bL~" ' " )~" ' "g t . In t h e c o n t r o l 

l i t e r a t u r e , c (L)y^ . i s c a l l e d t h e " f e e d b a c k p a r t " o f t he s o l u t i o n 

f o r y , w h i l e c ( b L - - ' ' ) ~ ^ g t i s c a l l e d t h e " f e e d f o r w a r d p a r t . " 

10. I n t r o d u c t i o n t o M u l t i v a r i a t e Dynamic O p t i m i z a t i o n 

We now b r i e f l y d e s c r i b e a m u l t i v a r i a t e g e n e r a l i z a t i o n o f 

t h e p r o b l e m o f S e c t i o n 9, and i t s s o l u t i o n . We d e f i n e t h e m a t r i x 

p o l y n o m i a l i n t h e l a g o p e r a t o r 

(71) D(L) = D n + D,L + . . • + D m L m 
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where D, i s an (nxn) m a t r i x . We l e t {G t > be a sequence o f (mx l ) 

v e c t o r s , each component o f w h i c h i s a sequence o f e x p o n e n t i a l 

o r d e r l e s s t h a n 1 / V b . We l e t H be an (nxn) p o s i t i v e d e f i n i t e 

m a t r i x . F i n a l l y , we l e t {Y+} be a sequence o f (mxl) v e c t o r s o f 

v a r i a b l e s t h a t a r e t o be c h o s e n f o r t > 0 , w i t h g i v e n i n i t i a l 

v a l u e s Y _ ^ , Y _ 2 , . . . , Y _ m . The p r o b l e m we a r e i n t e r e s t e d i n i s 

to choose { Y t , t > 0} t o max im ize 

(72) j b t { G ; Y t - \ l ' t H Y t - \ [ D ( L ) l t ] ' [ D ( L ) Y t ] J 

g i v e n { G t , t > 0 } and Y _ 1 , . . . , Y _ m - In ( 7 2 ) , t he p r i m e (*) 

d e n o t e s m a t r i x t r a n s p o s i t i o n . 

N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r a maximum o f 

(72) a r e 

00 

(73) I bV HY. < + -
t=0 X t 

and t he E u l e r e q u a t i o n s 

(Ik) {H + D ( b L - 1 ) D (L ) }Y , = G. 

Tha t t h e E u l e r e q u a t i o n s assume t h e form (7*0 can be p r o v e d u s i n g 

t he method o f S e c t i o n s 8 and 9 , namely by d i f f e r e n t i a t i n g (72) 

w i t h r e s p e c t to Y^., e q u a t i n g t h e r e s u l t t o a v e c t o r o f z e r o e s , and 

r e a r r a n g i n g . C o n d i t i o n (73) i s t h e c o r r e c t g e n e r a l i z a t i o n o f 

( 6 l ) , and i s j u s t i f i e d by s i m i l a r r e a s o n i n g . 

The r e l a t e d p a i r s p r o p e r t y o f t h e z e r o e s o f t h e c h a r a c 

t e r i s t i c p o l y n o m i a l o f t h e E u l e r e q u a t i o n t h a t h e l d i n t h e u n i v a r 

i a t e c a s e g e n e r a l i z e s a s f o l l l o w s . I f Z Q i s a z e r o o f d e t {H + 

D ( b z _ 1 ) D (z ) } t h e n so i s b z 0

_ 1 . Here " d e t " d e n o t e s the d e t e r m i -
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nant o f a m a t r i x . The a p p r o p r i a t e m a t r i x a n a l o g u e o f t he s c a l a r 

p o l y n o m i a l f a c t o r i z a t i o n (62) i s a p o l y n o m i a l m a t r i x f a c t o r i z a t i o n 

C ( b L ~ ) C ( L ) , where t h e z e r o e s o f d e t C ( z ) e x c e e d V b~ i n a b s o l u t e 

v a l u e , w h i l e t h e s e o f de t C ( b z - 1 ) a r e l e s s t h a n V " b " i n a b s o l u t e 

v a l u e . By a t heo rem on m a t r i x p o l y n o m i a l s o f t h e f o rm t h a t a p p e a r 

i n (7*0 , t h e r e a l w a y s e x i s t s a m a t r i x f a c t o r i z a t i o n 

(75) H + D ( b L - 1 ) D (L ) = C ( b L _ 1 ) C ( L ) 

where 

(76) C ( L ) = C_ + C . L + . . . + C L m 

U 1 m 

and where t h e z e r o e s o f d e t C ( z ) exceed V b. 

The s o l u t i o n o f ilk) s a t i s f y i n g (73) i s t h e n g i v e n by 

(77) c ( L ) y

t

 = c ( b L _ 1 ) ~ 1 ( V 

By t he above men t ioned p r o p e r t y abou t t he l o c a t i o n o f t he z e r o e s 

o f de t C (bz ) , we can r e p r e s e n t de t C (bL ) a s 

de t C ( b L - 1 ) ' = A Q d - A - j b L - 1 ) . . . ( l - X ^ L " " 1 ) 

where |X-]J < 1 / V b, where k = m n, and where we have assumed 

d i s t i n c t z e r o e s o f de t C ( b z - : 1 " ) . U s i n g a m a t r i x v e r s i o n o f p a r t i a l 

f r a c t i o n s , C ( b L - 1 ) - 1 can be r e p r e s e n t e d a s 

(78) C C b l T 1 ) ' - 1 = I 
k \ 

h=l ( l - X h b L _ 1 ) 

where 

!79) A = l i m ( l - X b z - 1 ) C ( b z _ 1 ) _ 1 

z + X, b 
n 
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Note t h a t e a c h A h i s an (nxn) m a t r i x . U s i n g (78) , (79) can be 

r e p r e s e n t e d 

(80) C ( L ) Y t - ^ A h U , b ) \ + J 

R e p r e s e n t a t i o n (80) i s t he v e c t o r g e n e r a l i z a t i o n o f ( 7 0 ) . 

Note i n (77) a s o r t o f symmetry i n form between t h e 

" f e e d b a c k p a r t " C ( L ) Y t and t h e " f e e d f o r w a r d p a r t " C ( b L ~ 1 ) ' " 1 G t 

t h a t g e n e r a l i z e s a s i m i l a r symmetry t h a t we o b s e r v e d i n t h e u n i 

v a r i a t e p r o b l e m s . 

A key s t e p i n s o l v i n g p r o b l e m s o f t h i s s o r t i s a c h i e v i n g 

t he m a t r i x f a c t o r i z a t i o n (75) . Hansen and S a r g e n t [ ] d e s c r i b e 

s e v e r a l methods f o r a c c o m p l i s h i n g t h i s . The most r e a d i l y u n d e r 

s t a n d a b l e one i s p r o b a b l y t h e one t h a t u s e s i t e r a t i o n s on a " m a 

t r i x R i c c a t i d i f f e r e n c e e q u a t i o n " ( s e e C h a p t e r , p p . ). 

F o r now i t i s s u f f i c i e n t f o r t he r e a d e r t o t r u s t t h a t p r a c t i c a l 

methods e x i s t f o r f a c t o r i n g H + D ( b L ~ x ) D(L) i n t h e manner 

r e q u i r e d . 

Example ( i ) I n t e r r e l a t e d F a c t o r Demand 

C o n s i d e r t h e p r o b l e m o f a f i r m t h a t m a x i m i z e s 

(81) j b ^ - » t n t W t K t - i [ ( l - L ) n t ] 2 

t-
0 < b < 1 

s u b j e c t t o 
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where k .̂ i s t he s t o c k o f c a p i t a l , i s t h e s t o c k o f l a b o r , w^ i s 

t he r e a l r e n t a l on l a b o r , and <L. i s t he r e a l r e n t a l on c a p i t a l ; f-, 

i s a (2x l ) v e c t o r o f p o s i t i v e c o n s t a n t s , F i s a p o s i t i v e d e f i n i t e 

m a t r i x , and d-^ and dg a r e p o s i t i v e c o n s t a n t s m e a s u r i n g a d j u s t m e n t 

c o s t s . We assume t h a t { J t ) and {w^} f o r t > 0 a r e known s e q u e n c e s 

o f e x p o n e n t i a l o r d e r l e s s t h a n 1/ V b . The p r o b l e m i s t o choose 

sequences { k t , n^., t > 0 } t o max im ize (8 l ) s u b j e c t t o (82 ) , g i v e n 

i n i t i a l v a l u e s n_-^, k_^ and g i v e n sequences f o r w .̂ and J ^ . . 

P r o b l e m (8 l ) - (82) i s a s p e c i a l c a s e o f (72) w i t h 

G + = f . - L ) , D (L ) = / - 4 ( l - L ) 0 1 , and 
t 1 v n . . . 

t I \ I d 
| ( 

H = F . The s o l u t i o n (80) i s an i n t e r r e l a t e d p a i r o f d e c i s i o n 

r u l e s f o r ( n ^ , kj.) o f t he fo rm 

n 
[83) C ( L ) ( . * ) = I A. I U . b ^ 

k t k= l 1 1 j=0 h 

w, . 
f - f t + J l 1 J . . ' 

t+ j J 

where C ( L ) = C Q + C - ^ L . In (83) t he d e c i s i o n r u l e s f o r c a p i t a l and 

l a b o r i n t e r a c t i n t he sense o f each o f ( n ^ k j . ) d e p e n d i n g on l a g g e d 

v a l u e s o f t he o t h e r , and each d e p e n d i n g on f u t u r e r e n t a l r a t e s f o r 

t h e o t h e r . T h i s i n t e r d e p e n d e n c e o c c u r s so l o n g a s e i t h e r F ( o r H) 

o r D(L) i s not d i a g o n a l . 

V e r s i o n s o f t h i s p r o b l e m were s t u d i e d and u t i l i z e d by 

N a d i r i and Rosen [ ] , Hansen and S a r g e n t [ ] , Meese [ ] , 

and E ichenbaum [ ] . 

Example ( i i ) : A Dynamic Nash E q u i l i b r i u m 

We c o n s i d e r a d u o p o l y i n w h i c h demand i s g o v e r n e d by a 

l i n e a r demand s c h e d u l e . 
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(81») 
A , 

p t = A 0 ~ "a (qit + q 2 t ) + V Ao'Ai > 

where q ^ i s o u t p u t o f f i r m i a t t , and u^. i s a known sequence o f 

d i s t u r b a n c e s t o demand o f e x p o n e n t i a l o r d e r l e s s t h a n 1 / V b . F i r m 

l max im i zes 

(85) I b* { P t q „ - q u S i t - [ d . ( L ) q n . J 2 } , 
t=0 

t ^ i t "" i t " i t L ~ i > ~ ' " 1 i t J 

0 < b < 1 

where d±(L) = d i Q + . . . + d i m L m , and where s ± t i s a sequence o f 

s h o c k s to c o s t s o f p r o d u c t i o n o f f i r m i , assumed t o be a known 

sequence o f e x p o n e n t i a l o r d e r l e s s t h a n 1 / V b . Here [ d ^ ( L ) q . . ] 2 

s t a n d s f o r c o s t s o f a d j u s t i n g p r o d u c t i o n r a p i d l y . The m a x i m i z a 

t i o n o f (85) by i t a k e s ( s i t ) , { u t > , and { q j t , j * i , } g i v e n f o r t 

> 0 , and q ^ t g i v e n f o r { t = - m , . . . , -1 } . I n p a r t i c u l a r , f i r m i 

i s i m a g i n e d t o r e g a r d f i r m j ' s o u t p u t sequence a s g i v e n and beyond 

i t s i n f l u e n c e . 

S u b s t i t u t i n g (8k) i n t o (85) g i v e s 

A , 
(86) 

» A 1 

I {A0 " 2 U l t + q 2 t ) + V \t ~ q i t S i -
t=0 

The E u l e r e q u a t i o n s f o r t h i s p r o b l e m f o r f i r m s 1 and 2 a r e 

[Al + d 1 ( b L _ 1 ) d 1 ( L ) ) - | k t 

(87) 
A l 1 
- | U1 + d 2 ( b L _ 1 ) d 2 ( L ) ) . q 2 t 

0 + ut - slt 

A 0 + U t - S2t 
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We d e f i n e a Nash e q u i l i b r i u m i n t h e space o f s e q u e n c e s 

o f q u a n t i t i e s l - ^ . , <3.2t a s a P a * r o f sequences f o r l ^ t ^ ^ t ^ a t 

s o l v e t h e i n t e r r e l a t e d E u l e r e q u a t i o n s (87) and s a t i s f y t h e b o u n d 

a r y c o n d i t i o n s 

(88) I b * q 2 . < + - f o r i = 1 , 2 . 

