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I n d i v i d u a l R i s k W i t h o u t A g g r e g a t e U n c e r t a i n t y : 

A N o n s t a n d a r d View 

I n t r o d u c t i o n 

E q u i l i b r i u m a n a l y s i s i n l a r g e economies whose a g e n t s 

f a c e u n c e r t a i n t i e s i s s i m p l i f i e d when t h e s e u n c e r t a i n t i e s com

p l e t e l y and r i g o r o u s l y d i s a p p e a r i n the a g g r e g a t e . B o t h Judd 

(1985) and Feldman & G i l l e s (1985) a g r e e t h a t numerous p a p e r s 

s e e k i n g to do so a r e b e s e t by t e c h n i c a l p rob lems a r i s i n g f rom the 

d i f f i c u l t y o f e x t e n d i n g l aws o f l a r g e numbers to c o n t i n u a o f 

random v a r i a b l e s . 

B o t h Judd and Fe ldman & G i l l e s e n c o u r a g e the use o f 

n o n s t a n d a r d , h y p e r f i n i t e p r o b a b i l i t y t h e o r y i n r e s o l v i n g t h e s e 

economic m o d e l i n g d i f f i c u l t i e s , bu t n e i t h e r p a p e r d e v e l o p s t he 

i d e a f u r t h e r . T h i s p a p e r i l l u s t r a t e s how t h e p r a c t i t i o n e r c a n use 

mode ls w i t h an i n f i n i t e h y p e r r e a l number , r a t h e r t h a n a c o n t i n u u m , 

o f a g e n t s to s i m p l i f y l a r g e s c a l e economic a n a l y s i s . The s u r v e y 

paper by C u t l a n d (1983) i s h e a v i l y r e l i e d on h e r e f o r t he m a c h i n 

e r y u s e d , and s h o u l d be r e a d i n c o n j u n c t i o n w i t h t h i s p a p e r . F o r 

more g e n e r a l backg round on n o n s t a n d a r d a n a l y s i s , s e e t he i n t r o d u c 

t o r y t e x t o f Hen le and K l e i n b e r g (1980) and t he more advanced 

t r e a t m e n t o f K e i s l e r ( 1 9 7 6 ) , Hurd and Loeb ( 1 9 8 5 ) , and A l b e v e r i o , 

e t . a l . ( 1 9 8 6 ) . F o r o t h e r a p p l i c a t i o n s o f n o n s t a n d a r d a n a l y s i s i n 

l a r g e s c a l e e c o n o m i e s , see Emmons and Y a n n e l l i s ( 1 9 8 4 ) . 
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S e c t i o n 1: A R e p r e s e n t a t i v e P r o b l e m . 

The f o l l o w i n g p rob lem i n a mode l o f P r e s c o t t and 

Townsend (1984) i s r e p r e s e n t a t i v e o f what we w i s h to s o l v e . S u p 

pose t h e r e a r e two t y p e s o f a g e n t s : l o w r i s k a g e n t s and h i g h r i s k 

o n e s . Each low r i s k a g e n t r e c e i v e s a random endowment Z , w h i c h i s 

B e r n o u l l i d i s t r i b u t e d w i t h p r o b a b i l i t y P ( Z = Z Q ) • 0 ^ . E a c h h i g h 

r i s k a g e n t r e c e i v e s an a n a l o g o u s random endowment w i t h h i g h e r 

P ( Z = Z Q ) • Q2

m T h e endowment p a t t e r n o f low r i s k ( o r h i g h r i s k ) 

a g e n t s i s t h u s s p e c i f i e d a s an i n d e p e n d e n t B e r n o u l l i p r o c e s s , w i t h 

p r o b a b i l i t y P ( Z T = Z 0 ) = 0 1 ( o r G 2 ) , where t r a n g e s o v e r the s e t o f 

a l l l ow r i s k ( o r h i g h r i s k ) a g e n t s . I f t h e r e were a f i n i t e number 

n o f low r i s k ( o r h i g h r i s k ) a g e n t s , t hen t he p r o p o r t i o n o f low 

r i s k ( o r h i g h r i s k ) a g e n t s g e t t i n g Z = Z Q would be a b i n o m i n a l 

random v a r i a b l e w i t h mean e q u a l to 0^ ( o r 0 2 ) and v a r i a n c e e q u a l 

t o 0 ^ 1 - 0 ^ / n ( o r © 2 ( l - 0 2 ) / n ) . Randomness d o e s n o t r i g o r o u s l y and 

c o m p l e t e l y d i s a p p e a r no m a t t e r how l a r g e n i s . 

P r e s c o t t and Townsend want t h e s e p r o p o r t i o n s t o be 

n o n s t o c h a s t i c , howeve r , e q u a l i n g 0^ and r e s p e c t i v e l y . To do 

s o , t h e y and o t h e r s have hoped t h a t t h e a s s u m p t i o n o f a c o n t i n u u m 

o f a g e n t s wou ld p e r m i t the a p p l i c a t i o n o f an e x t e n d e d s t r o n g law 

o f l a r g e numbers f o r c i n g t h e s e p r o p o r t i o n s t o d e g e n e r a t e t o d i s 

t r i b u t i o n s c o n c e n t r a t e d on 0^ and ©2» r e s p e c t i v e l y . 

