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In t h e i r 1981 paper, Kareken and Wal lace (1981) quest ioned whether 

markets can determine exchange ra tes among f i a t monies. They d i s p l a y e d a 

model in which markets cannot in the f o l l o w i n g sense: in t h e i r two cur rency 

framework, any unchanging exchange ra te between the two cu r renc ies i s c o n s i s 

tent w i th a pe r fec t f o r e s i g h t e q u i l i b r i u m . Two fea tu res account f o r t h e i r r e 

s u l t . One i s tha t the r e a l re tu rn on a f i a t currency (on any nondiv idend 

paying asse t ) i s s imply the r a t i o of i t s p r i c e a t two d i f f e r e n t dates and, 

hence, i s homogeneous o f degree zero in those p r i c e s . The second i s tha t 

people i n t h e i r model are i n d i f f e r e n t between cu r renc ies whose r e a l r e tu rns 

are e q u a l . In t h i s paper, we use ve rs ions o f those fea tu res to show tha t the 

indeterminacy extends to a l a rge c l a s s o f random processes fo r exchange r a t e s , 

where the randomness i s nonfundamental in the sense of having noth ing to w i th 

p re fe rences , endowments, t e c h n o l o g i e s , or government p o l i c i e s . Whi le our 

c o n t r i b u t i o n i s t h e o r e t i c a l , i t i s mot ivated l a r g e l y by recent exper ience w i th 

f l o a t i n g exchange r a t e s . For some cu r renc ies and time per iods exchange r a t e 

movements appear l a r g e l y unre la ted to f a c t o r s i d e n t i f i e d by standard economic 

models as determin ing exchange r a t e s — n a t i o n a l money s t o c k s , incomes, nominal 

i n t e r e s t r a t e s , e t c . (see Meese and Rogoff (1983) and Adams and Boyer (1986) ) . 

Although the Kareken and Wal lace model can be shown to have ( r a 

t i o n a l expec ta t ions) e q u i l i b r i a in which exchange ra tes d i s p l a y nonfundamental 

u n c e r t a i n t y , ' t h e i r model has two imp laus ib le consequences. F i r s t , under 

c e r t a i n t y , a currency i s he ld on ly i f i t s re tu rn i s as h igh as tha t o f any 

other a s s e t , i n c l ud ing any other cu r rency . Second, almost a l l e q u i l i b r i a are 

such that the f a s t e r growing currency becomes the w o r l d ' s money supply w i th 

wor ld-wide i n f l a t i o n converging to i t s growth r a t e . For t h i s reason , here we 

use a ve rs i on o f a cash- in -advance model in which only some peop le , a k ind o f 

s p e c u l a t i v e f r i n g e , s u b s t i t u t e among cu r renc ies on the b a s i s o f t h e i r r e tu rn 
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d i s t r i b u t i o n s ; o ther people must use p a r t i c u l a r c u r r e n c i e s . The c a s h - i n -

advance feature a l l ows a l l cu r renc ies to have lower re tu rns than o ther 

a s s e t s . The ex i s tence o f people who must use p a r t i c u l a r cu r renc ies l i m i t s the 

range over which exchange ra tes are indeterminate and complete ly reve rses the 

Kareken and Wal lace conc lus ion concern ing cu r renc ies whose growth ra tes d i f 

f e r . I t imp l ies tha t a currency which grows r e l a t i v e to o thers i s he ld only 

by those who must use i t . Our model a l s o d i f f e r s from models o f exp lod ing 

"bubb le" e q u i l i b r i a i n f o re i gn exchange markets (see S ing le ton (1987) ) . A l l 

our exchange ra te paths are bounded, wi th bounds imp l ied by the behavior o f 

the people who must use p a r t i c u l a r c u r r e n c i e s . 

Although our model i s mot ivated by fea tu res o f the observed behav ior 

o f exchange r a t e s , we do not attempt to e x p l a i n puzz les r e l a t e d to r e a l ex 

change ra tes or d e v i a t i o n s from purchasing power p a r i t y . We use a one good 

model, or e q u i v a l e n t l y , a model i n which a l l goods are f r e e l y t r aded , so 

purchasing power p a r i t y always ho lds exac t l y in our model. Al though the model 

can be amended to i nc l ude nontraded goods and d e v i a t i o n s from purchas ing power 

p a r i t y , we do not pursue tha t development h e r e . 2 

The paper has two main s e c t i o n s . The f i r s t i s concerned p r i m a r i l y 

wi th showing that there can be e q u i l i b r i a in which exchange ra tes d i s p l a y 

randomness unre la ted to fundamentals. That being the case , we do not s t r i v e 

f o r g e n e r a l i t y . We se t out a model o f two cu r renc ies and th ree agent t ypes , 

wi th one type being the s p e c u l a t i v e f r i n g e and w i th each o f the other types 

cons t ra ined to us ing a p a r t i c u l a r cu r rency . A f te r s e t t i n g out the model, we 

f i r s t desc r ibe some o f i t s e q u i l i b r i a w i th a l l fundamentals he ld f i x e d — i n 

p a r t i c u l a r , wi th the s tocks o f both cu r renc ies he ld constant through t ime. We 

f i r s t show the sense in which Kareken and Wal lace indeterminacy appears in 

t h i s model. Then, we in t roduce a s t a t i o n a r y two-s ta te sunspot process and 
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show that there i s a la rge c l a s s o f s t o c h a s t i c processes for the exchange ra te 

which are e q u i l i b r i a . We do t h i s f o r two v e r s i o n s : one wi th complete s e c u r i 

t i e s markets so tha t exchange-rate r i s k can be insured aga ins t and the other 

wi th no such p o s s i b i l i t i e s a v a i l a b l e to people. In the former case , expected 

re tu rns on cu r renc ies are equa l i zed and r e a l a l l o c a t i o n s are unaf fec ted by the 

u n c e r t a i n t y . In the l a t t e r case , ne i the r o f these i m p l i c a t i o n s h o l d . We then 

use two s p e c i f i c parametr ic examples to exp lore whether standard t e s t s fo r 

currency s u b s t i t u t i o n performed on e q u i l i b r i a from our model would uncover the 

t rue nature of currency demands in the model. We show tha t they would no t . 

We end the f i r s t s e c t i o n by cons ide r i ng s i t u a t i o n s in which the two c u r r e n c i e s 

grow a t d i f f e r e n t r a t e s . We show that i n such s i t u a t i o n s nonfundamental 

unce r ta in t y cannot p lay a r o l e and tha t fundamentals l i k e the s tocks o f the 

two cu r renc ies should exp la i n the exchange r a t e . In other words and somewhat 

p a r a d o x i c a l l y , exchange ra te indeterminacy appears in our model when coun t r i es 

pursue s i m i l a r p o l i c i e s . 

The second sec t i on i s devoted to the normative i m p l i c a t i o n s o f 

nonfundamental exchange-rate u n c e r t a i n t y . In p a r t i c u l a r , we cons ider whether 

such uncer ta in ty i s grounds f o r f avo r i ng some s o r t o f f i x e d ra te system ra the r 

than a f l o a t i n g ra te system. We demonstrate tha t an " i r r e l e v a n c e r e s u l t " 

holds f o r a qu i te genera l complete markets framework which i nc ludes the model 

o f the f i r s t s e c t i o n as a s p e c i a l case . I f everyone has u n r e s t r i c t e d access 

to markets fo r shar ing exchange-rate r i s k , then nonfundamental exchange-rate 

unce r ta in t y i s innocuous in that the corresponding r e a l a l l o c a t i o n s cou ld have 

a r i s e n as e q u i l i b r i u m a l l o c a t i o n s in a comparable one currency wor ld . 

I. The Model 

The example economy has 3 persons ( r e a l l y 3 t r a d e r - t y p e s ) , 2 -

c u r r e n c i e s , 1-good per da te , no p roduc t i on , and currency demands imp l ied by a 



var ian t o f a cash- in-advance c o n s t r a i n t . Two ve rs ions are cons ide red : in one 

there i s f u l l p a r t i c i p a t i o n in complete r i s k - s h a r i n g markets; in the other 

there are no such markets. 

In both v e r s i o n s , t r ad ing a t each date occurs in the f o l l o w i n g 

sequence. F i r s t , the s t o c h a s t i c shock i s r e a l i z e d and the outcome made known 

to a l l three t r ade rs . Then, a l l t raders meet: in the f i r s t ve rs i on they 

s e t t l e up outs tand ing cont ingent c l a i m s , purchase cont ingent c la ims fo r the 

next p e r i o d , and exchange c u r r e n c i e s ; in the second ve rs i on they exchange 

cu r renc ies on l y . A f t e r the t rad ing in s e c u r i t i e s and cu r renc ies i s conc luded, 

the i n d i v i d u a l s d i spe rse to t rade the s i n g l e good fo r c u r r e n c i e s . As in Lucas 

(1982), each person may be regarded as a pa r t ne rsh ip i n which one par tner 

purchases the good fo r currency wh i le the o ther s e l l s the endowment f o r cu r 

rency. We assume that t raders are unconst ra ined as to where or from whom they 

may buy the good, but that some persons are cons t ra ined as to which currency 

they may accept as payment fo r the endowment. S p e c i f i c a l l y , each o f two 

people i s cons t ra ined to accept on ly a p a r t i c u l a r cur rency , wh i le the t h i r d 

person i s f ree to demand payment in e i t h e r currency or a combinat ion o f the 

two c u r r e n c i e s . The currency composi t ion which the t h i r d person demands can 

be viewed as known once the shock i s r e a l i z e d . 

Th is k ind o f cash- in -advance c o n s t r a i n t d i f f e r s from tha t in Helpman 

(1981) and Lucas. They cons t r a i n which currency agents may o f f e r as payment 

fo r goods whereas we cons t r a i n which currency may be accepted as payment. 