E q u i v a l e n t l y , t h e Nash e q u i l i b r i u m i s the p a i r o f ( l i t ' ^ 2 t ^ s e ~ 

quences t h a t s a t i s f i e s t he f o l l o w i n g c o n d i t i o n s : 

( i ) F i r m i ' s q u a n t i t y sequence m a x i m i z e s i t s p r e s e n t 

v a l u e (85) , g i v e n f i r m j ' s s e q u e n c e , f o r ( i , j ) = 

1 ,2) and ( 2 , l ) . 

( i i ) The o u t p u t market c l e a r s , i n t he sense t h a t (8U) 

h o l d s f o r a l l t . 

E q u a t i o n (87) i s e v i d e n t l y i n t he fo rm o f a v e c t o r E u l e r 

e q u a t i o n i n ( q ^ t ' l 2 t ^ * ' "^ i e " ^ - t r i x p o l y n o m i a l on t he l e f t s i d e o f 

(87) can be f a c t o r e d i n t o t he fo rm C ( b L ~ 1 ) C ( L ) , where C ( L ) i s a 

(2x2) m a t r i x p o l y n o m i a l w i t h t h e z e r o e s o f d e t C ( z ) e x c e e d i n g V b 

i n a b s o l u t e v a l u e . Then t h e Nash e q u i l i b r i u m c a n be r e p r e s e n t e d 

q , . n > - 0 t I t 
C ( L ) " = C ( b L _ 1 ) _ 1 

A 0 + U t " S 2 t 

where 

C ( L ) = C Q + C J L + . . . + C M L R A . 

J V l t i s n e c e s s a r y t o add t h e q u a l i f i e r " i n t h e space o f 
Q p t " b e c a u s e d i f f e r e n t d e f i n i t i o n s o f 

sequences o f q u a n t i t i e s q l t ' 
s t r a t e g y s p a c e s i n g e n e r a l g i v e r i s e t o d i s t i n c t Nash e q u i l i b r i a . 
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Note t h a t t he v e c t o r E u l e r e q u a t i o n (87) was d i s c o v e r e d 

by ou r h a v i n g s o l v e d an i n t e r r e l a t e d p a i r o f u n i v a r i a t e dynamic 

o p t i m i z a t i o n p r o b l e m s . The r e s u l t i n g s y s t e m o f E u l e r e q u a t i o n s 

(87) s e e m i n g l y c a n i t s e l f be v i e w e d a s s o l v i n g some v e c t o r o p t i m i 

z a t i o n p r o b l e m , s i n c e t he m a t r i x c h a r a c t e r i s t i c p o l y n o m i a l i s 

e x p r e s s i b l e i n t h e fo rm H + D(bL~ ) D ( L ) . T O seek t he v e c t o r 

dynamic o p t i m i z a t i o n p r o b l e m t h a t i s i m p l i c i t l y s o l v e d by (87) i s 

t o pose a v e r s i o n o f an " i n v e r s e o p t i m a l c o n t r o l p r o b l e m : " g i v e n 

a sys tem o f d i f f e r e n c e e q u a t i o n s , a t t e m p t to s y n t h e s i z e an opt imum 

p r o b l e m f o r w h i c h t h e y a r e n e c e s s a r y c o n d i t i o n s . 



A n o t h e r E x a m p l e : L e a r n i n g by Do ing 

The f o l l o w i n g example i s i n t e r e s t i n g f r om b o t h t h e 

s u b s t a n t i v e and a t e c h n i c a l p o i n t s o f v i e w . From t h e t e c h n i c a l 

p o i n t o f v i e w , t h e example w i l l i n t r o d u c e a c o n t r o l p r o b l e m i n 

w h i c h i t i s a r a t i o n a l c h a r a c t e r i s t i c p o l y n o m i a l f o r an E u l e r 

e q u a t i o n t h a t must be f a c t o r e d . 

We c o n s i d e r a m o n o p o l i s t who f a c e s t he l i n e a r l aw o f 

demand 

(a) p t = AQ - A 1 Q t + u t , A Q , A1 > 0 

where p t i s p r i c e , Q t i s o u t p u t , and u+ i s a known sequence o f 

s h o c k s t o demand assumed t o be o f e x p o n e n t i a l o r d e r l e s s t h a n 

l / / b . The m o n o p o l i s t ' s t o t a l c o s t s a t t a r e g i v e n by 

!b) 0(0..) = c 0 + C ] _ Q t + _2 Q t

2 + c 3 Q t s t - c , | [ h ( L ) Q t ] Q t } 

Cq, c - ^ c 2 , c 3 , cjj > 0 

where s t i s a known sequence o f s h o c k s to m a r g i n a l c o s t , assumed 

00 
t o be o f e x p o n e n t i a l o r d e r l e s s t h a n l / / b , where h ( L ) = ]» h L . 

j=0 J 

As an example o f t h e s o r t o f h (L ) t h a t we have i n m i n d , we s h a l l 

l a t e r c o n s i d e r t he s p e c i a l c a s e h ( L ) = l / ( l - p L ) where p < 1 b u t 

where p i s c l o s e t o o n e . Then (6) c a p t u r e s t he n o t i o n t h a t mar 

g i n a l c o s t s o f c u r r e n t o u t p u t f a l l w i t h cumu la ted p a s t o u t p u t . 

T h i s i s one v e r s i o n o f a " l e a r n i n g - b y - d o i n g " c o s t s t r u c t u r e . 

The f i r m m a x i m i z e s 
00 
I b t { p . Q . - C ( Q . ) } 

t=0 t Z X 

o r u s i n g (a) and (b) 
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co A Q 

( c ) [ A Q - ^ Q t + u t ] Q t - [ c 0 + C l Q t + / Q t

2

+ c 3 Q t s t 

- C ) + [ h ( L ) Q t ] Q t ] } . 

By u s i n g t h e p r e c e d i n g method, t h e E u l e r e q u a t i o n f o r t h e f i r m ' s 

p r o b l e m i s found t o b e , a f t e r some r e a r r a n g e m e n t , 

(d) [ ( A 1 + c 2 ) - c l t h ( L ) - c i t h ( b L " 1 ) ] Q t = A Q + u t - c ^ . 

The boundary c o n d i t i o n i s 

00 

(e ) A. I bV 2 < + °°. 
1 t=0 t 

We s h a l l now c o n s i d e r t he s p e c i a l c a s e o f t h e model t h a t 

emerges when we s e t h (L ) = l / ( l - p L ) , 0 < p < 1 . I n t h i s c a s e , t h e 

c h a r a c t e r i s t i c p o l y n o m i a l on t h e l e f t s i d e o f t he E u l e r e q u a t i o n 

(d) become t h e r a t i o n a l p o l y n o m i a l 

% ck 
" 1 -pL - , T - 1 1-pbL 

where k = (A-^+Cg). To s o l v e t h e E u l e r e q u a t i o n (d) s u b j e c t t o 

boundary c o n d i t i o n ( e ) , t h e f i r s t s t e p i s t o e x p r e s s t h e c h a r a c 

t e r i s t i c p o l y n o m i a l i n t e rms o f a common d e n o m i n a t o r , w h i c h g i v e s 

[ k ( l + p 2 8 ) - 2 C l j ] - ( k - c ^ L - ( k - c j ^ b l f 1 

( f ) z • 
( l - p b L _ 1 ) ( l - p L ) 

N o t i c e t h a t t h e d e n o m i n a t o r i s a l r e a d y f a c t o r e d , and t h a t t h e 

z e r o e s o f t he numera to r come i n t h e f a m i l i a r t y p e o f p a i r s 

( z Q j b z Q - " ' " ) . Our nex t s t e p on t h e way t o s o l v i n g o u r p r o b l e m i s t o 

f a c t o r t h e n u m e r a t o r . Note t h a t t h e numera to r can be w r i t t e n 
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k ( l + p 2 b ) - 2 c , 
(g) ( k - c ^ ) p b [ - L " + [ — ( k _ e ^ ) p b 1 -1 /bL ] S ^ ( l - a b l T ^ M l - a L ) 

where l / a i s t he z e r o o f t he c h a r a c t e r i s t i c p o l y n o m i a l t h a t e x 

c e e d s l / / b . E q u a t i n g powers o f L , a s i n s e c t i o n 8 , shows t h a t o 

must s o l v e 

x k ( l + p 2 b ) - 2 C l t ) 
( h ) oTe + a = I ( k - c u ) P b — ! • 

We assume t h a t t he p a r a m e t e r k s + C g , c ^ , p , b a r e s u c h t h a t 

t h e r i g h t s i d e e x c e e d s 2 /b i n a b s o l u t e v a l u e . T h i s g u a r a n t e e s t h e 

e x i s t e n c e o f a r e a l v a l u e a t h a t s o l v e s ( h ) . No te t h a t f o r p = b 

= 1 , t h e above e q u a t i o n has t h e s o l u t i o n a = l / a = 1. By c o n t i n u 

i t y o f the s o l u t i o n i n t he a rguments on t h e r i g h t hand s i d e , f o r 

v a l u e s o f p and b s u f f i c i e n t l y c l o s e t o 1 , a w i l l be c l o s e t o o n e . 

U s i n g ( f ) and ( g ) , t h e E u l e r e q u a t i o n c a n be e x p r e s s e d 

/ , \ ( l - a b L ^ ) ( l - a L ) a b f . i 

( l - p b L - ^ d - p L ) t <k"Vpb 0 t 3 t 

The s o l u t i o n o f t h e E u l e r e q u a t i o n (d) t h a t s a t i s f i e s boundary 

c o n d i t i o n (e) can be e x p r e s s e d i n " f e e d b a c k - f e e d f o r w a r d " f o r m 

#*1 (1-ctL) ab ( 1 - p b L " 1 ) , n o , 

U n l e s s a = p , Q t f e e d s back on an i n f i n i t e number o f i t s own p a s t 

v a l u e s , r e f l e c t i n g t h e dynamics o f t he f i r m ' s o p t i m a l l y c o p i n g 

w i t h t h e l e a r n i n g - b y - d o i n g c o s t s t r u c t u r e . In g e n e r a l , p * a . 

However , i n t h e s p e c i a l l i m i t i n g c a s e p = b = 1, i t can be v e r i -
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f i e d t h a t p = a . In t h i s s p e c i a l c a s e , (k ) c o l l a p s e s t o t h e 

s t a t i c d e c i s i o n r u l e 

[ A . + U . - C - S . 1 , t A 1 + c 2 - c ^ 0 t 3 t 

d e s p i t e t h e p r e s e n c e o f t h e l e a r n i n g - b y - d o i n g c o s t s t r u c t u r e . 



A v e r s i o n o f f i g u r e 4 w i t h b = 1 d e t e r m i n e s the i n t r i g u i n g g o l d e n 

r a t i o o r g o l d e n s e c t i o n . The g o l d e n r a t i o i s the un i que p o s i t i v e number 

X whose r e c i p r o c a l e q u a l s i t s e l f p l u s u n i t y : X * = 1 + X- T h i s e q u a t i o n 

c a n be r e a r r a n g e d t o r e a d A ^ + X = 1 + 2 X . From the q u a d r a t i c f o r m u l a , 

the g o l d e n r a t i o e q u a l s ^ ^ ^ = a n c ^ f ° u n c ^ a s t n e i n t e r s e c t i o n 

i n the p o s i t i v e q u a d r a n t o f the l i n e 1 + 2X w i t h the c u r v e X + X \ The 

g o l d e n r a t i o , w h i c h a p p e a r s r e p e a t e d l y i n n a t u r e and m a t h e m a t i c s , f a s c i n 

a t e d the a n c i e n t s , and i s s a i d to be r e f l e c t e d i n the d e s i g n o f the P a r 

t h e n o n . One p l a c e t h a t the number o c c u r s i n m a t h e m a t i c s i s as the l i m i t 

a s t goes t o i n f i n i t y o f the r a t i o o f s u c c e s s i v e te rms i n a F i b o n a c c i 

s e q u e n c e . A F i b o n a c c i sequence i s g e n e r a t e d by the d i f f e r e n c e e q u a t i o n 

x , = x + x , w i t h i n i t i a l c o n d i t i o n s x „ = 1 , x , = 0 . The c h a r a c -
t+1 t t - 1 0 -1 

2 

t e r i s t i c p o l y n o m i a l (1 - L - L ) a s s o c i a t e d w i t h t h i s e q u a t i o n c a n be f a c 

t o r e d as (X - L ) ( X + L ) where X i s the g o l d e n r a t i o . F o r more on the 

g o l d e n r a t i o , see " M a t h and M u s i c : The Deeper L i n k s " , New Y o r k T i m e s , 

S u n d a y , A u g . 2 9 , 1 9 8 2 . 