As d i s c u s s e d i n t h e p r e v i o u s l y c i t e d a r t i c l e s by Judd 

and by Fe ldman <S G i l l e s , t h e r e a r e two p r o b l e m s i n e x t e n d i n g l aws 

o f l a r g e numbers t o a c o n t i n u u m o f random v a r i a b l e s . The f i r s t 

p rob lem i s t h a t s e t s one wou ld want to a s s i g n p r o b a b i l i t y t o may 
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no t be m e a s u r a b l e . I n ou r r e p r e s e n t a t i v e p r o b l e m , f o r some r e a l 

i z a t i o n s a s s i g n i n g e i t h e r Z Q o r Z 1 t o e a c h member o f t h e c o n t i n u u m 

o f low r i s k a g e n t s ( r e p r e s e n t e d , s a y , by t he i n t e r v a l ( 0 , 1 ] ) , t h e 

s u b s e t o f a g e n t s r e c e i v i n g Z Q may no t e v e n be Lebesgue m e a s u r a b l e , 

l e t a l o n e have measure e q u a l to 0 , i f i t w e r e . I n f a c t , J u d d ' s 

Thra. 1 i m p l i e s t h a t s u c h r e a l i z a t i o n s a r e c o n t a i n e d i n e v e r y B o r e l 

s e t o f r e a l i z a t i o n s o f p o s i t i v e measure o f t h i s p r o c e s s . The 

second p r o b l e m i s t h a t even when m e a s u r a b i l i t y i s no t an i s s u e , 

the s t r o n g l a w o f l a r g e numbers may f a i l . So even when we have a 

r e a l i z a t i o n i n w h i c h t he s u b s e t o f low r i s k a g e n t s on (0 ,1 ] r e 

c e i v i n g Z Q i s Lebesgue m e a s u r a b l e , i t s measure may no t be 0 ^ 

Because J u d d ' s Thm. 2 i m p l i e s t h a t s u c h r e a l i z a t i o n s a r e c o n t a i n e d 

i n e v e r y B o r e l s e t o f p o s i t i v e m e a s u r e , t h i s i s a l s o s o m e t h i n g 

wor th w o r r y i n g a b o u t . 

I n d i s c u s s i n g v a r i o u s ways o f a v o i d i n g t h e s e p r o b l e m s , 

b o t h Judd and Fe ldman & G i l l e s e n c o u r a g e t h e a p p l i c a t i o n o f n o n 

s t a n d a r d economic mode ls u t i l i z i n g an i n f i n i t e h y p e r r e a l number o f 

a g e n t s , r a t h e r t h a n a c o n t i n u u m . N e i t h e r a r t i c l e d e v e l o p s t h i s 

n o t i o n . T h i s one d o e s . The f o l l o w i n g s e c t i o n p r e s e n t s an a p 

p l i c a t i o n s , p r a c t i t i o n e r - o r i e n t e d deve lopmen t o f t he m a t h e m a t i c a l 

backg round n e c e s s a r y to d e v e l o p t h i s n o t i o n . 

S e c t i o n 2: H y p e r r e a l Numbers 

A h y p e r r e a l number s y s t e m , deno ted R, i s an e x t e n s i o n 

o f the r e a l number l i n e R o b t a i n e d by d e f i n i n g and i n c l u d i n g 

i n f i n i t e s i m a l numbers . I n f i n i t e s i m a l numbers a r e d e f i n e d to be 

numbers whose a b s o l u t e v a l u e i s l e s s t h a n a l l p o s i t i v e r e a l num-
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b e r s . T h u s , t he o n l y r e a l number w h i c h i s a l s o i n f i n i t e s i m a l i s 

z e r o . Because t he e x t e n s i o n p r o d u c e s an o r d e r e d f i e l d , sums , 

p r o d u c t s and q u o t i e n t s a r e a l l d e f i n e d and obey t he u s u a l l aws o f 

a r i t h m e t i c and o r d e r i n g r e l a t i o n s h i p s . 

F o r e x a m p l e , l e t " d x " deno te an i n f i n i t e s i m a l number, 

and suppose dx > 0 . Then , 1/dx i s a l s o a h y p e r r e a l number . By 

d e f i n i t i o n , f o r a l l r e a l , p o s i t i v e e , dx < e . D i v i d i n g b o t h s i d e s 

by ( p o s i t i v e ) dx and e y i e l d s 1/dx > 1 / e , f o r a l l p o s i t i v e e , no 

m a t t e r how s m a l l . T h u s , t he h y p e r r e a l number 1 /dx i s g r e a t e r t han 

a l l r e a l numbers , and i s termed i n f i n i t e , a l b e i t s t i l l s m a l l e r 

t han ( 1 / d x ) + 1 o r t h a n 2 / d x , w h i c h a r e a l s o i n f i n i t e . No te t h a t 

i n mak ing t h i s a r g u m e n t , I ' v e assumed t h a t t h e o r d e r p r o p e r t i e s o f 

q u o t i e n t s and the r e l a t i o n s s y m b o l i z e d by "< " and "> " e x t e n d to 

t he who le h y p e r r e a l number s y s t e m . T h i s i s v a l i d , f o r t h e r e l a 

t i o n s s y m b o l i z e d by "<" and "> " and a l l o t h e r s e t t h e o r e t i c r e a l 

e n t i t i e s have e x t e n d e d c o u n t e r p a r t s on t he h y p e r r e a l s . 