Both fo rmula t ions have the same t iming of t r a d i n g , have a l l s e l l e r s g e t t i n g 

stuck ho ld ing cu r rency , and have some s e l l e r s g e t t i n g stuck ho ld ing p a r t i c u l a r 

c u r r e n c i e s . We adopt our fo rmu la t ion because i t y i e l d s an e q u i l i b r i u m in 

which there i s a constant t o t a l o f r e a l ba lances even though there i s s u b s t i 

t u t i on among c u r r e n c i e s . A p r i o r i , i t seems as a t t r a c t i v e as the Helpman-

Lucas fo rmu la t i on . 
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1. Assumptions and E q u i l i b r i u m Cond i t i ons 

There are three i n f i n i t e l y - l i v e d people who have i d e n t i c a l p r e f e r 

ences and endowments of goods. Each person maximizes the expected va lue 

o f y™ n B t u ( c h ( 6 . ) ) , where B e (0,1) and c h ( 9 f c ) i s consumption o f time t good 

by person h in s ta te 9 t . Here 8 f c , which i s assumed known at the beg inn ing o f 

per iod t , summarizes the re levant h i s t o r y of the economy through date t . We 

assume tha t u i s i n c r e a s i n g , s t r i c t l y concave, and twice d i f f e r e n t i a b l e . We 

fu r t he r assume that endowments o f goods are constant over time w i th each 

person r e c e i v i n g y u n i t s o f goods per p e r i o d . 

In the market setup that we s tudy , w i t h i n each per iod each person i s 

sub jec t to a sequence o f cons t r a i n t s that corresponds to the order o f t r a n s a c 

t i ons descr ibed above. A l l of these t r a n s a c t i o n s are cond i t ioned on the s t a t e 

e t . F i r s t , in the f i n a n c i a l markets, i n d i v i d u a l s t rade cu r renc ies and c o n t i n 

gent c la ims c o m p e t i t i v e l y - - p k ( 8 t ) i s the s ta te 8 f c p r i c e o f the k th currency 

and s ( 8 t + 1 ; 8 t ) i s the s ta te 8 f c p r i c e o f c la ims on s ta te 8 t + 1 consumption. 

Agent h chooses nonnegative amounts of "pocke t " cur rency , m k ( 8 t ) , and c o n t i n 

gent c l a i m s , q h ( 8 t + 1 ; 8 t ) , f o r those s t a t e s 8 f c + 1 that are p o s s i b l e g iven 8 f c . 

The f i n a n c i a l market c o n s t r a i n t i s 

w v ^ v +
 K 1

s ( e t + i ; e t ) q h ( e t + i ; e t ) 5 W V ^ m 1 

t+i 
+ o h <V e t - i> + ^ v -

The r i g h t s i de of t h i s i n e q u a l i t y i s f i n a n c i a l weal th c a r r i e d over from t - 1 

p lus t r a n s f e r s in t , T ( 8 . ) (pa id i n c u r r e n c y ) . Second, agents proceed to the 

commodities markets, where t h e i r consumption expendi ture i s cons t ra ined by the 

requirement that currency i s the means o f payment, 

c h ( 8 f c ) ^ k P k ( e t ) A h

k ( 8 t ) . 
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Then, the t o t a l value o f currency c a r r i e d out o f the per iod by agent h i s 

In a d d i t i o n , agent h f o r h = 1 and 2 i s sub jec t to s e l l i n g y f o r currency h, 

or e q u i v a l e n t l y , i s sub jec t to p . (8 . )m. (8 . ) > y , f o r i = 1, 2. For our pur -
1 C 1 c 

poses, i t i s convenient to express these c o n s t r a i n t s by e l i m i n a t i n g the i n t e r 

mediate (pocket) currency ho ld i ngs . Th is leads to the f o l l o w i n g equ i va len t 

c o n s t r a i n t s : 

( D c h ( e t ) • I k P k ( e t ) m £ < 8 t ) + I 3 ( e t + 1 ; e t ) q h ( e t + 1 ; e t ) 
t+1 

^ y * I k P k < e t K ( e t . 1 ) + q h ( 8 f c ; 8 t . 1 ) + x h ( 8 t ) 

(2) P i ( e t K ( e t ) > y ; i = 1, 2 ; I ^ e ^ V ^ " 

By d e s c r i b i n g these c o n s t r a i n t s as equ i va l en t , we mean the f o l l o w 

i n g . For any consumption l e v e l , c ( 8 * ) , cont ingent c la ims p o s i t i o n , 

q h ( 9 t + 1 ; 9 t ) , and end o f pe r iod cash balance p o s i t i o n , m

k ( 9

t ) . t h a t s a t i s f i e s 

(1) and ( 2 ) , we can f i n d pocket currency q u a n t i t i e s , in (9 ) > 0 , such tha t the 

o r i g i n a l cons t r a i n t s h o l d . Converse ly , i f a c o n f i g u r a t i o n o f c h ( 9 t ) , 

q^(6*.. i ;9 j . ) , m!̂ (9 ) and m^(9 ) s a t i s f i e s the o r i g i n a l market c o n s t r a i n t s , then 

c h ( 9 f c ) , q h ( 9 t + 1 ; 8 t ) and \ ( * t ) s a t i s f y (1) and ( 2 ) . 3 

Thus, a t t , t ak ing cur ren t p r i c e s and the processes fo r fu tu re 

p r i c e s as g i v e n , person h chooses date t consumption, c h ( 9 t ) , ho ld ings o f the 

kth cur rency , m

k ( e

t ) » a n d cont ingent c l a i m s , q h ( 8 t + 1 ; 9 t ) , to maximize l i f e t i m e 

expected u t i l i t y sub jec t to (1) and ( 2 ) . (We requ i re that the q n ( 8 t + 1 ; 9 t ) be 

bounded in abso lu te v a l u e . Th is bound, which w i l l turn out not to be b i n d i n g , 

i s needed to make the c o n s t r a i n t se t compact.) As i n i t i a l c o n d i t i o n s , we 

assume that a l l three agents enter pe r iod 0 wi th i d e n t i c a l p o r t f o l i o s o f 



p o s i t i v e currency ho ld ings and without cont ingent c la ims or t r a n s f e r s . Of 

course, in the ve rs ion wi thout r i s k - s h a r i n g , we a l s o impose q h ( 9 f c + 1 ; 9 t ) = 0 . 

An e q u i l i b r i u m c o n s i s t s o f s t o c h a s t i c processes f o r q u a n t i t i e s and p r i c e s such 

that the q u a n t i t i e s are opt imal fo r the i n d i v i d u a l s a t those p r i c e s and are 

market c l e a r i n g . 

S ince person h 's choice problem invo l ves maximizing a concave f u n c 

t i o n over a nonempty, l i n e a r , and compact c o n s t r a i n t s e t , sub jec t to nonb ind-

ingness o f the bound on the q h , s ( to be v e r i f i e d l a t e r ) , the f o l l o w i n g s t a n 

dard f i r s t - o r d e r cond i t i ons are necessary and s u f f i c i e n t fo r a maximum to tha t 

problem: (1) and ( 2 ) ; 

(3) c h ( 8 f c ) : u ' ( c h ( 9 t ) ) < x*J(9 t) 

and w i th equa l i t y i f c h ( 9 t ) > 0 ; 

(4) mj(e t): *\ U% ;e t )p k (e t + 1 )u« (c h (9 t + 1 ) ) ] /p k (e t > < x > t ) - x!|k<et> 
t+1 

h 1 2 
for k = 1, 2 and wi th equa l i t y i f m

k ( 9 f c ) > 0 a n d where X 2 2 ( 9 t ) = x

2 1 ^ 9 t ^ E ® 

and X 2 1 ( 9 t ) E X 2 2 ( 8 t ) ; and 

(5) q h (e f c + 1 ;e t ) : 6 l T ( 9 t + l ; 9 t ) u - ( c h ( 9 t + 1 ) ) = x!f(e t)s(e t + 1;e t) 

f o r each 8 t + 1 . In the no r i s k - s h a r i n g v e r s i o n , (5) i s rep laced by 

q h ( 9 t + 1 ; 9 f c ) = 0 . Here the X ' s are nonnegative m u l t i p l i e r s — ^ ( 9 f c ) t h a t a s s o 

c i a t e d w i th (1) and ̂ k ^ t ^ t h a t a s s o c i a t e d w i t h ( 2 ) — a n d *(Qt+'\'Q0 i s t h e 

p r o b a b i l i t y that the s ta te a t t + 1 i s 9 f c + 1 . 

When there are complete markets, genera l e q u i l i b r i u m requ i res tha t 

commodity demand equal commodity supp ly ; tha t the excess demand f o r cont ingent 

c la ims be z e r o ; and that the demand fo r each n a t i o n a l money equal i t s ou t 

s tanding s tock . The market c l e a r i n g c o n d i t i o n s , which must ho ld f o r each 

h i s t o r y 9. , are thus : 
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(6) lhcn(efc) = 3y 

( 7 ) ^ h q h ( e t + 1 ; e t ) = °» f o r e a c h 9 t + l 

(8) lh\iQt} = W ' k = 1 » 2 

where M k ( 8 t ) i s the supply o f currency k i n s t a te 9 t . When s e c u r i t i e s t r ad i ng 

i s r u l ed out , only (6) and (8) are re l evan t . 

We w i l l say that an e q u i l i b r i u m i s b ind ing i f (2) ho lds a t e q u a l i t y 

and i f the money ho ld ings that s a t i s f y (2) exhaust the s u p p l i e s ; o r , e q u i v a 

l e n t ^ , i f (2) holds a t equa l i t y and i f person 1 does not ho ld currency 2 and 

person 2 does not ho ld currency 1. I t f o l l ows immediately that i n a b ind ing 

equ i l i b r i um there are lower and upper bounds on the p r i c e o f each money; 

namely, p (6 )M (8 ) e [ y , 2y ] . Given that we de f ine the exchange r a t e , 
K v K U 

denoted e ( 8 t ) , by e(8 f c ) = p 1 ( 8 f c ) / p 2 ( e ) , i t f o l l ows tha t in a b ind ing e q u i l i b 

rium e(8 f c ) e ( M 2 ( 8 t ) / M l ( 8 t ) } [ 1 / 2 , 2 ] . A l l our r e s u l t s fo r t h i s model concern 

b ind ing e q u i l i b r i a . 