More E x e r c i s e s 

1 . ( A d v e r t i s i n g ) 

1 . A m o n o p o l i s t f a c e s t h e f o l l o w i n g demand c u r v e f o r h i s p r o d u c t , 

p t = A Q - A 1 Q t + g ( L ) a t + u t ; A Q , A ± > 0 

where p .̂ i s p r i c e , C^. i s o u t p u t , q^. i s a d v e r t i s i n g , Uj. i s a s e 

quence o f s h o c k s t o demand, and g ( L ) = gg + g-^L + . . . + g m L m > 

where g . > 0 f o r j = 0 , . . . , m. The f i r m m a x i m i z e s 
J 

00 

(1) I e t { p t Q t - Q t s t - l / 2 [ d ( L ) Q { . ] 2 - | a t

2 - a t w t } , 0 < 6 < 1 
~t -— 0 

n 
where d ( L ) = I d , L J . In ( l ) , s+ i s a shock t o c o s t s , l / 2 [ d ( L ) Q t ) : 

3=0 J 

r e p r e s e n t s c o s t s o f r a p i d a d j u s t m e n t , and t h e m a r g i n a l c o s t s o f 

a d v e r t i s i n g a t t a r e (w^+ya^.), where w^ i s a known s e q u e n c e . We 

assume t h a t (u^.,s^.,w^) a r e known sequences o f e x p o n e n t i a l o r d e r 

l e s s t h a n 1 / / 0 . The c r i t e r i o n (2) i s t o be m a x i m i z e d o v e r s e 

quences f o r { Q s , a g , s > 0 } t a k i n g a s g i v e n { Q s , a g , s < 0 } . 

a . F i n d t h e E u l e r e q u a t i o n s f o r t h i s p r o b l e m . 

b . A rgue t h a t t h e s o l u t i o n o f t h i s w i l l be l i n e a r l aws o f 

mo t ion f o r ( Q t , a ^ ) i n w h i c h each o f ( Q t , a t ) depend on 

l a g g e d v a l u e s o f b o t h Q and a , and c u r r e n t and f u t u r e 

v a l u e s o f a l l o f ( u , s , w ) . 

2 . (Time t o b u i l d w i t h two p r o c e s s e s ) 

C o n s i d e r a m o n o p o l i s t whose o u t p u t s a t i s f i e s 

(1) Qj. = f ( L ) n l t + g ( L ) n 2 t 
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m r 
where f ( L ) = I f . L J , g ( L ) = £ g L J ; f . > 0 , g > 0 f o r a l l j . 

j=0 J j=o J J J 

I n ( l ) , n - ^ i s t h e amount o f l a b o r a t k t h a t i s a s s i g n e d t o p r o 

c e s s 1 , w h i l e ng^ i s t he amount t h a t i s a s s i g n e d t o p r o c e s s 2 . 

The i d e a i s t h a t o u t p u t can be p r o d u c e d v i a two p r o c e s s e s , w i t h 

d i f f e r e n t t i m i n g c h a r a c t e r i s t i c s , e . g . , t o r e p r e s e n t t he n o t i o n 

t h a t t h e f i r s t p r o c e s s i s f a s t bu t w a s t e f u l , w h i l e t he o t h e r i s 

e f f i c i e n t bu t t ime c o n s u m i n g , we migh t s e t f ( L ) = L , g ( L ) = 

1 / 2 [ L + L 2 + L 3 + L 1 * ] . The f i r m f a c e s t h e demand c u r v e 

(2) p t = A Q - A X Q T + u t , A Q , A1 > 0 

where u t i s a known sequence o f e x p o n e n t i a l o r d e r l e s s t h a n l / / S » 

The f i r m h i r e s l a b o r a t t he wage r a t e w^, where w .̂ i s a known 

sequence o f e x p o n e n t i a l o r d e r l e s s t han l / / g . The f i r m ' s p r o b l e m 

i s t o max im ize 

00 

(3) IQet{ptQt-wtQt}, 0 < 6 < 1 

s u b j e c t t o ( l ) and ( 2 ) , w i t h { n ^ _ g , s = - l , . . . , - m } { n 2 s , s = - l , . . . , - r } 

g i v e n . 

a . F i n d t he E u l e r e q u a t i o n s f o r t h i s p r o b l e m . 

b . I n d i c a t e t h e fo rm o f t he opt imum d e c i s i o n r u l e s f o r 

( n l t » n 2 t ) ' 



I n s e r t A 

Among t h o s e s o l u t i o n s f o r {n^.} t h a t s a t i s f y t h e E u l e r e q u a t i o n s , 

i t t u r n s ou t t h a t t he c o n d i t i o n s t h a t {a^} , {w^} , {n^} a r e a l s o 

n e c e s s a r y f o r t he t r a n s v e r s a l i t y c o n d i t i o n {jk) t o h o l d . 



I n s e r t B 

The f i r s t - o r d e r c o n d i t i o n s ( 5 l ) - ( 5 2 ) a r e n e c e s s a r y and 

s u f f i c i e n t c o n d i t i o n s f o r m a x i m i z i n g t h e f i n i t e T c r i t e r i a (50 ) . 

(The r e a d e r can v e r i f y t h a t t h e second o r d e r c o n d i t i o n s f o r a 

maximum a r e s a t i s f i e d . ) F o r t h i s p a r t i c u l a r p r o b l e m , a l t h o u g h no t 

i n g e n e r a l , i t t u r n s ou t t h a t t h e l i m i t s o f t h e f i r s t - o r d e r c o n d i 

t i o n s (5 l ) - (52 ) a s T a p p r o a c h e s i n f i n i t y a r e n e c e s s a r y and s u f f i 

c i e n t c o n d i t i o n s f o r a maximum o f t he i n f i n i t e h o r i z o n p r o b l e m 

(1+9). In more g e n e r a l l i n e a r - q u a d r a t i c o p t i m i z a t i o n p r o b l e m s , t h e 

l i m i t s as T + 0 0 o f t he f i r s t - o r d e r c o n d i t i o n s a r e n e c e s s a r y c o n d i 

t i o n s f o r m a x i m i z a t i o n o f t h e i n f i n i t e t i m e p r o b l e m , bu t a r e no t 

i n t h e m s e l v e s s u f f i c i e n t . Hansen and S a r g e n t [ ] d i s c u s s t h i s 

p o i n t and p r o v i d e e x a m p l e s . The s p e c i a l f e a t u r e s o f t h e p r e s e n t 

p r o b l e m t h a t makes t he l i m i t s a s T + » o f t he f i r s t - o r d e r c o n d i 

t i o n s n e c e s s a r y and s u f f i c i e n t f o r m a x i m i z i n g t h e i n f i n i t e T 

p r o b l e m a r e ( i ) t h e c o n d i t i o n t h a t f-̂  > 0 , and ( i i ) t h e f a c t t h e 

z e r o o f t h e c h a r a c t e r i s t i c p o l y n o m i a l o f t h e f i r s t d i f f e r e n c e 

p o l y n o m i a l t h a t g o v e r n s a d j u s t m e n t c o s t s , b e i n g e x a c t l y u n i t y , i s 

no t l e s s t han u n i t y i n a b s o l u t e v a l u e . By v i o l a t i n g c o n d i t i o n 

( i i ) , Hansen and S a r g e n t [ ] p r o v i d e an example i n w h i c h t he 

t r a n s v e r s a l i t y c o n d i t i o n and E u l e r e q u a t i o n f a i l t o be s u f f i c i e n t 

c o n d i t i o n s f o r an opt imum. 

We now t u r n t o a method f o r s o l v i n g t h e E u l e r d i f f e r e n c e 

e q u a t i o n s u b j e c t t o t he i n i t i a l c o n d i t i o n and t h e t r a n s v e r s a l i t y 

e q u a t i o n . 



F i n d i n g a Wold R e p r e s e n t a t i o n : 
m**1 o r d e r mov ing a v e r a g e 

More g e n e r a l l y , suppose t h a t we a r e g i v e n a p r o c e s s iXj. 

w i t h f i n i t e o r d e r mov ing a v e r a g e r e p r e s e n t a t i o n 

x t = a ( L ) Uj. 

where 

m 
a ( L ) = £ a . , , and where u+ i s a w h i t e n o i s e t h a t 

j=0 J 

i s not f u n d a m e n t a l f o r x t , i . e . , u^. * x^ - p t x t | x - t _ i • • • ] • F o r 

c o n v e n i e n c e , we assume t h a t t h e z e r o e s o f t h e p o l y n o m i a l a ( z ) a r e 

d i s t i n c t . The c o v a r i a n c e g e n e r a t i n g f u n c t i o n o f x^ i s g i v e n by 

(1) g ( z ) = a ( z ) a ( z - 1 ) a u

2 . 

We know t h a t t h i s p r o c e s s a l s o p o s s e s s e s a Wold moving a v e r a g e 

r e p r e s e n t a t i o n 

(2) x t = d ( L ) e t , d Q = 1, 

where dg = x^ - P [ x t | x t _ - ^ , . . . ] . The c o n d i t i o n t h a t l i e 

i n t he l i n e a r space spanned by { x t , . . .} i s e q u i v a l e n t 

w i t h t he c o n d i t i o n t h a t t h e z e r o e s o f d ( z ) no t e x c e e d u n i t y i n 

a b s o l u t e v a l u e . To see t h i s h e u r i s t i c a l l y , r e p r e s e n t d ( L ) a s 

(3) d ( L ) = o e ( l - X 1 L ) . . . ( l - X m L ) 

where A . i s t he r e c i p r o c a l o f t he m^*1 z e r o o f d ( z ) . R e p r e s e n t 
J 

d ( L ) " 1 a s 
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m A , 
1-1= y _ J 

£ 7T_T 
J = l U J 

Then (2) and (U) i m p l y 

m » . 

t j = i J k=o j t " k -

The g e o m e t r i c suras on t h e r i g h t s i d e f a i l t o c o n v e r g e i f | X . > 

1 . Impos ing t h a t | X j | < 1 f o r j = 1 , . . . , m i s n e c e s s a r y and 

s u f f i c i e n t f o r t o l i e i n t h e space spanned by c u r r e n t and 

l a g g e d x ' s . ( T h i s argument f a i l s t o r e v e a l why when X . = 1 f o r 

some j , e^. l i e s i n t he space spanned by c u r r e n t and l a g g e d x ^ ' s . 

When X . = 1 f o r some j , t hen a l t h o u g h x + p o s s e s s e s a mov ing 

a v e r a g e r e p r e s e n t a t i o n , i t p o s s e s s e s no a u t o r e g r e s s i v e r e p r e s e n t a 

t i o n . In t h i s c a s e , a l t h o u g h e f c i s i n t h e c l o s u r e o f t he l i n e a r 

s p a c e spanned by { x t , x t _ - p . • •} , i t canno t be e x p r e s s e d i n t h e 
00 

fo rm l w i x t 1 ^ o r &ny sequence o f w . ' s , b u t o n l y a s t h e l i m i t o f 
j=0 J J J 

a sequence o f such e x p r e s s i o n s . ) 

To f i n d a f u n d a m e n t a l mov ing a v e r a g e r e p r e s e n t a t i o n , we 

n o t e t h a t (2) and (3) i m p l y t h a t g x ( z ) = X q 2 ( 1 - X - ^ z ) . . . ( l - X m z ) 

( l - X ^ z ) . . . ( l - X m z ~ ) . Then we e q u a t e t h i s t o g x ( z ) g i v e n by 

(1) t o g e t 

o u

2 a ( z ) a ( z - 1 ) = a e

2 d ( z ) d ( z _ 1 ) 

o r 

(6) a 2 a ( z ) a ( z - 1 ) = a 2 ( l - \ , z ) . . . ( l - X z ) ( l - X . z X ) u £ 1 m l 

. . . ( l - X z ^ ) . 
m 
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E q u a t i o n (6) a s s e r t s t h a t d ( z ) d ( z ~ " M a e

2 i s a symmet r i c f a c t o r i  

z a t i o n o f a u

2 a ( z ) a ( z - 1 ) i n w h i c h t h e z e r o e s a u

2 a ( z ) a ( z - 1 ) t h a t a r e 

no t i n s i d e t he u n i t c i r c l e a r e p l a c e d i n d ( z ) , w h i l e t h o s e t h a t 

a r e not o u t s i d e a r e p u t i n t o d ( z - ^ ) . (Note t h a t s i n c e 

o u ^ a ( z )a(z - " ' " ) e v a l u a t e d a t Z Q e q u a l s i t s v a l u e a t Z g " ^ ' ^ e z e r o e s 

o f a u

2 a ( z ) a ( z ~ ' ' " ) come i n r e c i p r o c a l p a i r s . T h u s , i t i s r e m i n i 

s c e n t o f t h e c h a r a c t e r i s t i c p o l y n o m i a l o f a n E u l e r e q u a t i o n i n t h e 

u n d i s c o u n t e d c a s e ) . 