F o r a n o t h e r e x a m p l e , n o t e t h a t h = r + dx i s h y p e r r e a l , 

f o r any r e a l number r . I t t u r n s ou t t h a t any f i n i t e h y p e r r e a l h a s 

a u n i q u e r e p r e s e n t a t i o n as r p l u s an i n f i n i t e s i m a l , w i t h r b e i n g 

i n t e r p r e t e d a s t he r e a l number c l o s e s t t o i t , o r t h e r e a l p a r t o f 
o 

the f i n i t e h y p e r r e a l , deno ted _ h . The re i s t h u s a haze o f h y p e r 

r e a l numbers a r o u n d e a c h r e a l number r , g e n e r a t e d by t a k i n g r and 

a d d i n g a l l p o s i t i v e and n e g a t i v e i n f i n i t e s i m a l s to i t , termed the 

monad o f r . A h y p e r r e a l h a z e a l s o s u r r o u n d s e a c h i n f i n i t e h y p e r 

r e a l , p o s i t i v e o r n e g a t i v e , as w e l l . When two h y p e r r e a l numbers 

d i f f e r by an i n f i n i t e s i m a l , l i k e r and r + dx d o , we s a y t h a t t h e y 

a r e i n f i n i t e l y c l o s e . 
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Much o f the u s e f u l n e s s o f n o n s t a n d a r d a n a l y s i s l i e s i n 

the T r a n s f e r P r i n c i p l e , w h i c h p r o v i d e s a mechan ism f o r t r a n s f e r 

r i n g s t a t e m e n t s t r u e i n a r e a l number sys tem to s t a t e m e n t s t r u e i n 

a h y p e r r e a l number s y s t e m , and v i c e - v e r s a . R o u g h l y s p e a k i n g , t h e 

i d e a i s to f i r s t w r i t e the s t a t e m e n t known t o be t r u e i n one 

number sys tem a s a bounded q u a n t i f i e r s e n t e n c e i n t h e f i r s t o r d e r 

p r e d i c a t e c a l c u l u s , and then to r e w r i t e i t i n the o t h e r number 

s y s t e m , r e p l a c i n g symbo l s by t h e i r c o u n t e r p a r t s i n t he o t h e r 

s y s t e m . 

Somewhat more p r e c i s e l y , a f i r s t o r d e r f o r m u l a i s made 

up o f s ymbo l s d e n o t i n g v a r i a b l e s , c o n s t a n t s , r e l a t i v e s and f u n c 

t i o n s , the u s u a l l o g i c a l c o n n e c t i v e s , p a r e n t h e s e s and commas, and 

t h e q u a n t i f i e r s ymbo l s V and 3 • A f o r m u l a i s s a i d to be bounded 

when each q u a n t i f i e r r e s t r i c t s i t s q u a n t i f i e d v a r i a b l e to l i e i n a 

s p e c i f i e d s e t , and i s s a i d to be a s e n t e n c e when t h e r e a r e no f r e e 

( i . e . , n o t q u a n t i f i e d ) v a r i a b l e s w i t h i n i t . S e n t e n c e s may c o n t a i n 

c o n s t a n t s , t h o u g h . F o r e x a m p l e , t h e bounded q u a n t i f i e r s e n t e n c e 

( 1 ) (V x 1 e R ) ( V x 2 e R ) ( ( x 1 > 0 & x 2 > 0 & x 1 < x 2 ) => 1 / X l > 1 / x 2 ) 

composed o f v a r i a b l e s and x 2 , t he c o n s t a n t 0 , t he r e l a t i o n s e , 

< and > and t he l o g i c a l c o n n e c t i v e s & and =>, i s t r u e . By a p p l i 

c a t i o n o f the T r a n s f e r P r i n c i p l e ( s t a t e d more c o m p a c t l y , " B y 

t r a n s f e r " ) , t h e bounded q u a n t i f i e r s e n t e n c e 

( T ) (V x 1 * e * R ) ( V x 2 * e * R ) ( ( x 1 * > 0 & x 2 * > 0 & x 1 * < x 2 ) = > 1 / x 1 * > 1 / x 2 ) 
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i s a l s o t r u e , where the s t a r r e d symbo ls deno te the h y p e r r e a l 

c o u n t e r p a r t s . Because t h e y a r e e x t e n s i o n s , i t i s n o r m a l p r a c t i c e 

to s u p p r e s s the s t a r r e d n o t a t i o n on t he s y m b o l s f o r t he ex tended 

r e l a t i o n s , f u n c t i o n s , e t c . Note i n p a r t i c u l a r t h a t any r e a l 

c o n s t a n t r , l i k e z e r o , has r = r . (1 ) j u s t i f i e s the o p e r a t i o n s 

p r e v i o u s l y u s e d t o " p r o v e " t h a t 1/dx i s an i n f i n i t e p o s i t i v e 

h y p e r r e a l when dx i s a p o s i t i v e i n f i n i t e s i m a l , by i n t e r p r e t i n g x^ 

and x 2 t o be t he h y p e r r e a l numbers dx and e ( t he l a t t e r i s a l s o 

r e a l ) , r e s p e c t i v e l y . 

However , one must be c a r e f u l i n a p p l y i n g t he T r a n s f e r 

P r i n c i p l e to t r a n s f e r " e v e r y t h i n g . " P o r e x a m p l e , t he A rch imedean 

p r o p e r t y o f the r e a l numbers , w h i c h s t a t e s t h a t any p a r t i c u l a r 

r e a l number i s s m a l l e r t h a n some r e a l i n t e g e r , i s e x p r e s s e d a s : 

(2 ) ( V x 2 e R ) ( 3 x 1 e N ) x 2 < x 1 

Where N d e n o t e s t he r e a l i n t e g e r s . I n t r a n s f e r r i n g t h i s s e n t e n c e 

to i t s h y p e r r e a l c o u n t e r p a r t , b o t h R and N must be r e p l a c e d by 

t h e i r r e s p e c t i v e h y p e r r e a l c o u n t e r p a r t s R and N. The r e s u l t i n g 