2. A C lass o f E q u i l i b r i a Under Constant Currency Supp l ies 

Here we are concerned w i th cons t ruc t i ng a c l a s s o f b ind ing e q u i l i b 

r i a f o r our model economy under the assumption that the currency s u p p l i e s are 

constant through t ime—and, f o r convenience, f i x e d a t un i ty—and tha t there 

are no t r a n s f e r s . We assume that there i s an exogenous, nonfundamental p r o 

cess 5 t wi th the f o l l o w i n g s imple p r o b a b i l i t y s t r u c t u r e : p r (£ . ; 9 t ) = 

pr(5 .=5 ;8 ) = 1/2. Th is i s an independently and i d e n t i c a l l y d i s t r i b u t e d 

" sunspo t . " I t f o l l ows that the s t a t e e f c i s the h i s t o r y o f sunspots , 8 f c = 

U } fo r a l l s > 0 , and that the p r o b a b i l i t i e s o f s t a te e v o l u t i o n s in the 

preceding exp ress ions , the T r ( e t + 1 ; 8 t ) , a re constant and equal to 1/2. 
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We cons ider as a candidate e q u i l i b r i u m process fo r the p r i c e o f 

currency 1 a s t o c h a s t i c process o f the form: 

(9) P l ( e t + 1 ) = 

P l ( e t ) • « ( P l ( e t ) ) i f 5 t + 1 = 

P l ( e f c ) - 6 ( P l ( e t ) ) i f c t + 1 = 2 

where o and 6 are func t ions we w i l l d e s c r i b e . Our candidate i s a l s o to be a 

b ind ing e q u i l i b r i u m , one that s a t i s f i e s p^ (9 f c + ^) + P2 ( e t+1^ = 3y and P i ( e t + 1 ^ 

e [ y , 2y ] . Obv ious ly , t h i s bound c o n s t r a i n s the func t i ons a and 6. 

Nonstochast ic e q u i l i b r i a . Our example economy d i s p l a y s a m u l t i p l i c 

i t y o f b ind ing e q u i l i b r i a in which p r i c e l e v e l s and exchange r a t e s a re non-

s t o c h a s t i c . In terms o f ( 9 ) , t h i s corresponds to e q u i l i b r i a w i th a = 6 = 0 . 

This m u l t i p l i c i t y o r i g i n a t e s in the f a c t that agents o f type 3 regard the two 

cu r renc ies as pe r fec t s u b s t i t u t e s when t h e i r re tu rns are equa l . In p a r t i c u 

l a r , w i th constant fundamentals, the f o l l o w i n g constant and nons tochas t i c 

processes are a b ind ing e q u i l i b r i u m fo r any p 1 e [ y , 2 y ] : P i ( e f c ) = P p P 2 ( 0 t ^ 

= P2 = 3 y - p 1 ? e ( 9 t ) = e = p / P j , s ( 9 t + 1 ; e t ) = 6 /2 , and c h ( 8 t ) = y . (Th i s i s a 

consequence o f p r o p o s i t i o n 1, se t out and proved below.) In such an e q u i l i b 

r ium, the gross ra te o f re turn on each currency i s constant over t ime a t u n i t y 

and there i s a p o s i t i v e nominal and r e a l gross i n t e r e s t ra te equal to 1/8. 

However, as noted, any p r i c e l e v e l s can p r e v a i l which are cons i s ten t w i th the 

requirement tha t agents o f types h, f o r h = 1 and 2, ho ld a r e a l va lue o f 

currency equal to y . S ince the p r i c e l e v e l s are indeterminate , the exchange 

ra te i s as w e l l . 

Complete cont ingent c la ims markets. When complete cont ingent c l a ims 

can be t raded i n the s e c u r i t i e s market, there are e q u i l i b r i a w i th random 

values o f the c u r r e n c i e s , but wi th consumption nonrandom and the same as in 

the nons tochas t i c e q u i l i b r i a j u s t d e s c r i b e d . These are e q u i l i b r i a i n which 
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the expected gross re tu rns on the two cu r renc ies are u n i t y , which i n terms o f 

(9) i s the r e s t r i c t i o n a = <5. In f a c t , as the f o l l o w i n g p r o p o s i t i o n a s s e r t s , 

there i s an equ i l i b r i um for any such p a i r , ( a , 6 ) , that s a t i s f i e s some boundary 

c o n d i t i o n s . 

P ropos i t i on 1. Let o : [y ,2y] * R + and a(x) < m i n ( x - y , 2 y - x ) . For any such a 

and 6 = a and any P ^ O Q ) C t y , 2 y ] , there i s a b ind ing e q u i l i b r i u m w i th 

p . , ( e t + 1 ) g iven by (9 ) . 

The proof i s g iven in the appendix. An example o f a p e r m i s s i b l e 

func t ion i s shown in F igure 1. Bindingness imp l ies that the graph o f any such 

func t ion be in the i s o s c e l e s t r i a n g l e w i th base [y ,2y] and he igh t y / 2 . 

To summarize under complete markets, the e q u i l i b r i u m va lues o f 

na t i ona l monies may evo lve accord ing to many d i f f e r e n t s t o c h a s t i c p rocesses , 

even w i t h i n the s imple c l a s s pos i ted above. The common fea tu res o f the e q u i 

l i b r i u m p r i c e process are ( i ) that expected gross re tu rns to currency ho l d i ng 

are equal to each un i t y f o r each cu r rency ; and ( i i ) that va lues o f the monies 

are bounded by the demands o f the r e s t r i c t e d agents . 

P r o h i b i t i o n on s e c u r i t y t r a d i n g . When there i s no s e c u r i t y t r a d i n g , 

there are a l s o b ind ing e q u i l i b r i a wi th random va lues o f c u r r e n c i e s . However, 

these e q u i l i b r i a are qu i te d i f f e r e n t from the e q u i l i b r i a under complete c o n 

t ingent c la ims markets. We desc r i be some o f t h e i r fea tu res here , l e a v i n g the 

d e t a i l e d cons t ruc t ion to the proof o f the p r o p o s i t i o n se t out below. 

Note that b ind ingness , p 1 ( 9 f c ) + P 2 ( 9 t ^ = i m P l i e s t h a t t h e s p e c u 

l a t o r can always guarantee a sure re turn o f un i t y on a p o r t f o l i o by h o l d i n g 

equal amounts of the two c u r r e n c i e s . I t a l s o imp l ies that a l l o ther cho i ces 

imply a random re tu rn and, hence, by (1 ) , random consumption. S ince the 

specu la to r i s r i s k ave rse , any such cho ice must g i ve a h i g h e r - t h a n - u n i t y ex

pected re tu rn on the p o r t f o l i o . B indingness a l s o imp l i es that the e q u i l i b r i u m 
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value o f a currency v a r i e s d i r e c t l y w i th the s p e c u l a t o r ' s ho ld ings o f that 

currency, and tha t p^ = p 2 = 3y/2 when the specu la to r holds equal amounts o f 

the two c u r r e n c i e s . Together these imply tha t the specu la to r ho lds equal 

amounts o f the two cu r renc ies i f and only i f the expected re tu rns on the two 

cur renc ies are e q u a l ; and that the specu la to r t i l t s ho ld ings toward cur rency k 

i f and only i f currency k has a higher expected re tu rn than the o ther c u r 

rency. From the imp l ied r e l a t i o n s h i p between currency va lues and expected 

returns i t f o l l ows that a currency must apprec ia te on average whenever i t s 

value i s h igh or that a and 6 f unc t ions c o n s i s t e n t w i th b ind ingness s a t i s f y 

a(x) >( = )(<) 6(x) as x >( = )(<) 3y/2 fo r x e(y ,2y) (see F igure 2 ) . Note , by 

the way, that these i n e q u a l i t i e s on a and 6 suggest that most r e a l i z a t i o n s o f 

the process fo r P k ( e t ) tend e i t h e r toward y or 2y, one o f the bounds. 

In the appendix, we prove the f o l l o w i n g p r o p o s i t i o n : 

P ropos i t i on 2. Absent s e c u r i t y t r a d i n g , there e x i s t func t ions a and 6, each 

def ined on [y,2y] and p o s i t i v e except a t the endpo in ts , such tha t f o r any 

P ^ B Q ) e [y ,2y] there i s a b ind ing e q u i l i b r i u m wi th p 1 ( 8 t + 1 ) g iven by ( 9 ) . 

Although t h i s p r o p o s i t i o n says only that there i s a t l e a s t one 

n o n t r i v i a l pa i r ( a , 6 ) , the proof makes c l e a r that there i s an uncountable se t 

o f them, but a set more t i g h t l y bounded and not as s imply descr ibed as tha t i n 

P ropos i t i on 1. 

3. Tests fo r Currency S u b s t i t u t i o n . 

We view standard t e s t s fo r currency s u b s t i t u t i o n as proceeding by 

regress ing the r e a l va lue o f a currency on d i sc repanc ies in expected re tu rns 

between t h i s currency and o the rs . Currency s u b s t i t u t i o n i s r e j ec ted i f the 

regress ion c o e f f i c i e n t i s not p o s i t i v e and l a r g e . Here we comment on how 

these t e s t s would f a re on e q u i l i b r i u m observa t ions generated by the two v e r -
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s ions o f our example economy. We f i r s t examine such regressions us ing the 

t rue d i f f e rence in expected r e t u r n s . We then examine them assuming that 

p rox i es f o r expected re tu rns , func t ions of exchange ra tes , are u s e d . 5 

Suppose f i r s t that the t rue model i s the complete r i s k - s h a r i n g model 

wi th an equ i l i b r ium with nonrandom consumption and with random currency va lues 

s a t i s f y i n g (9). Since expected re turns are equal ized for a l l currency va lues 

in t h i s equ i l i b r i um, no regress ion would be necessary (or could be com

puted) . The currenc ies would appear as per fec t subs t i t u tes . 

