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ABSTRACT 

T h i s paper i n v e s t i g a t e s whether t h e r e a r e s i m p l e v e r s i o n s o f t he permanent income 
h y p o t h e s i s w h i c h a r e c o n s i s t e n t w i t h t he a g g r e g a t e U . S . c o n s u m p t i o n and o u t p u t 
d a t a . Our a n a l y s i s i s c o n d u c t e d w i t h i n t he c o n f i n e s o f a s i m p l e dynamic g e n e r a l 
e q u i l i b r i u m model o f a g g r e g a t e r e a l o u t p u t , i n v e s t m e n t , h o u r s o f work and consump
t i o n . We s t u d y t h e q u a n t i t a t i v e i m p o r t a n c e o f two p e r t u r b a t i o n s t o t he v e r s i o n o f 
ou r model w h i c h p r e d i c t s t h a t o b s e r v e d c o n s u m p t i o n f o l l o w s a random w a l k : ( i ) 
c h a n g i n g t he p r o d u c t i o n t e c h n o l o g y s p e c i f i c a t i o n w h i c h r a t i o n a l i z e s t he random 
wa lk r e s u l t , and ( i i ) r e p l a c i n g t he a s s u m p t i o n t h a t a g e n t s ' d e c i s i o n i n t e r v a l s 
c o i n c i d e w i t h t h e d a t a s a m p l i n g i n t e r v a l w i t h the a s s u m p t i o n t h a t a g e n t s make 
d e c i s i o n s on a c o n t i n u o u s t ime b a s i s . We f i n d s u b s t a n t i a l l y l e s s e v i d e n c e a g a i n s t 
t he c o n t i n u o u s t i m e mode ls t h a n a g a i n s t t h e i r d i s c r e t e t i m e c o u n t e r p a r t s . In f a c t 
n e i t h e r o f the two c o n t i n u o u s t ime mode ls can be r e j e c t e d a t c o n v e n t i o n a l s i g n i f i 
c a n c e l e v e l s . The c o n t i n u o u s t ime mode ls o u t p e r f o r m t h e i r d i s c r e t e t i m e c o u n t e r 
p a r t s p r i m a r i l y because they e x p l i c i t l y a c c o u n t f o r t he f a c t t h a t t h e d a t a u s e d t o 
t e s t t he mode ls a r e t ime a v e r a g e d measures o f t he u n d e r l y i n g u n o b s e r v e d p o i n t - i n -
t ime v a r i a b l e s . The n e t r e s u l t i s t h a t t hey a r e b e t t e r a b l e t o accommodate t he 
d e g r e e o f s e r i a l c o r r e l a t i o n p r e s e n t i n t h e f i r s t d i f f e r e n c e o f o b s e r v e d pe r c a p 
i t a U . S . c o n s u m p t i o n . 

* C h r i s t i a n o , F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s ; E i c h e n b a u m , C a r n e g i e - M e l l o n U n i 
v e r s i t y and t h e N a t i o n a l Bu reau o f Economic R e s e a r c h ; M a r s h a l l , C a r n e g i e - M e l l o n 
U n i v e r s i t y . We have b e n e f i t e d f rom h e l p f u l d i s c u s s i o n s w i t h S . Rao A i y a g a r i , L a r s 
H a n s e n , and Thomas S a r g e n t . The f i r s t two a u t h o r s a c k n o w l e d g e t he f i n a n c i a l s u p 
p o r t o f t he N a t i o n a l S c i e n c e F o u n d a t i o n . The t h i r d a u t h o r was an A l f r e d P . S l o a n 
d o c t o r a l d i s s e r t a t i o n F e l l o w w h i l e t h i s p a p e r was b e i n g w r i t t e n . 

The v i e w s e x p r e s s e d h e r e i n a r e t h o s e o f t h e a u t h o r s and no t n e c e s s a r i l y t h o s e o f 
t he F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t h e F e d e r a l R e s e r v e S y s t e m . T h i s p a p e r 
i s p r e l i m i n a r y and i s c i r c u l a t e d t o s t i m u l a t e d i s c u s s i o n . I t i s no t t o be q u o t e d 
w i t h o u t the a u t h o r s ' p e r m i s s i o n . 



1. I n t r o d u c t i o n 

Few s u b j e c t s i n mac roeconomics have r e c e i v e d a s much a t t e n t i o n a s t he 

r e l a t i o n s h i p between a g g r e g a t e c o n s u m p t i o n and o u t p u t . T h i s a t t e n t i o n r e f l e c t s , 

a t l e a s t i n p a r t , t he b e l i e f t h a t an u n d e r s t a n d i n g o f t he s t r u c t u r a l d e t e r m i n a n t s 

o f a g g r e g a t e c o n s u m p t i o n i s c e n t r a l t o r e s o l v i n g many o f t he o u t s t a n d i n g i s s u e s i n 

b u s i n e s s c y c l e t h e o r y . D u r i n g t he p a s t decade much o f t he e m p i r i c a l l i t e r a t u r e on 

a g g r e g a t e c o n s u m p t i o n has c e n t e r e d on H a l l ' s [1978] d e m o n s t r a t i o n t h a t , unde r 

c e r t a i n c o n d i t i o n s , the permanent income h y p o t h e s i s (P IH ) i m p l i e s t h a t c o n s u m p t i o n 

i s a random w a l k . Under t h i s random wa lk h y p o t h e s i s (RWH) no v a r i a b l e a p a r t f rom 

c u r r e n t c o n s u m p t i o n s h o u l d be o f v a l u e i n p r e d i c t i n g f u t u r e c o n s u m p t i o n . 

In f a c t , a number o f a u t h o r s , i n c l u d i n g F l a v i n [1981] and H a y a s h i 

[ 1 9 8 2 ] , r e p o r t s t a t i s t i c a l l y s i g n i f i c a n t c o r r e l a t i o n s between t he change i n c o n 

s u m p t i o n and l a g g e d c o n s u m p t i o n and i n c o m e . The r e s p o n s e t o t h e s e f i n d i n g s has 

g e n e r a l l y f a l l e n i n t o one o f two c a t e g o r i e s . F i r s t , some r e s e a r c h e r s have a t t r i 

bu ted t he " e x c e s s s e n s i t i v i t y " o f c o n s u m p t i o n t o c u r r e n t and l a g g e d income t o t he 

p r e s e n c e o f a s u b s t a n t i a l number o f consumers who a r e l i q u i d i t y c o n s t r a i n e d . 

Under t h i s i n t e r p r e t a t i o n , the PIH i s f u n d a m e n t a l l y f l a w e d as a p r i n c i p l e f o r 

o r g a n i z i n g t he a g g r e g a t e t ime s e r i e s d a t a ( s e e f o r example H a l l and M i s h k i n [1982] 

and Z e l d e s [ 1 9 8 5 ] ) . 

A s e c o n d v iew o f t he e m p i r i c a l s h o r t c o m i n g s o f t he RWH i s t h a t t hey do 

no t r e f l e c t t he f a i l u r e o f t he PIH pe r s e . I n s t e a d they r e f l e c t t he f a i l u r e o f 

t he a u x i l i a r y a s s u m p t i o n s r e q u i r e d t o d e r i v e t he RWH f rom the P I H . T h i s v i e w 

u n d e r l i e s b o t h i n t e r t e m p o r a l c a p i t a l a s s e t p r i c i n g mode ls ( e g . , Hansen and S i n g l e 

ton [ 1 9 8 2 , 1 9 8 3 ] , Dunn and S i n g l e t o n [1986] and E ichenbaum and Hansen [1986 ] ) and 

r e a l b u s i n e s s c y c l e t h e o r i e s ( e g . , K y d l a n d and P r e s c o t t [ 1 9 8 2 ] , Long and P l o s s e r 

[ 1 9 8 3 ] , and M i c h e n e r [ 1984 ] ) w h i c h a b s t r a c t f r om l i q u i d i t y c o n s t r a i n t s and o t h e r 

marke t i m p e r f e c t i o n s wh ich wou ld p r e v e n t consumers f rom o p t i m a l l y a d j u s t i n g c o n 

s u m p t i o n t o permanent i ncome. T h i s v iew a l s o u n d e r l i e s L u c a s ' [1985] a rgument 

t h a t t he w e l f a r e g a i n s a s s o c i a t e d w i t h c o u n t e r c y c l i c a l government p o l i c i e s w o u l d , 
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a t t he v e r y b e s t , be s m a l l . G i v e n t h e r a d i c a l l y d i f f e r e n t p o l i c y i m p l i c a t i o n s o f 

t he two t y p e s o f r e s p o n s e s i t i s n o t s u r p r i s i n g t h a t t he r e l a t i o n s h i p be tween 

a g g r e g a t e consump t i on and income c o n t i n u e s t o command w i d e s p r e a d i n t e r e s t . 

T h i s paper p u r s u e s t he second o f t he two r e s p o n s e s d i s c u s s e d a b o v e . We 

i n v e s t i g a t e whether t h e r e a r e p e r t u r b a t i o n s o f t he random wa lk v e r s i o n o f t h e P I H , 

a s imp lemented by H a l l [1978] and F l a v i n [ 1 9 8 1 ] , w h i c h a r e c o n s i s t e n t w i t h t he 

a g g r e g a t e c o n s u m p t i o n and o u t p u t d a t a . The two p e r t u r b a t i o n s we c o n s i d e r a r e : 

( i ) c h a n g i n g t he p r o d u c t i o n t e c h n o l o g y to a s p e c i f i c a t i o n w h i c h no l o n g e r i m p l i e s 

the RWH, and ( i i ) r e p l a c i n g t h e a s s u m p t i o n t h a t a g e n t s ' d e c i s i o n i n t e r v a l s c o i n 

c i d e w i t h the d a t a s a m p l i n g i n t e r v a l w i t h t he a s s u m p t i o n t h a t a g e n t s make d e c i 

s i o n s on a c o n t i n u o u s t ime b a s i s . 

Our a n a l y s i s f o l l o w s Hansen [1986] and S a r g e n t [1986] i n i n t e r p r e t i n g 

t he PIH a s a s i m p l e v e r s i o n o f t he B r o c k - M i r m a n g rowth model i n w h i c h t h e e q u i l i b 

r i u m law o f m o t i o n f o r c o n s u m p t i o n and o u t p u t t a k e s t h e fo rm o f a c o n s t r a i n e d 

v e c t o r ARMA. Consumers ' p r e f e r e n c e s a r e d e f i n e d o v e r c o n s u m p t i o n and l e i s u r e i n a 

way t h a t n e s t s t he s p e c i f i c a t i o n c o n s i d e r e d by H a l l [1978] and F l a v i n [ 1 9 8 1 ] . 

Ou tpu t i s p roduced u s i n g b o t h l a b o r and c a p i t a l a c c o r d i n g t o a L e o n t i e f f t y p e 

p r o d u c t i o n f u n c t i o n i n w h i c h t he l a b o r r e q u i r e m e n t pe r u n i t o f c a p i t a l i s a l l o w e d 

t o be s t o c h a s t i c . When t h i s l a b o r r e q u i r e m e n t i s n o n s t o c h a s t i c ou r model s a t i s 

f i e s t he RWH. When a g e n t s d e r i v e d i s u t i l i t y f rom w o r k i n g and t he l a b o r r e q u i r e 

ment pe r u n i t o f c a p i t a l i s a n o n t r i v i a l s t o c h a s t i c p r o c e s s , c o n s u m p t i o n does no t 

f o l l o w a random w a l k . A g g r e g a t e income w i l l G range r c a u s e the f i r s t d i f f e r e n c e o f 

consump t i on and c u r r e n t and l a g g e d changes i n c o n s u m p t i o n w i l l be o f v a l u e f o r 

p r e d i c t i n g f u t u r e changes i n c o n s u m p t i o n . C o n s e q u e n t l y , t h i s v e r s i o n o f our model 

c a n , i n p r i n c i p l e , e x p l a i n F l a v i n ' s r e j e c t i o n o f t he RWH. 

A s e c o n d p o s s i b l e e x p l a n a t i o n o f t h e s e r e j e c t i o n s i s t he impac t o f t em

p o r a l a g g r e g a t i o n b i a s . S ims [1971 J , Geweke [ 1 9 7 8 ] , M a r c e t [1986] and C h r i s t i a n o 

[1982 , 1985] have shown t h a t t e m p o r a l a g g r e g a t i o n b i a s can i n d u c e s p u r i o u s s e r i a l 

c o r r e l a t i o n and G range r c a u s a l i t y . In f a c t , much o f t he e m p i r i c a l e v i d e n c e 
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a g a i n s t d i f f e r e n t v e r s i o n s o f the PIH c o n s i s t s o f f i n d i n g s t h a t t he f i r s t d i f 

f e r e n c e o f a g g r e g a t e c o n s u m p t i o n i s s e r i a l l y c o r r e l a t e d and i s G range r c a u s e d by a 

v a r i e t y o f o t h e r v a r i a b l e s . I f a g e n t s make economic d e c i s i o n s a t i n t e r v a l s o f 

t ime t h a t a r e f i n e r t h a n t h e d a t a s a m p l i n g i n t e r v a l t h e s e s e r i a l c o r r e l a t i o n and 

G r a n g e r c a u s a l i t y f i n d i n g s c o u l d be s p u r i o u s i n the s e n s e t h a t t hey r e f l e c t o n l y 

t he e f f e c t s o f t e m p o r a l a g g r e g a t i o n b i a s . 

In o r d e r t o i n v e s t i g a t e t h i s p o s s i b i l i t y we a n a l y z e c o n t i n u o u s t i m e 

v e r s i o n s o f ou r d i s c r e t e t ime m o d e l . These mode ls a r e e s t i m a t e d u s i n g t e c h n i q u e s 

d e v e l o p e d by Hansen and S a r g e n t [ 1980 , 1981] f o r e s t i m a t i n g c o n t i n u o u s t ime m o d e l s 

f rom d i s c r e t e t i m e d a t a . T h i s s t r a t e g y a l l o w s us to d i r e c t l y a d d r e s s t he p o s s i 

b i l i t y o f t e m p o r a l a g g r e g a t i o n b i a s and t o e x p l i c i t l y a c c o u n t f o r t he f a c t t h a t 

c o n s u m p t i o n and income d a t a a r e no t p o i n t - i n - t i m e s a m p l e d . 

The r e m a i n d e r o f t h i s paper i s o r g a n i z e d a s f o l l o w s . In s e c t i o n 2 we 

p r e s e n t the d i s c r e t e t ime v e r s i o n s o f ou r m o d e l . E m p i r i c a l r e s u l t s f o r t he d i s 

c r e t e t ime mode ls a r e p r e s e n t e d i n s e c t i o n 3 . In s e c t i o n 4 we p r e s e n t t he c o n t i n 

uous t ime a n a l o g u e t o t he mode ls d i s c u s s e d i n s e c t i o n 2 . E m p i r i c a l r e s u l t s f o r 

t he c o n t i n u o u s t ime mode ls a r e d i s c u s s e d i n s e c t i o n 5 . S e c t i o n 6 c o n c l u d e s t he 

p a p e r . 

2 . The D i s c r e t e T ime Permanent Income H y p o t h e s i s 

2 . A The Mode l 

We suppose t h a t t he t i m e s e r i e s on economy-w ide c o n s u m p t i o n , t he s t o c k 

o f c a p i t a l , and o u t p u t c o r r e s p o n d to t h e s o l u t i o n o f an o p t i m a l r e s o u r c e a l l o c a 

t i o n p r o b l e m w h i c h can be d e c e n t r a l i z e d a s a c o m p e t i t i v e e q u i l i b r i u m . The s o c i a l 

p l a n n i n g p r o b l e m t h a t we c o n s i d e r has more than one i n t e r p r e t a t i o n i n te rms o f 

c o n s u m e r s ' p r e f e r e n c e s and t he t e c h n o l o g y f o r p r o d u c i n g new c o n s u m p t i o n g o o d s . 

F o r p e d a g o g i c a l r e a s o n s we f i n d i t c o n v e n i e n t t o p r o c e e d i n te rms o f one o f t h e s e 

i n t e r p r e t a t i o n s . O the r i n t e r p r e t a t i o n s a r e d i s c u s s e d a f t e r the o p t i m a l r e s o u r c e 

a l l o c a t i o n p r o b l e m has been s t a t e d . The re we i n d i c a t e t h a t , g i v e n o b s e r v a t i o n s 



- 4 -

o n l y on a g g r e g a t e c o n s u m p t i o n and o u t p u t and a b s t r a c t i n g f rom g rowth c o n s i d e r a 

t i o n s , ou r model i s o b s e r v a t i o n a l l y e q u i v a l e n t t o a v e r s i o n o f t he model c o n s i d 

e r e d by S a r g e n t [ 1 9 8 6 ] . 

A r e p r e s e n t a t i v e consumer r a n k s a l t e r n a t i v e s t r e a m s o f c o n s u m p t i o n and 

l e i s u r e a c c o r d i n g to t he p r e f e r e n c e s p e c i f i c a t i o n , 

( 2 . 1 ) EQjV{. I ( V b t ) 2 - a t h t ( 

where 0 < B < 1 i s the s u b j e c t i v e d i s c o u n t r a t e , b d e n o t e s the c o n s u m e r ' s b l i s s 

p o i n t f o r c o n s u m p t i o n a t t ime t , c d e n o t e s c o n s u m p t i o n a t t i m e t , h d e n o t e s work 
c c 

e f f o r t a t t ime t , a . i s t he m a r g i n a l d i s u t i l i t y o f work i n p e r i o d t and E*. i s t he 
t *» 

e x p e c t a t i o n s o p e r a t o r c o n d i t i o n e d on t he i n f o r m a t i o n s e t I t , t > 0 . The s e t I f c 

c o n t a i n s o b s e r v a t i o n s on a l l model v a r i a b l e s d a t e d t and e a r l i e r . T h r o u g h o u t t h i s 

p a p e r we assume t h a t b,. and a a r e d e t e r m i n i s t i c f u n c t i o n s o f t i m e . 
t t 

T h e r e i s a t e c h n o l o g y t h a t c o n v e r t s t ime t c o n s u m p t i o n goods and l a b o r 

e f f o r t i n t o t ime t + 1 c o n s u m p t i o n g o o d s . T h i s t e c h n o l o g y i s g i v e n by 

( 2 . 2 ) y t = • l n { J k b _ 1 , T t _ 1 H t _ 1 ) + e t . 

H e r e , y f c d e n o t e s o u t p u t , k t - 1 i s t he c a p i t a l s t o c k a t t he end o f t ime t - 1. We 

t h i n k o f t h e v a r i a b l e e*. e i t h e r a s t he endowment o f c o n s u m p t i o n a t t i m e t o r a s an 

a g g r e g a t e shock to t he p r o d u c t i o n f u n c t i o n a t t i m e t w h i c h a f f e c t s o n l y t h e a v e r 

age p r o d u c t i v i t y o f l a b o r and c a p i t a l . The v a r i a b l e 5 / t . 1 r e p r e s e n t s the l a b o r 

r e q u i r e m e n t p e r u n i t o f c a p i t a l . 

2 1 / 
The economy-wide r e s o u r c e c o n s t r a i n t i s g i v e n by:=-^-

( 2 . 3 ) c t • k t - d - d ) k t _ 1 = y t 

where d i s t he r a t e a t w h i c h a u n i t o f c a p i t a l d e p r e c i a t e s , 0 < d < 1 and 6 > d . 

We impose t h e c o n d i t i o n 

( 2 . 4 ) s [ « + ( 1 - d ) ] = 65 = 1, where 6 = 6 * 1 - d . 
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C o n d i t i o n ( 2 . 1 ) r e s u l t s i n a u n i t a u t o r e g r e s s i v e r o o t i n the c o n s u m p t i o n p r o c e s s 

w h i c h i s a n e c e s s a r y ( bu t no t s u f f i c i e n t ) c o n d i t i o n f o r t he RWH. 