A rch imedean p r o p e r t y o f the h y p e r r e a l s i s t h a t any p a r t i c u l a r 

h y p e r r e a l number i s s m a l l e r t h a n some h y p e r r e a l i n t e g e r . Because 

t h e r e e x i s t i n f i n i t e h y p e r r e a l numbers ( e . g . , 1 /dx as p r o v e n 

e a r l i e r ) , f o r each one t h e r e must e x i s t a l a r g e r i n f i n i t e i n t e -

* 
g e r . I f one d i d no t r e p l a c e N by N i n t r a n s f e r r i n g the s t a t e 

ment , one would g e t t he s t a t e m e n t t h a t any p a r t i c u l a r h y p e r r e a l 

number x 2 i s s m a l l e r t han some r e a l i n t e g e r x ^ , w h i c h i s o b v i o u s l y 

f a l s e ( l e t x 2 = 1 / d x , f o r e x a m p l e ) . 
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H y p e r r e a l s e t s w h i c h a r e p roduced by t r a n s f e r a r e s a i d 

t o be i n t e r n a l . So N i s i n t e r n a l , bu t N C N i s n o t i n t e r n a l . 

By t r a n s f e r , any i n t e r n a l s u b s e t o f R w h i c h i s bounded above h a s 

a l e a s t u p p e r b o u n d . N i s bounded above by any i n f i n i t e i n t e g e r , 

bu t has no l e a s t u p p e r bound , and hence i s n ' t i n t e r n a l , i . e . , i t 

i s e x t e r n a l . I t t u r n s ou t t h a t N i s no t an e l e m e n t o f any A , 

where A i s a r e a l s e t o f s e t s , so i t c a n ' t be p roduced by t r a n s 

f e r . 

Because t h e r e e x i s t s f i n i t e i n i t i a l segments { 1 , 2 , 3 , 

. . . , n } , o f N , by t r a n s f e r t h e r e must a l s o e x i s t i n t e r n a l i n i t i a l 

segments o f N , l i k e { 1 , 2 , 3 , M}, where M i s a f i n i t e o r 

i n f i n i t e i n t e g e r . S e t s w h i c h c a n be pu t i n t o o n e - t o - o n e c o r r e -

spondence w i t h t h e s e segments a r e c a l l e d f i n i t e , o r h y p e r f i n i t e  

s e t s o f c a r d i n a l i t y M. I n o u r r e p r e s e n t a t i v e p r o b l e m , w e ' l l 

assume t h a t the s e t o f a g e n t s i s a h y p e r f i n i t e s e t , r a t h e r t h a n a 

c o n t i n u u m , and use i t t o d e f i n e a h y p e r f i n i t e measure s p a c e , i n 

s e c t i o n 4 . 
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S e c t i o n 5 : N o n s t a n d a r d P r o b a b i l i t y Theory 

One m i g h t guess t h a t h y p e r r e a l , i n t e r n a l a - a d d i t i v e 

measure s p a c e s c o u l d be e a s i l y p r o d u c e d by a s t r a i g h t f o r w a r d 

a p p l i c a t i o n o f the T r a n s f e r P r i n c i p l e to t h e d e f i n i n g a x i o m s o f 

r e a l measure s p a c e s . Bu t t h i s t u r n s ou t to be w rong . Suppose 

t h a t X i s a r e a l m e a s u r a b l e s p a c e w i t h a a - f i e l d F and o - a d d i t i v e 

( i . e . , c o u n t a b l y a d d i t i v e ) measure y on F . A p p l i c a t i o n o f the 

T r a n s f e r P r i n c i p l e y i e l d s a h y p e r r e a l m e a s u r a b l e s p a c e X w i t h an 

# # # X-

i n t e r n a l a - f i e l d F and a a - a d d i t i v e i n t e r n a l measure y . T h i s 

means t h a t a u n i o n o f m e a s u r a b l e s e t s i n d e x e d o v e r a l l N , w h i c h 

i n c l u d e s t he i n f i n i t e i n t e g e r s , i s i n F and t h a t y i s a d d i t i v e 

o v e r d i s j o i n t u n i o n s o f s e t s ( i n F ) i n d e x e d o v e r a l l N. B u t i t 

t u r n s out t h a t c o u n t a b l e u n i o n s o f m e a s u r a b l e s e t s ( i . e . , t h o s e 

i n d e x e d o v e r j u s t N) w o n ' t be i n F , i . e . , t h e y a r e n ' t i n t e r n a l 

u n i o n s , u n l e s s t h e y can a l s o be r e p r e s e n t e d a s f i n i t e u n i o n s . So 

* 
F i s no t n o r m a l l y a a - f i e l d 

The c o n c e p t o f Loeb measure g e t s a round t h i s p r o b l e m by 

s t a r t i n g i n t he h y p e r r e a l s , w i t h an a r b i t r a r y h y p e r r e a l , i n t e r n a l 

m e a s u r a b l e s p a c e X , an i n t e r n a l a l g e b r a ( no t a - f i e l d ) A o f i n t e r 

n a l s u b s e t s o f X , and an i n t e r n a l , f i n i t e l y a d d i t i v e , n o n n e g a t i v e , 

h y p e r r e a l - v a l u e d measure v : A •*• * R + . One can make an e x t e n d e d 

r e a l - v a l u e d measure u on A j u s t by " r o u n d i n g o f f " v to t he r e a l 
o 

p a r t o f i t s h y p e r r e a l v a l u e (when i t i s f i n i t e ) , deno ted v , and 

by d e f i n i n g y to be °° on s e t s where v has an i n f i n i t e h y p e r r e a l 

v a l u e . 
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I n t h i s n o t a t i o n , w i t h a m i n o r e x t e n s i o n by Hensen 