The p r e c e d i n g t e l l s us how t o a c h i e v e a Wold moving 

a v e r a g e r e p r e s e n t a t i o n f o r a f i n i t e - o r d e r mov ing a v e r a g e 

p r o c e s s . F i r s t , f i n d t he z e r o e s o f g ( z ) . By t h e r e c i p r o c a l 
A 

p a i r s p r o p e r t i e s o f t h e s e r o o t s , h a l f w i l l no t be o u t s i d e t h e u n i t 

c i r c l e , w h i l e h a l f w i l l no t be i n s i d e t he u n i t c i r c l e . ( E x c u s e 

t he cumbersome w o r d i n g , w h i c h i s d e s i g n e d t o c o v e r t he c a s e o f 

r o o t s on t he u n i t c i r c l e . ) L e t X-^, . . . , X m be t h e r o o t s t h a t 

a r e i n s i d e t h e u n i t c i r c l e . Then s e t 

(7) d ( L ) = ( 1 - A j L ) . . . ( l - X m L ) . 

Then t o f i n d o u

2 , s o l v e e q u a t i o n (6) a t z = 1 t o ge t 

2 S x ( l ) 

(8 ) % =—-3 
d ( l ) 2 

Hansen and S a r g e n t [ , p. 102] g i v e a q u i c k bu t e q u i 

v a l e n t method o f f i n d i n g d ( L ) . G i v e n o „ d ( z ) d ( z - ^ ) , t h e p r o b l e m 

i s t o f i n d a £ d ( z ) d ( z ~ ) , where t h e z e r o e s o f d ( z ) a r e no t i n s i d e 

t h e u n i t c i r c l e . L e t z-^ , . . . , z ^ be t he z e r o e s o f a ( z ) t h a t a r e 

o u t s i d e t h e u n i t c i r c l e , where 0 < k < m. Then d ( z ) s a t i s f i e s 
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a k / 1 - z . z ) 
(9) d ( z ) = a ( z ) n K—i-v • 

F o r e x a m p l e , suppose x t = ( l + 2 L ) u t , where o u

2 = 1 . Then a p p l i c a 

t i o n o f (9) g i v e s the Wold mov ing a v e r a g e r e p r e s e n t a t i o n x t = 

( l + ( l / 2 ) L ) u t , w i t h o £ = 2 . 

F i n d i n g a Wold r e p r e s e n t a t i o n : 
An m*'*1 o r d e r mov ing a v e r a g e , n^ ' 1 o r d e r a u t o r e g r e s s i o n 

The f o l l o w i n g p r o b l e m i s a u s e f u l i n p u t i n t o s o l v i n g an 

i n t e r e s t i n g c l a s s o f " s i g n a l e x t r a c t i o n " p r o b l e m s . 

C o n s i d e r a c o v a r i a n c e s t a t i o n a r y p r o c e s s x t w i t h r e p r e 

s e n t a t i o n 

a ( L ) 
x t = b T L l u t 

where i s a ( no t n e c e s s a r y a f u n d a m e n t a l ) w h i t e n o i s e and 

b ( L ) = ( l - u 1 ) . . . ( l - u n L ) , | U j | < 1 

a ( L ) = ( l - a - j L ) . . . ( l - a m L ) 

Note t h a t we assume t h a t t h e z e r o e s o f b ( z ) a r e o u t s i d e t he u n i t 

c i r c l e , bu t t h a t t h o s e o f a ( z ) a r e u n r e s t r i c t e d . Our p r o b l e m i s 

t o f i n d a Wold moving a v e r a g e r e p r e s e n t a t i o n f o r x^.. 

The s o l u t i o n o f t h i s p r o b l e m i s s i m p l y 

x t " b O T E t 

where d (L ) = ( l - X - ^ L ) . . . ( l - X m L ) , where X-^, . . . , X m a r e t h e 

z e r o e s o f a ( z ) a ( z ~ ^ ) t h a t do no t l i e o u t s i d e t h e u n i t c i r c l e , and 

2 

where e^. i s t h e f u n d a m e n t a l w h i t e n o i s e f o r x^., w i t h v a r i a n c e o g 

g i v e n by 
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2 a ( l ) a u a = . 

d ( l ) 2 

In o t h e r w o r d s , t h e denomina to r p o l y n o m i a l b ( L ) i s l e f t u n a l t e r e d 

w h i l e t he methods o f t h e p r e c e d i n g s e c t i o n a r e a p p l i e d t o f a c t o r 

t h e numera to r p o l y n o m i a l . The r e a d e r s h o u l d c o n v i n c e h i m s e l f t h a t 

t h i s method d e l i v e r s an e*. p r o c e s s t h a t i s a w h i t e n o i s e , and t h a t 

l i e s i n t he l i n e a r space spanned by { x t , x t _ - ^ , . . . } . T h i s c a n be 

done by c o n s t r u c t i n g an argument a l o n g t h e l i n e s o f t h e one i n t h e 

p r e c e d i n g s e c t i o n , by a s s u m i n g | A j | < 1 f o r j = 1 , . . . , m and by 

p r e m u l t i p l y i n g (10) by b ( L ) / d ( L ) . 

S i g n a l E x t r a c t i o n P rob lems 

L e t be a c o v a r i a n c e s t a t i o n a r y s t o c h a s t i c p r o c e s s 

w i t h ra^n o r d e r mov ing a v e r a g e r e p r e s e n t a t i o n 

y t = a ( L ) u t , 

m 
where a ( L ) = £ a . L , where 

j=0 J 

u^. i s a w h i t e n o i s e w i t h v a r i a n c e a u t h a t i s no t n e c e s s a r i l y 

f undamen ta l f o r y ^ . Suppose t h a t i s t he sum o f y^. and an 

o r t h o g o n a l s e r i a l l y u n c o r r e l a t e d w h i t e n o i s e r\. w i t h v a r i a n c e <J_ , 

x t = ^ t + \ 

where E n t u t _ s = 0 f o r a l l s . 

Suppose t h a t an agen t o b s e r v e s {x 1 . ,x^_-^, . . .} a t t , and w i s h e s 

t o c o n s t r u c t l i n e a r l e a s t s q u a r e s f o r e c a s t s o f x ' s on t h e b a s i s o f 

t h i s i n f o r m a t i o n s e t . To c o n s t r u c t t he l i n e a r l e a s t s q u a r e s 

f o r e c a s t f o r x t+k g i v e n { x t , x t - l , • • •}, one uses t he W i e n e r -
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Ko lmogorov f o r m u l a (52 ) , w h i c h r e q u i r e s t h a t a Wold mov ing a v e r a g e 

r e p r e s e n t a t i o n x .̂ = d(L)e^. be o b t a i n e d f o r x^.. 

To o b t a i n t he Wold r e p r e s e n t a t i o n f o r x ^ , we s i m p l y u s e 

t h e method o f s e c t i o n . I n p a r t i c u l a r , t h e c o v a r i a n c e g e n e 

r a t i n g f u n c t i o n o f x t i s 

g ( z ) = a ( z ) a ( z ~ 1 ) a 2 + a 2 

X U T] 

We f i n d t h e z e r o e s o f g x ( z ) , w h i c h come i n r e c i p r o c a l p a i r s , a n d 

p r e p a r e t h e f a c t o r i z a t i o n 

g ( z ) = d ( z ) d ( z - 1 ) a 2 

X & 

where t h e z e r o e s o f d ( z ) = ( l - X - ^ z ) . . . ( l - A m z ) do no t l i e i n s i d e 

p 
t he u n i t c i r c l e , and a s o l v e s 

2 ex<i> 

The W i e n e r - K o l m o g o r o v f o r m u l a (52) c a n t h e n be u s e d , t o c a l c u l a t e 

P ' x t + k l x t ' x t - l * * 

Mov ing i n t o a r i c h e r c l a s s o f e x a m p l e s , we now l e t y^. be 

a p r o c e s s w i t h mixed mov ing a v e r a g e , a u t o r e g r e s s i v e r e p r e s e n t a t i o n 

a ( L ) 
y t = b [ L 7 U t 

o 
where Uj. i s a w h i t e n o i s e w i t h v a r i a n c e o u , and 

a ( L ) = ( l - a x L ) . . . ( l - a m L ) 

b ( L ) = ( l - i i j L ) . . . ( l - y m L ) , | u j | < 1 
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where t h e c t ^ ' s can be on e i t h e r s i d e o f t h e u n i t c i r c l e . Suppose 

t h a t x t i s t h e sura o f y^ and a s e r i a l l y u n c o r r e l a t e d w h i t e n o i s e 

p 

n t w i t h v a r i a n c e o ^ " , 

x t = v t + n t 

where En^. u - t_ s

 = 0 f ° r a l l s » A g a i n we d e s i r e t o f i n d 

^ x t + k I x t ' x t - l ' * * *1» so we need to f i n d a Wold r e p r e s e n t a t i o n 
f o r x^.. We use t h e method o f s e c t i o n . 

The c o v a r i a n c e g e n e r a t i n g f u n c t i o n o f x i s 

/ , a ( z a ( z ) 2 A 2 g ( z ) = — — — - — a + a x . , v. / - 1 , u n 
b ( z ) b ( z ) 

T a k i n g t he r i g h t hand s i d e t o a common denomina to r g i v e s 

a 2 a ( z ) a ( z 1 ) + a 2 b ( z ) b ( z - 1 ) 
(11) g ( z ) = - S \ 

b ( z ) b ( z " 1 ) 

The numera to r p o l y n o m i a l i s o f o r d e r p = max ( n , m ) , and can be 

f a c t o r e d t o be o f t h e fo rm 

(12) a 2 a ( z ) a ( z - 1 ) + o 2 b ( z ) b ( z _ 1 ) = a 2 d ( z ) d ( z _ 1 ) 
u n £ 

where 

d ( z ) = ( l - X 1 L ) . . . ( l - X p L ) , | X j | < 1 | j = 1 . . . , p 

p 
and where o £ s o l v e s 

2 a 2 a ( l ) 2 + a 2 b ( l ) 2 

° e = d T i T 2 
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The Wold moving a v e r a g e r e p r e s e n t a t i o n f o r i s t h e n 

< « ) \ • « T • 

The W i e n e r - K o l m o g o r o v f o r m u l a can be a p p l i e d t o (13) . 

A famous a p p l i c a t i o n o f t h e p r e c e d i n g a n a l y s i s i s due t o 

Muth [ ] . Muth assumed t h a t income x .̂ i s t h e sum o f a f i r s t 

o r d e r Markov p r o c e s s [ l / ( l - p L ) ] u ^ , jp | < 1, and an u n c o r r e l a t e d 

w h i t e n o i s e n t . The a g e n t ' s p r o b l e m was to p r e d i c t h i s f u t u r e 

i n c o m e . S e t t i n g a ( L ) = 1, b ( L ) = ( l - p L ) , we f i n d t h a t e q u a t i o n 

(12) becomes 

a 2 + a r i

2 ( l - p z ) ( l - p z ~ 1 ) = a £

2 ( l - X 1 z ) ( l - X ^ - 1 ) . 

The e x p r e s s i o n on t h e l e f t can be w r i t t e n 

P i -V 2 [-« 2 + (/§- + (i + p)) -1]. 
n P 

A p p l y i n g t h e q u a d r a t i c f o r m u l a , and s e t t i n g X-^ e q u a l t o t he r o o t 

t h a t i s s m a l l e r i n a b s o l u t e v a l u e , we have 

2 I 2 

(iM = i [(4-) +( 1 • p)] J [ - ^ - • (I . p)]2 - k 
o p ' o p 

n n 

The l i m i t i n g v a l u e o f X-^ a s p a p p r o a c h e s 1 f r om be low i s 

(15) » i " , l ( T l - A t » * T ! ! l • 
a ' a a 

n n n 

w h i c h i s t he e x p r e s s i o n o b t a i n e d by Muth [ ] . T h u s , we have 

t h a t x t has t he f i r s t - o r d e r mov ing a v e r a g e , f i r s t o r d e r a u t o -

r e g r e s s i v e r e p r e s e n t a t i o n 
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1-X.L 

x t = h^v 
where i s a f u n d a m e n t a l w h i t e n o i s e f o r x^ w i t h v a r i a n c e a £ 

t h a t s o l v e s 

2 2 / , »2 
2 °e + ° n ( l - p ) 

= ( l - x / ' 

The r e s u l t f rom page now a p p l i e s w i t h 3 = p and 5 - a . 