Suppose a l t e r n a t i v e l y that the true model i s the incomplete r i s k -

shar ing ve rs ion . We compute the expected returns for a simple example. I t 

s t a r t s wi th the fo l low ing a and 6 func t ions in (9) over part of t he i r domains; 

namely, 

6(x) -. (x -y ) /2 for x e [y ,3y /2 ] 

a(x) = (2y-x) /2 fo r x e [3y /2 ,2y ] . 

The extens ions of a(x) fo r x e [y ,3y/2] and 5(x) fo r x e [3y/2,2y] are not 

a r b i t r a r y , but must s a t i s f y equat ion (v) i n the proof of P r o p o s i t i o n 2 i n the 

Appendix, which i n turn makes them dependents on the type 3 person 's marginal 

u t i l i t y of consumption. We set u ' [ c 3 ( 0 t ) J - c 3 ( 5 t ) - 1 ( logar i thmic u t i l i t y ) and 

y - 1. The imp l ied funct ions are shown i n F igure 3. Note that they s a t i s f y 

a(x) > (-)(<) 5(x) as x > (-)(<) 3y/2 fo r x e [y ,2y ] . 

Figure 4 shows the impl ied d i f fe rence in expected r e t u r n s , 

F ^ p ^ t + D / p ^ t ) - E t p 2 ( t+1 ) / p 2 ( t ) , as a funct ion of the rea l value of currency 

1 a t t , p 1 ( t ) . The regression c o e f f i c i e n t in a regression of p ^ t ) on the 

d i f f e rence in expected returns w i l l be very dependent on the sample. I t i s as 

easy to f i nd a negative r e l a t i onsh ip as a pos i t i ve r e l a t i o n s h i p , and i t seems 
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imposs ib le to f i n d no r e l a t i o n s h i p , a zero reg ress ion c o e f f i c i e n t . Needless 

to say, the reg ress ion c o e f f i c i e n t does not r evea l the t rue s t r u c t u r e under

l y i n g currency demands i n the incomplete r i s k - s h a r i n g v e r s i o n . 

The behavior o f the d i f f e r e n c e i n expected re turns i n F igu re 4 i s 

easy to i n t e r p r e t . I t i s negat ive when p-j(t) i s l e s s than 3y/2 (which happens 

when the specu la to r has a p o r t f o l i o t i l t e d toward currency 2) and i s p o s i t i v e 

when p ^ t ) exceeds 3y/2 (which happens when the specu la to r has a p o r t f o l i o 

t i l t e d toward currency 1) . The abso lu te magnitude i s exp la ined by the r i s k 

avers ion o f the specu la to r and the amount o f r i s k borne. The cu r ren t r e a l 

va lue o f currency 1 i s 3y/2 when the specu la to r holds equal amounts o f the two 

cu r renc ies and, as a consequence, bears no r i s k . That exp la ins why the d i f 

ference i s zero when P l ( t ) = 3 y / 2 . The specu la to r a l s o bears no r i s k a t each 

endpoint . At a l l other p ^ t j s , the specu la to r does bear r i s k and t h i s and 

c o n t i n u i t y more or l e s s e x p l a i n the shape o f the f u n c t i o n . Note, by the way, 

that the fea tu res noted i n t h i s d i s c u s s i o n w i l l ho ld f o r any b ind ing e q u i l i b 

rium wi th random exchange ra tes i n the incomplete r i s k - s h a r i n g v e r s i o n . 

Presumably because i t i s unc lea r which p r i c e i nd i ces to use to 

measure expected r e t u r n s , i t i s common to measure d i f f e rences between them 

using p rox ies tha t a re func t i ons only o f exchange ra te da ta . Note tha t the 

cond i t i on f o r e q u a l i t y o f expected re tu rns can be w r i t t e n as 

(10) E t p 1 ( t + 1 ) / E t p 2 ( t + 1 ) = p 1 ( t ) / p 2 ( t ) 

where E f c denotes mathematical expec ta t ion c o n d i t i o n a l on the s t a t e a t t . Two 

procedures us ing exchange ra te data seem to be common. One amounts to r e p l a c 

ing the l e f t s i d e o f (10) by the expec ta t ion of the exchange ra te and the 

r i gh t s i de by the exchange r a t e . The other amounts to tak ing the logar i thm o f 

both s i des o f (10) and r e p l a c i n g the logar i thm o f the l e f t s ide by the expec-
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t a t i o n o f the logar i thm o f the exchange r a t e . We now examine how reg ress ions 

o f the r e a l value of a currency on such exchange ra te p rox ies f o r expected 

re turn d i f f e rences between cu r renc ies would f a re on e q u i l i b r i u m observa t ions 

generated by our example economy. 

F i r s t , suppose that the t rue model i s the complete r i s k - s h a r i n g 

model w i th an equ i l i b r i um wi th nonrandom consumption and w i th random currency 

values s a t i s f y i n g (9) f o r 6 = a and the f o l l ow ing a f u n c t i o n : 

o(x) = 
( x - y ) / 2 f o r x e [y ,3y /2 ] 

(2y -x ) /2 f o r x e [3y /2 ,2y ] 

The r e s u l t s are repor ted in F igure 5 (exchange ra te) and F igure 6 ( l og o f 

exchange r a t e ) . (We have reversed the axes and p l o t t e d the exchange ra te 

ra ther than the value of currency 1 on the h o r i z o n t a l a x i s f o r reasons to be 

d iscussed l a t e r . ) I f the exchange ra te p rox ies were c o r r e c t , the reg ress ion 

c o e f f i c i e n t would always be i n f i n i t e ( the func t i on would be i d e n t i c a l l y 

z e r o ) . The F igures i n d i c a t e tha t such an outcome i s not l i k e l y . Depending on 

the sample, smal l p o s i t i v e or negat ive reg ress ion c o e f f i c i e n t s are p o s s i b l e , 

a l though a zero regress ion c o e f f i c i e n t i s not . F u r t h e r , even i f a l a rge 

p o s i t i v e reg ress ion c o e f f i c i e n t i s ob ta ined , the F igures show that the f i t o f 

the reg ress ion w i l l be poor . In any case , the exchange ra te p rox i es do not 

perform we l l as prox ies f o r the t rue d i f f e r e n c e s i n expected re tu rns i n t h i s 

model. F i n a l l y , the F igures a l s o show that samples o f observa t ions from an 

e q u i l i b r i u m o f t h i s model would lead to r e j e c t i o n o f the n u l l hypo thes is tha t 

the exchange ra te (or the logar i thm o f the exchange ra te ) i s a m a r t i n g a l e , 

even though the t rue d i f f e rence i n re tu rns i s a mar t i nga le . 

I f the true model i s the incomplete r i s k - s h a r i n g model desc r ibed 

above, then the expected value o f the exchange ra te again performs poor ly as a 
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proxy f o r the l e f t - s i d e of (10) . The expected va lue o f the logar i thm o f 

exchange ra tes seems to perform we l l as a proxy f o r the logar i thm o f the l e f t 

s i de of (10) . That i s , the true d i f f e r e n c e in expected re tu rns and the d i f 

ference between the expec ta t i on o f the logar i thm o f the fu ture exchange ra te 

and the logar i thm o f the cur rent exchange ra te have the same genera l shapes as 

funct ions o f the cur ren t exchange r a t e . Thus, reg ress ions w i th t h i s proxy 

would resemble those imp l ied by F igure 4 . 

From these experiments we draw the f o l l o w i n g c o n c l u s i o n s . F i r s t , 

i f the t rue model i s the complete r i s k shar ing v e r s i o n , then c o r r e c t l y mea

sured expected re tu rns w i l l imply tha t such re tu rns are e q u a l i z e d . However, 

the use o f exchange-rate p rox ies w i l l no t . Second, i f the t rue model i s the 

incomplete r i s k - s h a r i n g v e r s i o n , then the standard t e s t f o r currency sub

s t i t u t i o n , e i t he r us ing c o r r e c t l y measured expected re tu rns or exchange-rate 

p rox ies , w i l l not uncover anyth ing l i k e the t rue s t r u c t u r e o f currency demand. 

4 . The Role of Changing Currency Supp l i es 

We now i n d i c a t e how b ind ing e q u i l i b r i a are a f f ec ted by changing 

currency supp l i es g iven that the currency s u p p l i e s fo l l ow d e t e r m i n i s t i c 

paths. As noted above, i f b ind ingness holds a t t , then e ( 9 t ) e 

( M 2 ( t ) / M l ( t ) ) [ 1 / 2 , 2 ] = [ e t , e t ] = I f c, where M k ( t ) i s the supply o f the kth 

currency at t . The idea behind the next p r o p o s i t i o n i s that a necessary 

cond i t i on f o r d i v e r s i f i c a t i o n between two cu r renc ies a t some date t i s tha t 

the one-per iod re turn d i s t r i b u t i o n at t be such that one currency does not 

dominate the o the r . T h i s , in t u rn , imp l i es that a necessary cond i t i on f o r 

b indingness and d i v e r s i f i c a t i o n at t i s that e f c e I t + 1 ; o the rw ise , one c u r 

rency would n e c e s s a r i l y apprec ia te or n e c e s s a r i l y deprec ia te r e l a t i v e to the 

other between t and t + 1. S ince e f c must a l s o be in I t , i t f o l l ows tha t e f c i s 

in the i n t e r s e c t i o n of I fc and Working backwards, then, as shown below, 
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one g e t s the resu l t that a necessary cond i t ion for bindingness and for d i v e r 

s i f i c a t i o n for a l l dates t = 1, 2 , T i s nonemptiness of the i n t e r s e c t i o n 

o f I j , I 2. • • • • ^T+r I f t n i s i s v i o l a t e d , then in a binding e q u i l i b r i u m , 

there i s no d i v e r s i f i c a t i o n at some date t . This implies that e t i s e i t h e r 

a t e wi th p robab i l i t y one or a t e with p robab i l i t y one, which, i n t u rn , 

i m p l i e s that the exchange rate i s unique at a l l dates pr io r to t. 