As i n Hansen [1986] and S a r g e n t [ 1 9 8 6 ] , we do no t impose a n o n n e g a t i v i t y 

c o n s t r a i n t on t he c h o i c e v a r i a b l e s o f t he m o d e l . I m p o s i t i o n o f t h i s c o n s t r a i n t 

makes i t d i f f i c u l t i f no t i m p o s s i b l e to s o l v e t h e model a n a l y t i c a l l y . I n s t e a d we 

2 2 / 
f o l l o w Hansen [1986] i n i m p o s i n g the r e q u i r e m e n t t h a t ^ — 

CO 

( 2 . 5 ) E I Blk2 < m. 

U t = 0 t 

T h i s c o n d i t i o n emerges f rom v i e w i n g o u r i n f i n i t e h o r i z o n economy a s t he l i m i t o f a 

sequence o f f i n i t e h o r i z o n economies i n wh ich we impose t he c o n s t r a i n t t h a t t h e 

t e r m i n a l c a p i t a l s t o c k i s z e r o ( f o r a d i s c u s s i o n , s e e H a n s e n , R o b e r d s , and S a r g e n t 

[ 1 9 8 7 ] ) . In d e r i v i n g t he s o l u t i o n t o the o p t i m a l r e s o u r c e a l l o c a t i o n p r o b l e m , i t 

i s c o n v e n i e n t t o impose t he r e s t r i c t i o n t h a t c a p i t a l and l a b o r a r e a l w a y s f u l l y 

u t i l i z e d : 

( 2 . 6 ) 6k. = t . h . f o r a l l t . 

£ C o 

C h r i s t i a n o , E ichenbaum and M a r s h a l l [1987] d i s c u s s c o n d i t i o n s under w h i c h t h i s 

r e s t r i c t i o n i s n o n b i n d i n g . 

R e l a t i o n s ( 2 . 1 ) - ( 2 . 3 ) , ( 2 . 6 ) and t he d e f i n i t i o n H f c = la^/t^., imp l y t h a t 

t he s o c i a l p l a n n e r ' s p r o b l e m i s t o m a x i m i z e 

( 2 . 7 ) E ^ i - I [ 5 k t _ . - V e t - b t ] 2 - H t k t } 

by c h o i c e o f a c o n t i n g e n c y p l a n f o r k^ s u b j e c t t o ( 2 . 5 ) . 

P l a n n i n g p rob lems o b s e r v a t i o n a l l y e q u i v a l e n t t o ( 2 . 7 ) can a r i s e f rom a 

v a r i e t y o f o t h e r m o d e l s . F o r examp le , we c o u l d r e p l a c e ( 2 . 2 ) w i t h the a s s u m p t i o n 

t h a t no l a b o r i s r e q u i r e d to p roduce new c o n s u m p t i o n g o o d s , 

( 2 . 2 ) ' y t . S k f c _ 1 • « t , 
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and assume t h a t t h e r e i s a s t o c h a s t i c l a b o r r e q u i r e m e n t f o r m a i n t a i n i n g t he c a p i 

t a l s t o c k g i v e n by ( 2 . 6 ) . In a d d i t i o n , C h r i s t i a n o , E ichenbaum and M a r s h a l l [1987] 

show t h a t , g i v e n o n l y o b s e r v a t i o n s on c o n s u m p t i o n and o u t p u t , and a s s u m i n g T . i s 

d e t e r m i n i s t i c , a n o t h e r o b s e r v a t i o n a l l y e q u i v a l e n t model can be o b t a i n e d by a l l o w 

i n g b t t o be s t o c h a s t i c . An example o f such a model i s c o n t a i n e d i n S a r g e n t 

[ 1 9 8 6 ] , where no l a b o r i s needed to p r o d u c e o u t p u t ( i e . , ^^='°) and b f c i s a n o n -

t r i v i a l random v a r i a b l e . 

We u s e t he f o l l o w i n g n o t a t i o n : 

( 2 . 8 ) x p f c -= ( 1 - 8 ) E t lj\+y 
( 2 ' 9 ) U x p , t '= V " E t - i V 

D e f i n i t i o n s ( 2 . 8 ) and ( 2 . 9 ) a p p l y to any random v a r i a b l e x t f o r w h i c h t he i n d i 

c a t e d c o n d i t i o n a l e x p e c t a t i o n e x i s t s . B e l o w , we r e f e r t o o b j e c t s l i k e x p t a s t he 

" p e r m a n e n t " v a l u e o f x f and t o u as t he i n n o v a t i o n t o t he permanent v a l u e o f 
x , t 

x 2 - 3 / 
x f 

In Append i x A , we show t h a t the e q u i l i b r i u m l aws o f m o t i o n f o r k f c and c f c 

a r e : 

( 2 . 1 0 ) k t - k t - 1 = ( e f c - e p t ) - ( b t - b p t ) - 8 H p t / ( 1 - 8 ) . 

( 2 . 1 1 ) c t = e p f c • ( b t - b p f c ) + ( s / ( 1 - 3 ) ) H p . + ( 6 - D k t _ r 

S i n c e n e t o u t p u t , y t , i s e q u a l t o c o n s u m p t i o n p l u s ne t i n v e s t m e n t , we s e e t h a t 

( 2 . 1 2 ) c f c - y f c = ( e p t - e t ) • ( b t - b p t ) + S H p t / ( 1 - 3 ) . 

R e l a t i o n ( 2 . 1 0 ) i m p l i e s t h a t i n v e s t m e n t i n c r e a s e s when t he c u r r e n t v a l u e 

o f t he p r o d u c t i v i t y shock exceeds i t s permanent v a l u e and d e c r e a s e s when t he u t i l 

i t y a s s o c i a t e d w i t h a g i v e n amount o f c o n s u m p t i o n i s u n u s u a l l y h i g h (b >b , ) . In 

a d d i t i o n , n e t i n v e s t m e n t depends n e g a t i v e l y on H D t , r e f l e c t i n g t he u t i l i t y c o s t o f 

t h e l a b o r i n p u t needed to make a d d i t i o n s t o the c a p i t a l s t o c k p r o d u c t i v e i n the 

f u t u r e . 
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R e l a t i o n ( 2 . 1 1 ) i m p l i e s t h a t c o n s u m p t i o n i n c r e a s e s when t h e u t i l i t y 

a s s o c i a t e d w i t h c o n s u m p t i o n i s u n u s u a l l y h i g h and depends p o s i t i v e l y on permanent 

endowment income and t he c a p i t a l s t o c k . In a d d i t i o n c o n s u m p t i o n depends p o s i 

t i v e l y on H p t . T h i s i s because h i g h v a l u e s o f H p t s i g n i f y a low o p p o r t u n i t y c o s t 

o f consuming goods a t t ime t a s opposed t o c o m b i n i n g them w i t h l a b o r i n o r d e r t o 

p roduce f u t u r e consump t i on g o o d s . A c c o r d i n g t o ( 2 . 1 2 ) u n u s u a l l y h i g h l e v e l s o f 

u t i l i t y a s s o c i a t e d w i t h c o n s u m p t i o n , h i g h l e v e l s o f H p t o r u n u s u a l l y low l e v e l s o f 

endowment income (e ,<e ) cause c o n s u m p t i o n to exceed c u r r e n t p e r i o d i n c o m e . 
t p t 

D e f i n i t i o n : We s a y t h a t c o n s u m p t i o n s a t i s f i e s t he random wa lk h y p o t h e s i s i f and 

o n l y i f c o n s u m p t i o n i s a m a r t i n g a l e p o s s i b l y w i t h d e t e r m i n i s t i c , t ime v a r y i n g 

d r i f t , i . e . , 

( 2 - 1 3 ) E t - 1 C t = C t - 1 + f t 

2 21/ 
where f t i s a d e t e r m i n i s t i c , bu t p o s s i b l y t r i v i a l , f u n c t i o n o f t i m e . — ^ -

From r e l a t i o n s ( 2 . 1 0 ) and ( 2 . 1 1 ) we s e e t h a t 

( 2 . 1 4 ) A c f c = „ - p + Ab • [ 8 / d - S ) ] u H fc - H ^ , 
P P P 

where ACj. = - c t _ ^ . S i n c e b .̂ i s by a s s u m p t i o n d e t e r m i n i s t i c , t he RWH w i l l be 

s a t i s f i e d i f and o n l y i f H f c i s d e t e r m i n i s t i c . S i n c e a t i s by a s s u m p t i o n d e t e r 

m i n i s t i c , we c o n c l u d e t h a t t he RWH w i l l h o l d i f and o n l y i f the t i m e t l a b o r r e 

q u i r e m e n t pe r u n i t o f c a p i t a l , x t , i s d e t e r m i n i s t i c . 2 - ^ ' 

2 . B Some E v i d e n c e on t he D i s c r e t e Time RWH 

The RWH has t e s t a b l e i m p l i c a t i o n s i ndependen t o f t h e assumed p r o b a b i l i t y 

s t r u c t u r e o f e f c . T h i s s e c t i o n r e p o r t s e m p i r i c a l e v i d e n c e a g a i n s t t h e s e i m p l i c a 

t i o n s , c o n f i r m i n g r e s u l t s r e p o r t e d i n F l a v i n [1981] and H a y a s h i [ 1 9 8 2 ] . We b e g i n 

w i t h a d e s c r i p t i o n o f t he d a t a . 

Our model d i v i d e s t o t a l o u t p u t i n t o o n l y two c a t e g o r i e s : c o n s u m p t i o n 

and i n v e s t m e n t ( s e e ( 2 . 3 ) ) In v i ew o f t h i s we measure t o t a l c o n s u m p t i o n , c , a s 
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t he sum o f t o t a l government c o n s u m p t i o n , c , and p r i v a t e c o n s u m p t i o n . The l a t t e r 
O 

was measured a s r e a l q u a r t e r l y e x p e n d i t u r e s on n o n d u r a b l e c o n s u m p t i o n goods ( c n d ) 

and s e r v i c e s ( c g ) , p l u s an e s t i m a t e o f t he s e r v i c e f l o w f rom the s t o c k o f consumer 

d u r a b l e s ( c g d ) . A l l o f t h e s e measures e x c e p t c g d and c g were t a k e n f rom t h e N a 

t i o n a l Income and P r o d u c t A c c o u n t s ( N I P A ) . The s e r v i c e f l o w f rom the s t o c k o f 

consumer d u r a b l e s was o b t a i n e d f rom the d a t a base documented i n B r a y t o n and 

Mauskop f [ 1 9 8 5 ] . Government c o n s u m p t i o n was measured by NIPA r e a l government 

p u r c h a s e s o f goods and s e r v i c e s (g) minus r e a l government i n v e s t m e n t ( i ~ ) . A 
o 

measure o f 1 was p r o v i d e d t o us by John Musgrave o f t he U . S . Depar tment o f Com-
o 

m e r c e ' s Bureau o f Economic A n a l y s i s . 2 - i ^ / G r o s s o u t p u t , y , was measured by pe r 

c a p i t a r e a l q u a r t e r l y GNP p l u s c s d . A l l s e r i e s c o v e r t he p e r i o d 1 9 5 0 , 2 - 1 9 8 5 , 3 and 

a r e c o n v e r t e d t o p e r c a p i t a t e r m s u s i n g a measure o f t he t o t a l p o p u l a t i o n t h a t 

i n c l u d e s armed f o r c e s o v e r s e a s ( d a t a mnemonic NPT, o b t a i n e d f rom t h e Whar ton E c o 

n o m e t r i c s d a t a b a s e . ) 

T a b l e 2.1 p r o v i d e s an i d e a o f t he o r d e r o f magn i t ude o f t he components 

o f ou r measure o f c o n s u m p t i o n . F i r s t , n o t e t h a t c g d i s o n l y a s m a l l p a r t o f c , 

g o i n g f rom abou t two p e r c e n t i n t he 1 9 5 0 ' s to abou t t h r e e p e r c e n t i n t h e 1 9 8 0 ' s . 

S e c o n d , c ^ and c n d a r e b o t h g r a d u a l l y d e c l i n i n g f r a c t i o n s o f c whereas c g and c g d 

have an upward t r end .^ -J - ' F i n a l l y , n o t e t h a t c i s s i g n i f i c a n t l y s m a l l e r t h a n t he 

s t a n d a r d measure o f government c o n s u m p t i o n , g , due t o t he f a c t t h a t r o u g h l y 20 

p e r c e n t o f government p u r c h a s e s r e p r e s e n t i n v e s t m e n t a c t i v i t y . 

The m a i n t a i n e d h y p o t h e s i s t h r o u g h o u t t h i s paper i s t h a t c and y a r e made 

c o v a r i a n c e s t a t i o n a r y by d e t r e n d i n g u s i n g a common g e o m e t r i c g r o w t h r a t e , i . 2 - ^ 7 

T h i s i s an i m p l i c a t i o n o f a l l t he f u l l y p a r a m e t e r i z e d v e r s i o n s o f t he model ( s e e 

s e c t i o n s 2 . C , 4 . B , and 4 . C ) . The v a l u e o f * used to c o n s t r u c t t he d e t r e n d e d d a t a 

i s e x p ( e ) , w i t h 9 = . 0 0 4 5 6 8 . T h i s v a l u e o f 9 i s t he c o e f f i c i e n t on t i m e o f t he 

r e g r e s s i o n o f l o g c^ and l o g y on a l i n e a r t ime t r e n d , computed s u b j e c t t o t he 

r e s t r i c t i o n t h a t t he g rowth r a t e s i n c o n s u m p t i o n and o u t p u t a r e e q u a l . When t h i s 

r e s t r i c t i o n i s no t imposed t he measured g rowth r a t e s i n c o n s u m p t i o n and o u t p u t a r e 

.004582 and . 0 0 4 6 0 6 . 



- 9 -

A c c o r d i n g t o t he d i s c r e t e t ime RWH, A c f c i s u n c o r r e l a t e d w i t h i n f o r m a t i o n 

d a t e d t - 1 and e a r l i e r . I t i s s t r a i g h t f o r w a r d to t e s t t h i s i m p l i c a t i o n u s i n g 

r e s u l t s i n Hansen [ 1 9 8 2 ] . D e f i n e t he f u n c t i o n : 

( 2 . 1 5 ) * ( C , 4 . - t A c t ) = 4 > - t A c t - C . 

To s i m p l i f y n o t a t i o n , we w r i t e 

( 2 . 1 5 ) ' 1>t i 4>(C,<t . _ t Ac t ) , 'i>°t = HC°t*~b&ct), 

where C° = E<t> _ tAc t i s an unknown p a r a m e t e r . A c c o r d i n g to t he RWH, E f c ^ = 0 , s o 

t h a t E<l»?z.. = 0 f o r a l l z . . . c o n t a i n e d i n I*. , . In p r a c t i c e we c o n s i d e r e d t h e 
t i t i t t _ 1 

v e c t o r s : 

( 2 . 1 6 ) z 1 f c = [ I , • A c f c _ 1 , . . . ,<t> A c t - M , , J l y t - 1 ' " " ' y t - M ' ' 

a n d , 

- ( t - 1 ) - ( t - M ) . - ( t - 1 ) , 
( 2 . 1 6 ) ' z 2 t = [l,d> A c t _ 1 , . . . ,<t> * c t - M A ^ C t - r y t - 1 ^ ' 

- ( t - M ) , - , i 

^ t - M - y t - M ^ -

w i t h M = 4 . Under t he a s s u m p t i o n t h a t * _ t A c t and z i t a r e j o i n t l y s t a t i o n a r y and 

e r g o d i c t he g e n e r a l i z e d method o f moments (GMM) p r o c e d u r e d e s c r i b e d i n Hansen 

[1982] can be used t o e s t i m a t e t he pa ramete r C and t e s t the n u l l h y p o t h e s e s , 
T 

0 r 
E i , t z i t = ° ' 1 = 1 ' 2 * D e f i n e t h e f u n c t i o n g i T = ( 1 / T ) I * f c z i t i i = '1 2 . Our 

0 _1 t = 1 

e s t i m a t o r o f C i s t he argmax o f J i T = g ^ W . T g i T , where W i T i s t he samp le c o v a r i -

ar.ce m a t r i x o f i p . z . . , i = 1, 2 . The m i n i m i z e d v a l u e o f J . - T , i = 1» 2 i s a s y m p t o -

t i c a i l y d i s t r i b u t e d a s a c h i - s q u a r e random v a r i a b l e w i t h e i g h t d e g r e e s o f f r e e d o m . 

The s i g n i f i c a n c e l e v e l s o f ou r t e s t s t a t i s t i c s a r e r e p o r t e d i n t h e " L a g s 

1 - 4 " p o r t i o n o f T a b l e 5 . 2 . T a b l e s 5 . 2 a and 5 .2b r e p o r t r e s u l t s based on t he 

i n s t r u m e n t v e c t o r s z 1 f c and z 2 t , r e s p e c t i v e l y . As a c h e c k on r o b u s t n e s s we r e p o r t 

r e s u l t s f o r t h r e e sample p e r i o d s . M o r e o v e r , we a l s o p r e s e n t r e s u l t s f o r measu res 

o f c o n s u m p t i o n and income o t h e r t han o u r s . In a d d i t i o n t o p r o v i d i n g f u r t h e r e v i 

dence on t he r o b u s t n e s s o f ou r r e s u l t s , t h i s a l s o f a c i l i t a t e s c o m p a r i s o n w i t h 
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r e s u l t s i n H a l l [1978] and F l a v i n [ 1 9 8 1 ] . The co lumns marked ( c , y ) r e p o r t r e s u l t s 

f o r t he c o n c e p t s o f c o n s u m p t i o n and income i n ou r m o d e l . The co lumns marked 

( c n c i , y d ) r e p o r t r e s u l t s f o r t he c o n s u m p t i o n and income c o n c e p t s used i n F l a v i n 

[1981] ( y d = p e r c a p i t a d i s p o s a b l e i n c o m e ) , w h i l e co lumns marked (^d^sdiy^ 

r e p o r t r e s u l t s f o r t he c o n s u m p t i o n and income c o n c e p t s u s e d i n H a l l [ 1 9 7 8 ] . F o l 

l o w i n g F l a v i n , t h e s e measures o f c o n s u m p t i o n and income were d e t r e n d e d u s i n g d i f 

f e r e n t , though c o n s t a n t , g e o m e t r i c g rowth r a t e s . 2 - ^ / The r e s u l t s o f T a b l e 5 . 2 

p r o v i d e v e r y s t r o n g e v i d e n c e a g a i n s t t he RWH. In p a r t i c u l a r we c a n , w i t h o n l y two 

e x c e p t i o n s , r e j e c t t he d i s c r e t e t i m e RWH a t t he f i v e p e r c e n t s i g n i f i c a n c e l e v e l o r 

h i g h e r . In l i g h t o f t h e s e r e s u l t s , we now t u r n to a p a r a m e t e r i z a t i o n o f t he mode l 

w h i c h does no t s a t i s f y t he RWH. 