Thus we have 

p t x t + k = l ^ e - h ) I U - V > K ' 

so t h a t p r o j e c t i o n s o f f u t u r e x ' s a r e a g e o m e t r i c a v e r a g e o f p a s t 

x 1 s . 



5 . S i g n a l E x t r a c t i o n W i t h Dynamics 

We now use t h e r e c u r s i v e p r o j e c t i o n f o r m u l a ( 1 5 ' ) t o 

s o l v e a s i g n a l e x t r a c t i o n p r o b l e m t h a t John Muth [ 1 u s e d t o 

p r o v i d e a r a t i o n a l i z a t i o n f o r M i l t o n F r i e d m a n ' s f o r m u l a f o r pe rma 

nent i n c o m e . T h i s w i l l l e a d u s t o a v e r s i o n o f t h e Kalman f i l t e r . 

We c o n s i d e r t he s t r u c t u r e 

(1) e t + 1 = Pe t + e t + 1 

(2) z t = c e t + u t 

where p and c a r e s c a l a r s , e^+1 : i - s a r a n d o m v a r i a b l e s a t i s f y i n g 

E e t = 0 f o r a l l t , E e t

2 = o £

2 f o r a l l t , and E e t e t _ s = 0 f o r s 

* 0 . We assume t h a t Oj. i s a random v a r i a b l e s a t i s f y i n g E Uj. = 0 

f o r a l l t , E u t

2 = o u

2 f o r a l l t , E u t u t _ s = 0 f o r s * 0 and E 

u ^ e g = 0 f o r a l l t , s . E q u a t i o n ( l ) s t a t e s t h a t 9^. i s g o v e r n e d by 

a f i r s t - o r d e r l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n , w h i l e e q u a 

t i o n (2) s t a t e s t h a t z^. i s a l i n e a r c o m b i n a t i o n o f 8^ and a 

" n o i s e " u ^ . G i v e n t h i s s t r u c t u r e , we imag ine t h e f o l l o w i n g p r o b 

l e m t h a t i s t o be s o l v e d by an agen t who knows t he v a l u e s o f 

( c , p , o u

2 , a e

2 ) « At t i m e t , t h e agen t i s i m a g i n e d t o see (z^,z^_ 

- ^ , . . . , Z Q ) , bu t no t t o have seen 8 f o r any t . Thus 9^ i s a " h i d d e n 

v a r i a b l e . " At t i m e 0 , b e f o r e o b s e r v i n g Z Q , t he agen t i s i m a g i n e d 

t o have an i n i t i a l i d e a abou t t he l o c a t i o n o f 8 Q , w h i c h c a n be 

summar ized by s a y i n g t h a t he t h i n k s i t i s d i s t r i b u t e d w i t h mean 

9 Q and v a r i a n c e abou t 8Q o f Z Q . The a g e n t ' s p r o b l e m i s t o c a l c u 

l a t e P [8^ . + ^ J z^. , z ^ _ ^ , . . . , Z Q ] . U s i n g ( 1 5 ' ) , we s h a l l d e r i v e a 

c o n v e n i e n t r e c u r s i v e f o r m u l a f o r t h i s p r o j e c t i o n . 
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We d e f i n e 8 t + 1 = P [ 8 t + 1 1 \ . • • • > z

01 • In ( 1 5 ' ) , a t 

t > 1 , we l e t y = 9-^+^, Q = ( z ^ _ ^ , z ^ . _ 2 , • • • , Z Q ) , x = z* . . Then i n 

l i g h t o f ( l ) - ( 2 ) , and u s i n g P e t + 1 1 z t , z t - 1 , • » Z Q = 0 by v i r t u e o f 

( l ) - ( 2 ) and t h e o r t h o g o n a l i t y c o n d i t i o n s assumed f o r ( e ^ + - ^ , u t ) , 

( 1 5 ' ) becomes 

p [ et +J zt ' zt-i zo] = p [ p \ \ z t - i > \ - 2 - ' - > z o ] 

+ P [ p e t - P [ p 6 t | z t _ 1 , . . . , z 0 ] ) | ( z t - P [ z t | z t _ 1 , . . . z 0 ] ) . 

o r 

(3) 5 t + i = p 5 t * P[p(ot-S)|(c(et-5t)-Hit)I. 

where i n t h e l a s t l i n e we u s e z + - P [ z t z*. Z Q ] = cG^. + -

c8 . L e t uc d e f i n e 

ik) i t = E(e t-e t)2. 

Then we have t h a t 

(5) P lp (e t -5 t ) | c (e t . ; t ) + u t l = K t [ c (e t -e t ) + u t ] 

where 

c p I 

c I + o 
t u 

In d e r i v i n g ( 6 ) , we u s e t he o r t h o g o n a l i t y c o n d i t i o n E u ^ C G ^ - S ^ ) = 0 

w h i c h f o l l o w s f rom ( l ) - ( 2 ) and t he o r t h o g o n a l i t y c o n d i t i o n s i m 

p o s e d on ( e t + 1 , u t ) . S u b s t i t u t i n g (5) i n t o (3) and r e a r r a n g i n g 

g i v e s 

( T ) 9 t + l ' ( P - K t c ) 9 t + K t Z f 
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S u b t r a c t i n g (7) f r om ( l ) and u s i n g (2) g i v e : 

>t + i - e t + i = (p -V^V 9 ^ + e t + i - K t u t 

Comput ing v a r i a n c e s g i v e s 

E q u a t i o n s (6 ) , (7) and (8) a r e t o be s o l v e d s t a r t i n g f rom t h e 

i n i t i a l c o n d i t i o n £ Q g i v e n . These t h r e e e q u a t i o n s g i v e a c o n v e 

n i e n t r e c u r s i v e s o l u t i o n t o o u r p r o b l e m . The e q u a t i o n s a r e a 

s c a l a r v e r s o n o f t h e famous "Ka lman f i l t e r . " 

By a n a l y z i n g t h e p a i r o f d i f f e r e n c e e q u a t i o n s (6 ) , ( 8 ) , 

i t i s p o s s i b l e t o e s t a b l i s h t h e f o l l o w i n g two p r o p e r t i e s o f t he 

s o l u t i o n . F i r s t , f o r any v a l u e o f p and f o r any v a l u e c * 0 , 

s t a r t i n g t h e sys tem f rom any ZQ > 0 l e a d s t o a Z^ sequence t h a t 

c o n v e r g e s a s t + °°. S e c o n d , f o r t he same range o f v a l u e s o f p and 

c , t he pa rame te r ( p - K c ) , where K = l i m K , i s l e s s t han u n i t y i n 
t-*» 

a b s o l u t e v a l u e . T h i s i m p l i e s t h a t f o r t he i n f i n i t e h i s t o r y f i l -
A 

t e r i n g p r o b l e m , i n w h i c h t he agen t i s imag ined t o fo rm 8 = 

^ ^ t + l I z t ' z t - l ' * * * 1 p r o j e c t i n g on an i n f i n i t e r e c o r d o f c u r r e n t 

and p a s t z ' s , t h e s o l u t i o n c a n be r e p r e s e n t e d by t he t i m e i n v a r i 

a n t e q u a t i o n 

( 9 ) 9 ^ = ( p _ K c ) 8 t + K z t . 

where j ( p - K c ) | < 1 , where K i s t h e u n i q u e s t a t i o n a r y s o l u t i o n o f 

(6) and (8) t h a t i s a s s o c i a t e d w i t h a s t a t i o n a r y s o l u t i o n f o r 

w h i c h l i m Z^ = Z > 0. E q u a t i o n (9) can be s o l v e d t o g i v e a v e r 

s i o n o f F r i edman and C a g a n ' s f o r m u l a 
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(10) 8 = K I ( p - K c ) J z . , . 
t + 1 j=0 t _ J 

Muth c o n s i d e r e d t h e c a s e i n w h i c h c = 1 , p = 1 . In t h i s c a s e , 

(10) becomes e x a c t l y t h e a d a p t i v e e x p e c t a t i o n s mechanism t h a t was 

u s e d by F r i edman and Cagan . 

No te t h a t t he o r t h o g o n a l i t y c o n d i t i o n s imposed on t h e 

( e , u ) p r o c e s s i m p l y t h a t 

(11) p [ 0 t + j l z t ' z t - l ' * ' * ] = p J _ 1 [ p " K c l 9 t + l f o r J > l " 
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A d d i t i o n a l E x e r c i s e s 

1 . Suppose i n ( l ) - ( 2 ) , t h a t c * 0 . P r o v e t h a t s t a r t i n g f r om Z Q = 

0 , i t e r a t i o n s on (8) p r o d u c e a c o n v e r g e n t s e q u e n c e . ( H i n t : 

f i r s t p rove t h a t s t a r t i n g f rom Z Q = 0 , i t e r a t i o n s on (8) l e a d 

t o a monotone s e q u e n c e . Then a r g u e t h a t t h i s sequence i s 

bounded by p r o d u c i n g a n a i v e e s t i m a t o r compared t o w h i c h t h e 

l i n e a r p r o j e c t i o n must g i v e a l o w e r v a r i a n c e o f e s t i m a t e . ) 

2. U s i n g t h e r e s u l t s o f e x e r c i s e ( l ) , p r o v e t h a t s t a r t i n g f r om Z Q 

= 0 , t h e s t a t i o n a r y v a l u e o f t h e p a r a m e t e r ( p - K c ) must be l e s s 

t h a n u n i t y i n a b s o l u t e v a l u e . ( H i n t : y o u have a l r e a d y p r o v e d 

t h a t Z^. c o n v e r g e s s t a r t i n g f r o m Z Q . ) 

3 . P r o v e t h a t t h e s t a t i o n a r y v a l u e o f Z i s i n d e p e n d e n t o f Z Q , and 

t h a t ( 6 ) - ( 8 ) have a u n i q u e s t a t i o n a r y s o l u t i o n w i t h I > 0 . 

k. S u b s t i t u t e s t a t i o n a r y v a l u e s i n t o (6) and ( 8 ) , and e l i m i n a t e K 

t o g e t a q u a d r a t i c e q u a t i o n i n Z . Argue t h a t t h i s e q u a t i o n 

r e s e m b l e s an E u l e r e q u a t i o n f o r an u n d i s c o u n t e d q u a d r a t i c 

o p t i m i z a t i o n p r o b l e m . 



E v a l u a t i n g t h e I n v e r s e z - T r a n s f o r m 

In t h e p r e v i o u s s e c t i o n , we saw i n t h e c o r o l l a r y t o t h e 

R i e s z - F i s c h e r t heo rem t h a t g i v e n a squa re summable sequence {c,}, 
J 

t h e r e e x i s t s a f u n c t i o n g ( z ) , d e f i n e d a s 

CO 

g ( z ) = I c z J 

j = - » J 

w h i c h i s w e l l d e f i n e d a t l e a s t on t he u n i t c i r c l e ( z = e l w , we 

[ 0 , 2 T T ] ) . The f u n c t i o n g ( z ) i s o f t e n c a l l e d t h e " z - t r a n s f o r m " o f 

t h e sequence c . . The f u n c t i o n g maps p o i n t s z i n t he complex 
J 

p l a n e i n t o p o i n t s g ( z ) i n t h e comp lex p l a n e . F u r t h e r m o r e , we saw 

t h a t t h e c, c a n be r e c o v e r e d f rom the f u n c t i o n g ( z ) by t h e i n v e r -

s i o n f o r m u l a 

( a ) C k = 2T i I sUU'^dz, k = 0 , ± 1 , ± 2 , . . . 

where t h e i n t e g r a l i s a c o n t o u r i n t e g r a l i n t h e complex p l a n e , and 

F d e n o t e s t he u n i t c i r c l e . In t h i s s e c t i o n , we g i v e a p a i r o f 

s i m p l e f o r m u l a s f o r e v a l u a t i n g t h e i n t e g r a l on t h e r i g h t s i d e o f 

( a ) . V i r t u a l l y no knowledge o f complex a n a l y s i s i s r e q u i r e d t o 

use t h e f o r m u l a s . 