P r o p o s i t i o n 3. Let V T denote the i n t e r s e c t i o n of IQ, I « , I2, I T. 

(a) I f fo r any T > 0, W i s not empty, then e(e n ) e V~ i n any b i nd 

ing e q u i l i b r i u m . 

(b) I f fo r any T > 0, V ,̂ i s empty, then e(9g) i s unique in any 

b ind ing equ i l i b r i um. 

The proof makes use of the fo l low ing lecT.a: 

Lemma • Suppose i t i s known at t that e ( 0 t n ) « I t n A t t l - [ a ,a ; , a < a . Then In 

any b i nd ing equ i l i b r i um ( i ) i f I t n A t t l (n denotes i n te rsec t i on ) i s not empty, then 

e (0 t ) « I t n A t * i ; ( i i ) i f e t < a , then e (0 t ) - e t ; ( i i i ) i f e. > a , then e (0 t ) - e t . 

Proof . To prove par t ( i ) , assume the con t ra ry . Then e{$t) <Z A t + 1 . There are 

then two p o s s i b i l i t i e s : e i t he r e (0 t ) < a or e(0.) > a . In the former, i t i s 

c e r t a i n that currency 1 w i l l apprec ia te r e l a t i v e to currency 2 from t to t + 1. 

This imp l i es that currency 2 i s he ld only to meet cons t ra in ts (2) or that e(0.) 

- e t , which con t rad ic ts nonemptiness of I t r \A. + 1 . The second p o s s i b i l i t y i s rule."} 

out by an analogous argument. Par ts ( i i ) and ' i i i ) are obvious, o 

Proof of Proposi t ion 3. We f i r s t de f ine a set A Q recurs ive ly as f o l l o w s : Let 

A T = f T and for k > 1, l e t 
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T Afl 

T-k T-k+1 i f t h i s i s not empty 

? T k i f ( i i ) o f the lemma a p p l i e s 

e^ k i f ( i i i ) of the lemma a p p l i e s . 

Given A Q , A^ , A T de f ined i n t h i s way, the lemma impl ies that e ( e t ) e A F C 

fo r t = 0 , 1, 2 , . . . , T. 

I f Vrj, i s not empty, then AQ = V^ . Th i s e s t a b l i s h e s par t ( a ) . I f V-j. 

i s empty, then A .̂ i s a s i n g l e t o n fo r some t . Th is imp l i es that AQ i s a s i n 

g le ton and e s t a b l i s h e s par t ( b ) . 0 

To i l l u s t r a t e the i m p l i c a t i o n s of P ropos i t i on 3 and the lemma, 

cons ider the f o l l ow ing currency supply paths : M^(t) = fo r a l l t , and 

M 2 ( t ) = M 2 f o r t = 1, 2 , K and M 2(t+1) = aM 2 ( t ) f o r t > K w i th a > 1. I t 

f o l l ows that fo r any t , there e x i s t s h such that the i n t e r s e c t i o n o f 1^., I ^ + p 

I^+h * s e m P t y - Thus, there i s a unique b ind ing e q u i l i b r i u m and the e x 

change ra te path i s d e t e r m i n i s t i c in that e q u i l i b r i u m . Moreover, us ing the 

reasoning of the lemma, i t i s immediate that e f c = e f c fo r a l l t i n that e q u i 

l i b r i u m so that the path of M 2 ( t ) / M 1 ( t ) " e x p l a i n s " the path of e f c . 

Thus, the model we have set out i s cons i s ten t with exchange ra tes 

being we l l exp la ined by fundamentals when those fundamentals are d i f f e r e n t 

enough i n the sense that the 1̂ . i n t e r v a l s vary enough over t ime. Put d i f f e r 

e n t l y , i n t h i s model m u l t i p l i c i t y o f e q u i l i b r i a a r i s e s only i f the two c u r r e n 

c i e s have fundamentals that are s i m i l a r i n the sense that they imply tha t the 

I t i n t e r v a l s do not vary too much over t ime. 

In l i g h t o f P r o p o s i t i o n 3, i t i s tempting to propose g e n e r a l i z a t i o n s 

o f P ropos i t i ons 1 and 2 to s e t t i n g s wi th d e t e r m i n i s t i c currency supply 

paths . The main d i f f i c u l t y in e s t a b l i s h i n g such r e s u l t s i s i n s u r i n g tha t the 

t r a n s f e r s (the t' 1(9j.) o f (1)) that produce the currency supply changes are 

cons is ten t w i th b ind ingness . 
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P ropos i t i on 3—and i n p a r t i c u l a r , par t (b)—must be amended i f there 

are more than two c u r r e n c i e s — f o r example, i f there are K cu r renc ies and K + 1 

people, w i th person h cons t ra ined to ho ld a minimum r e a l va lue o f currency h, 

h = 1, 2 , K and w i th person K + 1 const ra ined only to ho ld a minimum r e a l 

va lue o f t o t a l currency h o l d i n g s . I f V-j, f o r a pa i r o f cu r renc ies i s empty, 

then i t can be shown that the r e a l va lue o f one of the cu r renc ies i s m in ima l ; 

namely that p^(9Q)M k(0) = y f o r one of the c u r r e n c i e s . T h i s , though does not 

imply that the exchange ra te between such a currency and any other currency i s 

unique; i t does imply that some weighted average exchange ra te f o r such a 

currency i s unique in a b ind ing e q u i l i b r i u m . 

I I . Normative Consequences o f Monfundamental Unce r ta in t y 

P ropos i t i ons 1 and 2 show that a world in which some agents choose 

among cu r renc ies s o l e l y on the bas i s of p rospec t i ve re tu rns i s sub jec t to an 

extreme m u l t i p l i c i t y o f e q u i l i b r i a under f l o a t i n g exchange r a t e s . However, 

those r e s u l t s only o f f e r h i n t s about whether the m u l t i p l i c i t y i s s i g n i f i c a n t , 

or i s , i n some sense, innocuous. Here, we show that i f there i s f u l l p a r t i c i 

pa t ion i n complete r i s k shar ing markets, then the m u l t i p l i c i t y i s innocuous in 

the sense o f the f o l l o w i n g p r o p o s i t i o n . 

P ropos i t i on 4. I f an economy (a d i s c r e t e - t i m e , f i n i t e - n u m b e r - o f - s t a t e s - a t -

each-date economy) wi th cu r renc ies 1, 2 , K has an e q u i l i b r i u m i n which 

(a) anyone ho ld ing any o f these cu r renc ies has access to complete cont ingent 

c la ims markets, and (b) p k (9j . ) > 0 and P j (9^ ) > 0 imply ^ (9^ . ) = r*j(8j.), where 

ri<-(et-) = la [S(Q<- i » e t . ) P | ( 9 f . i ) ] / P i ( 0 ( t h e i n t e r e s t f a c t o r on the k- th 
t+i 

currency in s ta te 9 t ) , then that economy wi th one currency (and hence, w i th no 

c u r r e n c y - s p e c i f i c c o n s t r a i n t s ) has an e q u i l i b r i u m wi th the same consumption 

a l l o c a t i o n . 
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We prove t h i s in the appendix by cons t ruc t ing the one-currency 

equ i l i b r i um in two s teps . In the f i r s t s tep , we s t a r t wi th any equ i l i b r i um 

s a t i s f y i n g the hypotheses, and, by ad jus t ing i n d i v i d u a l p o r t f o l i o s on l y , 

cons t ruc t an equ i l i b r i um in which everyone holds a l l the cur renc ies in the 

same propor t ion a t every date and s t a t e . In the second step, we take that 

equ i l i b r i um and, by ad jus t ing p r i c e s o f cu r renc ies and currency supp l ies o n l y , 

cons t ruc t an equ i l i b r i um with only the f i r s t of the K cur renc ies having v a l u e . 

The f i r s t step shows that the consumption a l l o c a t i o n of the i n i t i a l 

equ i l i b r i um could a r i s e as an equ i l i b r i um i n an economy in which there are no 

c u r r e n c y - s p e c i f i c c o n s t r a i n t s . In terms of the economy of Sect ion I, the 

f i r s t step shows that any consumption a l l o c a t i o n that i s part of an e q u i l i b 

r ium that s a t i s f i e s hypotheses (a) and (b) could a l s o be an equ i l i b r i um i n an 

economy that i s i d e n t i c a l except that cons t ra in t (2) i s replaced by 

^ k P k ( 8 t ) m ^ ( 9 t ) > y for a l l h--an economy wi th no c u r r e n c y - s p e c i f i c con

s t r a i n t s . The second step shows that the i n i t i a l consumption a l l o c a t i o n cou ld 

be an equ i l i b r i um in a world economy wi th one cur rency. The f i r s t s tep im

p l i e s that nothing about the i n i t i a l equ i l i b r i um consumption a l l o c a t i o n should 

be a t t r i bu ted to c u r r e n c y - s p e c i f i c c o n s t r a i n t s , whi le the second step shows 

that nothing about i t should be a t t r i bu ted to the ex is tence of seve ra l c u r 

renc ies and f l u c t u a t i o n s in t h e i r r e l a t i v e va lues . The r o l e of hypotheses (a) 

and (b) i s to a l l ow us to const ruc t the one-currency equ i l i b r ium wi thout 

ad jus t ing any taxes (pe rson -spec i f i c lump-sum taxes and d i r e c t t a x e s ) . 6 

Propos i t i on 4 goes beyond what was es tab l i shed in Sect ion I f o r the 

example economy, because we d id not show there that any_ r i s k - s h a r i n g e q u i 

l i b r i u m has constant consumption. I t e s t a b l i s h e s a feature of the e n t i r e se t 

o f e q u i l i b r i a fo r that and other economies in which some agents choose among 

cur renc ies s o l e l y on the bas is of prospect ive r e t u r n s . 7 I t says that i f there 
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i s f u l l p a r t i c i p a t i o n i n r i s k - s h a r i n g markets then, desp i te the m u l t i p l i c i t y 

o f e q u i l i b r i a under a f l o a t i n g - r a t e system, that system cannot be i n d i c t e d on 

wel fare grounds because any e q u i l i b r i u m consumption a l l o c a t i o n i s a l s o an 

equ i l i b r i um in a one-currency or f i x e d ra te wor ld . 