2 . C The D i s c r e t e T ime S t o c h a s t i c L a b o r R e q u i r e m e n t Mode l (DSLR) 

In t h i s s u b s e c t i o n we d e s c r i b e a p a r a m e t e r i z a t i o n o f ou r d i s c r e t e t ime 

model i n w h i c h the l a b o r r e q u i r e m e n t pe r u n i t o f c a p i t a l , T . , i s s t o c h a s t i c s o 

t h a t t h e RWH does no t h o l d . We r e f e r t o t h i s v e r s i o n o f t h e model as t he d i s c r e t e 

t ime s t o c h a s t i c l a b o r r e q u i r e m e n t (DSLR) m o d e l . The t e s t a b l e i m p l i c a t i o n s o f t h e 

DSLR model a r e d e t e r m i n e d by ou r r e s t r i c t i o n s on { e t , H f c } i n the s e n s e t h a t , a b s e n t 

any s u c h r e s t r i c t i o n s , t h a t model i s n o t r e f u t a b l e . T h i s f o l l o w s f r om r e s u l t s i n 

C h r i s t i a n o , E i c h e n b a u m , and M a r s h a l l [1987] who show t h a t g i v e n any Wold r e p r e 

s e n t a t i o n f o r U _ t A c , 4 > - t ( c . -jL)]» °ne can a l w a y s f i n d an f e , , H . } r e p r e s e n t a t i o n 

such t h a t t he c o r r e s p o n d i n g reduced fo rm o f ou r model c o i n c i d e s w i t h the g i v e n 

Wold r e p r e s e n t a t i o n . Of c o u r s e , i t i s a l s o t r u e t h a t the t e s t a b l e r e s t r i c t i o n s o f 

t he RWH u l t i m a t e l y s tem f rom r e s t r i c t i o n s on u n o b s e r v a b l e s ( e g . , a ^ , b f c and H,..) 

T h u s , v iewed f rom a b road p e r s p e c t i v e , a l l o f the t e s t a b l e r e s t r i c t i o n s o f ou r 

model d e r i v e f rom a s s u m p t i o n s r e g a r d i n g the p r o b a b i l i t y law o f t he e x o g e n o u s , 

unobse rved f o r c i n g v a r i a b l e s . T h i s t y p e o f r e s u l t i s by no means u n i q u e t o o u r 

m o d e l . We c o n j e c t u r e t h a t s u c h a r e s u l t h o l d s i n any dynamic s t o c h a s t i c g e n e r a l 

e q u i l i b r i u m model when t he e c o n o m e t r i c i a n does no t o b s e r v e any exogenous v a r i 

a b l e s . 
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As n o t e d a b o v e , ou r p a r a m e t e r i z a t i o n o f t he t e c h n o l o g y s h o c k s i m p l i e s 

t h a t c o n s u m p t i o n and o u t p u t grow a t t he same g e o m e t r i c r a t e o v e r t i m e . W h i l e t h i s 

p a r a m e t e r i z a t i o n i s v e r y r e s t r i c t i v e , i t does have an i m p o r t a n t c o m p e n s a t i n g a d 

v a n t a g e : i t i m p l i e s t h a t t he model a p p l i e s to c o n s u m p t i o n and o u t p u t d a t a w h i c h 

have been d e t r e n d e d a s s u m i n g a common g e o m e t r i c t r e n d . T h i s a l l o w s us t o accommo

d a t e g rowth i n an i n t e r n a l l y c o n s i s t e n t way w h i l e p r e s e r v i n g t h e a p p l i c a b i l i t y o f 

a s e t o f e c o n o m e t r i c t o o l s d e v e l o p e d f o r nong row ing t ime s e r i e s . 

t 2 t 
We suppose t h a t b f c = b<> and o f c = a<t> where <t> > 1 and a > 0 . In o r d e r 

2 
f o r t he r e p r e s e n t a t i v e c o n s u m e r ' s p rob lem t o be w e l l - d e f i n e d we r e q u i r e t h a t 6 * 

< 1. By a l l o w i n g b f c t o grow o v e r t i m e we a r e a b l e t o a v o i d t he i m p l i c a t i o n t h a t 

2 

the consumer becomes s a t i a t e d . The f a c t t h a t a grows a t the g e o m e t r i c r a t e <t> 

i m p l i e s , i n c o n j u n c t i o n w i t h t he o t h e r a s s u m p t i o n s i n ou r m o d e l , t h a t n e i t h e r 

l e i s u r e nor l a b o r ' s s h a r e o f n e t o u t p u t e x h i b i t s a t r e n d . 

We model H f c as an AR(1) random v a r i a b l e w i t h t i m e v a r y i n g d r i f t : 

( 2 . 1 7 ) H f c = H4>fc + € t / ( 1 - f L ) , | f | < 1, 0 < H < b ( o - 1 ) . 

The l o w e r bound on H g u a r a n t e e s t h a t t he d r i f t i n t he m a r g i n a l u t i l i t y o f consump

t i o n , H f c , i s p o s i t i v e . The upper bound on H e n s u r e s t h a t t he d r i f t i n consump

t i o n , Ab f c - H t _ 1 ( i s p o s i t i v e . S i n c e H f c = Ha^/x^, c o n d i t i o n ( 2 . 1 7 ) i m p l i e s t h a t 

the l a b o r r e q u i r e m e n t pe r u n i t o f c a p i t a l i s s t o c h a s t i c . In a d d i t i o n we assume 

t h a t 

( 2 . 1 8 ) 0 - L ) e = e ^ + i t / ( 1 - a L ) , e * < b { * - 1 ) - H, | a | < 1. 

The c o n d i t i o n on e , t o g e t h e r w i t h ( 2 . 1 0 ) , g u a r a n t e e s t h a t t he d e t e r m i n i s t i c compo

nent o f s a v i n g s , k,_ - i s p o s i t i v e . 

L e t x,. = [ e . i i . ] 1 . The v e c t o r x v i s w h i t e n o i s e , o r t h o g o n a l t o L . = 

t t t G v" ' 

i k

f c _ 1 - s ' H t - 1 - s ' e t - s ' 3 - 0 ' ' ' a n d s a t i s f i e s 

( 2 . 1 9 ) E x t x ^ . = V 4 . 2 t , 
where V i s a two by two p o s i t i v e d e f i n i t e s y m m e t r i c m a t r i x o f c o n s t a n t s . 
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A c c o r d i n g t o ou r s p e c i f i c a t i o n , a l l d e t e r m i n i s t i c te rms and i n n o v a t i o n 

s t a n d a r d d e v i a t i o n s grow a t t he r a t e c t > . 2 ' 1 Q | / Thus i t i s no t s u r p r i s i n g t h a t we 

can " d e t r e n d " A c f c and c f c - y t by ^ t o o b t a i n a s t a t i o n a r y s t o c h a s t i c p r o c e s s . 

D e f i n e , 

( 2 . 2 0 ) 

and 

( 2 . 2 1 ) 

- t 
y ? = y* 

- t 
€ f c , and n* = 

= l c * - y * , c * -
-1 

' t - 1 J ' 

R e l a t i o n s ( 2 . 1 2 ) , ( 2 . 1 4 ) , and ( 2 . 1 7 ) - ( 2 . 1 9 ) i m p l y t h a t q * has t he VAR(2) r e p r e s e n -

t a t i o n : 

( 2 . 2 2 ) 

whe re , 

( 2 . 2 3 ) 

A(4>" 1 L)q* = T + x f c 

A(L ) = I + k}L + A 2 L % 

3 a 2 - f - s a ( a - f ) 

T 1 - f - a ( l - f B ) 

/ ( 1 - S a ) A 2 

- a ( a - f ) 0 

- a ( s " 1 - f ) 0 

/ ( 1 - 6 a ) 

n * / ( 1 - 8 a ) sa 1 

.1 U \ ( 1 - 8 ) e * / ( 1 - f 3 ) ; 

n* = 4> - tn, and s * t t c 

and 

E [ X . X M = V d . 

In ( 2 . 2 2 ) T i s a two d i m e n s i o n a l v e c t o r o f p o s i t i v e c o n s t a n t s and V d i s a two by 

two p o s i t i v e d e f i n i t e s y m m e t r i c m a t r i x o f c o n s t a n t s . 

R e l a t i o n s ( 2 . 2 2 ) and ( 2 . 2 3 ) d i s p l a y t he b a s i c p r o p e r t i e s o f the DSLR 

model wh i ch d i s t i n g u i s h i t f rom random wa lk v e r s i o n s o f t he m o d e l . F i r s t , t he 

f a c t the ( 2 , 1 ) e l e m e n t s o f A-, and A 2 a r e no t e q u a l to z e r o i m p l i e s t h a t © t i c t i s 
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G range r caused by $ _ t ( c - y ). S e c o n d , t he f a c t t h a t t he ( 2 , 2 ) e l e m e n t o f A 1 i s 

no t e q u a l to z e r o i m p l i e s t h a t $ " ^ " ^ A c . ^ s h o u l d be u s e f u l f o r p r e d i c t i n g 

* " f c & v 

3 . E m p i r i c a l R e s u l t s f o r t he D i s c r e t e S t o c h a s t i c L a b o r R e q u i r e m e n t Mode l 

3 .A E s t i m a t i o n S t r a t e g y 

In s e c t i o n 2 we d e r i v e d t he i m p l i c a t i o n s o f ou r model f o r t he v e c t o r q * 

wh ich i s d e f i n e d i n te rms o f d e t r e n d e d a g g r e g a t e c o n s u m p t i o n and d e t r e n d e d n e t 

o u t p u t , y * ( s e e ( 2 . 2 1 ) ) . We choose n o t to e s t i m a t e t he model u s i n g NNP d a t a f o r 

two r e a s o n s . F i r s t , t he d a t a on a g g r e g a t e d e p r e c i a t i o n i s no t p a r t i c u l a r l y r e l i 

a b l e . S e c o n d , t h e r e i s l i t t l e r e a s o n t o b e l i e v e t h a t ou r model o f d e p r e c i a t i o n i s 

c o n s i s t e n t w i t h the model o f d e p r e c i a t i o n u s e d by t he Depar tment o f Commerce. 

C o n s e q u e n t l y we implement ou r model i n t he f o l l o w i n g way u s i n g d a t a on GNP. L e t 

y * deno te d e t r e n d e d g r o s s o u t p u t : 

( 3 - D y * = o _ t y t 

and d e f i n e 

( 3 . 2 ) q ' = [ c j f - y ^ c * - * - 1 ^ ^ ] . 

I t f o l l o w s t h a t U / 

( 3 . 3 ) q * = H U " 1 L ) q \ 

where 

( 3 . 4 ) H (z ) = • 
1 - ( l - d ) z 

By s u b s t i t u t i n g ( 3 . 3 ) i n t o ( 2 . 2 2 ) , we o b t a i n the i m p l i c a t i o n s o f t he 

model f o r q t , wh i ch i n v o l v e s c o n s u m p t i o n and g r o s s o u t p u t . 3 _ i £ - / The a s s u m p t i o n s we 

have imposed on t he s t r u c t u r a l p a r a m e t e r s a r e s u f f i c i e n t t o g u a r a n t e e t h a t q . i s a 

c o v a r i a n c e s t a t i o n a r y s t o c h a s t i c p r o c e s s w i t h c o n d i t i o n a l l y h o m o s c e d a s t i c d i s t u r 

b a n c e s . S i n c e | o " 1 | < 1, c,. and y have u n c o n d i t i o n a l g row th r a t e s e q u a l t o t>. 

Throughou t ou r a n a l y s i s we f i x t he v a l u e o f 6 a t exp[ . 0 0 4 5 6 8 ] . (See s e c t i o n 2 . B 

1-2 0 

0 1 - ( 1 - d ) z 
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f o r a d e s c r i p t i o n o f t he g rowth p r o p e r t i e s o f ou r measures o f c o n s u m p t i o n and 

o u t p u t . ) G i v e n $ we fo rm a t ime s e r i e s on q f c and d e n o t e t he demeaned v a l u e o f q f c 

by Q t . 

P a r a m e t e r e s t i m a t e s were o b t a i n e d by m a x i m i z i n g the f r e q u e n c y domain 

a p p r o x i m a t i o n t o t he e x a c t G a u s s i a n l i k e l i h o o d f u n c t i o n i m p l i e d by the m o d e l . A 

f u l l d e s c r i p t i o n o f t h i s e s t i m a t o r can be f ound i n Hansen and S a r g e n t 

[ 1981a ] .3_ i3 / i n i m p l e m e n t i n g t h i s p r o c e d u r e we f i x e d t he v a l u e o f 6 a t . 99 w h i c h 

c o r r e s p o n d s t o a f o u r p e r c e n t a n n u a l r a t e o f t ime p r e f e r e n c e . C o n s e q u e n t l y t he 

f r e e p a r a m e t e r s o f t he DSLR model a r e a , f , d , and t he t h r e e i n d e p e n d e n t e l e m e n t s 

o f V d . 

3 .B E m p i r i c a l R e s u l t s 

T a b l e 3.1 summar i zes t he r e s u l t s o f e s t i m a t i n g the DSLR m o d e l . We u s e 

two methods to a s s e s s t he o v e r a l l p e r f o r m a n c e o f t h i s m o d e l : (1 ) a f o r m a l s t a t i s 

t i c a l t e s t o f t he o v e r i d e n t i f y i n g r e s t r i c t i o n s , and (2) an i n f o r m a l c o m p a r i s o n o f 

the c o n s t r a i n e d VAR f o r Q f c i m p l i e d by t he model w i t h t he c o r r e s p o n d i n g u n c o n 

s t r a i n e d VAR. 

Our f o r m a l s t a t i s t i c a l t e s t i s based on the f a c t t h a t a l l o f t h e m o d e l s 

i n t h i s paper a r e n e s t e d w i t h i n s c a l a r a u t o r e g r e s s i v e v e c t o r mov ing a v e r a g e 

(SARMA) r e p r e s e n t a t i o n s f o r Q f c . W h i l e t he DSLR model i m p l i e s a c o n s t r a i n e d 

SARMA(3,3) f o r Q f c , the c o n t i n u o u s t ime mode ls o f s e c t i o n 4 imp ly a c o n s t r a i n e d 

SARMA(3,4) f o r Q f c . 3 _ i i i / In o r d e r to a . l o w a l l o f t he s t r u c t u r a l mode ls t o be 

n e s t e d w i t h i n a common u n c o n s t r a i n e d s p e c i f i c a t i o n we use the SARMA(3 ,4 ) a s ou r 

u n c o n s t r a i n e d m o d e l . 

L e t - J T deno te t w i c e t he d i f f e r e n c e between t he max im ized l o g l i k e l i h o o d 

f o r the u n c o n s t r a i n e d SARMA s p e c i f i c a t i o n and t h e m a x i m i z e d l o g l i k e l i h o o d L T , f o r 

the c o n s t r a i n e d SARMA s p e c i f i c a t i o n . Then J T i s a s y m p t o t i c a l l y d i s t r i b u t e d as a 

c h i - s q u a r e random v a r i a b l e w i t h d e g r e e s o f f r eedom e q u a l t o the number o f r e s t r i c 

t i o n s imposed i n t he c o n s t r a i n e d s p e c i f i c a t i o n . The t e s t s t a t i s t i c can be 
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m u l t i p l i e d by an a d j u s t m e n t f a c t o r s u g g e s t e d by W h i t t l e [ 1 9 5 3 ] , L i s s i t z [ 1 9 7 2 ] , 

and S ims [1980] d e s i g n e d t o c o r r e c t f o r s m a l l samp le bias.3.^27 We d e n o t e t h e 

r e s u l t i n g t e s t s t a t i s t i c by J-p. 

The v a l u e s o f J T and J T r e p o r t e d i n T a b l e 3.1 imp l y t h a t t he DSLR model 

i s r e j e c t e d a t t he f i v e p e r c e n t s i g n i f i c a n c e l e v e l , a l t h o u g h no t a t the one p e r 

c e n t s i g n i f i c a n c e l e v e l . However , t h i s l a s t r e s u l t r e f l e c t s i n p a r t t he o v e r p a r a -

m e t e r i z a t i o n o f ou r u n c o n s t r a i n e d s p e c i f i c a t i o n . When t he model i s compared to an 

u n c o n s t r a i n e d S A R M A ( 3 , 3 ) , t he J T s t a t i s t i c e q u a l s 3 0 . 3 6 , w i t h s i g n i f i c a n c e l e v e l 

. 0 0 2 , and J T e q u a l s 2 8 . 7 5 , w i t h s i g n i f i c a n c e l e v e l . 0 0 4 . T h u s , when compared t o a 

more p a r s i m o n i o u s l y p a r a m e t e r i z e d a l t e r n a t i v e , the DSLR model i s r e j e c t e d a t t he 

one p e r c e n t s i g n i f i c a n c e l e v e l . 

When d > 0 , t he DSLR model i m p l i e s t h a t Q t has an i n f i n i t e o r d e r e d c o n 

s t r a i n e d VAR. However , when d i s c l o s e t o z e r o , t h i s i n f i n i t e o r d e r e d VAR i s w e l l 

a p p r o x i m a t e d , i n a s e n s e to be made p r e c i s e b e l o w , by a f i n i t e o r d e r e d VAR. As i t 

t u r n s ou t t h e s e VARs a r e more r e v e a l i n g f o r the p u r p o s e o f d i a g n o s i n g t he e m p i r i 

c a l s h o r t c o m i n g s o f t he model t han t he c o r r e s p o n d i n g SARMA r e p r e s e n t a t i o n s . We 

took as our benchmark an u n c o n s t r a i n e d VAR o f l a g l e n g t h 2 s i n c e t he h y p o t h e s i s 

t h a t t he second l a g i s z e r o can be r e j e c t e d a t any c o n v e n t i o n a l s i g n i f i c a n c e 

l e v e l , w h i l e t he h y p o t h e s e s t h a t l a g s 3 , 4 , 5 , and 6 a r e z e r o c a n n o t be r e j e c t e d 

a t the f i v e p e r c e n t s i g n i f i c a n c e l e v e l . T a b l e 3.1 d i s p l a y s t he u n c o n s t r a i n e d VAR 

o f Q t and the t r u n c a t e d VAR i m p l i e d by t he DSLR model f o r Q f c . Here we u s e t he 

t r u n c a t i o n r u l e o f no t r e p o r t i n g m a t r i x c o e f f i c i e n t s whose max ima l e l e m e n t s a r e 

s m a l l e r than .02 i n a b s o l u t e v a l u e . 

R e c a l l t h a t u n l i k e random wa lk v e r s i o n s o f the m o d e l , t he DSLR model 

does no t impose any z e r o r e s t r i c t i o n s on t he law o f m o t i o n f o r © "Ac^ . . C o n s e -

q u e n t l y , i t can i n p r i n c i p l e accommodate s e r i a l p e r s i s t e n c e i n © Ac^. and any 

p a t t e r n o f G range r c a u s a l i t y between t he e l e m e n t s o f Q^.. However i n p r a c t i c e o u r 

o a r t i c u l a r p a r a m e t e r i z a t i o n o f t he ( e f , H f ) p r o c e s s and the c o r r e s p o n d i n g c r o s s 

e q u a t i o n r e s t r i c t i o n s imposed by t he DSLR model p r e v e n t i t f rom f i t t i n g t he d e g r e e 
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o f s e r i a l c o r r e l a t i o n o b s e r v e d i n 4>~ t ic . T h i s can be seen by compar i ng t he VAR 

i m p l i e d by t he DSLR model w i t h t h e c o r r e s p o n d i n g u n c o n s t r a i n e d VAR ( s e e T a b l e 

3 . 1 ) . N o t i c e t h a t the f i r s t row o f c o e f f i c i e n t m a t r i c e s i n t h e s e two VARs c l o s e l y 

resemb le each o t h e r . T h i s s u g g e s t s t h a t t he DSLR model f i t s the <t>" f c (c t -y t ) p r o 

c e s s f a i r l y w e l l . However t he ( 2 , 2 ) e l emen t o f t he c o e f f i c i e n t m a t r i x on t h e 

f i r s t l agged v a l u e i n t he u n c o n s t r a i n e d VAR i s . 0 2 6 , more than t h r e e s t a n d a r d 

d e v i a t i o n s away f rom the u n c o n s t r a i n e d e s t i m a t e o f . 3 1 3 . O f c o u r s e under t h e 

random wa lk h y p o t h e s i s t h i s c o e f f i c i e n t wou ld be z e r o , w h i c h i s a n o t h e r way o f 

s e e i n g t h a t the z e r o r e s t r i c t i o n s i m p l i e d by t h a t h y p o t h e s i s a r e i n c o m p a t i b l e w i t h 

t he d a t a . 