(1979) Loeb showed t h a t the C a r a t h e o d o r y E x t e n s i o n Theorem (see 

Ash ( 1 9 7 2 , p . 19) c o u l d be u t i l i z e d to h e l p p r o v e : 

Thm. 1 ( Loeb (1975 ) ) Loeb Measure 

The e x t e n d e d r e a l - v a l u e d f u n c t i o n y has a u n i q u e , 0 -

a d d i t i v e e x t e n s i o n y to t he s m a l l e s t ( e x t e r n a l ) o - a l g e b r a F c o n 

t a i n i n g A . F o r each S e F , t he v a l u e o f t h i s e x t e n s i o n i s g i v e n 

by y(s) = i n f y ( B ) . When y ( X ) i s f i n i t e , i t i s a l s o t r u e t h a t 
Be A 
EDS 

y ( S ) = sup y ( B ) 
Be A 
BCS 

and t h e r e i s a s e t C e A w i t h y ( ( S - C ) U ( C - S ) ) = 0 . 

A n a l o g o u s to t he c o n s t r u c t i o n o f Lebesgue m e a s u r e , one t a k e s the 

c o m p l e t i o n o f t h e o - f i e l d w i t h r e s p e c t to u , p r o d u c i n g t h e Loeb  

m e a s u r a b l e s e t s F^» and e x t e n d s y to F ^ , deno ted v ^ , t he Loeb  

measure o f the Loeb s p a c e ( X , F ^ ) . 

V i a L o e b ' s r e s u l t , we now have a a - a d d i t i v e , e x t e n d e d 
a 

r e a l v a l u e d measure on a a - f i e l d F , e x t e n d i n g \> and A , r e 

s p e c t i v e l y . F u r t h e r , one can a p p r o x i m a t e any m e a s u r a b l e s e t S i n 

F by a s e t i n t he s m a l l e r a l g e b r a A , whose s y m m e t r i c d i f f e r e n c e 

w i t h S has Loeb measure e q u a l to z e r o . 

I n t e g r a t i o n on Loeb s p a c e s i s f a c i l i t a t e d by l i f t i n g 

t h e o r e m s . A ma jo r r e s u l t o f Loeb s t a t e d , i n C u t l a n d ( p . 5 5 2 ) , i s 

r e w r i t t e n b e l o w : 
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Thm. 2 ; L i f t i n g Theorem 

L e t f be an e x t e n d e d , r e a l v a l u e d f u n c t i o n on X . T h e n , 

f i s Loeb m e a s u r a b l e i f and o n l y i f t h e r e e x i s t s an i n t e r n a l , A -

m e a s u r a b l e f u n c t i o n , o r random v a r i a b l e , F: X -• * R ( i . e . , a l l i t s 

uppe r and l o w e r c o n t o u r s e t s a r e i n t he a l g e b r a A ) , s u c h t h a t 
o 

F ( x ) = f ( x ) f o r v L a l m o s t e v e r y x e X . F i s c a l l e d a l i f t i n g o f 

f . F u r t h e r , i f b o t h f and F a r e f i n i t e l y b o u n d e d , / f d v L = ° * / F d v , 

where " / " d e n o t e s i n t e g r a t i o n , t he h y p e r r e a l c o u n t e r p a r t o f 

s t a n d a r d i n t e g r a t i o n . 

I n the r e p r e s e n t a t i v e p r o b l e m , w h i c h we s o l v e i n t he 

n e x t s e c t i o n , " / " i s j u s t summat ion o v e r a h y p e r f i n i t e s e t , w h i c h 

i s an e l e m e n t a r y c a l c u l a t i o n , i l l u s t r a t i n g the u t i l i t y o f Thm. 2 . 



- 1 1 -

S e c t i o n 4 : A p p l i c a t i o n o f Loeb Measure to t he P r o b l e m 

To a p p l y the r e s u l t s o f s e c . 3 to ou r p r o b l e m , assume 

t h a t t h e r e i s an i n f i n i t e i n t e g e r M o f a g e n t s , s o t he h y p e r f i n i t e 

s e t o f a g e n t s can be r e p r e s e n t e d by { 1 , 2 , . . . , M } . F o l l o w i n g 

P r e s c o t t and Townsend, assume t h a t a r e a l f r a c t i o n X 1 = N/L o f 

them a r e t he L low r i s k a g e n t s , w h i l e a r e a l f r a c t i o n A 2

 = ( 1 - X ^ ) 

= N/H o f them a r e t h e o t h e r H h i g h r i s k a g e n t s . Each o f t h e L ( o r 

H) low r i s k ( o r h i g h r i s k ) a g e n t s r e c e i v e s endowments o f Z Q o r Z ^ , 

* 1 / 

i d e n t i c a l l y and i n d e p e n d e n t l y — ' d i s t r i b u t e d among them w i t h r e a l 

p ( Z = Z 0 ) = 9 , ( o r 8 2 ) . 

A s u i t a b l e i n t e r n a l measure s p a c e o f r e a l i z a t i o n s f o r 

e i t h e r o f t h e s e two i n t e r n a l B e r n o u l l i endowment p r o c e s s e s i s 

e a s i l y c o n s t r u c t e d . F o r the L l o w r i s k a g e n t s , the i n t e r n a l 

m e a s u r a b l e s p a c e o f r e a l i z a t i o n s i s t he s e t X o f a l l i n t e r n a l 

sequences o f l e n g t h L composed o f z e r o e s and o n e s , where a one i n 

t he i t h p l a c e , i . e . , x^ = 1 , means t h e i a g e n t was endowed w i t h Z Q 

r a t h e r t han Z^ . The i n f i n i t e c a r d i n a l i t y o f X t h u s e q u a l s 2 ^ . 