The r e s u l t depends, of course , on i t being c o s t l e s s to p a r t i c i p a t e 

in such markets. I f i t i s not , then, as i l l u s t r a t e d in an extreme way by 

P ropos i t i on 2, a f l o a t i n g ra te system sub jec ts people to r i s k s that they would 

not have to bear under a f i xed ra te system. We should no te , however, tha t our 

a n a l y s i s imp l i es that a f i x e d - r a t e system i s sub jec t to m u l t i p l i c i t i e s f o r the 

equ i l i b r i um q u a n t i t i e s of the d i f f e r e n t cu r renc ies l i n k e d by f i x e d exchange 

r a t e s , and, hence, m u l t i p l i c i t i e s in e q u i l i b r i u m rese rves . I f a f i x e d r a t e 

system i s to work w e l l , d i f f e r e n t outcomes fo r reserves must not be i n t e r 

preted as r e q u i r i n g other adjustments. 

I I I . Concluding Remarks 

We have s tud ied the p o s i t i v e and normative consequences o f a some

what unusual view o f currency demands, the view that some people choose among 

cu r renc ies s o l e l y on the bas is o f t h e i r re tu rn d i s t r i b u t i o n s . There are two 

k inds of casua l evidence that favor t h i s specu la t i ve view o f currency 

demands. One i s the behavior of exchange r a t e s ; the v o l a t i l i t y o f exchange 

ra tes i s d i f f i c u l t to exp la i n i f currency demands do not s a t i s f y the s p e c u l a 

t i v e view. The other i s the la rge amounts o f the cu r renc ies o f s e v e r a l coun

t r i e s held ou ts ide the respec t i ve coun t r i es of i s s u e ; the s p e c u l a t i v e view can 

be expected to apply to the cho ice among such f o re ign c u r r e n c i e s . 

The consequences o f the specu la t i ve view fo r a f l o a t i n g ra te system 

are not s u r p r i s i n g . They f o l l ow from the f a c t that the component o f demand 

that s a t i s f i e s the specu la t i ve view i s the "marg ina l " component that d e t e r 

mines exchange ra tes i f the fundamentals do not d i c t a t e corner s o l u t i o n s . I f 
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they do not , then the "marg ina l " component imp l i es the ex is tence of a r i c h 

c l a s s o f s t o c h a s t i c processes fo r exchange ra tes any member of which i s a 

r a t i o n a l expecta t ions e q u i l i b r i u m . The we l fa re consequences of such e q u i l 

i b r i a depend on whether there i s complete p a r t i c i p a t i o n in markets f o r hedging 

exchange-rate r i s k . I f there i s , then the randomness o f exchange ra tes i s 

innocuous. Otherwise, the randomness c a r r i e s over to r e a l wealth and consump

t i on . 
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authors and not n e c e s s a r i l y those of the Federa l Reserve Bank of M inneapo l i s or 
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J Qui te independent ly , M a n u e l l i and Peck (1990) have g e n e r a l i z e d the 

Kareken-Wal lace r e s u l t s to s t o c h a s t i c e q u i l i b r i a . They work w i t h a model i n 

which a l l agents a r e , i n our te rmino logy, pa r t of the s p e c u l a t i v e f r i n g e and show 

that the consumption a l l o c a t i o n tha t i s an e q u i l i b r i u m i n a one-cur rency wor ld 

can be suppor ted i n a m u l t i p l e currency wor ld by a l a rge c l a s s o f s t o c h a s t i c 

processes f o r exchange r a t e s . Among our r e s u l t s , on ly P r o p o s i t i o n 1 i s c l o s e l y 

r e l a t e d to t h e i r s . 

2 T h i s has been done by Barnet t (1988). 

3The l a t t e r i s t r i v i a l . To e s t a b l i s h the former note tha t by (1) and (2 ) , 

c h ( 0 t ) + X e i M s ( 0 t + 1 ; 0 t ) q h ( 0 t + 1 , 0 t ) does not exceed the r i g h t - s i d e of the s e c u r i t i e s 

market c o n s t r a i n t . Since c h ( 0 t ) > 0 , we can choose nonnegat ive mj(0 t ) andm^f^) 

so the s e c u r i t i e s market c o n s t r a i n t ho lds a t e q u a l i t y ; and, f o r such c h o i c e s , 

c h ( 0 t ) < £ P k ( ^ t ) ^ ( ^ t ) > a s r e q u i r e d . F i n a l l y , i t f o l l ows from (1) tha t such 

m(0 t ) cho ices s a t i s f y the t h i r d c o n s t r a i n t . 

' 'This assumption cou ld be weakened somewhat wi thout a f f e c t i n g the r e s u l t s . 

Among other t h i n g s , i t i nsures that the c o n s t r a i n t set i nc ludes p o s i t i v e 

consumption. 
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5Among the s t u d i e s t h a t t e s t f o r c u r r e n c y s u b s t i t u t i o n b y u s i n g exchange 

r a t e s t o p r o x y f o r e x p e c t e d r e t u r n s d i f f e r e n c e s a r e t h o s e by Bo rdo and C h o u d h r i 

( 1 9 8 2 ) , C u d d i n g t o n ( 1 9 8 3 ) , B r i s s i m i s and L e v e n t a k i s ( 1 9 8 5 ) . Most o f t he e v i d e n c e 

f rom t h e s e s t u d i e s a r g u e s a g a i n s t c u r r e n c y s u b s t i t u t i o n . F o r C a n a d a , Bordo and 

C h o u d h r i o b t a i n e d e s t i m a t e d c o e f f i c i e n t s t h a t have t he c o r r e c t s i g n b u t a r e 

s t a t i s t i c a l l y i n s i g n i f i c a n t . F o r C a n a d a , t he U . K . and t he U . S . , C u d d i n g t o n 

o b t a i n s e s t i m a t e d c o e f f i c i e n t s t h a t e i t h e r have t he c o r r e c t s i g n b u t a r e 

s t a t i s t i c a l l y i n s i g n i f i c a n t o r have t he wrong s i g n and a r e s t a t i s t i c a l l y 

s i g n i f i c a n t . O n l y f o r Germany does he o b t a i n a s t a t i s t i c a l l y s i g n i f i c a n t 

c o e f f i c i e n t w i t h t he c o r r e c t s i g n . F o r G r e e c e , B r i s s i m i s and L e v e n t a k i s o b t a i n e d 

e s t i m a t e d c o e f f i c i e n t s t h a t have t he c o r r e c t s i g n and a r e s t a t i s t i c a l l y 

s i g n i f i c a n t . However , when i n t e r e s t r a t e s a r e added t o t h e s e e q u a t i o n s t he 

c o e f f i c i e n t s become i n s i g n i f i c a n t . W h i l e Marquez (1987) a l s o i n c l u d e s e x p e c t e d 

exchange r a t e changes i n h i s t h e o r e t i c a l m o d e l , t h e y do n o t appea r i n h i s 

e m p i r i c a l i n v e s t i g a t i o n s i n c e he assumes e x p e c t e d changes to be z e r o . 

6 W i t h o u t c o n d i t i o n ( b ) , we c a n d u p l i c a t e a m u l t i p l e c u r r e n c y e q u i l i b r i u m 

w i t h a s i n g l e c u r r e n c y e q u i l i b r i u m i n g e n e r a l s e t t i n g s o n l y i f we c a n t a x the 

money h o l d i n g s o f d i f f e r e n t p e o p l e d i f f e r e n t l y . I n p a r t i c u l a r , i f t h e r e a r e two 

c u r r e n c i e s w i t h d i f f e r e n t r e t u r n s i n the m u l t i p l e c u r r e n c y e q u i l i b r i u m , t h e n i n 

the s i n g l e c u r r e n c y a n a l o g u e we w o u l d have to t a x t he money h o l d i n g s o f t h o s e who 

i n t he m u l t i p l e c u r r e n c y e q u i l i b r i u m a r e f o r c e d t o h o l d the l o w e r r e t u r n money. 

Our p r o o f does n o t use any such t a x e s . M o r e o v e r , c o n d i t i o n (b) i s a c o n s e q u e n c e 

o f t he way we c o n s t r u c t e q u i l i b r i a w i t h n o n f u n d a m e n t a l exchange r a t e u n c e r t a i n t y . 

I n t h a t s e n s e , i t i s n o t r e s t r i c t i v e . 