4 . The C o n t i n u o u s Time Permanent Income H y p o t h e s i s  

l l . f i The Mode l 

In t h i s s u b s e c t i o n we p r e s e n t t he c o n t i n u o u s t i m e a n a l o g u e o f t he d i s 

c r e t e t ime model o f c o n s u m p t i o n and o u t p u t d i s c u s s e d i n s e c t i o n 2 . Our n o t a t i o n 

i s t he same as t h a t used i n s e c t i o n s 2 and 3 e x c e p t t h a t a l l random v a r i a b l e s a r e 

assumed to e v o l v e i n c o n t i n u o u s r a t h e r t han d i s c r e t e t i m e . In a d d i t i o n , we adop t 

the c o n v e n t i o n o f p l a c i n g t he t ime i ndex o f a c o n t i n u o u s t i m e random v a r i a b l e i n 

p a r e n t h e s e s . 

The p r e f e r e n c e s o f the r e p r e s e n t a t i v e consumer a r e g i v e n b y : 

( 4 . 1 ) E . J e " r f c ( - I ( c ( t ) - b ( t ) ) 2 - a ( t ) h ( t ) } d t , 
u 0 

where b ( t ) = b e x p ( 8 t ) , o ( t ) = a e x p ( 2 9 t ) , r . b, a , 9 > 0 , and r -29 > 0 . In 

( 4 . 1 ) , b ( t ) i s t he r e p r e s e n t a t i v e c o n s u m e r ' s t ime t b l i s s p o i n t f o r c o n s u m p t i o n , 

a ( t ) measures t he d i s u t i l i t y o f work a t t ime t , c ( t ) i s c o n s u m p t i o n a t t ime t and 

h ( t ) work e f f o r t a t t ime t . 

As b e f o r e , t h e r e i s an a g g r e g a t e t e c h n o l o g y t h a t c o n v e r t s c a p i t a l , k ( t ) , 

4 1/ 
and l a b o r e f f o r t i n t o c o n s u m p t i o n goods :—— 

( 4 . 2 ) y ( t ) = m i n { 6 k ( t ) , x ( t ) h ( t ) } + e ( t ) . 

http://ll.fi
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H e r e , f ( t ) r e p r e s e n t s the ( p o s s i b l y ) s t o c h a s t i c l a b o r r e q u i r e m e n t p e r u n i t o f 

c a p i t a l , 5 > 0 , and e ( t ) i s an a g g r e g a t e shock t o t he t ime t p r o d u c t i o n f u n c 

t i o n . We impose the c o n t i n u o u s t ime a n a l o g u e t o c o n d i t i o n ( 2 . 4 ) : 

( 4 . 3 ) r = 6 , where 6 = 6 - d , 

where d > 0 i s t he d e p r e c i a t i o n r a t e on c a p i t a l . 

The economy-w ide r e s o u r c e c o n s t r a i n t i s g i v e n by 

( 4 . 4 ) y ( t ) = c ( t ) + D k ( t ) + d k ( t ) , 

where D d e n o t e s t he t i m e d e r i v a t i v e o p e r a t o r . 

The r e p r e s e n t a t i v e c o n s u m e r ' s p r o b l e m i s t o max im ize ( 4 . 1 ) o v e r c o n 

t i n g e n c y p l a n s f o r s e t t i n g c ( t ) , D k ( t ) , h ( t ) , and y ( t ) a s a f u n c t i o n o f I ( t ) , s u b 

j e c t t o ( 4 . 2 ) and ( 4 . 4 ) and t he c o n s t r a i n t 

CD 

( 4 . 5 ) E J e " r t k ( t ) 2 d t < » . 

u 0 

The s e t I ( t ) i s composed o f a l l model v a r i a b l e s d a t e d t and e a r l i e r . We assume 

t h a t 

( 4 . 6 ) fik(t) = T ( t ) h ( t ) . 

R e l a t i o n s ( 4 . 1 ) , ( 4 . 2 ) , ( 4 . 4 ) and ( 4 . 6 ) i m p l y t h a t t he r e p r e s e n t a t i v e c o n s u m e r ' s 

p rob lem i s t o m a x i m i z e : 

CO 

( 4 . 7 ) E , J e " r t { - ^ [ 5 k ( t ) - D k ( t ) + e ( t ) - b ( t ) ] 2 - H ( t ) k ( t ) } d t 

u 0 * 

by c h o i c e o f a c o n t i n g e n c y p l a n f o r D k ( t ) , s u b j e c t t o ( 4 . 5 ) . In ( 4 . 7 ) , H ( t ) = 

6 o ( t ) / t ( t ) . L e t 
CO 

( 4 . 8 ) x ( t ) = 5 f e _ , 5 T E b x ( t + T ) d T , 
P o t 

f o r any x p r o c e s s such t h a t ( 4 . 8 ) c o n v e r g e s . In Append i x B we show t h a t t he e q u i 

l i b r i u m l aws o f m o t i o n f o r D k ( t ) and c ( t ) can be w r i t t e n a s 
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( 4 . 9 ) D k ( t ) = e ( t ) - e ( t ) + b ( t ) - b ( t ) - H ( t ) / 6 
P P P 

As b e f o r e we l e t y ( t ) deno te n e t o u t p u t : y ( t ) = c ( t ) + D k ( t ) . Then 

( 4 . 1 0 ) 

and 

( 4 . 1 1 ) 

where y ( t ) i s the change i n the v a l u e o f x ( t ) due to a d i s t u r b a n c e i n x ( t ) t h a t 
p 

i s u n p r e d i c t a b l e on t he b a s i s o f I ( t - x ) , f o r a l l T > 0 . ( S e e Append ix B f o r a 

more c a r e f u l d i s c u s s i o n o f t h i s p o i n t . ) F i n a l l y , we say t h a t c o n s u m p t i o n s a t i s 

f i e s the c o n t i n u o u s t ime RWH i f D c ( t ) i s a c o n t i n u o u s t ime w h i t e n o i s e p r o c e s s 

w i t h d e t e r m i n i s t i c t ime v a r y i n g d r i f t . T h i s does no t imp l y t h a t t he d e t r e n d e d 

f i r s t d i f f e r e n c e o f measured c o n s u m p t i o n w i l l s a t i s f y t he d i s c r e t e t ime random 

wa lk h y p o t h e s i s . C o n s e q u e n t l y t he e m p i r i c a l r e s u l t s o f s e c t i o n 2 . B c a n n o t be u s e d 

a s e v i d e n c e a g a i n s t t h i s v e r s i o n o f t he m o d e l . In t he n e x t s u b s e c t i o n we d e s c r i b e 

a p a r a m e t e r i z a t i o n o f t he u n o b s e r v e d exogenous f o r c i n g v a r i a b l e s w h i c h s a t i s f i e s 

t he c o n t i n u o u s t ime random wa lk h y p o t h e s i s . We r e f e r to t h i s v e r s i o n o f t he model 

as t he c o n t i n u o u s t ime random wa lk (CRW) m o d e l . 

4 . B The C o n t i n u o u s T ime Random Walk Mode l (CRW) 

G i v e n our a s s u m p t i o n s on t he b ( t ) p r o c e s s , r e l a t i o n ( 4 . 1 1 ) i m p l i e s t h a t 

c ( t ) i s a random wa lk w i t h d e t e r m i n i s t i c d r i f t i f , and o n l y i f , H ( t ) i s d e t e r m i n 

i s t i c . A c c o r d i n g l y , we assume 

( 4 . 1 2 ) H ( t ) = H e x p ( e t ) , 

where H > 0 . The shock t o endowment income i s assumed t o s a t i s f y , 

( 4 . 1 3 ) ( t ) = e ^ t ) + e 2 ( t ) , 

where 
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n ( t ) 

D e . ( t ) = e . e x p ( e t ) + , 
1 1 (a .+D) 

where > 0 , 1 = 1 , 2 , and a 1 i s no t e q u a l t o a 2 . L e t x ( t ) = [ n ^ t ) n 2 ( t ) J ' . The 

v e c t o r x ( t ) i s the c o n t i n u o u s t ime l i n e a r l e a s t s q u a r e s i n n o v a t i o n t o t he j o i n t 

[ e ^ C t ) e 2 ( t ) ] p r o c e s s and s a t i s f i e s , 

( 4 . 1 4 ) E [ x ( t ) x ( t - u ) " ] = e x p ( 2 9 t ) c ( u ) V , 

f o r a l l r e a l v a l u e s o f u . H e r e , ? ( u ) i s t h e D i r a c d e l t a g e n e r a l i z e d f u n c t i o n 

and V i s a two by two p o s i t i v e d e f i n i t e s y m m e t r i c m a t r i x o f c o n s t a n t s . T h u s , e ( t ) 

i s t he sum o f two s t o c h a s t i c p r o c e s s e s whose f i r s t d e r i v a t i v e s a r e AR(1) c o n t i n u 

ous t ime s t o c h a s t i c p r o c e s s e s . The r e a s o n f o r a s s u m i n g t h a t the endowment p r o c e s s 

i s t he sum o f two s t o c h a s t i c p r o c e s s e s , t he r e a l i z a t i o n s o f wh i ch a r e s e p a r a t e l y 

o b s e r v e d by a g e n t s , i s to g u a r a n t e e t h a t t he o b s e r v e d b i v a r i a t e c o n s u m p t i o n and 

income p r o c e s s i s o f f u l l s p e c t r a l r a n k . An a l t e r n a t i v e way o f e n s u r i n g t h i s 

c o n d i t i o n i s t o suppose t h a t a^ = a 2 and assume t h a t o b s e r v a t i o n s on t he a v e r a g e 

v a l u e o f consumpt ion and income o v e r t he d i s c r e t e s a m p l i n g i n t e r v a l a r e c o n t a m i 

n a t e d by measurement e r r o r . Under t h e s e c i r c u m s t a n c e s the t r u e c o n s u m p t i o n and 

o u t p u t p r o c e s s would no t be o f f u l l s p e c t r a l r ank bu t t he o u t p u t and c o n s u m p t i o n 

p r o c e s s o b s e r v e d by t he e c o n o m e t r i c i a n wou ld n o t d i s p l a y any s t o c h a s t i c s i n g u l a r i 

t i e s . (See Hansen and S a r g e n t [1980a] f o r a g e n e r a l d i s c u s s i o n o f e r r o r t e rms i n 

l i n e a r r a t i o n a l e x p e c t a t i o n s m o d e l s . ) 

S u b s t i t u t i n g ( 4 . 1 2 ) and ( 4 . 1 3 ) i n t o ( 4 . 1 1 ) . we o b t a i n 

( 4 . 1 5 ) D c ( t ) = n 1 ( t ) / ( a 1 + f i ) + n 2 ( t ) / ( a 2 + 6 ) + T c , e x p ( e t ) 

where T c 1 i s a p o s i t i v e s c a l a r c o n s t a n t . A c c o r d i n g to ( 4 . 1 5 ) , t he d e r i v a t i v e o f 

4 2 / 

consumpt ion i s a s e r i a l l y u n c o r r e l a t e d c o n t i n u o u s t ime w h i t e n o i s e p r o c e s s . — ^ -

S u b s t i t u t i n g ( 4 . 1 2 ) and ( 4 . 1 3 ) i n t o ( 4 . 1 0 ) we o b t a i n , 

( 4 . 1 6 ) c ( t ) - y ( t ) = D e 1 ( t ) / ( a l + 6 ) + D e 2 ( t ) / ( a 2 + « ) + T ^ e x p O t ) 

where T^p i s a p o s i t i v e s c a l a r . We d e f i n e t he v e c t o r 
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q * ( t ) = [ c * ( t ) - y » ( t ) , ( D + 8 ) c » ( t ) ] \ 

where c * ( t ) = e x p [ - 0 t ] c ( t ) , y * ( t ) = e x p [ - 9 t ] y ( t ) . R e l a t i o n s ( 4 . 1 3 ) , ( 4 . 1 5 ) , and 

( 4 . 1 6 ) imp l y t h a t q * ( t ) has a c o n t i n u o u s t i m e VAR(2) r e p r e s e n t a t i o n : 

( 4 . 1 7 ) 

where 

( 4 . 1 8 ) 

A (D+9 )q * ( t ) = X ( t ) + T 
c c 

A c ( D ) 

c1 

I • A c 1 D + A c 2 D % 

( a l + a 2 ) / ( a 1 a 2 ) • 1 / ( a 1 a 2 ) 

, A 

X ( t ) = 

1 /a . 1 /a , n * ( t ) / ( a 1 + 6 ) > 

n * ( b ) / ( a 2 + 6 ) i 

n * ( t ) = e x p ( - 9 t ] T ! . ( t ) , i = 1, 2 , 

c2 

i / U ^ ) 0 

and 

E [ X ( t ) X ( t - u ) ' ] = C(u )V . 

In ( 4 . 1 7 ) T „ i s a two d i m e n s i o n a l v e c t o r o f p o s i t i v e c o n s t a n t s and i n ( 4 . 2 0 ) V\ i s 

a two by two p o s i t i v e d e f i n i t e symme t r i c m a t r i x o f c o n s t a n t s . An i m p l i c a t i o n o f 

( 4 . 1 7 ) and ( 4 . 1 8 ) i s t h a t c ( t ) s a t i s f i e s t he c o n t i n u o u s t ime RWH. T h i s does no t 

imp l y t h a t measured c o n s u m p t i o n w i l l s a t i s f y t he d i s c r e t e t ime RWH. 

4 . C The C o n t i n u o u s Time S t o c h a s t i c L a b o r Requ i remen t Mode l (CSLR) 

In t h i s s u b s e c t i o n we d i s p l a y t he c o n t i n u o u s t ime a n a l o g u e to t he d i s 

c r e t e t ime model o f s e c t i o n 2 . C . Our s p e c i f i c a t i o n o f b ( t ) and a ( t ) i s t he same 

as t h a t g i v e n i n s e c t i o n 4 . B . However , we abandon t he a s s u m p t i o n t h a t the Labor 

r e q u i r e m e n t pe r u n i t o f c a p i t a l i s n o n s t o c h a s t i c . I n s t e a d , we assume 

( 4 . 1 9 ) H ( t ) = H e x p ( 9 t ) + s ( t ) / ( f + D ) 

2 2 

where E [ e ( t ) e ( t - u ) ' ] = e x p ( 2 e t ) ^ ( u ) a £ and o £ > 0 . The shock to endowment i ncome, 

e ( t ) , i s assumed to s a t i s f y 
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( 4 . 2 0 ) D e ( t ) = e e x p ( e t ) + n ( t ) / ( a + D ) 

where E [ n ( t ) n ( t - u ) ] = e x p ( 2 9 t ) s ( u ) a 2 and > 0 . L e t x ( t ) = [ e ( t ) n ( t ) ] ' . The 

v e c t o r x ( t ) i s t he c o n t i n u o u s t ime l i n e a r l e a s t s q u a r e s i n n o v a t i o n t o t he j o i n t 

[ H ( t ) , e ( t ) ] p r o c e s s and s a t i s f i e s 

( 4 . 2 1 ) E [ x ( t ) x ( t - u ) ' ] = e x p ( 2 8 t ) $ ( u ) V 

where V i s a two by two p o s i t i v e d e f i n i t e s y m m e t r i c m a t r i x o f c o n s t a n t s . 

S u b s t i t u t i n g ( 4 . 1 9 ) - ( 4 . 2 0 ) i n t o ( 4 . 1 0 ) and ( 4 . 1 1 ) we o b t a i n 

( 4 . 2 2 ) c ( t ) - y ( t ) = D e ( t ) / ( a + « ) + 5 H ( t ) / ( f + 6 ) + T C 1 e x p ( e t ) 

D c ( t ) = n ( t ) / ( a + 6 ) + [ D - 6 ] 6 H ( t ) / ( f + 6 ) + T C 2 e x p ( e t ) 

where T q 1 and T C 2 a r e p o s i t i v e s c a l a r c o n s t a n t s . R e l a t i o n s ( 4 . 1 9 ) - ( 4 . 2 2 ) i m p l y 

t h a t q * ( t ) has t he c o n t i n u o u s t ime VAR(2) r e p r e s e n t a t i o n : 

( 4 . 2 3 ) A c ( D + 9 ) q * ( t ) = X ( t ) + T C 

where 

( 4 . 2 4 ) A . ( D ) = I + A n 1 D + A . ? D 2 , 

X ( t ) = 

a + f 6 / a f / a - 1 

- a ( f + 6 ) f+s 

1 / a 1 1/ f 

-<5/f. 

/ f ( a + 6 ) , A c 2 = 

» ( t ) / ( a + « ) \ 

• ( t ) / ( f + « ) / 

- f / a 

( f+6) 
/ f ( a + 6 ) , 

n * ( t ) = e x p [ - 9 t ] n ( t ) , e * ( t ) = e x p [ - 9 t ] e ( t ) , 

and 

E ( x ( t ) X ( t - u ) ' ] = ? ( u ) V c . 

In ( 4 . 2 3 ) T c i s a two d i m e n s i o n a l v e c t o r o f p o s i t i v e c o n s t a n t s and i n ( 4 . 2 4 ) V Q i s 

a two by two d i m e n s i o n a l p o s i t i v e d e f i n i t e s y m m e t r i c m a t r i x o f c o n s t a n t s . R e l a 

t i o n s ( 4 . 2 3 ) and ( 4 . 2 4 ) imp l y t h a t c ( t ) does no t s a t i s f y t he c o n t i n u o u s t ime RWH. 
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5 . E m p i r i c a l R e s u l t s f o r t he C o n t i n u o u s Time M o d e l s 

B e f o r e c o n s i d e r i n g t he e m p i r i c a l p e r f o r m a n c e o f t he f u l l y p a r a m e t e r i z e d 

v e r s i o n s o f ou r c o n t i n u o u s t ime m o d e l , we f i r s t c o n s i d e r i m p l i c a t i o n s o f t he CRW 

model wh i ch do no t depend on t he s p e c i f i c p a r a m e t e r i z a t i o n o f t he e ( t ) p r o c e s s . 

From the p e r s p e c t i v e o f t he c o n t i n u o u s t ime m o d e l , measured c o n s u m p t i o n i s t he 

t ime ave rage o f c o n s u m p t i o n o v e r t h e d i s c r e t e t i m e s a m p l i n g i n t e r v a l . I t t h e n 

f o l l o w s t h a t measured Ac i s t h e a v e r a g e o f i n n o v a t i o n s t o u n d e r l y i n g c o n t i n u o u s 

t ime consump t i on f rom the b e g i n n i n g o f q u a r t e r t - 1 t o t he end o f q u a r t e r t . 