The a l g e b r a A i s t he c l a s s o f i n t e r n a l s u b s e t s o f X , d e n o t e d 

P ( X ) , the h y p e r r e a l c o u n t e r p a r t o f t he power s e t o f X . The 

h y p e r r e a l - v a l u e d p r o b a b i l i t y w e i g h i n g f u n c t i o n ( s e e C u t l a n d , S e c . 

3 . 3 ) on X , deno ted A v ( x ) , i s g i v e n by e l e m e n t a r y p r o b a b i l i t y 

t h e o r y : 

UBy t r a n s f e r , a s e t o f ( h y p e r r e a l - v a l u e d ) random v a r i 
a b l e s ( F ^ ( x ) ) i s i n d e p e n d e n t i f t h e j o i n t c u m u l a t i v e d i s t r i b u t i o n 
f u n c t i o n o f e v e r y h y p e r f i n i t e i n t e r n a l s u b s e t o f them i s Jhe 
p r o d u c t o f t h e i r r e s p e c t i v e m a r g i n a l d i s t r i b u t i o n f u n c t i o n s on E . 
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L L 
I x . L - Y x . 

(3 ) A v ( x ) = 8 ,1 -1 1 ( 1 - 8 1 ) 1-1 1 

T h e n , f o r any s e t B E A , the i n t e r n a l measure i s 

(4) v ( B ) = I A v ( x ) 

xeB 

In f a c t , b e c a u s e X i s h y p e r f i n i t e , any i n t e r n a l measure 

on A has a p r o b a b i l i t y w e i g h i n g f u n c t i o n Av ( C u t l a n d , p . 5 5 6 ) . 

The f r a c t i o n o f Z Q endowments i s t hen an i n t e r n a l , 

f i n i t e l y b o u n d e d , n o n n e g a t i v e , h y p e r r e a l - v a l u e d f u n c t i o n 

F: X • [ 0 , l ] + g i v e n by the sample a v e r a g e : 

L 

(5) F ( x ) = I x±/L 
i -1 

I t t u r n s ou t t h a t any i n t e r n a l f u n c t i o n , s u c h a s ( 5 ) , i s 

A - m e a s u r a b l e on a h y p e r f i n i t e s p a c e ( C u t l a n d , p . 5 5 6 - 7 ) , and t h u s 

i s a h y p e r r e a l - v a l u e d random v a r i a b l e on X . 

To a i d i n r e a l w o r l d a p p l i c a t i o n s , we may demand t h a t 

b o t h p r o b a b i l i t i e s and random v a r i a b l e s be r e a l - v a l u e d . To do s o , 

by Thm. 1 we round o f f v i n (4) t o i t s r e a l p a r t and e x t e n d t o 

p roduce the Loeb measure v L a s s o c i a t e d w i t h (3 ) and ( 4 ) . We a l s o 

round o f f F i n (5) to i t s r e a l p a r t , p r o d u c i n g t h e r e a l , c o u n t a b l e 

l i m i t sample a v e r a g e 

( 5 " ) f ( x ) 5 ° F ( x ) 

By the L i f t i n g Thm. 2 , f i n ( 5 ' ) i s a Loeb m e a s u r a b l e 

random v a r i a b l e , and t he e x p e c t e d v a l u e o f i t , t a k e n w i t h r e s p e c t 

to the Loeb measure v-^, i s c a l c u l a t e d a s : 



(6) E ( f ) = J f d v = ° * / F d v = °l F ( x ) A v ( x ) 
X h xeX 

l ( x . / D e ^ i i-1 1 

xeX i-1 

= ( 1 / L ) ( L G 1 ) = 8 1 

where the n e x t to l a s t e q u a l i t y f o l l o w s f rom the u s u a l b i n o m i a l 

d i s t r i b u t i o n c a l c u l a t i o n . I n f a c t , t he answer wou ld have been t h e 

same f o r any h y p e r r e a l 9^ i n f i n i t e l y c l o s e to ou r h y p o t h e s i z e d 

r e a l 6 ̂ . 

As we have j u s t s e e n , r e a l i n t e g r a t i o n on h y p e r f i n i t e 

Loeb s p a c e s i s m e r e l y h y p e r f i n i t e summat ion rounded o f f t o i t s 

r e a l p a r t . Bu t w i t h o u t f i n i t e boundedness o f F , t he sum may be an 

i n f i n i t e h y p e r r e a l and t h u s w i l l have no r e a l p a r t . I t t u r n s ou t 

t h a t i n t e g r a t i o n on Loeb s p a c e s s t i l l f o l l o w s the same c a l c u l a t i o n 

whenever | F ( X ) | A V ( X ) i s i n f i n i t e s i m a l f o r e v e r y i n f i n i t e 
xeX 

| F ( x ) |>N 

i n t e g e r N ( s e e C u t l a n d , p. 3 5 4 ) . I n t h i s c a s e , one s a y s t h a t F i s 

S - i n t e g r a b l e , i n w h i c h c a s e t he h y p e r r e a l i n t e g r a l o f F , on t h e 

s e t where F i s i n f i n i t e , i s i n f i n i t e s i m a l , so i t w o n ' t a f f e c t the 

r e a l p a r t o f t h e ou tcome. 