7 B o t h t he p r o p o s i t i o n and the p r o o f a r e somewhat c o m p l i c a t e d b e c a u s e we 

p e r m i t n o n f u n d a m e n t a l u n c e r t a i n t y , as r e p r e s e n t e d by t he s t a t e 9t, t o a f f e c t r e a l 

q u a n t i t i e s l i k e c o n s u m p t i o n . I t i s known t h a t s i n g l e c u r r e n c y v e r s i o n s o f c a s h -

i n - a d v a n c e mode ls (see Woodford 1987) and s i n g l e c u r r e n c y v e r s i o n s o f o v e r l a p p i n g 

g e n e r a t i o n s mode ls ( s e e A z a r i a d i s 1981) can have e q u i l i b r i a i n w h i c h 
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q u a n t i t i e s l i k e c o n s u m p t i o n . I t i s known t h a t s i n g l e c u r r e n c y v e r s i o n s o f c a s h -

i n - a d v a n c e mode ls (see Woodford 1987) and s i n g l e c u r r e n c y v e r s i o n s o f o v e r l a p p i n g 

g e n e r a t i o n s mode ls (see A z a r i a d i s 1981) can have e q u i l i b r i a i n w h i c h 

n o n f u n d a m e n t a l u n c e r t a i n t y can a f f e c t a l l o c a t i o n s . P r o p o s i t i o n 4 i s a p p l i c a b l e 

to m u l t i p l e c u r r e n c y v e r s i o n s o f s u c h m o d e l s . 
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Appendix 

1. P roo f o f P ropos i t i on 1 

The proof i s cons t ruc t i ve i n that a candidate equ i l i b r i um i s p ro 

posed and i s shown to s a t i s f y the e q u i l i b r i u m c o n d i t i o n s . 

The candidate fo r p 1 (9 ( . ) i s given i n the statement of the p r o p o s i 

t i o n . For p 2 ( 8 t ) , we propose P 2 ( 8 f c ) = 3y - P i ( 9 f c ) ^ a s i m P l i e d b y b i n d i n g 

n e s s ) . Given these p r i c e s , l e t nominal money ho ld ings be those impl ied by (2) 

a t e q u a l i t y and (8 ) . The bound on a imp l i es tha t such hold ings are nonnega-

t i v e . 

We a l so propose c n ( 9 t ) = y and ̂ ( 9 f c ) = u ' (y ) so that (3) and (6) 

h o l d . Note that t h i s proposal fo r consumption and that fo r p r i ces i m p l i e s 

that the l e f t s ide of (4) i s B u ' ( y ) . S ince 8 < 1, we can choose nonnegative 

m u l t i p l i e r s fo r cons t ra in t (2) so tha t (4) h o l d s . 

We l e t the cont ingent c la ims p r i c e s be given by (5)—namely, 

s ( 9 f c + 1 ; 6 t ) = 6 /2 . Then we l e t q h ( 8 t + 1 ; 9 t ) = y - ^ p k ( e f c + 1 )mjj(9 f c) f o r each 

9 t + 1 . Th is i s bounded below by -2y and above by y and makes the r i g h t - s i d e o f 

(1) equal to 2y fo r t > 1. (Our assumption about p r i ces and i n i t i a l c o n d i 

t i ons imply that the r i g h t - s i d e o f (1) equals 2y at t=0.) I t remains only to 

show that the proposal fo r q n ( 8 t + 1 ; 8 t ) s a t i s f i e s (7) and i s such that (1) 

r h 
holds at e q u a l i t y , which requ i res that > s(8, .. ;8 )q (6. -59. ) = 0. 

t+i 
From our proposal for q ( 6 t + 1 ; 9 t ) , 

I i A t + r V = 3 y - y i k P^ 9 t + i ) f f l k< e t ) ] 

= 3 y - y i h pk<et+i>Bk<et>] 
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Also from the p roposa l , 

U¥ 1

s ( e t + r e t ) q h ( e t + r e t ) = * h \ 1 « ( 9 t + i i e t ) ^ k P k ( e t + i ) m k ( e t , U -t+i t+i 

But , 

le, / ( e t + r e t ) U k P k ( e t + 1 ) m k < 9 t ) ] = J k ^ ' t ^ J e , ' ( e f r V ^ W l t+i t+i 

where the l a s t equa l i t y f o l l ows from bindingness and the next to l a s t from 

each expected re turn being u n i t y . 

F i n a l l y , as an a s i d e , note that the gross nominal i n t e res t ra te a t t 

on a bond which pays one un i t of currency k in each s ta te at t + 1 i s 

p ( 9 . ) / £ s (9 . . ; 8 )p. (9. . ) and equals 8 " 1 i n the proposed e q u i l i b r i u m . 0 k t 

2 . Proof of P ropos i t i on 2 

This proof i s a l so c o n s t r u c t i v e . Let K be the unique and p o s i t i v e 

s o l u t i o n to Bu'(y-K)(1+K/y) = u ' (y+K). We s t a r t wi th a func t ion 6 de f ined on 

[y .3y /2 ] and a func t ion a de f ined on [3y /2 ,2y ] , where these are nonnegat ive 

and bounded as in P ropos i t i on 1, are p o s i t i v e except a t y and 2y, respec 

t i v e l y , are bounded above by K, s a t i s f y o(3y/2) = 6 (3y /2 ) , but are otherwise 

a r b i t r a r y . The bounding by K l i m i t s the re turn r e a l i z a t i o n s on a l l p o s s i b l e 

p o r t f o l i o s so that every person in every per iod wants to spend a l l of f i n a n 

c i a l wealth on consumption. We show that corresponding to any such p a i r 

(a ,6) i s an e q u i l i b r i u m . 

As above, our candidate equ i l i b r i um i s a b ind ing equ i l ib r ium—one 

wi th p 1 ( e t ) + P 2 ( 9 t ^ - 3y and wi th nominal money hold ings impl ied by such 

p r i c e s , (2) at e q u a l i t y , and (8 ) . Le t t i ng p^(9j.) = x, we begin by express ing 
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the d i s t r i b u t i o n of consumption imp l ied by (1) a t equa l i t y and b ind ingness i n 

terms o f x and the func t ions a and 6. From (1) a t e q u a l i t y , 

( i ) c h ( e F J = LP, - t + i ) n H ( e t ) = X k [ P k < 8 f c ) < < f l t ) ] t P k < e t + i ) / P k ( 9 t ) 

Bindingness and (9) imply the f o l l o w i n g d i s t r i b u t i o n s for returns on monies, 

P k ( e t + 1 > / P k ( 8 t ) : 

k 5 _1 
% ,2 

( i i ) 1 1 + a ( x ) / x 1 - 6 (x ) /x 

2 1 - a ( x ) / ( 3y -x ) 1 + 6 (x ) / (3y -x ) 

A l so , f o r k = 1 2 

P k ( 9 t ) m k ( e t ) • p k ( 9 t ) M k - P k ( 9 t ) m k ( 9 t ) = p k ( 9 t ) - y V t ' k p k v v V k v t ' 

where the f i r s t e q u a l i t y f o l l ows from bindingness and (8 ) , and the second from 

M k = 1 and (2) a t e q u a l i t y . 

Then ( i ) - ( i i i ) , b indingness and (1) a t equa l i t y imply the f o l l o w i n g 

d i s t r i b u t i o n s fo r the r a t i o of consumption to y (c^(8^. +^ ) / y ) : 

h C e 1 5 2 

1 1+a(x)/x 1-6(x)/x 

2 l - a ( x ) / ( 3 y - x ) l + « ( x ) / ( 3 y - x ) 

3 U a ( x ) ( x - 3 y / 2 ) / ( 3 y - x ) ( x / 2 ) 1 - « ( x ) ( x - 3 y / 2 ) / ( 3 y - x ) ( x / 2 ) 

( i v ) 

We now extend a and 6 so tha t h = 3 d i v e r s i f i e s — s o that the l e f t 

s ide of (4) does not depend on k f o r h = 3. From ( i i ) and i r ( e t + 1 ; 9 t ) = 1/2, 

t h i s cond i t i on can be w r i t t en 

(v) a ( x ) u ' [ c 3 ( e t + 1 ; 5 t + 1 = 5 1 ) ] = 6 ( x ) u ' [ c 3 ( e h A l ; ^ = £ * ) ] . t+r st+r 
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We f i r s t l e t x e ( y ,3y /2 ) and extend a . For a f i xed x , the r i g h t -

s ide i s determined by the g iven 6 and i s p o s i t i v e . Le t t i ng a(x) = z , f o r 

f i xed x and z e R , the l e f t - s i d e of ( v ) , c a l l i t H (z ) , i s a cont inuous func

t i on o f z (s ince u ' i s con t inuous) . Moreover, H(0) = 0 and H(6(x)) > 

6 (x )u ' [ c3 (e •% , = £ 2 ) ] , where the i n e q u a l i t y fo l lows from ( i v ) and u" < 0 . 

By the in termediate value theorem, there e x i s t s z e [0 ,6 (x ) J s a t i s f y i n g ( v ) . 

The ex tens ion o f 6 to (3y /2 ,2y) so as to s a t i s f y (v) i s es tab l i shed i n the 

same way and imp l i es 6(x) e (0 ,a (x ) ) fo r x z ( 3y /2 ,2y ) . Note that t h i s con

s t r u c t i o n impl ies that the extended func t ions s a t i s f y a l l the bounds imposed 

i n i t i a l l y , a f a c t we use nex t . 

We have now produced s t o c h a s t i c processes fo r p r i c e s , nominal money 

ho ld i ngs , and consumptions that by cons t ruc t ion s a t i s f y cons t r a i n t s (1) and 

(2) a t equa l i t y and the market c l e a r i n g cond i t i ons , (6) and (8 ) , and are such 

that the l e f t - s i d e o f (1) does not depend on k fo r h = 3- To show that these 

c o n s t i t u t e an e q u i l i b r i u m , i t remains only to show that (3) and (4) h o l d — 

namely, that we can choose nonnegative m u l t i p l i e r s so that (3) and (4) h o l d . 