S i n c e t he q u a r t e r t - 1 i n n o v a t i o n s a l s o appea r i n Ac . , t he c o n t i n u o u s t ime RWH 

i m p l i e s t h a t A c t and A c f c 1 have n o n z e r o c o v a r i a n c e . In a d d i t i o n , Ac,, and y ( . _ 1 

w i l l a l s o be c o r r e l a t e d because c o n t i n u o u s t ime o u t p u t i s c o r r e l a t e d w i t h p r e v i o u s 

i n n o v a t i o n s t o c o n t i n u o u s t i m e c o n s u m p t i o n and y ^ i s t h e a v e r a g e v a l u e o f o u t p u t 

d u r i n g q u a r t e r t - 1. F o r t h e s e r e a s o n s , t ime a g g r e g a t i o n can i n p r i n c i p l e a c 

coun t f o r t he r e j e c t i o n s o f t he RWH r e p o r t e d i n s e c t i o n 2 . B . A s i m p l e e x t e n s i o n 

o f the p r e c e d i n g argument shows t h a t the c o n t i n u o u s t ime RWH i m p l i e s t h a t t he 

d e t r e n d e d f i r s t d i f f e r e n c e o f measured c o n s u m p t i o n i s u n c o r r e l a t e d w i t h consump

t i o n and income l a g g e d two p e r i o d s and more . In s u b s e c t i o n 5 .A we t e s t t h e l a t t e r 

o r t h o g o n a l i t y c o n d i t i o n s , and t he c o n t i n u o u s t ime RWH's i m p l i c a t i o n s f o r t h e a u t o 

c o r r e l a t i o n s t r u c t u r e o f o _ t A c . In s u b s e c t i o n 5 . B we d i s c u s s t h e way i n w h i c h 

t he f u l l y p a r a m e t e r i z e d v e r s i o n s o f t he c o n t i n u o u s t ime mode ls a r e e s t i m a t e d and 

t e s t e d . F i n a l l y , i n s u b s e c t i o n 5 . C we r e p o r t e m p i r i c a l r e s u l t s f o r t he CRW and 

CSLR m o d e l s . 

5 .A S i m p l e T e s t s o f t he C o n t i n u o u s Time RWH 

A b s t r a c t i n g f rom g r o w t h , Work ing [ i 9 6 0 ] showed t h a t t he f i r s t d i f f e r e n c e 

o f a t ime a v e r a g e d c o n t i n u o u s t i m e random wa lk has an a u t o c o r r e l a t i o n a t l a g one 

o f .25 and z e r o a t h i g h e r l a g s . C h r i s t i a n o and M a r s h a l l [1987] showed t h a t , a f t e r 

r o u n d i n g t o t h r e e d i g i t s , t h i s r e s u l t i s a l s o v a l i d when $ = e x p [ . 0 0 4 5 6 8 ] . T h u s , 

t he c o n t i n u o u s t ime RWH i m p l i e s t h a t d e f i n e d i n ( 2 . 1 5 ) ' , has mean z e r o and 

a u t o c o r r e l a t i o n .25 and 0 a t l a g s 1 and 2 , r e s p e c t i v e l y . 
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We began our i n v e s t i g a t i o n o f t he c o n t i n u o u s t ime RWH by e s t i m a t i n g t h e 

a u t o c o r r e l a t i o n o f <t> - tAc t a t l a g 1. D e f i n e t h e f u n c t i o n s 

( 5 . 1 ) H f c = H ( * " f c A c t , p r C ) = [ • f c t C * f c * t . 1 - P l < » t ) l , » 

and 

( 5 . 2 ) H° = H ( 0 " t A c t , o ° , C O ) , 

where \i>. i s d e f i n e d i n ( 2 . 1 5 ) ' and p ° = E i A ? . / E ( i l > f ) 2 , i = 1, 2 , Under the 
t i t t - I t 

c o n t i n u o u s t ime RWH, p° = . 2 5 . M o r e o v e r , E H^ = 0 , w h i c h i m p l i e s EH^ = O . ^ L J / 

S i n c e <j>-tAc i s by a s s u m p t i o n a s t a t i o n a r y and e r g o d i c s t o c h a s t i c p r o c e s s , t h i s 

s e t o f u n c o n d i t i o n a l moment r e s t r i c t i o n s can be used t o e s t i m a t e t he p a r a m e t e r s C° 

and p u s i n g t he GMM p r o c e d u r e d e s c r i b e d i n Hansen [ 1 9 8 2 ] . D e f i n e t he f u n c t i o n g T 

T 
= ( 1 / T ) T H . Our e s t i m a t o r o f (C , p . ) i s t h e argmax o f gm' W T g _ , where W™ i s a 

t = 1 0 1 

c o n s i s t e n t e s t i m a t e o f t he s p e c t r a l d e n s i t y o f H, e v a l u a t e d a t f r e q u e n c y 0.=-i= 

T a b l e 5.1 r e p o r t s p o i n t e s t i m a t e s and s t a n d a r d e r r o r s f o r p^. The c o l 

umn marked c n d d e n o t e s t he c o n s u m p t i o n c o n c e p t used i n F l a v i n [1981] and t he c o l 

umn marked c n d + c s d d e n o t e s the c o n s u m p t i o n c o n c e p t used i n H a l l [ 1 9 7 8 ] . N o t i c e 

t h a t f o r a l l measures o f c o n s u m p t i o n and a l l sample p e r i o d s , t h e e s t i m a t e d v a l u e 

o f o , i s w e l l w i t h i n one s t a n d a r d d e v i a t i o n o f . 2 5 . P r o c e e d i n g a s a b o v e , we a l s o 

u s e d H a n s e n ' s [1982] GMM p r o c e d u r e to e s t i m a t e and t e s t t he n u l l h y p o t h e s i s p^ 

= 0 . In no c a s e can we r e j e c t t h i s n u l l h y p o t h e s i s , a t the f i v e p e r c e n t s i g n i f i 

cance l e v e l . C o n s e q u e n t l y , t h i s s e t o f t e s t s p r o v i d e s v i r t u a l l y no e v i d e n c e 

a g a i n s t the c o n t i n u o u s t ime RWH. 

N e x t , we t e s t e d the c o n t i n u o u s t i m e RWH's i m p l i c a t i o n t h a t $ _ t A c w i s 

0 

u n c o r r e l a t e d w i t h e l e m e n t s o f a g e n t s ' t i m e t - 2 i n f o r m a t i o n s e t s , i . e . , E _iji f 

= 0 . T h i s c o n d i t i o n a l moment r e s t r i c t i o n i m p l i e s the u n c o n d i t i o n a l moment r e 

s t r i c t i o n E i l i j z . . = 0 f o r a l l z . . c o n t a i n e d i n I f 3 , i = 1, 2 . In p r a c t i c e z . , 
- I t I t \j-eL I t 

and z0 were s p e c i f i e d a s : 
, c

 A r- . - ( t - 2 ) - ( t - 4 L - ( t - 2 ) ~ - ( t - 4 ) ~ h 

( 5 . 3 ) z R = [1 ,+ A c t _ 2 , . . . , 0 A c

t - i | ' 9 v t - 2 * y t - 4 < 

file:///j-eL
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a n d , 

( 5 . 3 ) « z 2 f c = [ i , r ( w ^ o t ^ , . . . , r ( ^ ) A o ^ . r ( t ^ ) ( o t ^ . s f t ^ ) l 

- ( t - 4 ) 

We 
o 

e s t e d t he n u l l h y p o t h e s e s Eij> f c2 i f c = 0 , i = 1, 2 u s i n g t h e GMM p r o c e 

d u r e d e s c r i b e d i n s e c t i o n 2 . B . In p a r t i c u l a r , ou r e s t i m a t o r o f C° i s t he argmax 
m 

-1 r 
o f = g ^ T

w

T g i T . where g i T = ( 1 / T ) £ ' l > t z i t and W T i s a c o n s i s t e n t e s t i m a t e o f 

the s p e c t r a l d e n s i t y m a t r i x o f z . , e v a l u a t e d a t f r e q u e n c y z e r o . Under ou r n u l l 

h y p o t h e s i s , the m i n i m i z e d v a l u e o f J j ^ , i = 1, 2 i s a s y m p t o t i c a l l y d i s t r i b u t e d a s 

a c h i - s q u a r e random v a r i a b l e w i t h s i x d e g r e e s o f f r e e d o m . 

S i g n i f i c a n c e l e v e l s o f t he computed t e s t s t a t i s t i c s a p p e a r i n t he " L a g s 

2 - 4 " p o r t i o n o f T a b l e 5 . 2 . Th ree f e a t u r e s o f t h e s e r e s u l t s a r e w o r t h n o t i n g . 

F i r s t , i n o n l y one c a s e do t he s i g n i f i c a n c e l e v e l s i n t he " L a g s 2 - 4 " p a r t o f t h e 

t a b l e f a i l t o e x c e e d t h e i r c o u n t e r p a r t s i n t he " L a g s 1 - 4 " p a r t o f t he t a b l e . 

S e c o n d , i n o n l y one c a s e can we r e j e c t t he n u l l h y p o t h e s i s , E ' i " ^ z

1 t = 0 , a t t he one 

p e r c e n t s i g n i f i c a n c e l e v e l . A l s o , i n o n l y one c a s e can we r e j e c t t h e n u l l h y p o 

t h e s i s E 4 ) ^ z 2 t = 0 a t the f i v e p e r c e n t s i g n i f i c a n c e l e v e l . 

We c o n c l u d e t h i s s e c t i o n by r e p o r t i n g t he r e s u l t s o f t e s t i n g t he j o i n t 

0 " 
t z i t : 

- 0 " 0 i 
h y p o t h e s e s , [Eii^z . . =0 ,p . = .25 j , i = 1, 2 . E a c h o f t h e s e n u l l h y p o t h e s e s imp l y t h e 

s e t o f n i n e u n c o n d i t i o n a l moment r e s t r i c t i o n s , E H ^ Z . ^ = 0 , where Z ^ i s t he two by 

n i n e b l o c k d i a g o n a l m a t r i x w i t h f i r s t and second d i a g o n a l b l o c k s z l ^ and 1, r e -

0 0 
s p e c t i v e l y , 1 = 1 , 2 . Our e s t i m a t o r o f p a r a m e t e r s o , and C were t he argmax o f 

T 
J i T = gImWT_g._, l where g i T = ( 1 / T ) S H . Z . . and W ; T i s a c o n s i s t e n t e s t i m a t e o f t he * * i i i x i i * * i_u, c i t * * 

Q 

s p e c t r a l d e n s i t y m a t r i x o f HUZ. e v a l u a t e d a t f r e q u e n c y z e r o , i = 1, 2 . The m i n i -

m ized v a l u e o f J I T J i = 1, 2 i s a s y m p t o t i c a l l y d i s t r i b u t e d a s a c h i - s q u a r e random 

v a r i a b l e w i t h seven d e g r e e s o f f r eedom. S i g n i f i c a n c e l e v e l s o f t he t e s t s t a t i s 

t i c s a r e r e p o r t e d i n T a b l e 5 . 3 . Two i m p o r t a n t r e s u l t s emerge h e r e . F i r s t , we can 

never r e j e c t the n u l l h y p o t h e s i s t h a t EH^Z 2 1 _ = 0 a t t he one p e r c e n t s i g n i f i c a n c e 

l e v e l . S e c o n d , i n o n l y one c a s e can we r e j e c t the n u l l h y p o t h e s i s t h a t E H ^ Z ^ = 0 
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a t t he one p e r c e n t s i g n i f i c a n c e l e v e l . However , t h i s e x c e p t i o n o c c u r s when ou r 

d a t a s e t i s used o v e r t he samp le p e r i o d 1 9 5 1 , 3 - 1 9 8 5 , 3 i n w h i c h c a s e t he s i g n i f i 

cance l e v e l o f t he c h i - s q u a r e s t a t i s t i c i s . 0 0 8 . 

In sum, t he e v i d e n c e a g a i n s t the c o n t i n u o u s t ime RWH i s s u f f i c i e n t l y 

weak t o w a r r a n t i n v e s t i g a t i n g t he CRW model d e s c r i b e d i n s e c t i o n 4 . B . S i n c e t h a t 

model embodies a s i m p l e p a r a m e t e r i z a t i o n o f t he e ( t ) p r o c e s s , i t a l l o w s us t o 

i n v e s t i g a t e t he c r o s s dynam ics between <J>~fcAct and * _ t ( c t j - y ^ j ) • A f c t n e same 

t ime the e v i d e n c e r e p o r t e d i n t h i s s u b s e c t i o n w i t h ou r d a t a s e t c o n t a i n s s u f f i 

c i e n t e v i d e n c e a g a i n s t t he c o n t i n u o u s t ime RWH to s u g g e s t t h a t d e v i a t i o n s f r om t h e 

CRW model a r e w o r t h i n v e s t i g a t i n g . In s u b s e c t i o n 5 . B we d i s c u s s t he ways i n w h i c h 

t he CRW and CSLR mode ls a r e e s t i m a t e d and t e s t e d . 

5 . B E s t i m a t i o n S t r a t e g y f o r CRW and CSLR M o d e l s 

In s e c t i o n 4 we d e r i v e d t he c o n s t r a i n e d c o n t i n u o u s t ime VAR r e p r e s e n t a 

t i o n s f o r q * ( t ) i m p l i e d by t he CRW and CSLR mode ls [ see ( 4 . 1 7 ) - ( 4 . 1 8 ) and 

( 4 . 2 3 ) - ( 4 . 2 4 ) r e s p e c t i v e l y ] . In o r d e r t o p r o c e e d w i t h e s t i m a t i o n we must deduce 

the i m p l i c a t i o n s o f t h e s e VARs f o r t he p r o b a b i l i t y l aw o f t he v e c t o r o f o b s e r v a b l e 

v a r i a b l e s . We d e f i n e q ( t ) t o be the 2x1 c o n t i n u o u s t ime s t o c h a s t i c p r o c e s s whose 

f i r s t e lement i s t h e d i f f e r e n c e between d e t r e n d e d q u a r t e r l y a v e r a g e d c o n s u m p t i o n 

and g r o s s o u t p u t , and whose second e lemen t i s t he d e t r e n d e d f i r s t d i f f e r e n c e o f 

q u a r t e r l y a v e r a g e d c o n s u m p t i o n . The v e c t o r s q * ( t ) and q ( t ) d i f f e r i n two i m p o r 

t a n t r e s p e c t s . F i r s t , q * ( t ) i n v o l v e s a measure o f d e t r e n d e d MNP, whereas q ( t ) 

i n v o l v e s a measure o f d e t r e n d e d GNP. S e c o n d , q * ( t ) r e p r e s e n t s p o i n t i n t i m e mea

s u r e d v a r i a b l e s , whereas q ( t ) r e p r e s e n t s v a r i a b l e s w h i c h have been a v e r a g e d o v e r 

t he d i s c r e t e d a t a s a m p l i n g i n t e r v a l . 

Our s t r a t e g y f o r o b t a i n i n g t he p r o b a b i l i t y law f o r q ( t ) i s t o d e r i v e t h e 

l i n e a r mapping r e l a t i n g q * ( t ) and q ( t ) , and then t o use t h i s e x p r e s s i o n t o s u b s t i 

t u t e ou t f o r q * ( t ) i n te rms o f q ( t ) i n ( 4 . 1 7 ) and ( 4 . 2 3 ) . We p r o c e e d by f i r s t 

o b t a i n i n g t he l i n e a r mapping between u n d e t r e n d e d q * ( t ) and u n d e t r e n d e d q ( t ) . L e t 
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z ( t ) d e n o t e t he u n d e t r e n d e d p r o c e s s u n d e r l y i n g q ( t ) , i . e . , z ( t ) = 

( c ( t ) - y ( t ) , D c ( t ) ] ' . L e t z ( t ) deno te t he u n d e t r e n d e d , a v e r a g e d d a t a u n d e r l y i n g 

q ( t ) , i e . , z ( t ) = e x p [ e t ] q ( t ) . F o r m a l l y , 

1 

( 5 . 4 ) i ( t ) = 

J [ c ( t - T ) - y ( t - x ) ] d T 

f [ c ( t - x ) - c ( t - 1 - T ) ] d T 

J" [ c ( t - T ) - y ( t - - ) ] d t 

1 1 
J [ J D c ( t - T - y ) d y ] d i 

0 0 

Here we have u s e d t h e f a c t t h a t j D c ( t - u ) d y 
0 

n o t a t i o n : 2^27 

= c ( t ) - c ( t - 1 ) . 2 ^ l / i n o p e r a t o r 

( 5 . 5 ) z ( t ) = G ( D ) z ( t ) , 

where 

( 5 . 6 ) G(D) = [ d - e " D ) / D ] 

0 [ ( 1 - e " D ) / D 

L e t q ( t ) deno te t he u n d e t r e n d e d v a l u e o f q * ( t ) , i . e . , q ( t ) = e x p ( e t ) 

q * ( t ) = [ c ( t ) - y ( t ) , D c ( t ) ] . In o p e r a t o r n o t a t i o n , the l i n k between q ( t ) and z ( t ) 

i s g i v e n by-, 5 . 6 / 

( 5 . 7 ) q ( t ) = H ( D ) z ( t ) 

where 

( 5 . 8 ) H(D) = D + d 

D 0 

0 D+d 

S u b s t i t u t i n g ( 5 . 7 ) i n t o ( 5 . 5 ) , we o b t a i n 

( 5 . 9 ) q ( t ) = H ( D ) G ( D ) _ 1 i ( t ) 

w h i c h p r o v i d e s a mapping between the c o n t i n u o u s t ime p r o c e s s e s q ( t ) and z ( t ) i . e . , 

between u n d e t r e n d e d q * ( t ) and u n d e t r e n d e d q ( t ) . F i n a l l y , the l i n k be tween q ( t ) 

and q * ( t ) i s o b t a i n e d by m u l t i p l y i n g b o t h s i d e s o f ( 5 . 9 ) by e x p ( - e t ) : 

( 5 . 1 0 ) q * ( t ) = H ( D + 6 ) G ( D + e ) " ' q ( t ) . 
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S u b s t i t u t i n g ( 5 . 1 0 ) i n t o ( 4 . 1 7 ) and ( 4 . 2 3 ) , we o b t a i n t h e t i m e s e r i e s r e p r e s e n t a 

t i o n s f o r q ( t ) i m p l i e d by t he CRW and CSLR m o d e l s . 

We now d e s c r i b e t he p r o c e d u r e used t o e s t i m a t e t he c o n t i n u o u s t i m e mod

e l s . D e f i n e 

( 5 . 1 1 ) Q ( t ) = q ( t ) - E q ( t ) . 

Suppose we have a sample on Q ( t ) , t = 1, 2 , 3 , T . Our e s t i m a t i o n c r i t e r i o n 

i s t he f r e q u e n c y domain a p p r o x i m a t i o n to the G a u s s i a n d e n s i t y f u n c t i o n s u g g e s t e d 

by D u r b i n [ 1 9 6 1 ] , Hannan [1970] and Hansen and S a r g e n t [ 198 la ] . 5 - i I / T h i s c r i 

t e r i o n r e q u i r e s t h a t we compute t he t h e o r e t i c a l s p e c t r a l d e n s i t y o f t he d i s c r e t e 

p r o c e s s ( Q ( t ) , t i n t e g e r } a t f r e q u e n c y u>, Z ( u ) . We a c c o m p l i s h t h i s i n two 

s t e p s . F i r s t , u s i n g r e s u l t s i n P h i l l i p s [1958] i t can be shown t h a t t he s p e c t r a l 

d e n s i t y o f { Q ( t ) , t r e a l } i m p l i e d by t he CRW model and e q u a t i o n s ( 4 . 1 7 ) and ( 5 . 1 0 ) 

i s g i v e n b y : 

( 5 . 1 2 ) Z ° (w ) = 4>(iw+e)A ( i w + 9 ) " 1 V [ A , ( - i c o + 9 ) ' j - 1 i | » ( - i u + 9 ) ' 

C C O 

f o r - « < u < where 4)(s) = G ( s ) H ( s ) ~ ^ . The c o r r e s p o n d i n g s p e c t r a l d e n s i t y i m 

p l i e d by CSLR model i s 
( 5 . 1 3 ) Z c ( u ) = Hi( iu+9)A (io>+9)~ 1V (A ( - i w + 9 ) ' ] " 1 ' M - i u + 9 ) ' . 

S e c o n d , Hannan [1970 , p. 45] shows t h a t t he f o l l o w i n g " f o l d i n g o p e r a t o r " l i n k s 

Z (u ) and Z c ( u ) : 

CD 

( 5 . 1 4 ) Z ( u ) = I Z C ( w + 2 n k ) . 