The e x p e c t e d p r o p o r t i o n o f Zg -endowed , low r i s k a g e n t s 

i s t h u s 8 | . What abou t the v a r i a n c e ? The same t e c h n i q u e l e a d s 

t o : 
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(7 ) v a r ( f ) s J ( f - E ( f ) ) 2 d v L = I ( F ( x ) - 0 1 ) 2 A v ( x ) 
X xeX 

= " e ^ i - e ^ / L = o 

where t h e l a s t e q u a l i t y i n t h e above b i n o m i a l c a l c u l a t i o n h o l d s 

because 8^ i s f i n i t e ( no t because i t i s r e a l ) and L i s i n f i n i t e . 

So t he p r o p o r t i o n f a p p e a r s to d e g e n e r a t e t o a r e a l c o n s t a n t 6 ^ , 

s o l v i n g ou r p r o b l e m . I n f a c t , t h i s can be d i r e c t l y p r o v e n u s i n g a 

h y p e r f i n i t e Chebyshev i n e q u a l i t y , p r o v e n b e l o w . 

Thm. 3 : H y p e r f i n i t e Chebyshev I n e q u a l i t y 

L e t ft X + R be an i n t e r n a l , f i n i t e l y bounded , h y p e r 

r e a l - v a l u e d random v a r i a b l e on the i n t e r n a l , h y p e r f i n i t e measure 

space X , e q u i p p e d w i t h t he a l g e b r a A o f a l l i t s i n t e r n a l s u b s e t s 

* + 

and the i n t e r n a l measure v : A -*• R . T h e n , 

( 7 ' ) v { x : | F ( x ) - E ( F ) | > k / v a r (F)} < 1 / k 2 , 

where k i s any p o s i t i v e h y p e r r e a l , and t he e x p e c t a t i o n and v a r i -

ance a r e d e f i n e d by i n t e g r a t i o n . 

P r o o f : L e t G: X •*• * R + be i n t e r n a l and f i n i t e l y bounded . F o r any 

p o s i t i v e h y p e r r e a l c , 

(8) / G d v = I G ( x ) A v ( x ) > I G ( x ) A v ( x ) > c £ A V ( X ) 
X xeX xeX xeX 

G(x)>c G(x )>c 
= c v { x : G(x)>c} , 

where t he l a s t s e t i s m e a s u r a b l e because i n t e r n a l f u n c t i o n s G a r e 

a l w a y s A - m e a s u r a b l e on h y p e r f i n i t e s p a c e s , a s n o t e d e a r l i e r . L e t 



- 1 5 -

G ( x ) = ( F ( x ) - E ( F ) ) f o r some f i n i t e l y bounded i n t e r n a l F , and l e t 

c = k^ E(G) f o r a r b i t r a r y p o s i t i v e h y p e r r e a l k . S u b s t i t u t i n g i n t o 

(8 ) , r e a r r a n g i n g , and t a k i n g the h y p e r r e a l c o u n t e r p a r t o f t he 

s q u a r e r o o t y i e l d s ( 7 ' ) . 

Of c o u r s e , Thm. 3 i s v a l i d f o r a r b i t r a r y i n t e r n a l mea

s u r e s p a c e s , r a t h e r t h a n j u s t h y p e r f i n i t e o n e s , j u s t by r e p l a c i n g 

h y p e r f i n i t e sums w i t h / and r e q u i r i n g t h a t F be A - m e a s u r a b l e . 

But we would r a r e l y need to use t h e more g e n e r a l t h e o r e m , f o r a 

l a r g e c l a s s o f s t a n d a r d measure s p a c e s can be c o n s t r u c t e d f rom 

Loeb s p a c e s a s s o c i a t e d w i t h h y p e r f i n i t e s p a c e s . F o r e x a m p l e , 

Lebesgue measure on [ 0 , l ] can be c o n s t r u c t e d f r om the h y p e r f i n i t e 

g r i d X = { 0 , A t , 2 A t , 3 & t , . . . , ( l / A t ) A t = 1 } , where A t i s a p o s i 

t i v e i n f i n i t e s i m a l w h i c h d i v i d e s 1, y i e l d i n g some p o s i t i v e i n f i n 

i t e i n t e g e r . A i s t he u s u a l a l g e b r a o f i n t e r n a l s u b s e t s o f X , and 

A v ( x ) = A t , so v i n (4) i s j u s t t he c o u n t i n g m e a s u r e . I t t u r n s 

ou t ( C u t l a n d , p . 358) t h a t a s e t C [ 0 , 1 ] i s Lebesgue m e a s u r a b l e 
o 

i f and o n l y i f { x : xeC} i s a Loeb m e a s u r a b l e s u b s e t o f X , and the 

Lebesgue measure o f C i s t he Loeb measure v-^ o f t h a t s e t . More 

g e n e r a l l y , A n d e r s o n (1982) has shown t h a t a r b i t r a r y Radon measures 

on H a u s d o r f f s p a c e s have a n a n a l o g o u s h y p e r f i n i t e Loeb r e p r e s e n t a 

t i o n ( a l s o see C u t l a n d , s e c . 4 « 2 ) . 

In t he r e p r e s e n t a t i v e p r o b l e m , l e t k = v a r ( F ) / m = 

01 (1-9.] ) /mL , where m i s any p o s i t i v e f i n i t e i n t e g e r . D e f i n e 

D f f l = {x : | F ( x ) - 9 1 | > 1 / m } . T h e n , Thm. 3 i m p l i e s t h a t 

(9) v ( D n ) < e ^ i - e ^ m 2 / ! , . 
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B e c a u s e the Loeb s p a c e a s s o c i a t e d w i t h X i s c o u n t a b l y 
DO 

a d d i t i v e , D = U D m i s Loeb m e a s u r a b l e . D i s t he s e t o f r e a l i z a -
m=1 

t i o n s on w h i c h F ( x ) and 8^ d i f f e r i n a b s o l u t e v a l u e by no more 

t h a n some r e a l number . Bu t u s i n g s u b a d d i t i v i t y and ( 9 ) , compute : 
00 CO 0 0 

(10) v L ( D ) < I v L ( D m ) < I ° 0 1 ( l - 9 1 ) m 2 / L = £ 0 = 0 . 

m=1 m=1 m=1 

T h e r e f o r e , ° F ( x ) = f ( x ) = 8 1 a . e . ( v L ) . 