As a p r e l u d e t o g i v i n g t h i s f o r m u l a , we need t o e x p l a i n 

two c o n c e p t s : t h a t o f a p o l e o f t h e complex v a l u e d f u n c t i o n g ( z ) , 

and t h e r e s i d u e t h a t i s a s s o c i a t e d w i t h each p o l e . 

Rough l y s p e a k i n g , a p o l e i s a p o i n t i n t h e comp lex 

p l a n e , say Z Q , such t h a t g ( z ) a p p r o a c h e s i n f i n i t y a s z a p p r o a c h e s 

Z Q . In t h i s b o o k , we work a l m o s t e n t i r e l y w i t h f u n c t i o n s g ( z ) 

t h a t a r e r a t i o n a l , t h a t i s , r a t i o s o f f i n i t e o r d e r p o l y n o m i a l s i n 

z . F o r t h i s r e a s o n , t he f o l l o w i n g t e s t f o r p o l e s o f o r d e r m 

s u f f i c i e n t t o i d e n t i f y a l l o f t he p o l e s o f a f u n c t i o n g ( z ) : 
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T e s t f o r p o l e s : G i v e n a f u n c t i o n g ( z ) , suppose t h a t f o r 

some p o s i t i v e i n t e g e r ra t h e f u n c t i o n 

(b) + (z ) = ( z - z 0 ) m g ( z ) 

c a n be d e f i n e d ^ / so t h a t <j>(zQ) * 0. Then g ( z ) has a p o l e o f o r d e r 

Dl a t Z Q . 

To i l l u s t r a t e t h e c o n c e p t o f a p o l e , c o n s i d e r t h e i m 

p o r t a n t c a s e i n w h i c h g ( z ) i s a r a t i o n a l f u n c t i o n , g ( z ) = 

a ( z ) / b ( z ) where a ( z ) and b ( z ) a r e f i n i t e o r d e r p o l y n o m i a l s i n z 

w i t h no z e r o e s i n common. Then a c c o r d i n g t o t h e above t e s t f o r 

p o l e s , t he p o l e s o f g ( z ) a r e s i m p l y t h e z e r o e s o f b ( z ) . F o r one 

e x a m p l e , l e t t i n g g ( z ) = l / ( l - A z ) r , r an i n t e g e r , we f i n d t h a t g ( z ) 

has a p o l e o f o r d e r r a t z = A - ' ' " . 

We now t u r n t o d e f i n e t h e r e s i d u e a s s o c i a t e d w i t h a p o l e 

a t Z Q . 

D e f i n i t i o n o f r e s i d u e : Suppose t h a t g ( z ) has a p o l e o f 

o r d e r m a t z = z Q . D e f i n e t h e f u n c t i o n <|>(z) = ( Z - Z Q ) 1 1 1 g ( z ) . Then 

t h e r e s i d u e a s s o c i a t e d w i t h Z Q i s d e f i n e d a s 

,(m—1)/ \ 
* ( z Q ; 

(o) r e s ( z 0 ) = ( m _ l } , 

where ( { / " " - ^ ( Z Q ) i s t h e ( m - l ) t n o r d e r d e r i v a t i v e o f <j> e v a l u a t e d a t 

Z Q . In t h e i m p o r t a n t s p e c i a l c a s e i n w h i c h m = 1 , f o r m u l a ( c ) 

r e d u c e s t o r e s ( z Q ) = <J>(ZQ) o r 

(d) r e s ( z Q ) = l i m ( z - z Q ) g ( z ) . 
z > z Q 
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We now g i v e two c o n v e n i e n t f o r m u l a s f o r e v a l u a t i n g t h e 

i n v e r s i o n i n t e g r a l 

c 
J 

f o r m u l a s a r e g i v e n by c . = -^-r J g ( z ) z ^ ''"dz The 
J 

(e) 

sum o f r e s i d u e s o f g ( z - i ) z J ~ ^ a t p o l e s i n s i d e u n i t 

c i r c l e 

sum o f r e s i d u e s o f g ( z ) z ~ J - 1 a t p o l e s i n s i d e u n i t 

c i r c l e 

I t i s a good i d e a t o use w h i c h e v e r o f t he two b r a n c h e s o f (e) i s 

most c o n v e n i e n t t o a v o i d t h e a p p e a r a n c e o f p o l e s o f o r d e r g r e a t e r 

2 / 

t h a n one a t ze ro .— ' 

We now i l l u s t r a t e t h e u t i l i t y o f f o r m u l a s (e) w i t h some 

e x a m p l e s . F o r ou r f i r s t e x a m p l e , we t a k e g ( z ) = l / ( l - A z ) w i t h |x| 

< 1. U s i n g ( e ) , we have t h a t f o r j > 0 , c , = sum o f r e s i d u e s o f 
J 

i n s i d e t h e u n i t c i r c l e . F o r j > 0 , t h e f u n c t i o n 

z J - 1 / ( l - X z _ 1 ) has a s i n g l e p o l e o f o r d e r one a t z = X , w i t h r e s i 

due g i v e n by l i m ( z - X ) z J _ 1 / ( l - X z - 1 ) = X J . 

z+X 

T h e r e f o r e , f o r j > 0 , Cj = X"^. F o r j < 0 we use t h e second b r a n c h 

o f (e) and f i n d t h a t t h e f u n c t i o n z ~ ^ ~ / ( l - X z ) has no p o l e s i n s i d e 

t h e u n i t c i r c l e . T h e r e f o r e , C j = 0 f o r j < 0 . F i n a l l y , f o r 

j = 0 , we u s e t he second b r a n c h o f ( e ) , and f i n d t h a t t h e f u n c t i o n 

z ~ ^ ~ ^ / ( l - X z ) has a p o l e o f o r d e r one a t z = 0 , w h i c h i s t he o n l y 

p o l e i n s i d e t h e u n i t c i r c l e . The r e s i d u e a s s o c i a t e d w i t h t h i s 
; 0 

p o l e i s l i m ( z - 0 ) z • ' • ( l - X z ) = 1 . T h e r e f o r e c n = 1 . Thus we have 
z+0 



-k-

X J j > 0 

0 j < 0 . 

Of c o u r s e , t h e s e r e s u l t s c o u l d be more e a s i l y o b t a i n e d s i m p l y by 

e x p a n d i n g l / ( l - X z ) i n a g e o m e t r i c sum. However , f o r some o f t h e 

more c o m p l i c a t e d examples t o be d e s c r i b e d b e l o w , t h e r e s i d u e 

c a l c u l a t i o n s a r e q u i c k e r , t h e n s u c h an a l t e r n a t i v e me thod . 

As a second e x a m p l e , c o n s i d e r t h e c o v a r i a n c e g e n e r a t i n g 

f u n c t i o n o f t h e n ^ n o r d e r a u t o r e g r e s s i v e p r o c e s s 

g (z ) = ± T j -
' ( l - X . z ) . . . ( l - X z M l - X . z ) . . . ( 1 - X z " ) 

1 n 1 n 
n 

_ z ^ ^ 
" ( l - A , z ) . . . ( l - X z ) ( z - X , ) . . . ( z - X ) 1 n 1 n 

where X * < 1 f o r j = l , . . . , n . 
j 

U s i n g f o r m u l a (e) t o e v a l u a t e 

IT) = -~r S g y ( z ) z ~ T - 1 d z , we have c 
y 

c ( T ) = sum o f r e s i d u e s o f . \ — - — s n — ; — s T~Z~\—T 
y ( 1 - X ^ z ; . . . ( 1 - X ^ Z M Z - X ^ ) • • • ' Z - * N I 

( f ) a t p o l e s i n s i d e t h e u n i t c i r c l e 

n - x - l 

n+x-1 z 
- sum o f r e s i d u e s o f -JT --, \ T-,—; \ 7 — ; — \ 7—,—r ( l - X . z ) . . . ( l - X z ) ( z - X 1 ) . . . ( z - X ) 1 n 1 n 

a t p o l e s i n s i d e t h e u n i t c i r c l e . 

I t i s c o n v e n i e n t t o use t h e f i r s t l i n e o f ( f ) f o r T < 0 and t h e 

second l i n e f o r x > 0 , i n o r d e r t o a v o i d p o l e s o f m u l t i p l e o r d e r 

a t z = 0 . I n each c a s e , t h e f u n c t i o n has p o l e s o f o r d e r one a t 

X - p . . . . , X n » F o r x > 0 r e s i d u e a t p o l e X j i s r e a d i l y found t o be 
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X n + T - 1 

res ( X . ) = ^ , x > 0 . 

k=l k=l 

I t f o l l ows t h a t 

, n + k 1-1 n X . I I 

(g) ° 7 W " J 
J = 1 n" ( 1 " x k V J ( x j " x k ) 

k=l k=l 

where the abso lu te value s ign i n (g) f o l l ows e i t h e r the symmetry 

o f the covar iogram o r from pursu ing the i m p l i c a t i o n o f the second 

l i n e o f ( f ) . 

I 
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A d d i t i o n a l E x e r c i s e s 

( i ) . L e t y t be a m ixed moving a v e r a g e , a u t o r e g r e s s i v e p r o c e s s y+ 

= ( B ( L ) / A ( L ) )e^., where i s a w h i t e n o i s e w i t h u n i t v a r i -

m n 
a n c e , B ( L ) = n ( l - y L ) , and A ( L ) = n ( l - X . L ) , I x J < 1 f o r 

j = l J j = l 

j = 1 , . . . , n , and where X j * f o r X j * u k f o r a l l j = 

l , . . . , n , k = 1 , . . . , m, and m < n. The a u t o v a r i a n c e g e n e r 

a t i n g f u n c t i o n f o r y i s g y ( z ) = B ( Z ) B ( Z - 1 ) / A ( Z ) A ( Z - 1 ) . Use 

f o r m u l a (e) t o e s t a b l i s h t h e f o r m u l a 

m 
. n+ T -m-1 II /.. , w . % 

s=i ; ( i - y s ) S (xs-xj) 

( i i ) . L e t b ( L ) be t h e p o l y n o m i a l i n t h e l a g o p e r a t o r b ( L ) = 
CO 

( l + u L ) / ( l - X L ) = I b . L J where | x | < 1. Use f o r m u l a (e) t o 

e s t a b l i s h t h a t 

0 j < 0 

b j = 1 j = 0 

x j + y xJ _ 1
 j > 1 . 

( i i i ) . C o n s i d e r t h e g e n e r a t i n g f u n c t i o n o f t h e s e c o n d - o r d e r 

S o l o w - P a s c a l l a g d i s t r i b u t i o n w(z ) = l / ( l - X z ) , X < 1 . 

Use f o r m u l a s ( c ) and (e) t o e v a l u a t e t h e c o e f f i c i e n t s o f t h e 

l a g d i s t r i b u t i o n . Compare y o u r r e s u l t s w i t h e q u a t i o n 

o f c h a p t e r I X . 



F o o t n o t e s 

—^The f u n c t i o n ij>(z) must a l s o be " a n a l y t i c " a t Z Q , w h i c h 

means t h a t i t s d e r i v a t i v e e x i s t s a t Zg and a t each p o i n t i n same 

n e i g h b o r h o o d o f Z Q . In ou r e x a m p l e s , t h i s r e q u i r e m e n t w i l l r o u 

t i n e l y be s a t i s f i e d . 

—^The second r e p r e s e n t a t i o n i n (e) i s a s t a n d a r d i n 

t e x t s i n complex a n a l y s i s ( e . g . , see C h u r c h i l l [ ] ) . The 

f i r s t i s d e r i v e d s i m p l y f r om t h e second a s f o l l o w s . N o t i c e t h a t 
00 00 00 

g ( z - 1 ) = £ c z ~ n = £ c . z ^ = 1 d , z ^ w i t h d . = c U s i n g 
n=-oo j = - ° ° j= - * ° 

t h e second r e p r e s e n t a t i o n i n (e) t o c a l c u l a t e d . , i t f o l l o w s t h a t 
J 

Ci = sum o f r e s i d u e s o f g (z~^ )z^~"^ a t p o l e s i n s i d e t h e u n i t c i r -
J 

c l e . 