E q u a t i o n s ( 5 . 1 2 ) o r ( 5 . 1 3 ) and ( 5 . 1 4 ) p r o v i d e a c o m p u t a t i o n a l l y f e a s i b l e a l g o r i t h m 

f o r o b t a i n i n g Z ( u ) f o r a g i v e n u f rom [ i | » ,A ,V c ] o r [Oj, A , V c J . Because t h i s a l g o 

r i t h m i s r e l a t i v e l y s l o w , we used an a l t e r n a t i v e method based on a p a r t i a l f r a c 

t i o n s d e c o m p o s i t i o n o f Z c ( s e e D u r b i n [ 1 9 6 1 ] , Hannan [1970 , pp . 405 -407 ] and 

Hansen and S a r g e n t [ 1 9 8 1 ] ) . 
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The p r e c e d i n g e s t i m a t i o n s t r a t e g y assumes t h a t t he v a l u e s o f 8 and 

E q ( t ) a r e known. We p r o c e e d e d a s i n the d i s c r e t e t i m e c a s e , by r e p l a c i n g E q ( t ) by 

i t s sample mean and s e t t i n g 9 t o . 0 0 4 5 6 8 . 2 ^ 8 / F i n a l l y we n o t e t h a t an i m p l i c a t i o n 

o f r e s u l t s i n C h r i s t i a n o and M a r s h a l l [ 1 9 8 7 ] , i s t h a t b o t h t he CRW and CSLR mode ls 

g i v e r i s e to c o n s t r a i n e d SARMA(3,4) r e p r e s e n t a t i o n s f o r Q ( t ) . 5 ^ 2 / / 

5 . C E m p i r i c a l R e s u l t s 

Our e s t i m a t e s o f t he CRW and CSLR mode ls a r e r e p o r t e d i n T a b l e 5 . 4 . The 

pa ramete r r i s s e t e q u a l t o . 0 0 9 8 , wh ich i m p l i e s an a n n u a l r a t e o f t i m e p r e f e r e n c e 

o f f o u r p e r c e n t . ^ ' 1 0 , / A c c o r d i n g to b o t h t he u n a d j u s t e d and a d j u s t e d l i k e l i h o o d 

r a t i o s t a t i s t i c s ( J T and J T r e s p e c t i v e l y ) n e i t h e r t he CRW nor t he CSLR model can 

be r e j e c t e d , a t t he f i v e p e r c e n t s i g n i f i c a n c e l e v e l . 5 _ J J / T h i s i s t o be c o n 

t r a s t e d w i t h ou r f i n d i n g s t h a t t he d i s c r e t e RWH and t he DSLR model can be r e j e c t e d 

a t c l o s e t o t he one p e r c e n t l e v e l . Thus t h e r e i s some e v i d e n c e t h a t t he c o n t i n u 

ous t ime f o r m u l a t i o n s a r e i n g r e a t e r c o n f o r m i t y w i t h t he d a t a t han t h e i r d i s c r e t e 

t ime c o u n t e r p a r t s . 

The l a r g e number o f p a r a m e t e r s i n the u n c o n s t r a i n e d SARMA used t o c o n 

s t r u c t t h e l i k e l i h o o d r a t i o t e s t s r a i s e s q u e s t i o n s r e g a r d i n g t he power o f ou r 

s p e c i f i c a t i o n t e s t s . S i n c e t he SARMA(3,4) i s t he most p a r s i m o n i o u s l y p a r a m e t e r 

i z e d u n c o n s t r a i n e d model t h a t n e s t s the c o n t i n u o u s t ime s t r u c t u r a l m o d e l s , we 

canno t f o r m a l l y compare t he p e r f o r m a n c e o f t h e s e mode ls w i t h a more t i g h t l y p a r a 

m e t e r i z e d a l t e r n a t i v e . However , t h e p o i n t e s t i m a t e s r e p o r t e d i n T a b l e 5 . 4 s u g g e s t 

a way o f r e f o r m u l a t i n g t he c o n t i n u o u s t ime mode ls so t h a t t hey a r e n e s t e d i n an 

u n c o n s t r a i n e d S A R M A ( 2 , 3 ) . The p o i n t e s t i m a t e s o f a 2 and a a r e e x t r e m e l y l a r g e so 

t h a t the e 2 ( t ) and e ( t ) p r o c e s s e s a r e v i r t u a l l y i n d i s t i n g u i s h a b l e f r om c o n t i n u o u s 

t ime random w a l k s . S - i i 2 / I t f 0 n o w s t h a t i n t he SARMA(3,4) r e p r e s e n t a t i o n s i m p l i e d 

by b o t h the CRW and CSLR m o d e l s , the MA m a t r i x c o e f f i c i e n t i n t he f o u r t h l a g and 

C 1 2 / 

the AR c o e f f i c i e n t on t he t h i r d l a g a r e a p p r o x i m a t e l y z e r o . -1 Hence we can 

compute l i k e l i h o o d r a t i o s t a t i s t i c s by c o m p a r i n g the l i k e l i h o o d v a l u e s g i v e n i n 
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T a b l e 5 .4 w i t h the v a l u e o b t a i n e d f o r t he u n c o n s t r a i n e d S A R M A ( 2 , 3 ) . The r e s u l t i n g 

t e s t s t a t i s t i c s , w h i c h a r e d i s t r i b u t e d a s y m p t o t i c a l l y w i t h 12 d e g r e e s o f f r e e d o m , 

a r e g i v e n b e l o w . ( S i g n i f i c a n c e l e v e l s a r e i n p a r e n t h e s e s . ) 

CRW Mode l CSLR Mode l 

•J T 2 2 . 7 4 2 2 . 2 0 
( . 0 3 0 ) ( . 0 3 5 ) 

J T 21 .61 2 1 . 1 0 
( . 0 4 2 ) ( . 0 4 9 ) 

A c c o r d i n g to t h e s e r e s u l t s , n e i t h e r model i s r e j e c t e d a t t he t h r e e p e r c e n t s i g 

n i f i c a n c e l e v e l . 

In T a b l e 5 . 5 we r e p o r t t he c o n s t r a i n e d VAR f o r Q t i m p l i e d by ou r e s t i 

mates o f t he CRW m o d e l . In p r i n c i p l e t h i s VAR i s i n f i n i t e o r d e r e d , so we u s e t he 

t r u n c a t i o n r u l e o f no t r e p o r t i n g m a t r i x c o e f f i c i e n t s whose max imal e l e m e n t a r e 

s m a l l e r than .02 i n a b s o l u t e v a l u e . N o t i c e t h a t t he CRW model and d i s c r e t e random 

wa lk v e r s i o n s o f t he model d i f f e r s u b s t a n t i a l l y i n t h e i r i m p l i c a t i o n s f o r <j> t A c f c . 

By c o n s t r u c t i o n , t he i m p l i e s t h a t <j>_tAc i s u n c o r r e l a t e d w i t h l a g g e d v a l u e s o f 

b o t h (j> - tAc and ^ ( c . - y . ) . W h i l e t he CRW model embod ies t h i s r e s t r i c t i o n f o r t h e 

c o n t i n u o u s t ime p o i n t - i n - t i m e samp led d a t a , i t does no t i m p l y t h i s r e s t r i c t i o n f o r 

t he a c t u a l m e a s u r e d , d i s c r e t e t ime d a t a . 

Our e v i d e n c e s u g g e s t s t h a t t he e f f e c t d i s c u s s e d by Work ing [1960] i s t h e 

major f a c t o r a c c o u n t i n g f o r t he improved f i t o f the CRW model r e l a t i v e to t he 

d i s c r e t e t ime RWH model s i n c e i t a c c o u n t s f o r t he c o e f f i c i e n t 0 .27 t h a t a p p e a r s on 

the f i r s t own l a g o f o " Ac i n t he c o n s t r a i n e d VAR. T h i s i s w i t h i n one s t a n d a r d 

e r r o r o f t he p o i n t e s t i m a t e ( . 313 ) o f t he c o r r e s p o n d i n g c o e f f i c i e n t i n t he u n 

c o n s t r a i n e d VAR. Moreove r the f i r s t own l a g on 4»~ A c . i n t he u n c o n s t r a i n e d VAR i s 

more than t h r e e s t a n d a r d d e v i a t i o n s away f rom z e r o . Taken t o g e t h e r t h e s e o b s e r v a 

t i o n s s u g g e s t t h a t the change i n t he v a l u e o f t he c o e f f i c i e n t o f once l a g g e d 

<t>-tAc on • A C . f rom 0 i n d i s c r e t e random wa lk v e r s i o n s o f t he model to 0 . 2 7 i n 

t he CRW model has a s u b s t a n t i a l e f f e c t on t he l i k e l i h o o d r a t i o s t a t i s t i c . 
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The n o n z e r o v a l u e s o f t he c o e f f i c i e n t s on l a g g e d v a l u e s o f 4>~ t(c - y ) i n 

t he second row o f t he VAR i n T a b l e 5 . 5 c o r r e s p o n d i n g t o t he CRW model a l s o r e f l e c t 

t he e f f e c t s o f t i m e a v e r a g i n g . However , when we compare t h e s e p o i n t e s t i m a t e s t o 

t he c o r r e s p o n d i n g e n t r i e s i n t he u n c o n s t r a i n e d VAR we s e e t h a t t h i s e f f e c t may be 

h a r m f u l w i t h r e g a r d s to the o v e r a l l f i t o f t he CRW m o d e l . T h i s i s because t h e 

s i g n on <t>~^ t - 1^(c . - y . ) i n t he <t>~tAc e q u a t i o n o f t he c o n s t r a i n e d VAR i s p o s i -

t i v e , i n c o n t r a s t t o t he n e g a t i v e s i g n o f t he c o r r e s p o n d i n g te rm i n t he u n c o n 

s t r a i n e d VAR. S i n c e the l a t t e r c o e f f i c i e n t i s no t p r e c i s e l y e s t i m a t e d , t h i s e f 

f e c t i s no t s u f f i c i e n t l y i m p o r t a n t to n e g a t e t he f a v o r a b l e impac t o f t he e f f e c t s 

s u g g e s t e d by Work i ng [ 1 9 6 0 ] . 

N e x t , we c o n t r a s t t he e m p i r i c a l p e r f o r m a n c e o f t he DSLR and CSLR mod

e l s . The c o n s t r a i n e d VAR(2) i m p l i e d by t he DSLR model f o r i s r e p o r t e d i n T a b l e 

3 . 1 . The c o r r e s p o n d i n g VAR i m p l i e d by t he CSLR model i s r e p o r t e d i n T a b l e 5 . 5 . 

Because the c o n s t r a i n e d V A R ' s a r e i n p r i n c i p l e i n f i n i t e o r d e r e d we a g a i n use t he 

t r u n c a t i o n r u l e o f n o t r e p o r t i n g m a t r i c e s whose max ima l e l e m e n t i s s m a l l e r t han 

.02 i n a b s o l u t e v a l u e . Compar ing T a b l e s 3.1 and 5 . 5 we see t h a t t he DSLR and CSLR 

mode ls do no t d i f f e r i n any s u b s t a n t i a l way r e g a r d i n g t he dynam ics o f $~^(c - y ) . 

However t hey do d i f f e r s u b s t a n t i a l l y i n t h e i r i m p l i c a t i o n s f o r ©~ A c . . In t he VAR 

- ( t - 1 ) - t c o r r e s p o n d i n g t o t he CSLR model t he c o e f f i c i e n t on $ ' A c . . i n t h e © Ac 

e q u a t i o n i s a p p r o x i m a t e l y .27 w h i l e the c o r r e s p o n d i n g c o e f f i c i e n t i n t he DSLR 

model i s a p p r o x i m a t e l y . 0 3 . T h u s , t h e p r i n c i p a l d i f f e r e n c e between t he DSLR and 

CSLR models i s t h a t t he l a t t e r model i s a b l e t o h a n d l e s u b s t a n t i a l l y more s e r i a l 

c o r r e l a t i o n i n ©""Ac . . 
c 

In summary we f i n d t h a t t he CRW and CSLR mode ls appea r t o be e m p i r i c a l l y 

more p l a u s i b l e than d i s c r e t e random wa lk v e r s i o n s o f t he model and t he DSLR 

m o d e l . In ou r v iew t he e v i d e n c e a g a i n s t t he CRW model and t he CSLR model i s f a r 

f rom o v e r w h e l m i n g . T h i s i s s u r p r i s i n g g i v e n t he s i m p l i c i t y and p a r s i m o n i o u s p a r a 

m e t e r i z a t i o n o f b o t h t h e s e m o d e l s . In b o t h i n s t a n c e s t he impac t o f mov ing t o a 

c o n t i n u o u s t ime model i s an enhanced a b i l i t y t o mimic t he s e r i a l c o r r e l a t i o n p r o p 

e r t i e s o f t he q u a s i d i f f e r e n c e o f c o n s u m p t i o n . 
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6 . C o n c l u s i o n 

T h i s paper d e v e l o p s and t e s t s f u l l y s p e c i f i e d e q u i l i b r i u m m o d e l s o f 

consump t i on and o u t p u t w h i c h a r e c o n s i s t e n t w i t h t he f a c t t h a t measured a g g r e g a t e 

consumpt ion does n o t behave as a random w a l k . I t i s no t p a r t i c u l a r l y c h a l l e n g i n g 

t o d e v e l o p t h e o r i e s wh ich can e x p l a i n t h i s f a c t i n p r i n c i p l e . The random w a l k 

h y p o t h e s i s i s c l e a r l y a s p e c i a l c a s e o f t he permanent income h y p o t h e s i s . However , 

a s much o f t he r e c e n t l i t e r a t u r e on t he mac roeconomics o f c o n s u m p t i o n r e v e a l s , i t 

i s q u i t e c h a l l e n g i n g t o d e v e l o p e m p i r i c a l l y p l a u s i b l e mode ls o f t he comovements i n 

a g g r e g a t e c o n s u m p t i o n and o u t p u t . 

We i n v e s t i g a t e d two p o s s i b l e r e a s o n s why t he change i n c o n s u m p t i o n f a i l s 

t o behave l i k e a w h i t e n o i s e . The f i r s t p o s s i b i l i t y i s t h a t exogenous s h o c k s to 

t he economic sys tem g e n e r a t e s e r i a l p e r s i s t e n c e i n t he f i r s t d i f f e r e n c e o f c o n 

s u m p t i o n . We mode led t h i s shock as a s t o c h a s t i c p e r t u r b a t i o n to t he amount o f 

l a b o r r e q u i r e d to make c a p i t a l p r o d u c t i v e . As i t t u r n s o u t , t h e r e i s a g r e a t d e a l 

o f e v i d e n c e a g a i n s t t h i s v e r s i o n o f ou r model when i t i s imp lemented u n d e r t he 

a s s u m p t i o n t h a t a g e n t s ' d e c i s i o n i n t e r v a l s c o i n c i d e w i t h t he d a t a s a m p l i n g i n t e r 

v a l . However , t h e r e i s s u r p r i s i n g l y l i t t l e e v i d e n c e a g a i n s t t he c o n t i n u o u s t i m e 

v e r s i o n o f t h i s m o d e l . 

The second p o s s i b i l i t y i s t h a t t he RWH h o l d s i n the ( u n o b s e r v e d ) c o n 

t i n u o u s consump t i on p r o c e s s , w i t h s e r i a l p e r s i s t e n c e i n measured c o n s u m p t i o n b e i n g 

an a r t i f a c t o f t e m p o r a l a g g r e g a t i o n . Our r e s u l t s i n d i c a t e t h a t when t e m p o r a l 

a g g r e g a t i o n b i a s i s t a k e n i n t o a c c o u n t , the f i t o f the random wa lk model imp roves 

s u b s t a n t i a l l y . T h i s s u g g e s t s t h a t the random wa lk h y p o t h e s i s may y e t be a u s e f u l 

way t o c o n c e p t u a l i z e the r e l a t i o n between a g g r e g a t e c o n s u m p t i o n and o u t p u t . 

W h i l e b o t h o f t he c o n t i n u o u s t ime mode ls t h a t we t e s t e d o u t p e r f o r m t h e i r 

d i s c r e t e t ime c o u n t e r p a r t s , i t i s v e r y d i f f i c u l t , a t l e a s t on t he b a s i s o f a g g r e 

g a t e consump t i on and o u t p u t d a t a , t o d i s t i n g u i s h between the two c o n t i n u o u s t i m e 

m o d e l s . However the CRW model does have a number o f i m p l i c a t i o n s w h i c h we d i d no t 

t e s t i n t h i s paper bu t w h i c h c a l l i t s p l a u s i b i l i t y i n t o q u e s t i o n . One s u c h i m p l i -
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c a t i o n i s t h a t t he c a p i t a l - l a b o r r a t i o i s d e t e r m i n i s t i c . T h i s i m p l i c a t i o n i s 

o b v i o u s l y c o u n t e r f a c t u a l . W h i l e t h i s c o u l d be remed ied by a l l o w i n g f o r m e a s u r e 

ment e r r o r , we r e g a r d t h e CLSR model as a more p r o m i s i n g s t a r t i n g p o i n t f o r f u t u r e 

r e s e a r c h . 

A d i f f e r e n t s e t o f i m p l i c a t i o n s w h i c h were no t e x p l o r e d i n t h i s paper 

c o n c e r n the e q u i l i b r i u m wage r a t e and r e a l i n t e r e s t r a t e . U n l i k e t he q u a n t i t y 

v a r i a b l e s , our mode ls imp l y t h a t t h e s e p r i c e p r o c e s s e s a r e n o n l i n e a r f u n c t i o n s o f 

the s t a t e v a r i a b l e s i n the sys tem ( s e e f o o t n o t e 2 . 5 ) . C o n s e q u e n t l y , d e r i v i n g t he 

laws o f m o t i o n f o r measured wages and i n t e r e s t r a t e s t h a t a r e i m p l i e d by ou r c o n 

t i n u o u s t ime mode ls i n v o l v e s t e c h n i c a l d i f f i c u l t i e s no t e n c o u n t e r e d i n t h i s p a 

p e r . N o n e t h e l e s s , we b e l i e v e t h a t ou r r e s u l t s f o r t he c o n s u m p t i o n and o u t p u t a r e 

s u f f i c i e n t l y e n c o u r a g i n g to w a r r a n t an e m p i r i c a l i n v e s t i g a t i o n o f t h e m o d e l ' s 

i m p l i c a t i o n s f o r r e l a t i v e p r i c e s . 
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F o o t n o t e s 

^ - ^ I n a f o r m u l a t i o n w h i c h a l l o w s f o r p o s i t i v e p o p u l a t i o n g r o w t h , t he 

e x p r e s s i o n on t he l e f t hand s i d e o f ( 2 . 3 ) must be r e p l a c e d by c f c + k f c -

[ ( 1 - d ) / n ] k f c . , where n d e n o t e s t he g r o s s g rowth r a t e o f t he p o p u l a t i o n . 

2 - ^ 2 - / H a n s e n ' s [ 1986] model d i f f e r s f rom o u r s i n t h a t he s e t s a f c = 0 . 

2 - ^ T h i s t e r m i n o l o g y i s s l i g h t l y u n c o n v e n t i o n a l s i n c e 6 1 i s no t t h e 

g r o s s r a t e i n t e r e s t i n ou r model economy. (See f o o t n o t e 2 . 5 . ) 

i - J i / H a l l [1978] and F l a v i n [1981] do no t d i s t i n g u i s h between t he h y p o t h 

e s i s t h a t c o n s u m p t i o n f o l l o w s a random wa lk ( p o s s i b l y w i t h d r i f t ) and t h e h y p o t h e 

s i s t h a t c o n s u m p t i o n i s a m a r t i n g a l e ( p o s s i b l y w i t h d r i f t ) . W h i l e t he l a t t e r 

h y p o t h e s i s i s t he a c t u a l f o c u s o f a t t e n t i o n i n t he l i t e r a t u r e , i t i s t y p i c a l l y r e 

f e r r e d t o a s t he random wa lk h y p o t h e s i s (RWH). 