We have j u s t e s t a b l i s h e d a s t r o n g l aw o f l a r g e numbers 

f o r t h i s h y p e r f i n i t e B e r n o u l l i c a s e . F u r t h e r m o r e , a n o n s t a n d a r d 

c e n t r a l l i m i t theorem o f Ande rson (1976 , p . 27) i m p l i e s t h a t f o r 

any s p e c i f i e d i n f i n i t e i n t e g e r I < L . 

-1 I 

(11) D(o) = v { x : / e .O-e .J / I ( I ( x . / l ) - 8 . ) < c t } 
i=1 

i s i n f i n i t e l y c l o s e to the h y p e r r e a l c o u n t e r p a r t Z\a) o f the 
o 

c o m u l a t i v e s t a n d a r d no rma l d i s t r i b u t i o n Z ( a ) . So D ( a ) = Z ( a ) f o r 

any r e a l a . I n o t h e r w o r d s , i n f i n i t e , n o r m a l i z e d p a r t i a l samp le 

a v e r a g e s o f t h i s p r o c e s s a r e e s s e n t i a l l y G a u s s i a n , a r e s u l t we 

c o u l d c a l l t he H y p e r f i n i t e B e r n o u l l i Theorem. 

F i n a l l y , n o t e t h a t t he same d e r i v a t i o n e s t a b l i s h e s t h a t 

t he p r o p o r t i o n o f h i g h r i s k a g e n t s g e t t i n g Z = Z Q d e g e n e r a t e s to 

&2' S o , ou r p r o b l e m i s s o l v e d . Or i s i t ? Remember t h a t we c h o s e 

to work w i t h an i n f i n i t e i n t e g e r M o f a g e n t s . Suppose t h a t one 

d e s i r e d t o mode l an economy w i t h a c o u n t a b l e i n f i n i t y o f b o t h l o w 

r i s k and h i g h r i s k a g e n t s , so t h a t a l l p i e c e s o f t he mode l wou ld 

be r e a l . A c o u n t a b l y i n f i n i t e s u b s e t o f ou r h y p e r f i n i t e s e t o f 

a g e n t s i s no t i n t e r n a l , n o r i s a s u b s e t o f r e a l i z a t i o n s ( i n X) 
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w h i c h a g r e e on a c o u n t a b l y i n f i n i t e number o f components an i n t e r 

n a l s u b s e t o f X , i . e . , i t i s no t i n t h e a l g e b r a A . The f u l l power 

o f Loeb measure can be b r o u g h t to b e a r on t h i s p r o b l e m , f o r s u c h a 

s u b s e t o f X is_ i n t he Loeb a - f i e l d c o n t a i n i n g A . 

So suppose we o n l y examine what happens to the Loeb 

m e a s u r a b l e c o u n t a b l e s u b s e t o f low r i s k a g e n t s N = { 1 , 2 , 3 , . . . } . 
n 

D e f i n e t he f i n i t e p r o p o r t i o n F n ( x ) = £ x./n. 
i=1 

D e f i n e D n (m) = { x : | P n ( x ) - E ( P ) | > 1 / m } . No te t h a t l i n ^ i n f 
CO CO 

D n (m) = U n D . ( m ) = { x : | l i m F n ( x ) - E ( F ) | > 1 / m } . As a c o u n t -
n-1 j=n n-*<» 

a b l e u n i o n o f c o u n t a b l e i n t e r s e c t i o n s , i t i s Loeb m e a s u r a b l e . As 

a b o v e , the s e t o f r e a l i z a t i o n s on w h i c h l i m P (x ) d i f f e r s f rom 
n + c o c o 

E ( P ) by more t h a n some r e a l number i s D = U l i m i n f D n ( m ) . 
m=1 

R e l e n t l e s s l y u s i n g s u b a d d i t i v i t y , compute: 

CO CO CO CO CO 

(12) v (D) < I I v T ( H D . ( m ) ) < I I i n f v T ( D . ( m ) ) 
m=1 n=1 u j=n J m=1 n=1 j>n J 

But i n f v T ( D . ( m ) ) = i n f ° v ( D . ( m ) ) < i n f m 2 9 , ( l - 9 , ) / j = 0 v i a t he 
j>n L J j>n J j>n 1 1 

Chebyshev i n e q u a l i t y . T h e r e f o r e , we o b t a i n , 

' l i r a P n ( x ) = ° E ( F ) = 6 1 a . e . ( v L ) . 
n * c o 

S u m m a r i z i n g , on the Loeb s p a c e a s s o c i a t e d w i t h X , we 

have shown t h a t ° F ( x ) = l i m F ( x ) = ° E ( F ) = 0 . a . e . ( v T ) . We n L n->=° 

have thus p roduced a c o u n t a b l y a d d i t i v e measure ( i . e . , v-^) on a 

measure s p a c e X o f r e a l i z a t i o n s , w i t h a c o u n t a b l y a d d i t i v e a-

a l g e b r a ( i . e . , the Loeb a l g e b r a d e r i v e d f r om the i n t e r n a l s u b s e t s 

o f X ) , on w h i c h samp le f r a c t i o n s a r e n o n s t o c h a s t i c a l m o s t e v e r y 

whe re . 
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