P r e d i c t i n g G e o m e t r i c D i s t r i b u t e d L e a d s 

I t i s i m p o r t a n t t o know t h e s o l u t i o n o f t h e f o l l o w i n g 

p r o b l e m i n o r d e r t o use a v a r i e t y o f l i n e a r r a t i o n a l e x p e c t a t i o n s 

m o d e l s . L e t x^. be a c o v a r i a n c e s t a t i o n a r y s t o c h a s t i c p r o c e s s w i t h 

Wold moving a v e r a g e r e p r e s e n t a t i o n 

( l ) x t = c ( L ) e t , c 0 = 1 

CO 

where e t i s a f u n d a m e n t a l w h i t e n o i s e f o r x and c ( L ) = £ c , L ^ i s 

s q u a r e summable. We f u r t h e r assume t h a t c ( L ) has an i n v e r s e a ( L ) 

= c ( L ) - ^ w h i c h i s o n e - s i d e d i n n o n n e g a t i v e powers o f L and s q u a r e 

summable. T h u s , x^ h a s t h e a u t o r e g r e s s i v e r e p r e s e n t a t i o n 

(2) a ( L ) x t = e t 

where a ( L ) = 1 - agL - apL 

We want t o c a l c u l a t e t h e f o l l o w i n g l i n e a r p r o j e c t i o n 

CO CO 

( 3 ) rt - P H A ^ K ^ , . . . ] , P t lQ x \ + y 

where |x| < 1 . 

P r o j e c t i o n s o f s u c h g e o m e t r i c d i s t r i b u t e d l e a d s o c c u r i n a v a r i e t y 

o f l i n e a r r a t i o n a l e x p e c t a t i o n s m o d e l . We b e g i n by n o t i n g t h a t y t 

d e f i n e d by (3) s a t i s f i e s t he s t o c h a s t i c d i f f e r e n c e e q u a t i o n 

(10 y t = X P t y t + 1 + x t . 

T h a t i s , yj. i s t he s t a t i o n a r y s o l u t i o n o f t he d i f f e r e n c e e q u a t i o n 

(3) a s can be v e r i f i e d by r e p e a t e d s u b s t i t u t i o n i n (h). We s e e k 

e x p r e s s i o n s f o r y^. o f t h e forms 
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(5) y t = g ( L ) x t 

and 

j r t = d ( L ) e t 

00 00 

where d ( L ) = I X L J , g ( L ) = I g L J , 
j=0 J j=0 J 

CO 

I g , < + •», ^ d , 2 < + » . 

j=o J J 

We know t h a t r e p r e s e n t a t i o n (5) e x i s t s by d e f i n i t i o n , and t h e r e 

f o r e t h a t d (L ) = g ( L ) c ( L ) a l s o e x i s t s . That i s , a r e p r e s e n t a t i o n 

o f t he fo rm (6) e x i s t s b e c a u s e { x t , x ^ . _ ^ , . . . } and { e ^ » e ^ _ i , • • •} 

span t h e same s p a c e . 

We s h a l l s o l v e f o r d ( L ) u s i n g (h) and p r e d i c t i o n t h e o 

r y . U s i n g ( 6 ) , we have t h a t 

ra(L) d ° i 

S u b s t i t u t i n g t h i s and (k) and (5) i n t o (h) g i v e s 

d ( L ) £ t = x [ f i - i ] e t + c ( L ) c t . 

S i n c e t h i s e q u a t i o n h o l d s f o r a l l r e a l i z a t i o n s , i t i m p l i e s , 

a f t e r r e a r r a n g i n g , t h a t 

( l - X L _ 1 ) d ( L ) = c ( L ) - X d 0 L _ 1 , 

an e q u a t i o n t h a t we d e s i r e t o s o l v e f o r d ( L ) a s a f u n c t i o n o f 

C ( L ) . We d e t e r m i n e C!Q by e v a l u a t i n g t h e above e q u a t i o n a t L = A , 

t o g e t c ( A ) = d g . U s i n g t h i s v a l u e f o r Xdg g i v e s , 

(7) d ( L ) = c ( L ) ~ . 
1-AL 



(8) g(L) = A a ( X ) " ^ a ( L ) L ~ 1

t 

U s i n g g ( L ) = d ( L ) c ( L ) _ 1 and c ( L ) = a ( L ) , we g e t 

-1 iT w - 1 

1-XL~ 

F o r t he c a s e i n w h i c h a ( L ) i s an r ^ n o r d e r p o l y n o m i a l a ( L ) = 1 -
r 
\ a , \ ? , Hansen and S a r g e n t [ ] show by u s i n g p o l y n o m i a l l o n g 

j = l J 

d i v i s i o n t h a t (8) can be e x p r e s s e d 

(9) g ( L ) = a U T ^ l + T t I X k _ J a ) L J ] 
j = l k= j+ l 

r -1 r -1 
so that g ( L ) = I g L J , w i th g = a (X) 1 , g = a ( X ) " 1 I X K " J cx, 

j=0 J ° U k= j+ l 

f o r j = 1 , . . . , r - 1 . 

V a r i o u s v e r s i o n s o f f o r m u l a s ( T ) , ( 8 ) , and (9) were o r i g i n a l l y 

d e r i v e d i n p a p e r s by S a r a c o g l u and S a r g e n t [ ] , Hansen and 

S a r g e n t [ ] , and F u t i a [ ] . 



E x e r c i s e : 

. Assume t h a t m^ i s c o v a r i a n c e s t a t i o n a r y and has an a u t o -

r e g r e s s i v e r e p r e s e n t a t i o n a(L)ra,. = e*. where i s a f u n d a m e n t a l 

w h i t e n o i s e f o r m,., and a ( L ) = 1 - a-^L - . . . - a r L r . 

a . D e f i n e a s t a t e v e c t o r x^. and a u n i t v e c t o r e , and 

u s e i t t o e x p r e s s t h e law o f mot ion f o r m*. = ex^ i n t h e f i r s t -

o r d e r v e c t o r f o rm x t = Ax t _ -^ + e^ where e^ i s a v e c t o r w h i t e 

n o i s e . 

b . Use t h e f o r m u l a ( ) t o d e r i v e t h e f o r m u l a (H -S ) 

by i n v e r t i n g ( l - X A ) , t a k i n g i n t o a c c o u n t t he many z e r o e s i n ( i -

X A ) . 



I n s e r t F 

T h i s d i f f e r e n c e e q u a t i o n can be r e w r i t t e n a s 

- a w , r 1 
nt. 

o r 

^ = X P t P t + l + ( l ~ X ) m t 

where X = - a / l - a , w h i c h i m p l i e s t h a t o < X < 1 s i n c e a < 0 . The 

s t a t i o n a r y s o l u t i o n o f t h e above d i f f e r e n c e e q u a t i o n o b e y s ^1/ 

(1) p = ( l - X ) I X J P m . 
t J = Q t t+j 

L e t us assume t h a t m̂ . has t h e a u t o r e g r e s s i v e r e p r e s e n t a t i o n 

where i s f u n d a m e n t a l f o r m, and a ( L ) = 1 - a - ^L . . . a r L r . Then 

f rom f o r m u l a ( ) o f t h e p r e c e d i n g s e c t i o n we have t h a t ( l ) 

i m p l i e s 

( i ) p. = ( l - X ) a ( X ) - 1 [ l + T ( I X K - J £ L ) L J ] m 
t j = l k= j+ l * * 

( i i ) a ( L ) m t = e t . 

These two e q u a t i o n s e x p r e s s how t h e s t o c h a s t i c p r o c e s s f o r p t i s a 

f u n c t i o n o f t h e s t o c h a s t i c p r o c e s s o f m^.. N o t i c e t h a t p t depends 

on m*., m t _ - ^ , . . . , m t _ r + - ^ v i a c o e f f i c i e n t s t h a t p a r t l y r e f l e c t t h e 

s t o c h a s t i c p r o c e s s ( i i ) t h a t g o v e r n s m^. As an e x a m p l e , we s e t 

a ( L ) = 1 - a-^L - a p L 2 - a - ^ L 3 . Then ( i ) and ( i i ) become 

p t = ( l - X ) ( l - a 1 X - a 2 X 2 - a 3 X 3 ) " 1 [ l + ( a 2 X + a 3 X 2 ) L + ( a 3 X ) L 2 ] m t 



I n s e r t G 

We have assumed t h a t x^. has t he a u t o r e g r e s s i v e r e p r e s e n 

t a t i o n a(L)x^ . = e ^ . Now by u s i n g methods s i m i l a r t o t h o s e u s e d t o 

d e r i v e ( ) , i t can be e s t a b l i s h e d t h a t 

X 1 j=0 t + J 1 -XL 1 Z 1 

S u b s t i t u t i n g t h i s and ( ) i n t o (60) we have t h e f o l l o w i n g 

f o r m u l a f o r t h e e q u i l i b r i u m s t o c h a s t i c p r o c e s s f o r p r i c e p^ a s a 

f u n c t i o n o f t he x^ p r o c e s s : 

1 r - l w , . . N r L " 1 I - L " 1 a ( X ) 1 a ( L ) 1 

p t = X p t - i + 1 • g - ax ^ a x ( Y + a ) t —^i K -
1 - A L 

r l - X a ( X ) a ( L ) L \ i 
" t IT K l 

l - X L 1 t 

a ( L ) x t = e ^ . 



I n s e r t H 

f o r t h e l o g o f t he p r i c e l e v e l o f t he fo rm 

( ) p t - ( l - X ) jQ A J p t m t + J 

where X = - c t / ( l - a ) , and where m̂ . i s t h e l o g o f t h e money s u p p l y . 

Suppose t h a t m^ i s t h e f i r s t e l emen t o f a v e c t o r x^. t h a t e v o l v e s 

a c c o r d i n g t o x t = Ax^ ._ 1 + where e t i s a v e c t o r w h i t e n o i s e . 

L e t e be t he u n i t v e c t o r t h a t v a l i d a t e s ou r w r i t i n g m^ = e x ^ . 

Then s u b s t i t u t i n g (69) i n t o t h e above s o l u t i o n f o r p^ g i v e s 

CO 

p t = ( l - X ) e ( I X J A J ) x t -

I f t h e e i g e n v a l u e s o f A a r e bounded by l / X i s modulus,-?—^ t h e n we 
00 

have t h a t I X J A J = ( I - X A ) - 1 . T h e r e f o r e , ou r s o l u t i o n c a n b e 

r e p r e s e n t e d 
p t = ( l - X ) e ( l - X A ) - 1 x t 

x t = ^ t - l + e f 

Two comments abou t t h i s d e r i v a t i o n a r e i n o r d e r . F i r s t , 

i n t he s p e c i a l c a s e i n w h i c h o n l y l a g g e d m's appea r i n t h e x^._^ 

v e c t o r , t he above f o r m u l a i s e q u i v a l e n t w i t h f o r m u l a ( ) on 

page ( ) [H-S f o r m u l a w i t h g ( L ) ] . In f a c t t h a t f o r m u l a c o u l d 

be d e r i v e d f rom t h e above one s i m p l y by e x p l i c i t l y i n v e r t i n g ( i -

X A ) . 

S e c o n d , we n o t i c e f r om ( ) t h a t no t o n l y l a g g e d m's 

bu t a l s o any o t h e r v a r i a b l e s t h a t appea r i n t h e v e c t o r x^ a l s o 

e n t e r t he e q u a t i o n ( ) f o r p^ . T h u s , any v a r i a b l e s t h a t h e l p 



p r e d i c t f u t u r e m's end up i n t h e 

a f u n c t i o n o f c u r r e n t and l a g g e d 

t h i s s h o r t l y . 

e q u a t i o n ( ) e x p r e s s i n g p^ a s 

v a r i a b l e s . We s h a l l expand upon 
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= a 1 m t _ 1 + a g m ^ g + a 3 r a t _ 3 + e t . 



1. I n t r o d u c t i o n 

In chapter I X , we s t u d i e d l i n e a r d i f f e r e n c e e q u a t i o n s o f 

t h e form 

(1 ) ( l - a 1 - . . . - a n L n ) y t = 

where {x } was t a k e n t o be a known s e q u e n c e . We s t u d i e d how 

t o f i n d t he c l a s s o f sequences {y^} t h a t s a t i s f y t h e d i f f e r e n c e 

e q u a t i o n and a s e t o f p r e s c r i b e d bounda ry c o n d i t i o n s on t h e {y^} 

s e q u e n c e . Such a {y^} sequence was s a i d t o s o l v e t h e d i f f e r e n c e 

e q u a t i o n . 