1- ̂ T h e d e r i v a t i o n o f t he RWH i n t h i s paper and t he d e r i v a t i o n i n H a l l 

[1978] impose s t r o n g r e s t r i c t i o n s on t he u n d e r l y i n g economic m o d e l . H a l l d e r i v e s 

the RWH by d i r e c t l y r e s t r i c t i n g t h e s t o c h a s t i c s t r u c t u r e o f the r i s k f r e e r e a l 

r a t e o f i n t e r e s t , r t , w h i c h he assumes to be c o n s t a n t . In ou r m o d e l , h o w e v e r , t h e 

r i s k f r e e r e a l r a t e o f i n t e r e s t , denomina ted i n u n i t s o f the c o n s u m p t i o n g o o d , i s 

s t o c h a s t i c even under t h o s e c i r c u m s t a n c e s f o r w h i c h t he RWH i s s a t i s f i e d . To s e e 

t h i s n o t i c e t h a t t he r e p r e s e n t a t i v e c o n s u m e r ' s i n t e r t e m p o r a l E u l e r e q u a t i o n f o r 

one p e r i o d r i s k f r e e c o n s u m p t i o n l o a n s can be w r i t t e n as ( b t - c t ) = 

6 r t E f c ( b t + 1 - c t + 1 ) . R e l a t i o n ( 2 . 1 4 ) i m p l i e s E

t ( b

t + , - G

t + 1 ) = ( b t " c t ) + H f C o n s e -

q u e n t l y , r f c e q u a l s B ~ 1 [ l + H f c / ( b f c - c t ) J ~ so t h a t r t w i l l be s t o c h a s t i c even i f H f c i s 

d e t e r m i n i s t i c ( s o t h a t t he RWH i s s a t i s f i e d ) a s l o n g a s e f c i s s t o c h a s t i c . Thus a 

c o n s t a n t r i s k f r e e r e a l i n t e r e s t r a t e i s no t a n e c e s s a r y c o n d i t i o n f o r t he RWH t o 

h o l d . 

i L i i ^ ' o u r measure o f government i n v e s t m e n t i s a r e v i s e d and upda ted v e r 

s i o n o f the measure d i s c u s s e d i n Musgrave [1980]. 

5 - i ^ O u r e s t i m a t e o f the s i z e and t r e n d o f t he g o v e r n m e n t ' s s h a r e i n 

t o t a l consump t i on may be d i s t o r t e d by the f a c t t h a t we i g n o r e t he s e r v i c e f l o w 

f rom t he s t o c k o f government c a p i t a l i n ou r measure o f c o n s u m p t i o n and o u t p u t . 

2- ̂ / H a y a s h i [1982] a l s o makes t h i s a s s u m p t i o n . (See a l s o f o o t n o t e 2 . 1 0 

b e l o w . ) 

i-^-'ln c o n t r a s t t o ou r measures o f c o n s u m p t i o n and income ( c , y ) and i n 

c o n t r a d i c t i o n to t he mode ls o f s e c t i o n s 2 and 4 , t he p e r c a p i t a g rowth r a t e s o f 

consump t i on and income i n b o t h t h e s e d a t a s e t s a r e q u i t e d i f f e r e n t . Over t h e 
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sample p e r i o d 1 9 5 0 , 2 - 1 9 8 5 , 3 t he growth r a t e s i n c n d + c g , c n d , and y d a r e . 0 0 4 9 8 7 , 

.003076 , and .005502 r e s p e c t i v e l y . (Tha t c n d + c s has a h i g h e r g rowth r a t e t han c n d 

a l o n e i s c o n s i s t e n t w i t h t he e v i d e n c e i n T a b l e 2 . 1 ) . 

2 . l O / f ^ e i d e a o f i n d u c i n g s t a t i o n a r i t y i n t he o b s e r v a b l e t i m e s e r i e s by 

g e o m e t r i c a l l y s c a l i n g v a r i a b l e s by the g rowth r a t e o f t he s t a n d a r d e r r o r i n t he 

i n n o v a t i o n s t o t he u n d e r l y i n g s h o c k s i n l i n e a r - q u a d r a t i c r a t i o n a l e x p e c t a t i o n s 

models i s d i s c u s s e d i n Hansen and S a r g e n t [ 1 9 8 1 ] . We know o f no a n a l y t i c a l l y 

t r a c t a b l e a l t e r n a t i v e way t o accommodate t he o b s e r v e d h e t e r o s k e d a s t i c i t y i n t he 

d a t a , wh i ch i s c o n s i s t e n t w i t h the e s s e n t i a l l i n e a r i t y o f ou r m o d e l . 

^ -1 E q u a t i o n ( 3 - 4 ) can be seen as f o l l o w s : 

- ( k * - * " V )\ / - ( 1 ~ * ~ 1 L - 1 [ ^ - d - d H - ^ J 
U t * K t - 1 ; \ / 1-(1-d)4> L C 1 

c * - * " 1 c t - 1 / \ c t " * " t c t - 1 

= H ( 4 . _ t L ) q . 

* - t 
where t he l a s t e q u a l i t y f o l l o w s f rom ( 3 . 1 ) and ( 3 . 2 ) and k = <t> k. , 

A c c o r d i n g t o t he DSLR model q. has a c o n s t r a i n e d ARMA(3,1) r e p r e s e n -

t a t i o n . 

^ ^ L e t Qt = Qfc ~ ^Qfc a n c * ^- e ^ 2(OJ) and I(oi) deno te t he t h e o r e t i c a l s p e c 

t r a l d e n s i t y m a t r i x and t he p e r i o d o g r a m o f the Qj. p r o c e s s r e s p e c t i v e l y a t f r e 

quency uij = 2 I T J / T , j = 1, 2 , T . U s i n g r e s u l t s i n Hannan [1970] i t can be 

shown t h a t t he G a u s s i a n l o g l i k e l i h o o d f u n c t i o n can be a p p r o x i m a t e d by 

T-1 T-1 
L = - . 5 T logi"2 i t ] - . 5 I l o g { d e t [ Z ( w ) ] } - .5 / t r ( z ( u . ) I (w ) ] . 

j = 1 j J=1 J J 

The t h e o r e t i c a l s p e c t r a l d e n s i t y m a t r i x o f the Q ( t ) p r o c e s s i s 

Z(u>.) = H(s>~ e J ) " ' A ( 4 » " ' e J ) " V d A U " ' e J ) " H ( * " ' e J ) ~ . 

2 i l ^ T h a t Q t i s p r e d i c t e d to be SARMA(3,3) i s p r o v e d i n C h r i s t i a n o , 

E ichenbaum, and M a r s h a l l [ 1 9 8 7 ] . 

2 ^ 2 / W h i t t l e ' s [ 1953] c o r r e c t i o n f o r s m a l l sampie b i a s i s a s f o l l o w s : 

L e t N e q u a l the t o t a l number o f p a r a m e t e r s under t he a l t e r n a t i v e h y p o t h e s i s ( e x 

c l u d i n g the c o v a r i a n c e m a t r i x o f t he o b s e r v a b l e s ) , M = number o f e q u a t i o n s , and T 

= number o f o b s e r v a t i o n s . Then = J ^ ( 1 - H / M T ) where i s t he u n a d j u s t e d l i k e l i -
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hood r a t i o s t a t i s t i c and J T i s the a d j u s t e d l i k e l i h o o d r a t i o s t a t i s t i c . When t he 

u n c o n s t r a i n e d a l t e r n a t i v e i s a S A R M A ( 3 , 4 ) , N = 19, M = 2 , and T = 141, s o J T = 

0 . 9 3 2 6 2 4 1 J T . 

2^2/We a l s o e s t i m a t e d t he DSLR and u n c o n s t r a i n e d SARMA(3,4) mode ls u s i n g 

a one s t e p v e r s i o n o f t he e s t i m a t i o n method d e s c r i b e d i n s e c t i o n 3 .A i n w h i c h t he 

g r o w t h r a t e $ i s e s t i m a t e d s i m u l t a n e o u s l y w i t h t he o t h e r p a r a m e t e r s o f t he 

m o d e l . Under t he a s s u m p t i o n t h a t J j i s a s y m p t o t i c a l l y d i s t r i b u t e d a s a C h i - s q u a r e 

random v a r i a b l e w i t h d e g r e e s o f f reedom e q u a l to t he number o f r e s t r i c t i o n s i m 

posed i n the c o n s t r a i n e d model we can summar ize ou r r e s u l t s a s f o l l o w s . T e s t i n g 

the DSLR m o d e l , wh i ch has 16 d e g r e e s o f f r eedom, y i e l d s a J T s t a t i s t i c o f 3 2 . 6 7 

w i t h a s s o c i a t e d s i g n i f i c a n c e l e v e l . 0 0 8 . Thus t h i s model i s r e j e c t e d a t t he one 

p e r c e n t s i g n i f i c a n c e l e v e l . 

- L ^ / E q u a t i o n ( 4 . 2 ) d i f f e r s f r om ( 2 . 2 ) i n t he t i m i n g o f t he p r o d u c t i v e 

i n p u t s . ( 4 . 2 ) r e s u l t s as a l i m i t i n g c a s e o f ( 2 . 2 ) i f we r e w r i t e t he l a t t e r a s y.= 

m in f f i . , T . h, } + e,. and l e t e + 0 f rom a b o v e , 
t - e t - e t - e ' c 

4 P / 

— ^ ' W h i l e D c ( t ) i s no t a p h y s i c a l l y r e a l i z a b l e p r o c e s s , i t s a v e r a g e o v e r 

any d i s c r e t e i n t e r v a l o f t ime i s p h y s i c a l l y r e a l i z a b l e . 

5 1 / 0 0 
2 i— 'To see t h a t E^. -fl.^ - 0 , c o n s i d e r t he Wold r e p r e s e n t a t i o n ip .̂ = e^. * 

8€. . , where | e | < 1 and e¥ i s f undamen ta l f o r ip^. T h i s r e p r e s e n t a t i o n e x i s t s and t - l t t 
i s un i que under the s t a t i o n a r i t y a s s u m p t i o n on i|>. used to j u s t i f y GMM. Then 
E f 1 = E, ? ( e , + 6 6 . , ) ( € . 1 + 8 € ^ ) = 9Ee? = E ip . *° w h i c h , t o g e t h e r w i t h the 

u "~6 0 0 ^ 0 2 0 
d e f i n i t i o n o f e s t a b l i s h e s E f c 2 ( * t * t 1 ~ p 1 ^ t ^ ^ = ®' T r i v i a l l y , E

t _ 2

l l , t : = ° ' 

e s t a b l i s h i n g t he r e s u l t s o u g h t . 

5 - ^ ^ T h e c o n d i t i o n , E. = 0 i m p l i e s t h a t ti® i s a u t o c o r r e l a t e d a t l a g 

one bu t no t h i g h e r . C o n s e q u e n t l y , i n f e r e n c e was c a r r i e d ou t u s i n g H a n s e n ' s [1982] 

c o r r e c t i o n f o r s e r i a l c o r r e l a t i o n , i m p o s i n g t he r e s t r i c t i o n t h a t H^ has an MA( 1) 

r e p r e s e n t a t i o n . See Hansen . H e a t o n , and O g a k i [19871 f o r a d i s c u s s i o n o f t he 

e f f i c i e n c y g a i n s a s s o c i a t e d w i t h i m p o s i n g t he e x a c t MA(1) s t r u c t u r e on e r r o r t e rms 

i n GMM e s t i m a t i o n p r o b l e m s . S i m i l a r MA( 1) c o r r e c t i o n s were used f o r a i l the i n 

f e r e n c e c a r r i e d ou t i n t h i s s u b s e c t i o n . 

^ - ^ - ' ' T r e a t i n g measured c o n s u m p t i o n and income a s u n i t i n t e g r a l s o f t h e 

u n d e r l y i n g i n s t a n t a n e o u s q u a n t i t i e s i s a rough a p p r o x i m a t i o n t o t he methods used 

by t he Depar tment o f Commerce t o g a t h e r d a t a . 
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5-^5 / ' ln d e r i v i n g ( 5 . 6 ) we use t he f a c t t h a t 

| x ( t - T ) d x = f e " T D x ( t ) d x = [ ( 1 - e " D ) / D ] x ( t ) . 
0 0 

5 - J ^ E q u a t i o n ( 5 . 8 ) can be d e r i v e d a s f o l l o w s : 

' c ( t ) - y ( t ) \ / - D k ( t ) \ / - ( D + d ) k ( t ) ' 
q ( t ) = \ 1 = 1 1= H(D) j = H ( D ) q ( t ) 

D c ( t ) / \ D c ( t ) / \ D c ( t ) 

where t he l a s t e q u a l i t y f o l l o w s f rom ( 4 . 4 ) and ( 5 . 5 ) . 

5 7 / 

F o r t ime domain methods o f e s t i m a t i n g c o n t i n u o u s t ime mode ls f r om 

d i s c r e t e d a t a , s e e B e r g s t r o m [ 1 9 8 3 ] , Harvey and S t o c k [1986] and Z a d r o z n y [ 1 9 8 4 ] . 
2-^2 The r e l a t i o n s h i p between 6 and <t> i s © = e . 

5 - ^ T h e p a r t i c u l a r SARMA r e p r e s e n t a t i o n c o r r e s p o n d i n g to a g i v e n c o n 

t i n u o u s t ime model i s c h a r a c t e r i z e d by a t h i r d o r d e r s c a l a r p o l y n o m i a l , E d ( - ) , t he 

two by two f o u r t h o r d e r m a t r i x p o l y n o m i a l , C ( • ) , and the two by two p o s i t i v e 

s e m i d e f i n i t e m a t r i x V w h i c h s a t i s f y : 

Z(w) = C d ( e - L u ) V d C d ( e i a , ) V [ E d ( e - l w ) E d ( e i w ) ] . 

H e r e , we impose t he n o r m a l i z a t i o n s C d ( 0 ) = I , d e t [ C d ( z ) ] = 0 i m p l i e s | z | > 1, and 

E d ( 0 ) = 1. The a l g o r i t h m we used to c a l c u l a t e E d , C d , and V d i s t he one d e s c r i b e d 

i n Rozanov [1967 , c h a p t e r I, s e c t i o n 1 0 ] . Thus b o t h c o n t i n u o u s t i m e mode ls a r e 

n e s t e d w i t h i n t he SARMA s p e c i f i c a t i o n : 

E d ( L ) Q t = C d ( L ) X c f c , 

where X.^. i s t he s e r i a l l y u n c o r r e l a t e d i n n o v a t i o n i n Q ( t ) , w i t h v a r i a n c e V , and 

E d ( L ) = 1 + E d L + E d L 2 

C d ( L ) = I 
ri ri P 

+ L . L + C„L 
1 <L 

P d . 4 

5 . 1 0 / T h e r e l a t i o n s h i p between 8 i n t he d i s c r e t e f o r m u l a t i o n s and r i n 

t he c o n t i n u o u s f o r m u l a t i o n s i s 3 = e 

2^-U /We a l s o e s t i m a t e d t he CRW, CSLR, and u n c o n s t r a i n e d SARMA(3 ,4 ) mod

e l s u s i n g a one s t e p v e r s i o n o f t he e s t i m a t i o n method d e s c r i b e d i n s e c t i o n 5 . B i n 

wh ich t he g r o w t h r a t e s o f consump t i on and o u t p u t a r e e s t i m a t e d s i m u l t a n e o u s l y w i t h 

the o t h e r p a r a m e t e r s o f the m o d e l . Under the a s s u m p t i o n t h a t J ^ . i s a s y m p t o t i c a l l y 
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d i s t r i b u t e d as a C h i - s q u a r e random v a r i a b l e w i t h d e g r e e s o f f reedom e q u a l t o t he 

number o f r e s t r i c t i o n s imposed i n t he c o n s t r a i n e d model we can summar ize ou r r e 

s u l t s as f o l l o w s : ( i ) t e s t i n g t he CRW m o d e l , w h i c h has 16 d e g r e e s o f f r e e d o m , 

y i e l d s a J T s t a t i s t i c o f 2 3 . 1 0 w i t h a s s o c i a t e d s i g n i f i c a n c e l e v e l . 1 1 1 , ( i i ) t e s t 

i n g t he DSLR m o d e l , w h i c h has 16 d e g r e e s o f f r e e d o m , y i e l d s a J T s t a t i s t i c o f 

2 4 . 3 5 w i t h a s s o c i a t e d l e v e l . 0 8 0 . Thus n e i t h e r c o n t i n u o u s t ime model can be r e 

j e c t e d a t t he f i v e p e r c e n t s i g n i f i c a n c e l e v e l . 

§• 1 2 / < T h a t t he r e p o r t e d p o i n t e s t i m a t e s imp l y t h a t e 2 ( t ) and e ( t ) behave 

e s s e n t i a l l y as c o n t i n u o u s t ime random w a l k s can be seen f r om the f o l l o w i n g a r g u 

ment . I f x ( t ) i s a c o n t i n u o u s t i m e f i r s t o r d e r a u t o r e g r e s s i o n : x ( t ) = 

e ( t ) / ( a + D ) , e ( t ) c o n t i n u o u s t ime w h i t e n o i s e , then x ( t ) has an e x p o n e n t i a l l y d e 

c l i n i n g i m p u l s e r e s p o n s e f u n c t i o n : 

oo 

x ( t ) = J e " a T e ( t - x ) d T . 
0 

- 2 8 T 

T h e r e f o r e , the i m p u l s e r e s p o n s e f u n c t i o n f o r D e 2 ( t ) i s e~ and f o r D e ( t ) i s 

e~ T . These f u n c t i o n s d e c l i n e s o s t e e p l y t h a t p a s t i m p u l s e s have n e g l i g i b l e 

e f f e c t on c u r r e n t v a l u e s o f D e 2 ( t ) and D e ( t ) . 

! L i 3 / ] [ n t he SARMA(3,4) i m p l i e d by t he CRW m o d e l , t he MA m a t r i x c o e f 

f i c i e n t on the f o u r t h l a g c o n s i s t s e n t i r e l y o f z e r o e s and t he AR c o e f f i c i e n t on 

t h e t h i r d l a g e q u a l s 0 . 9 x 1 0 " 1 2 . In t he c a s e o f t he CSLR m o d e l , t he MA m a t r i x 
•7 

c o e f f i c i e n t on t he f o u r t h l a g has no e lemen t g r e a t e r than 3 x 10 i n a b s o l u t e 

v a l u e and t he AR c o e f f i c i e n t on t he t h i r d l a g i s - 7 x 1 0 " ° . 
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T a b l e 2.1 

Time Ave rage o f R e l a t i v e Magn i tude o f Components o f 

Our Measure o f T o t a l Consumpt ion * 

Sample P e r i o d c , / c 
nd c / c s 

c , / c 
s d c / c 

g 

5 0 , 1 -59 , 4 .384 .335 .018 .264 .227 

( . 0 1 4 ) 2 ( . 0 1 3 ) ( . 0 0 1 3 ) ( . 0 2 4 ) ( . 0 1 8 ) 

8 0 , 1 -85 , 3 .324 .428 .029 .219 .176 

( . 0 0 2 ) ( . 003 ) ( . 0 0 0 4 ) ( . 0 0 4 ) ( . 0 0 8 ) 

The t a b l e p r o v i d e s t ime a v e r a g e s and s t a n d a r d d e v i a t i o n s f o r t he i n d i c a t e d r a t i o s 
o v e r two sample p e r i o d s . F o r v a r i a b l e d e f i n i t i o n s , see t he d i s c u s s i o n i n t he 
t e x t . 