We l e t X ^ ( e t ) be g iven by (3) at e q u a l i t y . Then (4) ho lds f o r 

nonnegative m u l t i p l i e r s f o r c o n s t r a i n t s (2) i f and only i f 

( v i ) (b/2) l f < U \ s ^ ; h + f C J ) ] p k ( 8 t + 1 ; 5 t + l ^ ) / p k ( 8 f c ) , u ' ( c h ( e t ) j 

fo r a l l h, k and 9,.. From ( i i ) , P k ( 8 t + 1 ) / p k ( e t ) e [ 1-K/y, 1+K/y ] , wh i l e from 

( i v ) and our i n i t i a l cond i t i ons i t fo l lows that c^(Q^) e [y-K,y+K] f o r a l l h, 

k, and 9 t ( o r x ) . These bounds and u" < 0 imply that the l e f t - s i d e o f ( v i ) i s 

bounded above by 6u ' (y-K)(1+K/y) and that the r i g h t - s i d e i s bounded below by 

u ' (y+K). S ince K i s such that 8u' (y-K)(1+K/y) = u ' (y+K), (v i ) ho lds . 0 
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3. Proof o f P r o p o s i t i o n 4 

The proof c o n s i s t s of the f o l l o w i n g two lemmas. We use the no ta t ion 

of Sec t i on I except that we now use a symbol without subsc r ip ts or arguments 

to denote the e n t i r e corresponding vector across s t a t e s , t ime, and, i f r e l e 

vant, monies and peop le . For example, p denotes the e n t i r e vector o f p r i c e s 

of cu r renc ies across c u r r e n c i e s , s t a t e s , and t ime. 

Lemma 1. I f an economy has an e q u i l i b r i u m (p,m,q,M;X) that s a t i s f i e s the 

hypotheses o f P r o p o s i t i o n 4 , then the same economy but without cu r rency -spe

c i f i c c o n s t r a i n t s has an equ i l i b r i um (p,m,q,M;X) = (p,m,q,M;X) , where m i s 

given by 

and 

( i i ) i^(e t) / f i i lJ(9 t) = M k ( e t ) / M 1 ( e t ) 

and q i s g iven by 

Here X denotes a l l v a r i a b l e s other than those that appear p r i o r to the semi 

co lon . Thus, X inc ludes consumption o f a l l goods, hold ings of a l l a s s e t s 

other than cu r renc ies and cont ingent c la ims ( a l l of which are assumed to have 

payof fs denominated i n terms of a numeraire good not in terms of c u r r e n c i e s ) , 

and a l l p r i ces i nc l ud ing the cont ingent c la ims p r i c e s , but not i nc l ud ing the 

p r i ces o f the c u r r e n c i e s . 

Proof . F i r s t we show that for each h, " - " s a t i s f i e s any cons t ra in ts on t o t a l 

currency ho ld ings and i s a f f o r d a b l e . From ( i ) and ( i i ) , i t i s immediate that 
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so that any cons t ra in ts on an i n d i v i d u a l ' s t o t a l currency ho ld ings are met. 

To e s t a b l i s h a f f o r d a b i l i t y , we show that (a poss ib l y genera l i zed ve rs ion of ) 

(1) i s s a t i s f i e d by Given that " - " s a t i s f i e s ( i v ) and i s cons t ruc ted to 

s a t i s f y ( i i i ) , " - " w i l l s a t i s f y (1) i f i t s a t i s f i e s 

(v) Ie u l

;« ef r V ^ ^ u i ^ t ' ^ V i ^ t ^ = °-
To v e r i f y that (v) h o l d s , m u l t i p l y ( i i i ) , by s ( 9

t + 1 ; e

t ) a n d s u m o v e r  

9 t + T ^PON r e a r r a n g i n g the order of summation, the terms i n v o l v i n g rr£(6 ) 

(or \(efc)) can be wr i t t en as Ik

m

k<E

FC)PK(E

T)R

K(9

t) = r ( 9 t ^ k m k ( e ) p k ( 9 t ) ' w h e r e 

the e q u a l i t y uses hypothesis (b) of the P r o p o s i t i o n . Then, us ing ( i v ) , we get 

( v ) . 

Next we note that " - " i s u t i l i t y maximizing. S ince a l l p r i c e s are 

the same under " * " and the set of a f fo rdab le bundles i s the same. I t 

f o l l ows tha t , " - " i s (remains) u t i l i t y maximiz ing. (This i s t rue even i f h ' s 

u t i l i t y depends on " t o t a l r e a l ba lances" he ld by h.) 

F i n a l l y , we have to show that in and q s a t i s f y market c l e a r i n g . 

Summing ( i ) over h impl ies I h^(8 f c) = M 1(e f c). This and ( i i ) imply Ih\(efc) = 
M k ( 9 t ) f o r a l l k. Market c l e a r i n g f o r q fo l l ows then from ( i i i ) summed over h 

and from market -c lear ing fo r m. 0 

Lemma 2 . I f (p,m,q,M;X) i s the e q u i l i b r i u m in the conc lus ion of Lemma 1, 

then (p,ni,q,M;X) r (p,m,q,f i ;X) i s a l s o an e q u i l i b r i u m , where p (6 ) = 0 f o r 

k = 2, 3, . . . . K and a l l e f c , and 

( v D P V V W = EkMVVV' f c * 1 

( v i i ) P ^ H M ^ ) - ^ ^ ) ] = [ k P k ( e T ) [ I k ( e t ) - H k ( V | ) ] , t > 1 
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( v i i i ) M ^ O Q ) = H}(Q0) 

( i x ) fih(et) = I k^(e t)pye t)/p7e t). 

(Note tha t ( v i ) and ( v i i ) and the i n i t i a l cond i t i on ( v i i i ) determine a unique 

( p . , f L ) . I t fo l lows t r i v i a l l y , then, that (p,m,q,fi;X") i s uniquely determined 

by " - " . ) 

Proo f . S ince cond i t ion ( i x ) holds i n d i v i d u a l r e a l balances unchanged between 

" - " and any cons t ra in t on an i n d i v i d u a l ' s t o t a l currency ho ld ings are 

s a t i s f i e d by 

As regards a f f o r d a b i l i t y o f s ince ( i x ) impl ies unchanged i n d i 

v i d u a l r e a l ba lances, "~" s a t i s f i e s (1) i f we can show that "~" and " - " g ive 

r i s e to the same value fo r the r i g h t - s i d e of (1 ) . S ince we hold taxes un

changed and q = q, we have only to show that P^( Q *. + ^)S^(9j . ) = 

W e t + i ) \ ( 9 t ) -

By ( i i ) (of Lemma 1) , 

Since ( v i ) and ( v i i ) imply 

we get 

W W ^ V - Pi< e t + i ) S? ( e t ) f t i ( e t ) / R i (V-

The l a s t s tep i s to v e r i f y that m k(9 )M (8 ) / M (8 ) = m k(8 ) . Th is f o l l o w s 

from ( i x ) upon f i r s t s u b s t i t u t i n g in to i t s r i g h t - s i d e f o r t h e r i g h t 

s i de of ( i i ) and then using ( v i ) . 
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We next show that (m,q,X) i s u t i l i t y maximizing among a f f o rdab le 

bundles. S ince (m,q,X) a t p g ives h the same u t i l i t y as does (m,q,X) a t p, i f 

there i s an a l t e r n a t i v e , say ( m * , q * , X * ) , s t r i c t l y preferred to (m,q r X) and 

a f f o r d a b l e a t p, then i t g ives h igher u t i l i t y than (m,q,X) at p. We show that 

t h i s imp l i es the ex i s tence of ( m ' , q * , X * ) a f fo rdab le at p and s t r i c t l y p r e 

fe r red to (m,q,X) , a c o n t r a d i c t i o n . 

Let m' be given by m ' J \e ) = m* h(e )M (6 ) / M , ( e ) . Then 

( m ' , q * , X * ) a t p g ives the same u t i l i t y as (m*,q* ,X*) at p i f 

(x) y ^ t ^ ' k ^ t ' = P l { 9 t ) m 1 h ( 6 t ) f o r 3 1 1 h a n d V 

A f f o r d a b i l i t y of (m ' , q * ,X * ) at p fo l l ows i f (x) holds and i f 

E q u a l i t y (x) fo l l ows from the d e f i n i t i o n of m' and from ( v i ) . Inequa l i ty ( x i ) 

f o l l ows from the d e f i n i t i o n of m ' , ( v i ) , and ( v i i ) . Thus we have the d e s i r e d 

c o n t r a d i c t i o n . 

Since the only q u a n t i t i e s f o r which " - " d i f f e r s from " - " are c u r 

rency ho ld ings , the only market c l e a r i n g cond i t i on to ve r i f y i s L f i ^ O = 

PL (9 ). Summing ( i x ) over h we get 
1 v 

Ihfii(V • ^ k ( 9 t ) R k ( e t ) / P i ( 9 t ) = W ' 
where the f i r s t e q u a l i t y uses the f a c t that " - " i s an equ i l i b r i um and the 

second uses ( v i ) . Note that s i nce ( v i i ) holds t o t a l revenue from currency 

c rea t i on equal under "~" and ho ld ing taxes and governments' r e a l borrow

ing the same under "~" and " - " i s cons is ten t wi th s a t i s f a c t i o n o f an aggregate 

government cash- f low c o n s t r a i n t . 0 
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Figure 1 

Equilibrium change-in-price of currency 1 functions: complete markets 

Figure 2 

Equilibrium change-in-price of currency 1 functions: incomplete markets 
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Figure 3 

Equilibrium change-in-price of currency 1 functions: 
incomplete markets, logarithmic utility, and y=1 
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Figure 4 

Equilibrium difference in expected return as a function of the price 
of currency 1: .ncomplete markets, logarithmic utility and y=1 
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Figure 5 

Expectation of change in the exchange rate: 
complete markets example 
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Figure 6 

Expectation of change in the logarithm of the exchange rate: 
complete markets example 