The p r e s e n t c h a p t e r s t u d i e s l i n e a r d i f f e r e n c e e q u a t i o n s 

o f t he form <l) i n w h i c h , r a t h e r t h a n b e i n g a sequence o f known 

numbers , {x^.} i s a sequence o f i n d e p e n d e n t l y and i d e n t i c a l l y 

d i s t r i b u t e d random v a r i a b l e s w i t h known v a r i a n c e and mean. W i t h 

t h i s c h o i c e o f mechanism f o r g e n e r a t i n g { x^ } , e q u a t i o n ( l ) i s 

c a l l e d a l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n . A s o l u t i o n o f 

such a d i f f e r e n c e e q u a t i o n i s a sequence o f random v a r i a b l e s 

{ y t ) . A sequence o f random v a r i a b l e s i s c a l l e d a s t o c h a s t i c 

p r o c e s s . W h i l e t h e x+ sequence i s by a s s u m p t i o n a s t o c h a s t i c 

p r o c e s s c o n s i s t i n g o f random v a r i a b l e s t h a t a r e i n d e p e n d e n t l y and 

i d e n t i c a l l y d i s t r i b u t e d o v e r t i m e , t he y^. p r o c e s s t h a t s o l v e s ( l ) 

w i l l i n g e n e r a l be c o r r e l a t e d o v e r t i m e . That i s , w h i l e t h e {x^} 

p r o c e s s by a s s u m p t i o n s a t i s f i e s R f x t - F x ^ ) ( x + + s - F x + + g ) = 0 f o r 

s * 0 , f o r t h e y t p r o c e s s i n g e n e r a l F ( y t - F y t ) ( y t + s - % t + s ^ * 

0 f o r s * 0 . One way t o c h a r a c t e r i z e t h e s o l u t i o n o f t h e d i f f e r 

ence e q u a t i o n i s t o summar ize t h e second moments o f t h e {y^} 

p r o c e s s and t o d e s c r i b e how t h e y depend on t h e a . ' s o f ( l ) . 
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S t o c h a s t i c d i f f e r e n c e e q u a t i o n s p r o v i d e a n a t u r a l t o o l 

f o r i n t e r p r e t i n g and m o d e l i n g economic t i m e s e r i e s . M a c r o e c o n o -

m i s t s spend much o f t h e i r t i m e i n t e r p r e t i n g sample f i r s t and 

s e c o n d moments o f o b s e r v e d t ime s e r i e s . F o r e x a m p l e , f o r an 

obse rved sample on two v a r i a b l e s (y*., z*. t = 1, . . . , T) we o f t e n 

c a l c u l a t e v a r i o u s o f t he sample moments 

T T T 
T ' 1 I y t , T " 1 I z ( T - k ) " 1 1 y y 

t = l t t = l 1 t=k+ l t t _ K 

T T 
( T - k ) " 1 I y x and ( T - k ) - 1 \ x y 

t =k+ l * t _ k t=k+ l % t _ K 

f o r v a r i o u s v a l u e s o f k . I t i s c o n v e n i e n t t o adop t a m a t h e m a t i c a l 

c o n t e x t i n wh ich t h e s e sample moments can be rega rded as e s t i m a 

t o r s o f t h e p o p u l a t i o n moments Fy.,., Fz.(., F y ^ y ^ _ ^ , F y ^ X-t-k> and 

Fx^. y-k_jr_, r e s p e c t i v e l y , e s t i m a t o r s w h i c h conve rge t o t h e s e p o p u l a 

t i o n moments a s T + °°. l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s 

p r o v i d e such a m a t h e m a t i c a l c o n t e x t . I n s t u d y i n g how t o s o l v e 

s t o c h a s t i c d i f f e r e n c e e q u a t i o n s , one o f ou r i n t e r m e d i a t e g o a l s i s 

t o l e a r n how the c o e f f i c i e n t s a^ o f ( l ) can be chosen i n o r d e r t o 
make t h e i m p l i e d p a t t e r n o f p o p u l a t i o n moments F y t r e s e m b l e 

T 
( T - k ) ~ I y y a s t h e l a g k i s v a r i e d . 

t=k+ l * t _ k 

S t o c h a s t i c p r o c e s s e s p r o v i d e a n a t u r a l c o n t e x t i n w h i c h 

t o f o r m u l a t e t h e p r o b l e m o f p r e d i c t i o n . A t t i m e t , suppose that , 

o b s e r v a t i o n s on a s t o c h a s t i c p r o c e s s ( y t , y^_-±, y-t_2 • • • ) n a v P p o * 

y e t been r e v e a l e d . Suppose t h a t t h e moments Fyt. and Fy*. y * . , ^ a r e 

known f o r a l l t and k. Then what i s t he bes t way t o p r e d i c t 

(y t+ i> Yt+2* "'^ 8 5 3 a l i n e a r f u n c t i o n o f (yt, y^_\, . . . ) ? T h i s 

l i n e a r p r e d i c t i o n p r o b l e m was s o l v e d by W iene r and Ko lmogorov i n 

t h e l a t e 1930s. 
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The l i n e a r p r e d i c t i o n p r o b l e m i s o f i n t e r e s t t o m a c r o -

e c o n o m i s t s f o r a t l e a s t two r e a s o n s . F i r s t , m a c r o e e o n o m i s t s a r e 

i n t e r e s t e d i n m o d e l i n g t h e b e h a v i o r o f a g e n t s who a r e o p e r a t i n g i n 

dynamic and u n c e r t a i n c o n t e x t s . T y p i c a l l y , t h e h y p o t h e s i s o f 

u t i l i t y o r p r o f i t m a x i m i z a t i o n ends up c o n f r o n t i n g t h o s e a g e n t s 

w i t h some v e r s i o n o f a p r e d i c t i o n p rob lem t h a t t h e y must s o l v e i n 

o r d e r b e s t t o a c h i e v e t h e i r o b j e c t i v e . As we s h a l l s e e , by u s i n g 

p r e d i c t i o n t h e o r y , i t i s p o s s i b l e t o ex tend t h e s o l u t i o n s o f t he 

q u a d r a t i c dynamic o p t i m i z a t i o n p rob lems t h a t were e n c o u n t e r e d i n 

C h a p t e r IX t o t h e c a s e i n w h i c h t he f o r c i n g f u n c t i o n s a r e s t o c h a s 

t i c p r o c e s s e s whose f u t u r e v a l u e s a r e no t known a t t h e t i m e when 

d e c i s i o n s n u s t be made. T h u s , p r e d i c t i o n t h e o r y i s an i m p o r t a n t 

t o o l i n d e t e r m i n i n g o p t i m i z i n g b e h a v i o r u n d e r u n c e r t a i n t y . 

S e c o n d , m a c r o e c o n o m i s t s a r e i n t e r e s t e d i n u s i n g t h e i r 

own models o f economic t i m e s e r i e s ( o f t e n a c o l l e c t i o n o f e s t i 

mated a ^ ' s i n ( l ) o r e s t i m a t e d moments Fy^ y^._j,) i n o r d e r t o 

p r e d i c t t h e f u t u r e c o n d i t i o n a l on t h e p a s t . When t h e e c o n o m e t r i c 

model o c c u r s i n t h e form o f a v e c t o r v e r s i o n o f ( l ) , i t i s s a i d t o 

be a v e c t o r a u t o r e g r e s s i o n . l i n e a r p r e d i c t i o n t h e o r y a p p l i e s 

d i r e c t l y t o such a m o d e l . 

One o f t h e g o a l s o f much r e c e n t work i n r a t i o n a l e x p e c 

t a t i o n s economics has been t o c r e a t e models whose e q u i l i b r i a , a r e 

v e c t o r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s . In t h e s e m o d e l s , t h e 

outcome o f t h e i n t e r a c t i o n o f a c o l l e c t i o n o f p u r p o s e f u l a g e n t s i s 

a s t o c h a s t i c p r o c e s s f o r , s a y , p r i c e s and q u a n t i t i e s whose e v o l u 

t i o n can be d e s c r i b e d by a ( v e c t o r ) s t o c h a s t i c d i f f e r e n c e e q u a 

t i o n . We s h a l l s t u d y v e r s i o n s o f such models i n wh ich t h e e q u i -
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l i b r i a a r e d e s c r i b e d hy l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s , 

i . e . , v e c t o r v e r s i o n s o f ( l ) . In such m o d e l s , some o f t he a ^ ' s 

become i n t . e r p r e t a b . l e i n t e rms o f t h e p u r p o s e f u l b e h a v i o r o f t h e 

a g e n t s i n t h e m o d e l ; t h a t i s , t h e y a r e f u n c t i o n s o f t h e p a r a m e t e r s 

o f p e o p l e ' s o b j e c t i v e f u n c t i o n s and c o n s t r a i n t s . One g o a l o f t h i s 

l i n e o f r e s e a r c h i s t o a c q u i r e t h e a b i l i t y t o p r e d i c t how t h e 

e q u i l i b r i u m s t o c h a s t i c p r o c e s s (o r d i f f e r e n c e e q u a t i o n ) wou ld 

change i n r e s p o n s e t o h y p o t h e t i c a l changes i n p a r t i c u l a r a s p e c t s 

o f t h e env i r onmen t c o n f r o n t i n g t h e a g e n t s i n t h e m o d e l . 

The i d e a t h a t low o r d e r l i n e a r s t o c h a s t i c d i f f e r e n c e 

e q u a t i o n s c o u l d p r o v i d e a u s e f u l model f o r b u s i n e s s c y c l e s can be 

t r a c e d , back a t l e a s t as f a r as S l u t s k y (1937) and F r i s c h ( 1 9 3 3 ) . 

We have seen i n C h a p t e r IX t h a t low o r d e r n o n s t o c h a s t i c l i n e a r 

d i f f e r e n c e e q u a t i o n s w i t h no f o r c i n g f u n c t i o n s p r e s e n t ( i . e . , x*. = 

0 f o r a l l t i n ( l ) ) r e s u l t i n s o l u t i o n s f o r y*. t h a t a r e " s m o o t h , " 

b e i n g t he we igh ted sum o f a s m a l l number o f g e o m e t r i c s e q u e n c e s . 

Such smooth sequences do no t r esemb le o b s e r v e d economic t i m e 

s e r i e s . However , i f a s u f f i c i e n t l y e r r a t i c f o r c i n g sequence {x^} 

o c c u r s i n ( l ) , t h e r e s u l t i n g ( y ^ ) seauence t h a t s o l v e s ( l ) can b e 

s u f f i c i e n t l y e r r a t i c t h a t i t r esemb les obse rved economic t i m e 

s e r i e s . The i d e a o f S l u t s k y was t o make t h e { x t } sequence s u f f i 

c i e n t l y e r r a t i c by c h o o s i n g i t a s t h e r e a l i z a t i o n o f a sequence o f 

i n d e p e n d e n t l y and i d e n t i c a l l y d i s t r i b u t e d random v a r i a b l e s . The 

r e s u l t i n g r e a l i z a t i o n s o f t he iy^} sequence t h a t s o l v e d ^ / ( l ) 

— 'He re " s o l v e " r e f e r s t o t h e o r d i n a r y sense used i n 

C h a p t e r IX o f f i n d i n g a {y^} sequence t h a t s a t i s f i e s ( l ) g i v e n t h e 

r e a l i z a t i o n o f t he { x t ) s e q u e n c e . 
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would be e r r a t i c enough t o r esemb le o b s e r v e d t i m e s e r i e s . As we 

s h a l l s e e , even f i r s t - o r d e r s t o c h a s t i c l i n e a r d i f f e r e n c e e q u a t i o n s 

(n = 1 i n ( l ) ) can g e n e r a t e r e a l i z a t i o n s t h a t l o o k l i k e o b s e r v e d 

economic t i m e s e r i e s . F u r t h e r m o r e , t h e h y p o t h e s i s t h a t {x + } i s a 

sequence o f i n d e p e n d e n t l y and i d e n t i c a l l y d i s t r i b u t e d random 

v a r i a b l e s i n g e n e r a l i m p l i e s t h a t t he f u t u r e v a l u e s ( y ^ + i » y t+2> 

. . . ) a r e a t b e s t i m p e r f e c t l y p r e d i c t a b l e f rom pa.st v a l u e s ( y t , 

y + _ l » • • • ) . I t i s d e s i r a b l e t o have models i n wh ich b o t h economic 

agen t s and e c o n o m e t r i c i a n s c o n f r o n t u n c e r t a i n t y i n t h i s s e n s e . 

T h i s i s one major reason t h a t S l u t s k y ' s i d e a was adopted e a r l y on 

i n dynamic e c o n o m e t r i c s , and why i t h a s been r e t a i n e d and expanded 

upon i n work on r a t i o n a l e x p e c t a t i o n s . 