2 Numbers i n p a r e n t h e s e s a r e t he sample s t a n d a r d d e v i a t i o n . 
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T a b l e 3.1 

The D i s c r e t e S t o c h a s t i c Labor R e q u i r e m e n t (DSLR) Mode l 

P o i n t E s t i m a t e * * .915 
( 0 . 2 4 ) 

.215 
( . 0 8 5 ) 

d 

.066 
( . 0 3 5 ) 

6 5 6 . 2 5 
( 1 5 6 . 9 9 ) 

- 4 9 5 . 4 9 

- 4 9 5 . 4 9 
( 1 3 5 . 8 1 ) 

4 4 2 . 5 8 
( 1 1 8 . 1 7 ) 

L T = - 8 4 6 . 4 4 Jm = 32 .14 
1 ( . 0 1 0 ) 

J™ = 2 9 . 9 7 
1 ( . 0 1 8 ) 

U n c o n s t r a i n e d VAR(2) R e p r e s e n t a t i o n f o r Q 

1. 070 - 136 
(. 084) ( 132) 

Q t = 
074 313 
055) ( 085) 

[217 .02 
E X t X * -t t - .867 92 

Q t - 1 + 

.867 

- . 2 0 4 
( . 0 8 4 ) 

.065 
( . 054 ) 

- . 2 0 6 
( . 130 ) 

.125 
( . 085 ) 

Q t - 2 + X t 

C o n s t r a i n e d VAR ( T r u n c a t e d ) I m p l i e d by t he DSLR Mode l 

r i . 1 6 6 - . 1 8 9 [ - .201 o] 
Q t -

- . 1 2 0 .026_ 
Q t - 1 + 

.034 0 \-2 + X t 

E X t X t 

261 .14 - 1 8 . 6 4 

- 1 8 . 6 4 107 .35 

* V d i s t he i n n o v a t i o n i n the SARMA r e p r e s e n t a t i o n i m p l i e d by t he DSLR m o d e l . 

* * S t a n d a r d e r r o r s i n p a r e n t h e s e s . 

+ J T i s d e f i n e d i n f o o t n o t e 3 . 5 . S i g n i f i c a n c e l e v e l o f J T and J T i n p a r e n t h e s e s . 
r - t ~ - t i 

++Q,. i s demeaned [<j> " ( c - y ),© Ac, | . 

++X,. i s t he d i s t u r b a n c e te rm i n t he VAR. 
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T a b l e 5 . 1 : 

F i r s t O rde r A u t o c o r r e l a t i o n s o f 
i 

De t rended Consumpt ion F i r s t D i f f e r e n c e s 

Sample P e r i o d c n d c n d + c s c 

5 1 , 3 - 8 5 , 3 .260 .237 .256 
( . 070 ) ( . 072 ) ( . 0 7 8 ) 

5 2 , 3 - 8 5 , 3 .276 .269 .276 
( . 072 ) ( . 065 ) ( . 0 8 7 ) 

5 1 , 3 - 7 9 , 1 .250 .201 .269 
( . 082 ) ( . 080 ) ( . 0 8 6 ) 

T h i s t a b l e r e p o r t s e s t i m a t e s o f t he f i r s t o r d e r a u t o c o r r e l a t i o n o f t he d e t r e n d e d 
f i r s t d i f f e r e n c e o f c o n s u m p t i o n under the m a i n t a i n e d h y p o t h e s i s t h a t h i g h e r o r d e r 
a u t o c o r r e l a t i o n s a r e z e r o . The s t a n d a r d e r r o r s appea r i n p a r e n t h e s e s . Column 
h e a d i n g s i n d i c a t e t he measure o f consump t i on u s e d . F o r v a r i a b l e d e f i n i t i o n s , s e e 
s e c t i o n 3 . A . 
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T a b l e 5 . 2 a : 

De t rended F i r s t D i f f e r e n c e o f C o n s u m p t i o n 1 on 
Lagged V a l u e s o f I t s e l f and Lagged De t rended Income 

Lags 1 - 4 Lags 2 - 4 

Sample 
P e r i o d c , y c n d * V ^ d c n d ^ d c , y c n d + cs^6 c nd>yd 

5 1 , 3 - 8 5 , 3 .001 .002 .008 .029 .111 .013 

5 2 , 3 - 8 5 , 3 .000 .001 .009 .029 .157 .007 

5 1 , 3 - 7 9 , 1 .013 .007 .066 .159 . 142 . 1 0 5 

S i g n i f i c a n c e l e v e l s o f t e s t s o f n u l l h y p o t h e s i s t h a t c o e f f i c i e n t s on l a g g e d d e -
t r e n d e d f i r s t d i f f e r e n c e o f c o n s u m p t i o n and l a g g e d d e t r e n d e d income a r e z e r o . 
Columns l a b e l l e d " L a g s 1 - 4 " r e f e r t o t e s t s t h a t a l l o w n o n z e r o c o e f f i c i e n t s on 
l a g s 1 - 4 o f t he e x p l a n a t o r y v a r i a b l e s under t he a l t e r n a t i v e h y p o t h e s i s ( H f t ) . 
Columns l a b e l l e d " L a g s 2 - 4 " r e f e r t o t e s t s t h a t a l l o w o n l y l a g s 2 , 3 , 4 t o have 
n o n z e r o c o e f f i c i e n t s under H f l . Column h e a d i n g s i n d i c a t e t he measure o f consump
t i o n and income used i n t he c a l c u l a t i o n s . These v a r i a b l e d e f i n i t i o n s a r e g i v e n i n 
s e c t i o n 3 . A . 

T a b l e 5 . 2 b : 

D e t r e n d e d F i r s t D i f f e r e n c e o f C o n s u m p t i o n " on 
Lagged V a l u e s o f I t s e l f and Lagged D e t r e n d e d Consumpt ion M inus Income 

Lags 1 - 4 Lags 2 - 4 

Sample 
P e r i o d c , y c n d + V d c n d » y d c . y c n d + V ^ d c n d ' - v d 

5 1 , 3 - 8 5 , 3 .002 .003 .013 .072 . 141 .017 

5 2 , 3 - 8 5 , 3 .000 .001 .015 .086 .220 .056 

5 1 , 3 - 7 9 , 1 . 018 .019 .084 .240 .149 .080 

F o r an e x p l a n a t i o n , s e e T a b l e 5 . 2 a . The o n l y d i f f e r e n c e between t h i s t a b l e and t he 
l a t t e r one i s t h a t h e r e d e t r e n d e d income i s r e p l a c e d by d e t r e n d e d c o n s u m p t i o n 
minus income as an e x p l a n a t o r y v a r i a b l e . 
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T a b l e 5 - 3 

GMM T e s t o f C o n t i n u o u s Time Random 

Walk H y p o t h e s i s f o r C o n s u m p t i o n ' 

Lagged De t rended Income Lagged D e t r e n d e d 
C o n s u m p t i o n M inus Income 

Sample 
P e r i o d c , y c n d + c s < y d c nd>yd c , y c n d * c s - y d c n d ' y d 

5 1 , 3 - 8 5 , 3 . 008 . 170 .024 .028 .210 .029 

5 2 , 3 - 8 5 , 3 .041 . 187 .012 .118 .270 .091 

5 1 , 3 - 7 9 , 1 . 040 . 174 .135 .242 .180 .090 

' S i g n i f i c a n c e l e v e l o f t e s t o f j o i n t h y p o t h e s i s t h a t r e g r e s s i o n on e x p l a n a t o r y 
v a r i a b l e s l a g g e d 2 , 3 , and 4 p e r i o d s a r e z e r o and t h a t t he f i r s t o r d e r a u t o c o r r e 
l a t i o n o f d e t r e n d e d consump t i on f i r s t d i f f e r e n c e s a r e z e r o . The f i r s t s e t o f 
t h r e e co lumns p e r t a i n s t o the c a s e when t he e x p l a n a t o r y v a r i a b l e s a r e d e t r e n d e d 
f i r s t d i f f e r e n c e o f consump t i on and d e t r e n d e d i ncome. The s e c o n d s e t o f t h r e e 
co lumns p e r t a i n to t he c a s e where t he e x p l a n a t o r y v a r i a b l e s a r e d e t r e n d e d consump
t i o n f i r s t d i f f e r e n c e s and d e t r e n d e d c o n s u m p t i o n minus i ncome. 
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T a b l e 5 . 4 

The C o n t i n u o u s Time 
Random Walk Mode l 

The C o n t i n u o u s Time S t o c h a s t i c 
Labor R e q u i r e m e n t Mode l 

Pa rame te r P o i n t E s t i m a t e * P a r a m e t e r P o i n t E s t i m a t e 

d 2 

d 

.152 
( . 0 6 0 ) 

2 7 . 5 7 
( 8 1 . 8 1 ) 

.0032 
( . 0 5 8 ) 

.089 
( . 0 3 5 ) 

1 1 . 7 5 
( 1 1 . 2 9 ) 

.058 
( . 0 4 2 ) 

E s t i m a t e d C o v a r i a n c e 
M a t r i x * * V„ 

E s t i m a t e d C o v a r i a n c e 
M a t r i x * * V 

488.51 - 5 2 1 . 6 3 

- 5 2 1 . 6 3 7 1 9 . 5 2 

6 5 9 . 8 2 4 8 3 . 6 0 

4 8 3 . 6 0 4 6 5 . 2 8 

£ T = - 8 4 3 . 2 4 9 

J T * » = 2 5 . 7 6 
( . 0 5 8 ) 

J T * * * = 2 4 . 0 2 
( . 089 ) 

£ T = - 8 4 2 . 9 8 2 

J T * » = 2 5 . 2 2 
( . 0 6 6 ) 

J T * * * = 2 3 . 5 2 
( . 1 0 0 ) 

* S t a n d a r d e r r o r s i n p a r e n t h e s e s . 

* * V Q i s the c o v a r i a n c e m a t r i x o f t he v e c t o r [ n * ( t ) / ( a ^ + 6 ) , n * , ( t ) / ( a 2 + 6 ) 

c o v a r i a n c e m a t r i x o f t he v e c t o r f n*( t ) / (a+<5), 6e* ( t ) / ( f+6) I. 

che 

* * * S i g n i f i c a n c e l e v e l o f J T and J T i n p a r e n t h e s e s . 
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T a b l e 5 . 5 

C o m p a r i s o n o f VAR(2) R e p r e s e n t a t i o n s f o r Q f c * 

T r u n c a t e d VAR I m p l i e d by t h e C o n t i n u o u s 
Time Random Walk Mode l 

Q t = 

1 . 126 

.011 

.033 

.270 
Q t - 1 + 

- . 3 0 0 .018 

- . 0 1 6 - . 0 7 3 
Q t - 2 + 

.080 - . 0 0 7 

.008 .019 * t - 3 

- . 0 2 1 . 0 0 3 

- . 0 0 3 - . 0 0 5 
V 4 + x c t 

EX . X ' = c t c t 

255 .87 - 1 7 . 9 3 

- 1 7 . 9 3 101.52 

T r u n c a t e d VAR I m p l i e d by t he C o n t i n u o u s Time 
S t o c h a s t i c Labor R e q u i r e m e n t Mode l 

1.241 

- . 0 7 8 

.072 

.277 
Q t - 1 + 

- . 3 4 3 .038 

- . 0 1 0 - . 0 7 5 
Q t - 2 + 

.096 - . 0 1 6 

.007 .020 <t-3 

- . 0 2 4 

- . 0 0 1 

.006 

- . 0 0 5 
Q t-4 

EX , X , , c t c t ' 

- 2 2 . 9 0 

- 2 2 . 9 0 100 .13 

* Q t i s demeaned [o " ' ( c . - y f c ) ,o u A c t J . 

* * X t = Q. - E(Q IQ ; s = 1 , 2 , . . . under t he n u l l h y p o t h e s i s o f the CRW model 

x c t = ^ t " E t ^ t ^ ; s = 1 » 2 » * " u n d e r t n e n u l 1 h y p o t h e s i s o f t h e CSLR m< mode l 
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Append i x A 

D e r i v a t i o n o f ( 2 . 1 0 ) and ( 2 . 1 1 ) 

The s o c i a l p l a n n e r chooses a c o n t i n g e n c y p l a n f o r c a p i t a l t o m a x i m i z e 

( 2 . 7 ) s u b j e c t t o ( 2 . 5 ) . The r e s u l t i n g s t o c h a s t i c E u l e r e q u a t i o n i s : 

E f c { [ 1 - 6 8 L _ l J [ 1 - 6 L ] k t } = E t { [ 1 - 6 6 L - 1 ] [ e t - b t ] - H t } 

o r , s i n c e 6 8 = 1 , 

( A . I ) E f c { [ 1 - L _ l ] [ 1 - 6 L ] k t } = E t ( [ 1 - L " 1 ] [ e t - b t ] - H t } . 

Note t h a t we can r e w r i t e t he c h a r a c t e r i s t i c p o l y n o m i a l o f ( B . 1 ) a s 

[ 1 - Z " 1 ] [ 1 - S Z ] s [ 6 - Z " 1 ] [ 1 - Z ] . 

The c o n d i t i o n 68 = 1 i m p l i e s t h a t c o n s t r a i n t ( 2 . 5 ) i s b i n d i n g ( s e e Hansen [ 1 9 8 6 ] ) , 

so ( A . 1 ) can be s o l v e d 

t he e q u a t i o n , y i e l d i n g : 

so ( A . 1 ) can be s o l v e d by a p p l y i n g t he f o r w a r d o p e r a t o r [ 5 - L - 1 ] " 1 t o b o t h s i d e s o f 

k f c - l c t - 1 = E f c { [ 6 - L - 1 ] - l [ 1 - L - 1 ] ( e t - b t ) - [ 6 - L - l ] - 1 H t 

Et 7 7 ^ t<v b t>- ( e t + r b t + i>- H t l 

sEtij/^^j-Vj)-j/J'1(Vj-^j)"j0

eJHt+jl-

R e a r r a n g i n g t e r m s , 

( A . 2 ) k. - k. . = ( 8 - D E . I 8 J ( e t , - b . .) * e . - b. - BE. £ S J H , . 
c c - ! j=0 ^ j = 0 

R e w r i t i n g ( A . 2 ) u s i n g t he n o t a t i o n d e f i n e d i n ( 2 . 8 ) r e s u l t s i n ( 2 . 1 0 ) . E q u a t i o n 

( 2 . 1 1 ) i s o b t a i n e d by u s i n g ( 2 . 1 0 ) and t he f a c t t h a t c t = 5k { . _ 1 - :< t + e t . 
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Append ix B 

D e r i v a t i o n o f D e c i s i o n R u l e s f o r t h e C o n t i n u o u s Time Mode l 

T h i s a p p e n d i x p r o v i d e s an i n f o r m a l d e r i v a t i o n o f t he d e c i s i o n r u l e s , 

( 4 . 9 ) - ( 4 . 1 0 ) f o r t he c o n t i n u o u s t ime p l a n n i n g p r o b l e m , ( 4 . 7 ) . P r o c e e d i n g a s i n 

Hansen and S a r g e n t [1980] we can show t h a t t he E u l e r e q u a t i o n f o r t he s o c i a l p l a n 

n e r ' s p r o b l e m i s 

( B . 1 ) D ( D - S ) k ( t ) = D [ e ( t ) - b ( t ) ] + H ( t ) . 

The u n i q u e s o l u t i o n t o t h i s p r o b l e m w h i c h s a t i s f i e s ( 4 . 5 ) i s 

CO v> 

( B . 2 ) D k ( t ) = e ( t ) - b ( t ) - 5E. / e _ , 5 T f e ( t + T ) - b ( t + T ) } d T - 5E. J " e ~ 5 T H ( t + T ) d T . 
c 0 C 0 

T h i s i s e a s i l y shown t o e q u a l t he f i r s t e q u a t i o n i n ( 4 . 9 ) a f t e r t h e d e f i n i t i o n 

( 4 . 8 ) i s t aken i n t o a c c o u n t . The second e q u a t i o n i n ( 4 . 9 ) i s o b t a i n e d by s u b 

s t i t u t i n g t he f i r s t i n t o t h e r e l a t i o n s h i p c ( t ) = 6 k ( t ) - D k ( t ) + e ( t ) . E q u a t i o n 

( 4 . 1 0 ) i s j u s t t he sum o f t he two e q u a t i o n s i n ( 4 . 9 ) . 

To d e r i v e ( 4 . 1 1 ) , we f i r s t p r e s e n t some p r e l i m i n a r y r e s u l t s r e g a r d i n g 

X p ( t ) . Suppose the f u n d a m e n t a l r e p r e s e n t a t i o n f o r x ( t ) i s x ( t ) = C ( D ) e ( t ) . H e r e , 

C ( s ) = 0 i m p l i e s R e a l ( s ) < 0 and t he p o l e s o f C ( s ) l i e i n t he c l o s u r e o f t he l e f t 

s i d e o f the complex p l a n e ( s e e S a r g e n t [1982] f o r a d i s c u s s i o n o f t he l i n k be tween 

t h e s e c o n d i t i o n s and e ( t ) b e i n g f u n d a m e n t a l f o r x ( t ) ) . T h e n , 

( B . 3 ) x p ( t ) = - 6 E t ^ x ( t ) - - « E f c § ^ e ( t ) = - 5 C ( D ^ I f&) e ( t ) , 

by a f o r m u l a due to Hansen and S a r g e n t [ 1 9 8 0 ] . M u l t i p l y b o t h s i d e s o f ( C . 3 ) by D 

- 6 and r e a r r a n g e , to o b t a i n 

( B . 4 ) ( D - 5 ) x ( t ) + <5x(t) = 6 C ( 6 ) e ( t ) . 
P 

We i d e n t i f y u ( t ) w i t h 5C(<S)e( t ) . To s e e why, f i r s t w r i t e , 
X 

p 

( B . 5 ) x ( t ) = C ( D ) e ( t ) = J* c ( x ) £ ( t - t ) d x , 
0 

where the f u n c t i o n c ( ~ ) , - > 0 i s u n i q u e l y d e f i n e d by 

( B . 6 ) C ( s ) = f c ( T ) e " S T d T , R e a l ( s ) > 0 . 
0 

E q u a t i o n ( B . 5 ) d e f i n e s c a s t he i m p u l s e r e s p o n s e f u n c t i o n o f x ( t ) t o e ( t ) . 
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C o n s i d e r t he e f f e c t o f a d i s t u r b a n c e i n x ( t ) t h a t i s u n c o r r e l a t e d w i t h 

I ( t - x ) , T > 0 . T h i s a r i s e s f r om a p u l s e i n e ( t ) , w h i c h l e a d s t o a r e v i s i o n i n t h e 

f o r e c a s t o f x ( t +x ) i n t he amount c ( x ) e ( t ) x > 0 . The permanent v a l u e o f t h i s 

r e v i s i o n i s 6 C ( 6 ) e ( t ) . Thus t h e e f f e c t o f the p u l s e i n e ( t ) i s t o d i s t u r b X p ( t ) 

by 6 C ( 6 ) e ( t ) , w h i c h i s why we i d e n t i f y 5 C ( 6 ) e ( t ) w i t h y ( t ) . We c o n c l u d e t h a t 
P 

( B . 7 ) ( D - f i ) x ( t ) + S x ( t ) = u ( t ) . 
P x p 

From ( 4 . 1 0 ) , 

( B . 8 ) D c ( t ) = D e p ( t ) + D b ( t ) - D b p ( t ) + 6 D k ( t ) + D H p ( t ) / 6 . 

E q u a t i o n ( 4 . 1 1 ) i s o b t a i n e d by f i r s t s u b s t i t u t i n g t he f i r s t e q u a t i o n i n ( 4 . 9 ) i n t o 

( B . 8 ) and then mak ing use o f ( B . 7 ) . 
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